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Local fractional metric dimension of rotationally symmetric
planar graphs arisen from planar chorded cycles

Shahbaz Ali, Rail M. Falc6n and Muhammad Khalid Mahmood

Abstract. In this paper, a new family of rotationally symmetric planar graphs is described
based on an edge coalescence of planar chorded cycles. Their local fractional metric dimension
is established for those omes arisen from chorded cycles of order up to sixz. Their asymptotic
behaviour enables us to ensure the existence of new families of rotationally symmetric planar

graphs with either constant or bounded local fractional dimension.

1. Introduction

In the 1970’s, Slater [35] and Harary and Melter [19] introduced independently
the metric dimension problem, which consists of determining the minimum num-
ber of vertices within a graph that may uniquely be represented by their respective
vector of distances. Being NP-hard [17], this problem has explicitly been solved
for different types of graphs [8, 20, 23]. General and specific bounds are known
depending on the order, maximum degree or diameter of the graph under consid-
eration [8, 14, 36]. In this regard, Imran et al. [21, 22] asked for characterizing
families of (rotationally symmetric) planar graphs with constant metric dimension
(see also [8, 24, 26]). The metric dimension problem plays a relevant role not
only in the study of structural properties of graphs, but also in solving real life
problems such as robot navigation [26], pattern recognition and image processing
[30], representation of chemical compounds [8], combinatorial optimization [33] or
networking [5], amongst others. Particularly, the metric dimension problem con-
cerning hexagonal graphs [29, 34, 38] has acquired special relevance because of
their implementation in computer graphics [27], multiprocessor networks [9] and
cellular networks [16].

In 2000, Chartrand et al. [8] formulated the metric dimension problem as an
integer programming problem. Shortly after, Currie and Oellermann [10] formu-
lated a linear programming relaxation whose optimal solution they termed frac-
tional metric dimension of the graph (see also [3, 11]). This new problem has
explicitly been solved for different types of graphs [4, 12, 13, 15, 32].

In 2018, a local version of the fractional metric dimension concerning only
adjacent vertices was introduced by Benish et al. 7] (see also [6]). Even if its study
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is still in a very initial stage, the local fractional metric dimension has explicitly
been determined for several types of graphs [1, 25]. More recently, Liu et al. [28]
have computed the local fractional metric dimension of a family of rotationally
symmetric planar graphs derived from an edge coalescence of a cycle of order m
with m distinct chorded cycles of a same order n € {3,4,5}. This paper delves
into this last topic by describing a new family of rotationally symmetric planar
graphs arisen from an edge coalescence of m planar chorded cycles of order n.

The paper is organized as follows. In Section 2, we remind some preliminary
concepts and results on graph theory that are used throughout the paper. In Sec-
tion 3, we describe the mentioned family of rotationally symmetric planar graphs.
We focus in particular on those ones derived from planar chorded cycles of order
n € {4,5,6}, for which we study their local fractional metric dimension. The case
n = 4 is dealt with at the end of Section 3, whereas exhaustive analyses of the
cases n = 5 and n = 6 are done in Section 4. The obtained results are summarized
in the conclusion section, where we make use of the asymptotic behaviour in order
to ensure which ones of these rotationally symmetric planar graphs have either a
constant or a bounded local fractional metric dimension. Finally, all the tables
described in the body of the manuscript are enumerated in Appendix A.

2. Preliminaries

Let us review some basic concepts and results on graph theory that are used
throughout the paper. See [37] for more details about this topic.

Any graph G is formed by a set V(G) of vertices and a set E(G) of edges so
that each edge contains two vertices, which are said to be adjacent. The subset of
vertices that are adjacent to a given vertex v € V(G) constitutes its neighborhood
N(v). Two adjacent vertices having the same neighborhood are called true twin
vertices. From here on, we denote wv the edge formed by two vertices u,v €
V(G). The number of vertices and the number of edges of the graph G constitute,
respectively, its order and size. If both of them are finite, then the graph is said to
be finite. The graph G is called bipartite if the set V(G) may be partitioned into
two subsets so that every edge contains exactly one vertex of each subset. Further,
two graphs are isomorphic if there exists a bijection between their sets of vertices
preserving their adjacency.

A path between two distinet vertices v,w € V(G) is any ordered sequence of
adjacent and pairwise distinct vertices (vg = v,v1,...,Vp—2,0p—1 = w) in V(G),
with n > 2. A graph is connected if there always exists a path between any pair of
vertices. If the initial and final vertices of a path coincide, then it is called a cycle.
If all the vertices of a cycle are joined to a new vertex, then the resulting graph is
called a wheel. The new vertex is called the center of the wheel. Further, a chord
of an existing cycle in G is any edge of the graph containing two non-adjacent
vertices of the cycle. A chorded cycle is any cycle containing at least one chord.

