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Abstract—This paper presents an equivalent dynamic model
for vertical regulation control of a flapping-wing flying robot.
The model is presented based on the data of a series of flight
experiments for an available platform. The system shows
oscillations in motion in all experiments with an approximate
frequency between [3.5,4.5](Hz), changing within a limited
range. The behavior of the equivalent model represents a system
with base excitation. The displacement transmissibility ratio
(TR) is found for the model to investigate the oscillatory
behavior in the system during the flight. Reduction of the
oscillations through the transmissibility ratio will decrease the
uncertainty in flight and consequently, that could increase the
success rate of perching on a branch (now ithasa 10 — 15(cm)
uncertain periodic motion); perching needs precision on the last
meter approaching phase. An analytical expression for TR is
presented which is used for parameter selection, tuning, and
selection of the flapping frequency, as the base excitation source.
The study shows that the robot works in a proper zone of the
frequency ratio, and also, the sensitivity of the TR is high
concerning the changes in the stiffness constant.

Keywords—Dynamics, Flapping-wing, Robot, Equivalent,
Transmissibility ratio.

. INTRODUCTION

The transmissibility ratio (TR) in mechanical vibration is
a fundamental design characteristic to avoid the negative
effect of an applied periodic load on the structure of a system.
The TR was presented in analytical expressions for second-
order standard mass-spring systems with and without
damping components [1-4]. One of the main advantages of
finding an analytical expression for TR is to see the behavior
of the system with variation of damping and frequency ratio
which indirectly defines stiffness and damping constant; the
TR also presents a safe range for the frequency of oscillation
of the base excitation over natural frequency, so-called
“frequency ratio.”

The transmissibility ratio can be considered for both force
and displacement cases [5]. Wang et al. presented a quasi-zero
stiffness vibration isolator for a two-degree-of-freedom (DoF)
system with base excitation [6]. It was reported that the
isolator design outperformed the passive controller in
diminishing the transferred vibrations. The different TR
values could be found with different damping ratios [7].
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Fig. 1. Regulation and behavior of the flapping-wing robot in vertical motion
for a series of experiments [8].

Ye and Ji investigated the vibration isolation problem for
a truss-spring-based structure [9]. The absolute relation of the
displacement transmissibility ratio was found to assess the
performance of the isolator. A ring vibration isolator was also
studied using a nonlinear energy sink [10]. In designing the
vibration isolator, the transmissibility ratio was an important
index for the evaluation of the design and isolator [5, 7, 9-12].

The flapping-wing flying robot (FWFR) is a challenging
platform in aerial robotics [13-20]. Mou et al. presented active
disturbance rejection for a flapping wing system subjected to
internal and external disturbance [21]. Some of the challenges
could be listed as different behavior in the downstroke and
upstroke motion of the wings which makes the modeling a
difficult task, the weight of the robot that could be kept at a
minimum rate, and oscillation of the wings in a periodic way.
A flapping-wing mechanism exerts periodic oscillatory lift
force which is produced by wings. The actuation could be
generated by direct current (DC) or brushless motors plus a
crank-and-gear mechanism [14, 18, 19]; it could be produced
by servo motors [22], clap-and-fling mechanism [23], or by
elastic actuation based on an inverted-cam mechanical
mechanism [24]. Regardless of actuation type, the periodic
transferred base-excitation force should be controlled [25].
The periodic flapping reveals transient/steady-state
oscillations in the flight pattern, especially in the height
(vertical) control [8, 18], please see Fig. 1. These oscillations
on the vertical trajectory impose an uncertain characteristic
with an approximate amplitude of 15(cm) [8]. The closed-
loop control was implemented for perching on a branch using
an active leg to compensate for the oscillation in flight [8].
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Despite the success in perching and closed-loop controlled
flight, it would be helpful to reduce the oscillatory behavior of
the FWFR: it could increase the flight precision, add more
robustness to the perching success rate, and increase the
quality of the recorded data by cameras in case of using the
system for the inspection missions [14, 26-31]. Sensor fusion
was also addressed to gather data for the experiments for
flapping flight [32].

