Size of Graphs with High Girth
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Abstract

Let n > 4 be a positive integer and let ex (v;{Cs,...,Cy}) denote the maximum
number of edges in a {Cs,...,C,}-free simple graph of order v. This paper gives
the exact value of this function for all v up to |(16n —15)/5]| . This result allows us
to deduce all the different values of the girths that such extremal graphs can have.

Let k£ > 0 be an integer. For each n > 2log,(k + 2) there exists v such that
every extremal graph G with e(G) — v(G) = k has minimal degree at most 2,
and is obtained by adding vertices of degree 1 and/or by subdividing a graph or a
multigraph H with §(H) > 3 and e(H) —v(H) = k.
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1 Introduction

For undefined terminology and notation we refer the reader to [3].

Let V(G) and E(G) denote the set of vertices and the set of edges of a
graph G, respectively. The order of G is denoted by v(G) and the size by
e(G). The minimum length of a cycle contained in G is the girth g(G) of G.
If G does not contain a cycle we set g(G) = co. By C,, we denote the cycle of
length n, n > 3.

By ex(v;{C3,Cy,...,C,}) we mean the maximum number of edges in a
simple graph of order v and girth at least n+1, and by Ex(v; {C3,Cl4,...,Cy})
the set of all simple graphs of order v, with ex(v; {Cs,Cy, ..., C,}) edges and
girth at least n + 1.

It is well known that ex(v;{C3}) = [v?/4], and the extremal graph is the
complete bipartite graph K|, ) ,/21. Therefore, we suppose in this paper that
n > 4. The exact value of ex(v;{C5,C4}) for all v up to 24 and constructive
lower bounds for all v up to 200 are given in [4]. The values of ex(v; {C3, Cy})
for 25 < v < 30 are determined in [5].

In [6] it is proved that ex(2n + 2;{C5,Cy,...,Cy}) = 2n+ 4 for n > 12
and the authors affirmed that they believe to have a theorem similar to the
previous one but for v = 3n + 3 whose proof is long and hard. No other exact
value of ex(v; {Cs, Cy,...,C,}) is until now published.

Due to the difficulty of finding the exact values of the extremal function, the
researchers have also tried to find out the general properties of these extremal
graphs. In this context, the authors of the paper [6] wonder if the girth of
any extremal {C3, Cy, ..., C,}-free graph is always n + 1. The answer is not
always affirmative and this problem has been studied in [1,2,4,5,6]. And, in [6]
it is also suggested the study of the largest girth, gq..(n), for a graph from
Ex(v;{Cs,Cy,...,C,}), for all v.

Considering the results above, we pretend to determine both the exact
values of the extremal function and all the possible girths of the extremal
graphs. In order to reach it, we have considered the difference between size
and order of the extremal graphs. It has allowed us to find out the exact
value of ex(v; {Cs5,Cy, ..., C,}) for all v < [(16n — 15)/5] and for each n > 4.
Furthermore, we have also determined all the different values of the girths
that extremal graphs in this interval can have.

The question asked in [6] about ga.(n) is solved in the Theorem 2.6
below. Analogously, we suggest a similar and more difficult problem. Let
n >4, v>n+1and let gyq.(n,v) denote the largest girth for a graph from
Ex(v;{C3,Cy,...,Cy}). What is the largest value ¢y4.(n,v)? Theorem 2.5



gives the answer for all v < [(16n — 15)/5].

We also show in the Theorem 2.2 below that, under certain conditions,
the extremal grahs are similar one to another. That is, a great deal of them
are obtained simply by subdividing the edges of a certain graph until the
forbidden cycles are avoided and the girth becomes so large as desired.

2 Results

Obviously, ex (v + 1;{Cs,...,Cn}) > ex(v;{Cs,...,Cn}) + 1. Therefore,
ex(v;{Cs,Cy,...,Cy}) increases strictly but ex(v; {Cs,Cy,...,C,}) — v also
increases but not strictly. It makes sense that our next purpose is to establish
the existence, for some given positive integer k, of values of v which satisfy
ex(v;{Cs,Cy,...,C,}) — v =k and to determine all of them.

By & we denote the family of graphs, multigraphs and pseudographs G
such that e(G) — v(G) = k and 6(G) > 3. Obviously & is finite for each k.

Definition 2.1 Let n > 4 and k£ > 0 be integers. We define
ve(n) = min{v; ex(v; {Cy, Ci, ..., Co}) — v = k}

The number v (n) does not always exist. For instance, in [4], it is proved
that ex(9;{C3,Cs}) = 12 and ex(10; {C5, C4}) = 15. Therefore it follows that
v4(4) does not exist. But, we have proved:

Theorem 2.2 Let k > 0 be an integer. For each n > 2logy(k+2) there exists
v such that:

(Z) 6.73'(1/; {037 C4a s 7Cn}) =v+k.
(i) Every graph of Ex(v;{Cs,Cy,...,Cn}) has minimal degree at most 2.

(i11) Every graph of Ex(v;{C3,Cy,...,Cy}) is obtained by adding vertices of
degree 1 and/or by subdividing a graph or a multigraph of &y

This result implies that part of the study of the extremal graphs can be
changed to the determination of the graphs or multigraphs of &, which allow
to obtain the extremal graphs simply by subdividing its edges.

Theorem 2.3 Let n > 4 be a integer. Then
(1) v(n)=n+1
(i1) vi(n) = [3n/2| +1

(1ii) vo(n) =2n



[9n/4] if n is even
|9n/4| if n is odd
[
]

(8n —2)/3] if n#4 is even
(8n—2)/3]| if n is odd

{ 3n—2 ifn#6

3n—1ifn==6

(vit) v(4) =12, v5(5) = 14, v5(6) = 19, v6(7) = 21,

[(10n —5)/3] if n > 8 is even
|(10n —6)/3] ifn>9 is odd

UZ

[(16n — 14)/5] < vg(n) <

36
32

28
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Fig. 1. Exact values of ex(v;{Cs,Cy,...,Cp}).

The next result makes it possible to determine ex(v;{Cs,Cy,...,C,}) for
each v < [(16n — 15)/5] and every n > 4 (see Figure 1.)

Theorem 2.4 Letn >4 and k > 0 be integers. If vp(n) < v < vpr1(n), then
ex(v;{Cs,Cy,...,Cr}) =v+k

As a consequence of the knowledge of these exact values, we can deduce
exactly the possible different girths of all extremal graphs.

Theorem 2.5 Letn >4 and v > n+ 1 be integers and let gmar(n,v) denote
the largest possible girth of all graphs from Ex(v;{Cs,Cy,...,Cy}). Then
i) Gmaz(n,v) has the following values:



v Gmaz (N, V)

v(n) <v <w(n) v
r1(n) < v <wy(n) |(2v + 2)/3]
ve(n) < v <ws(n) (v +2)/2]

|(dv +12)/9] if 2v # 8 mod 9
(4v+2)/9 if 2v=8 mod 9
[(3v+12)/8] if 3v % 12,13 mod 16
|(3v+4)/8] if 3v=12,13 mod 16
vs(n) < v <wg(n) |(v+5)/3]

v3(n) < v < wy(n)

vy(n) < v <ws(n)

ii) For every v € [n+ 1, gmaz(n,v)] it is possible to construct a graph G
of Ex(v;{Cs,...,Cy}) such that g(G) = 7.

Next, we answer the question suggested in [6] about the largest possible
girth of all extremal graphs.

Theorem 2.6 Let n > 4 be an integer.
Gmaa(n) = max {g(G); G € Ba(v; {Cy,Ci,.,Co}), v €2} = |30/2]
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