A planar graph is any graph that can be embedded in the plane. That is, it
may be drawn on the plane without crossing edges. Figure 1 illustrates the set of
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non-isomorphic planar chorded cycles of order n < 6.
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Figure 1: Non-isomorphic planar chorded cycles of order n < 6.

The union of two graphs G and Gy is the graph G; UG5 such that V(G1UG3) =
V(Gl) U V(GQ) and E(Gl U GQ) = E(Gl) U E(GQ) If E(Gl) 75 (Z) 7é E(Gz), then
the edge coalescence [18] of G1 and G via ujv; € E(G1) and ugvy € E(G3) is the
graph Gy - Ga(ujv1,ugvs @ ugvs) resulting after identifying in G; U G2 both edges
u1v1 and usve, which merge into a single new edge uzvs. Figure 2 illustrates this
concept with three different examples of edge coalescence between the same pair
of planar chorded cycles of order six.

Figure 2: Edge coalescences between the same pair of planar chorded cycles of order six.

Let G = (V(G), E(G)) be a finite connected graph. The minimum number
of edges within a path between two vertices v, w € V(G) constitutes the distance
d(u,v). The diameter diam(G) of the graph G is the maximum distance between
any two vertices in V(G). Further, the representation of a vertex v € V(G) with
respect to an ordered subset S = {v1,...,v5} € V(G) is the ordered k-tuple
r(v]|S) := (d(v,v1),...,d(v,v)). The subset S is a resolving set for the graph G if
r(v]S) # r(wl]S), for every pair of distinct vertices v, w € V(G). If such condition
holds for every edge vw € E(G), then the subset S is a local resolving set. The
(local) metric dimension of the graph G is then defined as the minimum number
of vertices contained in any of its (local) resolving sets. It is denoted dim(G)
(Idim(G) in its local version).

The resolving neighbourhood of a pair of vertices v,w € V(G) is the set

R{v,w} :={u € V(G)| d(v,u) # d(w,u)}.

From here on, in order to simplify the notation of this manuscript, we also denote
RE{v,w} = V(G) \ R{v,w}. A resolving function [3] of the graph G is any map
¥ : V(G) — [0, 1] such that

> dw) =1, (2.1)

uER{v,w}
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for every pair of distinct vertices v,w € V(G). The fractional metric dimension of
the graph G is

dim¢(G) := min Z J(v): ¥ is a resolving function of G
veV(G)

The concepts of local resolving neighbourhood and local resolving function arise
similarly in case of dealing only with pairs of adjacent vertices. Then, the local
fractional metric dimension of the graph G is defined as

1dim;(G) := min Z J(v): ¥ is a local resolving function of G
veV(G)

Further, we denote from now on ¢(G) := min{|R {v,w}|: vw € E(G)}. In par-
ticular, since v, w € R{v,w}, for all v,w € V(G), it is £(G) > 2. The next result
follows from all the previous definitions.

Lemma 2.1 ([6, 7, 31]). Let G be a finite connected graph of order n > 2. Then,

1dime(G) < dimg(G), (2.2)
m < 1dimf(G> < @ < 5 (2~3>
1 <1dim¢(G) < 1dim(G) < n — diam(G). (2.4)

In addition, the following assertions are satisfied.

1. 1dim¢(G) = 1 if and only if the graph G is bipartite.

2. 1dim¢(G) = 5 if and only if each vertex in V(G) has a true twin vertex.

Example 2.2. Let G be the planar graph described in Figure 3. In order to
determine an upper bound of ldim¢(G), we determine the cardinality of its local
resolving neighbourhoods. To this end, the symmetry of the graph G enables us
to focus on the following four resolving neighbourhoods.

R w1, v7} = {v10, V14, V15, V16, V20, Va1 }-

RC{U771}13} = {’UQa '1)5,1)8,1)12}.
R {13, v18} = {v3,v6, V21, v24}.
R {v13,v24} = {4, V5, V10, V11, V12, V16, V17, V18, Va2, V23 } -

Thus, £(G) = 14 and hence, Condition (2.3) implies that 1dim¢(G) < 24 = 2. In
3

fact, a simple computation establishes that 1dim¢(G) = 3.
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Figure 3: Planar graph G such that ldim¢(G) = % <

SIS

3. A family of rotationally symmetric planar graphs arisen
from planar chorded cycles

This paper focuses on the asymptotic behaviour of the local fractional metric
dimension of a particular family of rotationally symmetric planar graphs. They
arise from a sequential edge coalescence among a series of disjoint copies of a given
planar chorded cycle. In this section, we detail their construction and establish
some basic results concerning their local fractional metric dimension.