To reduce the oscillations, the source of excitation and the
model of the system are demanded to analyze the phenomena.
The flapping-wing dynamic is complex and requires
experimentation and computational fluid dynamics (CFD)
analysis to develop the transient behavior of the system [33-
37]. Ruiz et al. presented a reduced-order Volterra model for
a flapping-wing flying robot system [33]. Sanchez-Laulhe et
al. presented a simplified model for forward flight transition
for FWFR [34]. Au et al. researched CFD analysis and
dynamics of flapping wing small UAVSs to study the effect of
corrugation on aerodynamic performance [35]. Aerodynamic
analysis and flight tests were performed for a bat-inspired
tailless flapping wing [36]. Xiaowu et al. used CFD analysis
for validation of the model, comparing the force and inertial
results with experimental data of the flapping-wing system
[38].

Despite various valuable research on the dynamics of
FWFR and CFD analysis, a study of transmissibility ratio on
the numerical model or analytical nonlinear systems is still a
challenge because the proposed dynamics are too complex for
finding an analytical answer to the TR. The objective of this
work is to find an equivalent dynamic equation of motion of
the FWFR system to first, find the TR and later study the
behavior of the flapping-wing system in different ranges of
flapping frequency, which in other words, denotes the
excitation of the base. The possibility of reducing the
displacement transmissibility ratio motivates us to find these
crucial characteristics and improve the precision of the flight
(with oscillations with lower amplitude) and perch on a branch
easier. The equivalent dynamic is found by modeling the
vertical motion of the FWFR based on the data received from
a series of flight experiments. The flapping wing robot is
limited to the actuation of the system with a limited range of
frequency. It is important to define the base excitation in that
range in which the TR is low and hence it transfers the
minimum periodic excitation to the body of the ornithopter.

The main contributions of this work are to:

1) Deliver an equivalent model for vertical controlled
motion of the flapping-wing flying robot based on the data of
the experiment.

2) Find an analytical expression for the displacement
transmissibility ratio for the equivalent FWFR model.

The rest of the work is organized as follows. Section |1
describes the problem statement. Section Il presents the
equivalent dynamic modeling. Section IV presents numerical
analysis and presents the data for different ranges of damping
and frequency ratios. Section V studies the parameter
selection for the available ornithopter to find the proper

flapping frequency and the corresponding TR for the system.
Finally, conclusions are reported in Section VI.

Il.  PROBLEM STATEMENT

The motion of the flapping-wing robot is subjected to
vertical oscillations caused by the flapping action. The
flapping provides the lift force to move the robot up and keep
it steady (around a vertical set-point) in flight; a reduction in
flapping frequency also regulates the flight to lower heights.
One of the advantages of flapping-wing systems is the ability
to switch between the flapping and gliding modes. Of course,
the gliding mode needs a favorable wind to maintain the
elevation of the robot by the lift force. This will significantly
reduce energy consumption and ideally, gliding could be
considered as flapping limits. Going back to the fact that
flapping mode is an inseparable part of the FWFR, it is crucial
to model and study the effect of flapping on flight and its
consequent generated oscillations.

Theoretically, the frequency of flapping could vary in any
range; an example is a finite-element-based study that
considered the flapping range between [0,6](Hz), reported in
[33]. In practice and reality, very low-frequency flapping
might not even provide the possibility of flight. In
experimentation and real flights, the operational flapping
frequency was limited to [3.5,4.5](Hz) [18]. The vertical
regulation of the robot in a series of experiments is shown in
Fig. 1. The amplitude of the oscillations is approximately
between [0.1,0.15](m) [8]. The experiments of flights were
done for three different set-points of 1.75,2,2.25(m) height
and the robot was launched from 1.25(m) height with an
initial speed of 4(m/s).