Let G4,...,G,, be m disjoint copies, with m > 2, of a planar chorded cycle G
of order n, whose set of vertices is V(G) = {v1,...,v,}. Let vf € V(Gy) denote
the corresponding copy of each vertex v; € V(G). Without loss of generality, we
assume that the vertices are naturally labeled counterclockwise. Then, we are
interested in the planar graph G™(G) that is sequentially defined as follows.

o Let G1(GQ) := Gy - Ga(vivd, v2_1v2 : v2_v2). (Notice that we label the

merged new edge in the same way that the edge in the second graph under
consideration. The same is done in the subsequent steps.)

o Let Gi(G) := Gr_1(G) - Gryr (vhvk vFTLyktl T lyk+1) " for each positive
integer k € {2,...,m — 1}.

e Finally, let G™(G) := Gpm—1(G) - Grm—1(G) (v o5, v} _ vl ol _ol).

The resulting graph G™(G) is a rotationally symmetric planar graph of order
m-(n—2).

Based on the planar chorded cycles described in Figure 1, we enumerate in
Figure 4 all the vertex-labeled planar chorded cycles of order n < 6 on which
the just defined constructive procedure may be implemented in order to get non-
isomorphic rotationally symmetric planar graphs. From here on, we refer them as
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quadrilateral (Q1 and Q2, for n = 4), pentagonal (Py to Ps, for n = 5) or hexagonal
(H; to Hyz7, for n = 6) chorded cycles.

vy v v v wop Y woopy Y v Py "
‘ /T\, I
v ] v v v vs v
2] Q: g )\ \ 7"
5 s vs
VP VEAVARINNY
w Pt wop " wo Py ™
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Figure 4: Quadrilateral, pentagonal and hexagonal chorded cycles.

Figure 5 illustrates a representation of each one of the two non-isomorphic
rotationally symmetric planar graphs arisen from the quadrilateral chorded cycles
@1 and Q3. In addition, Figure 6 illustrates the representations of a pair of
rotationally symmetric planar graphs arisen from the pentagonal chorded cycle Py
and the hexagonal chorded cycle Hs. Notice that the first and last vertical edges
in each one of these two representations refer to the same edge. In a similar way,
Figures 7 and 8 outline all the rotationally symmetric planar graphs arisen from
pentagonal and hexagonal chorded cycles. Notice that, even if the vertex-labeling
has been omitted for making clearer the illustration, it coincides in each case with
that one described in Figure 6.

Table 1 illustrates the local fractional metric dimension of each one of the
planar chorded cycles described in Figure 4. Notice in particular that the minimum
value is reached for both graphs H; and Hs, which constitute different vertex-
labelings of the same bipartite graph (see Lemma 2.1). In order to determine the
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Figure 6: The graphs G™(Ps) and G™(Hs)

remaining values, we have computationally solved the linear programming problem
associated to each case [10].

Example 3.1. The linear programming problem based on the local fractional
metric dimension of the hexagonal chorded cycle Hs consists of finding a map
¥ : V(Hs) — [0, 1] that minimizes >, ;.5 ¥(vi) subject to

Zl§i<6 I(vi) > 1,

Hvr) + Hwa) + Fvz) + Fvg) + ¥ (vs) > 1,
H(vz) + H(vg) + H(vs) + F(ve) > 1,

H(vy) + I(vg) +9(vs) > 1

Since R{vy,va} = R{vg,v3} = R{vs,vs} = V(Hs), these three edges are related to
the case Y, ., 9(vi) > 1. The second case follows from R{vy,v4} and R{vi, ve}.
The third one follows from R{vy,v5} and R{vs,vs}). Finally, the fourth one fol-
lows from R{v1,vs}. An optimal solution of this problem is the resolving function
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g"(n) G"(Py)
g"(r) g"(P)
. )

Figure 7: Rotationally symmetric planar graphs arisen from pentagonal chorded cycles.

¥ of Hjy satisfying that ¥(v;) = %, if i € {1,3,5}, and zero, otherwise. Hence,
ldim¢(Hs) = 3.

We are interested in the asymptotic behaviour of the local fractional metric
dimension of each rotationally symmetric planar graph arisen from the planar
chorded cycles described in Figure 4. In this regard, we finish this section by deal-
ing with those graphs arisen from quadrilateral chorded cycles. Those ones arisen
from pentagonal and hexagonal chorded cycles are studied in Section 4. Firstly,
we prove a preliminary lemma concerning the local fractional metric dimension of
a wheel. (Notice that it differs from the unproven Theorem 3 in [2], whose third
assertion seems not to be true.)

Lemma 3.2. Let W,, be the wheel graph of order n > 4. Then,

2, ifn =4,
"771, otherwise.

Proof. The case n < 6 follows directly from solving the corresponding linear pro-
gramming problem. In any case, notice that the case n = 4 holds readily from
Lemma 2.1 once it is observed that every pair of vertices within the wheel graph
W, are true twin.

Now, in order to deal with the case n > 6, let us suppose that V(WW,) =
{vo,...,Vn—2,w}. Here, w denotes the center of the wheel graph W,,. In addition,
V011 € E(W,,), for every non-negative integer ¢ < n, where, from here on, all the
indices are taken modulo (n — 1). Then, the computation of ldim¢(W,,) requires
to minimize Y(w) + Y ;<o ¥(vs) subject to

19(1),‘71) + 19(1}2) + 19(’[}1'+1> + 19(Ui+2) > 17 Vi S n—o.
V(w) = I(vi-1) = H(vis1) + Pg<icno V(vi),
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Figure 8: Rotationally symmetric planar graphs arisen from hexagonal chorded cycles.

The first case derives from R{v;,v;+1}, whereas the second one derives from
R{w,v;}. An optimal solution of this problem is the resolving function 9 of the
wheel graph W, satisfying that J(w) = 0 and 9(v;) = 1, if 0 < i < n — 2. Hence,
ldim¢(W,,) = ”T_l. O

The following result establishes the local fractional metric dimension of G™(Q1)

and G™(Q,).

Proposition 3.3. Let m > 2 be a positive integer. Then,

[SJ[SY
rolwo

if m <4,

otherwise.

) me = 23
,  otherwise.

)

lﬁmdgm@%)%={ lﬁmdgm@bﬂ=={

|3
=3

)

Proof. For Q1, the result holds from Lemma 3.2, because the planar graph G™(Q1)
is a wheel graph of order 2m + 1. For @3, the case m € {2,3,4} follows directly
from solving the corresponding linear programming problem. In order to deal with
m > 5, the computation of ldim¢(G™(Q2)) requires to solve the linear programming
problem consisting on minimizing the objective function ¥(vi)+ >, .., (V(vi)+
9(v})) so that the following cases hold, for all i < m. Here, the superscripts are
all of them taken modulo m.

o From R{v},v}}, it is 9(v}) + ¥ uqis1. a0y (ﬁ(u{) n 19(@1)) > 1.
o From R{vs, v}, it is 9(v3) + ng{zez,iﬂ} 79(1’{) + ng{iq,iﬂ} 19(1)1) > 1.

o From R{v§,vj'}, it is 9(v]7?) + I(vi™") + (™) + I(™?) + (v ") +
I(vh) + It + (i) > 1.
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An optimal solution of this problem is the resolving function ¥ of the wheel
graph W, such that ¥(v) = %, if v = v, for some positive integer ¢ < m, and zero,

otherwise. Hence, ldim¢(W;,) = 7. O

4. Rotationally symmetric planar graphs based on pentagonal
and hexagonal chorded cycles

This section studies the local fractional metric dimension problem of the rotation-
ally symmetric planar graphs arisen from the pentagonal chorded cycles P; to P
and the hexagonal chorded cycles Hy to Hyy.

4.1. The pentagonal case

Except for G™(P;) and G™(Ps), this problem has recently been dealt with by Liu
et al. [28], who have proved the following result.

Proposition 4.1 ([28]). Let m > 4 be an even positive integer. For each i €
{2,4,6},

6m
3m+ 2’

1dim¢(G™(P;)) <

They have also considered the rotationally symmetric graph G™(Ps), with
m > 4 even, by indicating that 1dim¢(G™(P3)) < 722+ (see [28, Theorem 6]).
Nevertheless, such an upper bound is based on a wrong use of Condition (2.3).
More specifically, they indicate that |R {v}, vi}| = 2m — 1, for every positive
integer i < m (see [28, Lemma 6.(a)]. However, as we notice in the proof of
Proposition 4.2, |R {vfl, v%}! = w. A comprehensive study of the asymptotic
behaviour of the local fractional metric dimension of all the graphs G™(F;), with
m > 2 and 1 < ¢ < 6, is therefore necessary.

Proposition 4.2. Let m > 2 be a positive integer. Then,

m+2, ifme{2,3},

8, otherwise.

1. 4(G™(Py)) = {

2. £(G™(Py)) = s,

3, if m=2,
5, if m=3,
3. LG (Ps)) =
(G™(Ps)) 3msb - ifm o> 3 s odd,
%’ otherwise.

b HG(P) = UG™ () = { PR,
2

,  otherwise.
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3, if m=2,
5, ifm =3,
5. L(GM(Fs)) =
(G™(Ps)) 3mss - ifm > 3 s odd,
%’ otherwise.

Proof. From the symmetry of the planar graphs under consideration, the result
follows readily from the minimum cardinality of some of their resolving neighbour-
hoods. More specifically, it is enough to focus on those ones indicated in Tables 2
and 3. In order to simplify the notation in these tables, and the subsequent ones,
we denote each vertex Ugvél by abed, and, for each positive integer m, we denote

by m; the value m;i, for all i € {0,1,2,3,4}. O

Based on the previous result, the following theorem establishes upper bounds
for the local fractional metric dimension of all the rotationally symmetric planar
graphs arisen from the pentagonal chorded cycles P; to FPs.