The elevation model of the flapping robot could be
presented as an equivalent mass-spring-damper one-degree-
of-freedom system with base excitation, shown in Fig. 2. The
motion of the tail controls the pitch angle of the robot and the
effect of that on the vertical motion is neglected (in transient
response) for the sake of simplicity. In the control loop of the
flapping-wing robot, the frequency of flapping defines the
elevation of the system. The dynamics of the system are also

valid while the robot flies forward with a speed of [2,6] (?)
which was usually obtained in experiments.
TF(t)
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Fig. 2. The configuration of the flapping-wing robot and presentation of the
equivalent dynamic with base excitation.
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I1l. EQUIVALENT DYNAMIC MODELING

This section aims to find the displacement transmissibility
ratio of the flapping-wing robot. Then the reduction of
transmission ratio could be investigated clearer by the
selection of proper damping and stiffness constants, or in other
words, parameters of the system. Considering the mentioned
assumptions in Section I1, and observations from experiments,
the following model is presented:

me'b(t) + CZb(t) + kZb (t) + (mb + mw)g
= MyZy(t) + ¢z, () + kz,(t) (1)
+ F(v),

where my, and m,(kg) are mass of base and wings
respectively, ¢(Ns/m) is damping coefficient, k(N/m) is
stiffness coefficient, z,(t) € R is a generalized coordinate of
the system and z,, (t) € R is the excitation of the base, which
in this case, is the generated oscillatory motion caused by
flapping, and g = 9.81(m/s?) is the gravity constant. F (t) €
R is an input lift force produced by flapping that moves the
robot higher or lower than the steady-state flight height based
on the maximum and minimum range of flapping frequency.

The excitation of the base is defined as
Zw(t) = zg sin(w(t)t),
Zy(t) = zo{w(t) + @ ()t} cos(w(t)t),

Zu(t) = zo[{20(t) + & ()t} cos(w(t)t)
—{w(t) + 0(®)t}? sin(w(®)t)],

where z,(m) is the amplitude of the base excitation and
w(t) € R is the frequency of the flapping wing in (%)
Substitution of (2) into (1) results in

myZy(8) + ¢z (t) + kz,(t) + (my, + My g
= Zy([cf{w(t) + @ (D)t}
+ m,,{20(t)
+ & (t)t}] cos(w(t)t) (3)
+ [k
- mw{w(t)
+ o (6)t}?*] sin(w(t)t)) + F(¢).

()

c

Dividing (3) by my, defining damping ratio & = -
— |k (rad
and natural frequency of the system w, = mb( s )

equation (3) could be rewritten as:

Zp(t) + 28 wnzp (t) + wizy (L)
= zo([2§ wp{w(t) + w(t)t}
+ a{20(t) + & (t)t}] cos(w(t)t) @)
+ [w?
— a{w(®) + o(t)t}?] sin(w(t)t))
+F(t)-(1+a)g,

where a = :"n—w is the ratio of the mass of the wings to the base.
b

To simplify (4), the time-varying flapping frequency w(t)
is replaced by its steady-state value wg which keeps the robot
flying steadily at a constant height. Therefore, (4) is rewritten
as:

Zp(8) + 2§ wnzp(t) + wizy(t)
= 7y (2E wywgg COS Wt ©)
+ [w? — awZ] sin wgst) + F(t)
-1+ a)g.

The objective of this section is to find the displacement
transmissibility ratio, therefore, the free vibration of dynamics
(5) is considered by F(t) = 0, which means the robot flies
steadily in the air with a constant flapping wing. A possible
form of a particular solution to (5) is presented:

Zb,p,l(t) = Cl COS((,USSt + ¢1): (6)
Zb,p,2 (t) = C2 Sin(wsst + ¢2): (7)

where C;, C,, ¢, and ¢, are unknown constants. Substituting
(6) into (5) and mathematical manipulation result in:

c, ([1 _ (%ﬂ cos g — 26 2 sin ¢>1>
Wy Wy (8)

SS
= zy2§ —
Oswn'

wSS 2 . wSS
C; (— [1 — (a)_> ] sin¢g; — ZEw—cos (/)1>

n n
Wgg 2 (9)
= Z 1—«a (w—n) .
Solving (8) and (9) simultaneously provides the first set of

unknown constants
(1 —ar?)? + (2&r)?