Theorem 4.3. Let m > 2 be a positive integer. Then,

3m_ ;
1. 1dimg(G™(Py)) < { mizr  fme{2,3}

STm, otherwise.
2m_ : .

2. ldimf(g7"(P2)) < m6+1v if m ZS'Odd,
3mn}r2 ,  otherwise.
27 Zf m = 27

3. 1dimg(G™(Py)) < { 5.
img(G™(P3)) < %’ if m > 3 is odd,

6m

Tmid otherwise.
% if (,m) = (5,2),
4 Ifi € {4,5,6), then ldime(@m(P) < 5 dm=3
‘ ¢ ) ) en 1m ’ < ' '
f z 2m. ifm >3 is odd,
321712 ,  otherwise.

Proof. For the planar graphs P», P, an Ps, the case m even follows from Propo-
sition 4.1 together with the computational resolution of the linear programming
problem related to the case m = 2, which gives rise to the values ldim¢(G?(P2)) =
1dim¢(G?(Py)) = 2 and 1dim¢(G*(Ps)) = 2. The remaining cases follows all of them
straightforwardly from Proposition 4.2 and Condition (2.3). O



170 A. Shahbaz, R. M. Falcén and M. K. Mahmood

4.2. The hexagonal case

Similarly to the pentagonal case, the following preliminary technical result is re-
quired.

Proposition 4.4. Let m > 2 be a positive integer. Then,

1. 6(G™(Hs)) = 2m + 1.

] 4, ifm=2,
2. Ifi € {4,10,12,17}, then £(G™(H,)) = )
fied by then £(G"™ (Hy)) { 2m+ 2, otherwise.
3. Ifi € {5,11,13}, then £(G™(H;)) = 2m.
4. Ifi € {6,9,14,16}, then £(G™(H,)) = 4.

5. L(G™(H7))

dm —6, ifm <4,
2m+ 3, otherwise.

6. ((G™(Hs)) { 2m, - ifm <4,

8, otherwise.

dm —6, ifm <3,

2m + 2, otherwise.

UG (Hys)) = {

Proof. Again, from the symmetry of the planar graphs under consideration, the
result follows readily from the resolving neighbourhoods indicated in Tables 4-7,
together with the following consideration. (Again, each vertex v2v? is represented
as abed in the mentioned tables.) Under the following assumptions, it is verified
that [R{v,w}| > 4 for all vw € (E(G™(Hs)) \ {viv$}) U (E(G™(Hy)) \ {vivi}) U

(E(G™(H14)) \ {vivg}) U (E(G™(Hi6)) \ {vivi})- o

Based on the previous result, the following theorem establishes upper bounds
for the local fractional metric dimension of all the rotationally symmetric planar
graphs arisen from the hexagonal chorded cycles H; to Hg.

Theorem 4.5. Let m > 2 be a positive integer. Then,
1. 1dim¢(G™(Hy)) = 1dimg (G™(Hz)) = 1

2. 1dim¢(G™ (H3)) < 2;211

2, if m=2,
2m

3. If i € {4,10,12,17}, then 1dimg(G™ (Hy)) < {
m+1’

otherwise.

4. Ifi € {5,11,13}, then ldim¢(G™(H;)) < 2.
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5. Ifi € {6,9,14, 16}, then ldim¢(G™(H,)) < m.

_2m ; <4
6. 1dimg(G™ (Hy)) < { 2m—3’ if m <4
43 otherwise.
2 ) <4
7. 1dime(G™(Hg)) <{ fm<d,
5, otheruise.
2m . <3
8. 1dime(G™(Hys)) < { 23 fm=3,
i, Otherwise.

Proof. For the planar graphs H; and Hs, the result follows from Lemma 2.1,
because both graphs G™(H;) and G™(Hs) are bipartite. The remaining cases
follows all of them straightforwardly from Proposition 4.4 and Condition (2.3). O

5. Conclusion and further work

In this paper, we have described a new family G™(G) of rotationally symmetric
planar graphs arisen from an edge coalescence of m disjoint copies of a given planar
chorded cycle G of order n. For n < 6, we have obtained either the exact value or
an upper bound of the local fractional metric dimension ldims(G™(G)), whatever
the planar chorded cycle G is. The obtained results are summarized in Table 8 just
after the bibliography. Where possible, we indicate the asymptotic behaviour of
the corresponding local fractional dimension. Particularly, our results generalize
those ones obtained by Liu et al. [28], by considering the odd case for n = 5,
together with the case m = 2.

Further work is still required in order to determine not only the asymptotic
behaviour of the remaining cases, but also to deal with higher orders. In this
regard, and according to the lower bound described in Condition (2.3), the study
of the local metric dimension of the rotationally symmetric planar graphs G™(G)
may play a relevant role. Similarly, the establishment of new general lower bounds
concerning the local fractional metric dimension of any graph also constitutes a
primordial aspect to be considered as further work. Finally, to delve into the study
of structural properties of the rotationally symmetric planar graphs G™(G) may
also be of usefulness. In any case, let us remark that the local fractional dimension
problem is still in a very initial stage, and much more work must be done even
for establishing either exact values or lower /upper bounds for the most commonly
used types of graphs. Lemma 3.2 contributes in this regard by establishing the
local fractional metric dimension of a wheel graph, which constitutes indeed a
correction to the unproven Theorem 3 in [2].
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Appendix
A. Tables

G 1dimg (G)
Q (1<i<2) 3/2
P, (1<i<6) 3/2
H (1<i<?2) 1
H; (3<i<12) 3/2
H; (13<i<17) | 5/3

Table 1: Local fractional dimension of planar chorded cycles of order n < 6.

n abed RE{v?,ve Case
1 ﬂg? (12, 1m, 52, 5m}
1151 {42} m=3
{1mq, 4mg, 5ms} m > 3 odd
0 m > 3 even
1152 {4i: 1<i<m)} m € {2,3}
{1i, 5i: i € {1,2,3,m} }¢ m>3
4142 {1mg, 4ms, Sms} m odd
0 m even
2 1151 {11, 14, 41, 4i, 51, 5i: my < i <m}C
éig; {11, 4m3, 5m3}
4151 0

Table 2: Resolving neighbourhoods of G™(P,), for n € {1, 2}.
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n abed RE{vd,vd Case
3 1151 {42} m e {2,3)
{14, 42, 4i, 5i: 3<i<my} m > 3 odd
{14, 42, 45, 55: 3<i<mg,3<j<m3z} m > 3 even
1152 0 m =2
{43} m =3
{1i, 4ms, 4(i + 1), 5(i +1): m3 <i<m} m > 3 odd
{5m4} m > 3 even
4142 {11, 12, 52} m=2
{11, 12, 43, 52} m=3
(11, 12, 1mg, 4ms, 52} m > 3 odd
{11, 12, 4my, 52} m > 3 even
4151 0 m =2
{42, 52} m=3
{14, 4m, 4i, 5i, 5m: m3 <1i < m} m > 3 odd
{14, 4mo, 4(1 + 1), 5+ 1): mo < i < m} m > 3 even
4152 {42, 53} m=3
{1i, 42, 44, 53, 5(i + 1): 3<i<my} m > 3 odd
{14, 42, 4i, 5i: 3 < i< mgz} m > 3 even
4 1141 {12, 14, 51, 5i, 42, 4i: 3 <i <my}
1151 {14, 41, 4i, 4m, 5i: m3 < i <m}
4142 {4mg, 5ms)
4151 {11, 1m, 52, 5m}
5 1141 {12, 1m, 51, 52}
1151 {41} m=2
{14, 41, 42, 4i, 5i: 3<i<my} m odd
{14, 41, 42, 44, 5mg, 5i: 3 < i < mo} m > 2 even
1152 {lmgs, 1i, 41, 4ms, 4i, 4m, 5i, 5m: m3 <i<m} m odd
{14, 41, 4i, 4m, 5i, 5m: my <1i < m} m even
4142 {51} m=2
{1mgs, 4mg, 51} m odd
{51, bmy} m > 2 even
4151 {11, 14, 44, 4m, 5i, 5m: mz <i < m}c m odd
{11, 14, 4ms, 47, 5j: mo <i<m, m3 < j < m}c m even
4152 {11, 14, 42, 44, 5i, 5ms: 3<i<mq} m odd
{11, 14, 42, 44, 5i: 3 <i < mg} m even
6 1151 {1i, 44, 5i: 2<i<mq}
1152 {lmg, 1, 4i, 51, 5i: m3 < i < m}
4142 {11, 12, 43, 52} m=3
{11, 12, 1ms, 4ms, 52} m+# 3
4151 {14, 44, 5i: 2<i<my, m3 <j<m}
4152 {1mg, 1i, 44, 51, 5j: m3 <i <m, 2 < j < m1}
5152 {11, 41, 5ms)}

Table 3: Resolving neighbourhoods of G™(P,), for 3 <n < 6.