C, = 10
N e o T o S
$1
I 2r3(1 — a)é (11)
VA —ar?)? + &1 - r2)? + (28r)%)
in which r = % is frequency ratio.
Similarly, the substitution of (7) into (5) generates:
C, <-1 — (%y sin¢, + ZE%COS ¢>2>
| \wn/ | @n (12)
wSS
= ZOZE w_n’
c, <_1 - (ﬁf cos By — 28 25 sin ¢>2>
L e @n (13)

] o
=z, [l—a(i) ]
()
Solving (12) and (13) simultaneously, the second set of
constant parameters is found:

1+ ar*—r?2(1+a—48?)

C, =2
VA = ar?)2 + 282} - r2)? + (2613

(14)

o2
1+art =721+ a—48?) (15)

-1
S A ar? @A § @)
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Summation of (6) and (7) provides the particular solution
to (5) as:

Zp,p (t) = Zp,p1 (t) + Zb,p,2 (t)
= C, cos(wgst + P1) (16)
+ C, sin(wgst + ¢5).

Expansion of (16) generates:
Zp,p(t) = D cos wgst + D, sin wgst, 17)

Whel'e D1 = C1 COoS ¢1 + C2 Sln ¢2 and D2 = C2 COoS ¢2 -
C, sin ¢,. To find one oscillatory term as a particular solution
to the dynamic equation (5), equation (17) is rewritten as:

Zb,p (t) = R cos(wsst — ¢3), (18)

where

R= /Df + D2
= \/(Cl cos ¢ + C; sin¢,)? + (C, cos ¢p, — C; sin ¢p)?,

¢3 = atan& = atan Lo cos b, — Cy sin
3 D C;cos ¢ + C, sing,’

The local displacement transmissibility ratio is defined as
the maximum response magnitude to displacement magnitude
in steady-state response [1]:

TR = max z, , (tss) /2o,

which in our case generates the following displacement
transmissibility:
RlCOS((L)SSt - ¢3)|
Zo
\/(Cl cos ¢, + C; sin ¢,)? + (C, cos ¢, — C; sin ¢p,)?
Zy '

TR(a, &, 1) =

(19)
Substitution of ¢, and ¢, into (19) results in:
TR(a, &, 1)
2 2
(o + 8= 3) + (e - = 2)

= e

)

where
o, = 2r3(1 — a)¢,
o, =1+ar* —r?(1+ a—4&?),
p={(1—ar?)? + 2&r)2H{A —r2)? + (26r)?},
By = (1 —ar?)? + (2¢r)?,
Br=1+ar*—r2(1+ a — 4&2).

The behavior of TR(a, &,7) is important in the design of
an ornithopter and should be reduced through parameter
optimization and proper selection of damping and stiffness
constants.

IVV. NUMERICAL ANALYSIS

The local displacement transmissibility ratio starts from 0
and changes drastically between r = [0.5,1.5] and it depends
ona = % the ratio of the mass of wings to the base. For a

b

series of @ = {0,0.2,0.4,0.6,0.8,0.95} variables, the TR has
been evaluated, presented in Fig. 3. « = 0 indicates that the
mass of the wing is zero which is not realistic and @ > 0.5
shows the cases where the mass of wings is greater than half
of the mass of the body which is not realistic and that is only
presented in this section to demonstrate the behavior of the
local displacement transmissibility in the total range of a =
[0,1), see Fig. 3. The results show that for different mass ratio,
the frequency ratio should not be set between the following
range 0.5 < r < 1.5 where the transmission ratio is high. The
simulation results also reveal that a damping ratio greater than
& > 0.5 reduces the transmission ratio. The displacement
transmissibility index ought to be less than TR < 1 to keep the
excitation of the body less than the excitation of the moving
base. Section V will present a case study to define the
parameters of the flapping-wing robot based on a preferable
transmission ratio.