176 A. Shahbaz, R. M. Falcén and M. K. Mahmood
n abed RE{vt,vd Case
3 1151 {17, 45, 5j, 61, 6i: 2<j <my <i<m} m odd
{14, 45, 5k, 61, 6l: 2<j<mp<i<m,2<k<mzg<l<m} meven
1161 {41, 4m, 51}
1162 {41,5m;} m odd
{41,4(mo + 1)} m even
4151 {62} m odd
{1ms, 62} m even
4152 {62, 6ms} m odd
{1mg, 62} m even
5161 {11, 1i, 4mq, 4j, 5j, 5m, 6i: 2 <i <my < j < m} m odd
{14, 44, 5, 5m, 6k: 2 <i<mg<j<m,2<k<mz} m even
4 1161 {4i, 5i: 2 <i<my} m odd
{4i,5j: 2<i<mg,2<j<mz} m even
4151 {ij: i € {1,4,5,6},2<j < mi} m odd
{14, 4i, 55, 65: 2 <i <myg, 2<j<mgz} m even
5152 {11, 41,5mq, 6mq} m odd
{11, 1(mo + 1), 41, 4m3} m even
5161 {62, 6m} m=2
{12, 1(m — 1), 62, 6m} m>2
5 1141 {14, 4j, 51, 55, 6k: 2<i<my <j <m, 2 <k < mg} m odd
{12, 14, 44, 51, 5k, 6i: 2 <i<m3 <k <m, mg < j<m} m even
1151 {1i, 41, 4, 55, 61, 6i: 2< j <my < i < m} m odd
{1mgs, 14, 45, 5k, 61, 6i: 2<k<mg<i<m,1<j<mg} m even
1161 {4m, 51} m odd
{4m, 51, bms} m even
1162 {5ms} m odd
{4ms} m even
4151 {11, 62, 6ms} m odd
{11, 1mgs, 62} m even
4152 {1lmg} m odd
{6ma4} m even
5161 {11, 14, 4mq, 45, 54, bm, 6, : 2<i<my < j < m} m odd
{14, 44, 5k, 60: 1 <i<mo<k<m,2<1i<mg<j<m} m even
6 4161 {11, Im, 41, 61}¢

Table 4: Resolving neighbourhoods of G™(H,,), for 3 <n < 6.
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n abed RE{v?, vd Case
7 1161 {12, 14, 4¢, 4(mq + 1), 5i, 62, 6i: 2 < i < my} m odd
{14, 45, 57, 62, 65: 2<i<mg, 2<j<m3} m even
1162 {14, 47, 51, 57, 61, 6j: m1 < i <m, m3 < j < m} m odd
{14, 44, 51, 57, 61, 6i: m3 < i <m, my <i<m} m even
4151 {12, 14, 44, 4my, 5i, 5my, 62, 66, 6my: 2 < i < my} m odd
{12, 53, 62} m=4
{12, 14, 4i, 53, 62, 6i: 2 <i<mg} Other
4152 {14, 44, 5], 6i, 6m: m; <i<m, m3 < j <m} m odd
{1mg, 1i, 4i, 5i, bm, 6i, 6m: ms < i < m} m even
5161 {1my, 14, 44, 5i, 5m, 6, 6m: my < i < m} m odd
{1mgs, 14, 4ms, 44, 5i, 5m, 6ms, 6i, 6m: mg < i < m} m even
5261 {12, 1i, 44, 5j, 62, 6i: 2 <i<my, 2 < j < m3} m odd
{14, 45, 57, 62, 65: 2<i<mg, 2<j<mg3,} m even
6162 {11, 41, 42, 4ms, 52, 6ms} m odd
{11, 1mg,41,42,52,5my4} m even
8 1161 {1, 4i, 5i, 6i: 2 <i < my)} m odd
{14, 44, 55, 6j: 2 <i<mp, 2<j <ms} m even
1162 {14, 1m, 41, 44, 51, 5i, 61, 6i: my <i<m, m3 <j < m} m odd
{14, 41, 4i, 51, 51, 61, 6i: m3 < i < m} m even
4151 {41, 42, 51, 52)}¢ m=2
{41, 42, 4(m — 1), 4m, 51, 52, 53, 5m}“ m> 2
4152 {11, 4my } m odd
{11, Img} m even

4161 {42, 4m, 51, 53}
5161 {41, 4(m — 1), 52, 5m}

6162 {11, 6mg3} m odd
{11, 1mg} m even
9 5161 {41, 4m, 51, 61}¢
10 1161 {14, 44, 5i, 6i: 2 <i < my} m odd
{14, 4i, 5j, 65: 2 <i<mg, 2<j<mgz} m even
51610
6162 {11, 41, 5ms, 6ms} m odd
{11, 1mg, 41, 4ms} m even
111161 {5ms} m odd
{4ms} m even
4151 {11, 1my, 61} m odd
{11, 61, 6mg} m even
4161 {14, 47, 51, 5j, 6i: 2<i<my < j < m} m odd
{14, 4k, 51,50, 6j: 2<i<mo<k<m,2<j<m3<l<m}meven
5161 {1my, 1i, 41, 4j, 5j, 6i: 2 < j < my <i < m} m odd
{14, 44, 5k, 6i: mg <i<m, 1 <j<mg, 2 <k <mgz} m even

Table 5: Resolving neighbourhoods of G™(H,), for 7 <n < 11.
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n abed RE{v?,vd Case
121151 {12, 1i, 42, 44, 52, 57, 61, 6i: 2 <i <my} m odd
{14, 44, 52, 5j, 61, 6j: 2 < i < mo, 2 < j < mgz} m even
1161 {1mq, 14, 41, 51, 4i, 4m, 5i, 5m, 6i: my < i < m} m odd
{14,41,4i,4m,51,55,6k: mg < i <m, my <j<m,mg<k<m}m even
4151 {14, 44, 5i, 6i: 2 <i<my <i<m} m odd
{14, 44, 55, 65: 2<i<mg, 2<j<msz} m even
5152 {11, 41, 5mg, 6ms} m odd
{11, 1mgs, 41, 4mg3} m even
5161 {11, 1m, 62, 6m}
131141 {1, 45, 5k, 61, 6i: 2<j <my <i <m, 2 <k < ms} m odd
{14, 44, 57, 61, 6k: mog<i<m,2<j<m3<j<m} m even
1161 {41, 5ms} m odd
{41, 4ms} m even
4151 {2my, 61} m odd
{61, 6mgz} m even
4161 {11, 14, 47, 51, 55, 6i: 2 < i <my < j < m} m odd
{14, 47, 51, 5k, 61: 1 <i<my<j<m,2<I<mg<k<m} meven
5161 {1m, 14, 41, 4j, 5j, 6i: 2 < j <my < i < m} m odd
{14, 44, 5k, 6i: m3z <i<m, 1 <j<mg, 2 <k <ms} m even
144161 {11, 1m, 41, 61}
151161 {12, 14, 4, 52, 5i, 62, 6i: 2 < i < my} m odd
{14, 44, 5, 6k: 2<i<myp, 2<j <ms,2<k<mg} m even
5152 {11, 1my, 1m, 41, 5mg, 61} m odd
{11, 1m, 41, 4ms, 61, 6ms} m even
5161 {14, 47, 5j, 6k: m; <i<m,2<j<my <k <m} m odd
{14, 47, 5k, 6l: 2<j<mog<i<m,2<k<mg<l<m} m even
6152 {14, 47, 51, 5k, 6i: 2 < i <m; < j <m,ms <k < m} m odd

{14, 45, 51, 5ms, 5j, 6k: 2 <i < mg,m3 <j <m,2 <k <msz} meven
161141 {11, 41, 61, 62}

Table 6: Resolving neighbourhoods of G™(H,), for 12 < n < 16.
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abed  RE{v? vl} Case
1161 {1¢, 1mq, 41, 44, 54, 5mq, 6, 6my: 2 <i < my} m odd

{14, 41, 44, 53, 65: 2 <i<mg, 2 <j <m3} m even
1162 {1, 1m, 44, 5i, bm, 61, 67, 6m: my < i < m} m odd
{14, 1m, 4ms, 4i, 5mg, 5i, 5m, 61, 6i, 6m: mg <i < m} m even
4151 {11, 12, 14, 44, 5i, 65: 3 <i<mq, 2 <j < ms} m odd
{11, 12, 14, 44, 57, 62, 6i: 3 <i<m3,3<j<mg} m even
4152 {1i,45,4m,55,6i,6ms: 1 <j <my <i<m}® m odd
{14,454, 4m, 55,6i,6m4: 2 <i<mg, 1 <j<mg}® m even
4162 {42, 4m, 51, 52}
5161 {14, 1myq, 44, 5i, bmy, 6i, 6mq, 6m: 2 <i<mq} m odd
{14, 44, 5i, 67, 6m, : 2 <i<mg, 2<j <ms} m even
5162 {14, Im, 41, 44, 53, 5m, 61, 65: my <i<m, mg <j<m} m odd
{14, 1m, 41, 4mgs, 4i, 5i, bm, 61, 6i, 6m: mz < i < m} m even
6162 {11, 4mq, 51, 6ms} m odd
{11, 1mg, 51, 5ms} m even
Table 7: Resolving neighbourhoods of G™ (H17).
G Asymptotic behaviour | G Asymptotic behaviour
Ql Unbounded Hl, HQ =1
Q2 Unbounded H; ~ 2
P1 Unknown H47H10,H12,H17 ~ 2
P2 ~ 2 H5,H11,H13 ~ 2
P3 ~ 2 Hﬁ,Hg,H14,H16 Unknown
Py, P5, B ~ 2 Hy ~ 2
Hg Unknown

Table 8: Asymptotic behaviour of 1dim¢(G™(G)).
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