V. DESIGN OF THE PARAMETERS OF THE FLAPPING-WING
RoBoOT

In this section, based on some physical parameters of the
flapping-wing robot, the available range of local displacement
transmissibility ratio is found. Then a proper damping ratio
and an actuation flapping frequency are determined to
constrain the parameter selection {w(t), k, c} within a safe
and proper zone. The mass of the body and wings are defined
by the design though this TR study could influence the
distribution of weight m,, and m,, as well. The total weight of
the E-Flap robot was reported 510(g) [18]. Measuring the
weight of the wings m,, = 150(g) and the rest of the body
my, = 360(g), result in weight ratio @ = 0.4167. This value
generates the TR response in term of frequency ratio in the
range of r = [0,2.5], in Fig. 4. The stiffness constant of the
equivalent system (1) could be computed. The excitation of
the wings due to flapping is transferred to the body of the robot
through the carbon fiber tube of the wing. The tube acts like a
clamped-free beam with equivalent stiffness constant:

3EI /N
K = _<_) 20
R (20)
where E = 65 x 10° (%) is the elastic modulus of carbon

fiber, length of the wing is a = 0.75(m), which defines L =
0.25(m) as the distance between the CoM of the body and
effective lift force on the wing (see Fig. 5), I = 5.1051 x
107 (m*) is the second moment of the cross-sectional area
of the tube, with an inner diameter of 4 and an outer diameter
of 6(mm) . This ultimately results in k = 637.115 (2)
Stiffness constant generates the natural frequency of the
flapping robot as w,, = 42.0686 (%) The relevant values of
transmissibility rations for different damping ratios reported
in Table 1 for two critical points of r = v2/2 and r = /2.
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Fig. 3. The local displacement transmissibility for different values of @ = % and damping ratio ¢ = [0.1, ...,1], inr = [0,2.5].
b

z5 T Tl- - _g;g:; __________ g;g:g I TABLE 1. THE TR RATIO AT 1 = gAND r=+2.
£=0.3 —=—-— £=0.8

2 | r=0.5974 I, \| [=-—-— £=0.4 £=0.9 || No. ¢ r= \/E/Z r=v2
£=0.5 &1 1 0.1 0.5971 0.0631
E15¢ 2 0.2 0.6227 0.7232
E 3 0.3 0.6182 1.0043
2 17 4 0.4 0.5883 1.0737
5 0.5 0.5468 1.0485
0.5 6 0.6 0.5032 0.9874
7 0.7 0.4617 0.9166
0 8 0.8 0.4241 0.8471
0 9 0.9 0.3906 0.7828
10 1 0.3611 0.7249

Fig. 4. The local displacement transmissibility for different values of a =
0.4286 inr = [0,2.5].
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Fig. 5. The wing dimension and approximate value and position of the lift
force.

The flapping frequency that provides approximately

rad

steady-state flight is 4(Hz) or 25.1327 (T) This value

results in a frequency ratio r = 0.5974. Considering this
frequency ratio and observing Fig. 4, the displacement
transmissibility is in a good state for all damping ratio
parameters, approximately around TR = 0.3 , varying
between the range [0.27,0.36]. The highest TR ratio is for
& = 0.7 and the lowest one for & = 1.

VI. CONCLUSIONS

This work presented an investigation of the equivalent
dynamic of the flapping flight in a vertically controlled
motion. The data of the system for model creation was
obtained from a series of real flight experiments in a testbed
[8, 39]. The data was recorded by an Opti-Track motion
capture system in a large indoor 20m x 15m X 7m testbed
with high accuracy with 28 cameras. The flight data
constantly showed similar oscillatory behavior on the
trajectories. This motivated us to find an equivalent system
with similar behavior. The equivalent system enabled us to
find an analytical expression for displacement
transmissibility. If one could reduce the displacement
transmissibility by the selection of the proper parameters,
the oscillation would be reduced and the precision of the
flight increases. This will help the control designer for better
performance tuning and more success in perching on a
branch which is an important phase of flight in FWFRs.
This work presented the TR relation and it will be used for
the parameter definition of the FWFR and reduction of that
in future works.
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