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Abstract

In this study, we focus on the concept of the 2-color off-diagonal generalized weak Schur numbers, denoted as WS (2; k1, k2). These
numbers are defined for integers ki � 2, where i = 1, 2, as the smallest integer M, such that any 2-coloring of the integer interval
[1,M] must contain a 2-colored solution to the equation Ek j : x1 + x2 + . . . + xk j = xk j+1 for j = 1, 2, with the condition that
xi � x j when i � j. Our objective is to determine lower bounds for these 2-color off-diagonal generalized weak Schur numbers and
demonstrate that in several cases, these lower bounds match the exact values.
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1. Introduction

The 2-color off-diagonal generalized weak Schur numbers, denoted as WS (2; k1, k2). These numbers are defined
for integers ki � 2, where i = 1, 2, as the smallest integer M, such that any 2-coloring of the integer interval [1,M]
must contain a 2-colored solution to the equation Ekj : x1 + x2 + . . . + xk j = xkj+1 for j = 1, 2, with the condition that
xi � x j when i � j. For background and generalizations, see Schur [13], Rado [11], and Robertson and Schaal [12].
For various results, see Baumert and Golomb ([4], [8]), Heule [9], and Fredricksen and Sweet [7], Beutelspacher
and Brestovansky [5], Znám [14], Ahmed and Schaal [3], and Boza et al. [6]). We explore the values and bounds of
WS (2; k1, k2). It is known (see Ahmed et al. [2]) that WS (2; 2, 2) = 9, WS (2; 2, 3) = 16, and for all k � 4,

WS (2; 2, k) =
{

3k2/2 − k/2 + 1, if k ≡ 0, 3 (mod 4);
3k2/2 − k/2 + 2, if k ≡ 1, 2 (mod 4).
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In this short paper, we prove several lower bounds and compute several exact values of WS (2; k1, k2) for k2 � k1 �
3, as presented in the following sections.

2. Main Results
We establish lower bounds of WS (2; k1, k2) for k2 � k1 � 3. We have also computed nineteen exact values of

WS (2; k1, k2) using SAT solvers (see Heule [10]; also see Ahmed [1] for an introduction to distributed SAT solving)
to prove upper bounds.

Theorem 2.1. WS (2; 3, 3) = 24, WS (2; 4, 4) = 52, and for positive integers k and p with k � 3 and p � 0, we have

WS (2; k, k + p) �



k3/2 + 2k2 − 5k/2 + 1, if p = 0 and k � 5;
k3/2 + 5k2/2 + k, if p = 1 and 3 � k � 6;
k3/2 + 3k2 − 5k/2 + 2, if p = 1 and k � 7;
k3/2 + 7k2/2 + k + 1, if p = 2 and 3 � k � 7;
k3/2 + 4k2 − 5k/2 + 4, if p = 2 and k � 8;
k3/2 + k2(p + 1) + k(p2 + p − 1)/2, if p � 3.

Theorem 2.2. We have the following nineteen exact values:
WS (2; 3, 3) = 24, WS (2; 3, 4) = 39, WS (2; 3, 5) = 49, WS (2; 3, 6) = 66, WS (2; 3, 7) = 87, WS (2; 3, 8) = 111,
WS (2; 3, 9) = 138, WS (2; 3, 10) = 168, WS (2; 4, 4) = 52, WS (2; 4, 5) = 76, WS (2; 4, 6) = 93, WS (2; 4, 7) = 118,
WS (2; 4, 8) = 150, WS (2; 5, 5) = 101, WS (2; 5, 6) = 130, WS (2; 5, 7) = 156, WS (2; 6, 6) = 166, WS (2; 6, 7) = 204,
and WS (2; 7, 7) = 253.

3. Proof of lower bounds

Lemma 3.1. For k2 � k1 � 3, we have WS (2; k1, k2) � k1

(
k1+1+(k2+1)k2

2 − 1
)
.

Proof. Let k1

(
k1+1+(k2+1)k2

2 − 1
)
= �. Consider the coloring δ : [1, � − 1]→ [0, 1] defined as

δ(x) =
{

1, if 1 � x � k2(k2 + 1)/2 − 1 = m (say);
0, if m + 1 � x � k1m + k1(k1 + 1)/2 − 1 = � − 1.

Suppose there exists a solution a1+a2+· · ·+ak2 = ak2+1 with a1 < a2 < · · · < ak2 to the equation Ek2 monochromatic
in color 1. Now, bk2+1 �

∑k2
i=1 i = k2(k2+1)/2 = m+1, but δ(x) = 0 for m+1 � x � �−1, which results a contradiction.

Again, suppose there exists a solution a1 + a2 + · · · + ak1 = ak1+1 � � − 1 with a1 < a2 < · · · < ak1 to the equation
Ek1 monochromatic in color 0. Now, ak1 �

∑k1
i=1(m + i) = k1m + k1(k1 + 1)/2 = �, which is a contradiction. Hence,

WS (2; k1, k2) � �.

Corollary 3.2. For k � 2, p � 0, we have WS (2; k, k + p) � k3/2 + k2(p + 1) + k(p2 + p − 1)/2.

Remark 3.3. This lower bound coincides with the exact values of WS (2; 3, 6), WS (2; 3, 7), WS (2; 3, 8), WS (2; 3, 9),
WS (2; 3, 10), WS (2; 4, 7), and WS (2; 4, 8).

The lower bound in Corollary 3.2 can be improved using a different coloring as follows:

Lemma 3.4. For integers k � 2 and p � 0,
WS (2; k, k + p) � (−2k + 3k2 + k3 + (−1 + 3k + k2)p + p2 + (−k + k2 + (−2 + 2k)p)z + (2 − 2k)z2)/2
where z =

⌈
(α +

√
β)/(4(k − 1))

⌉
− 1 with

α = 2(k − 1)p − (k2 + 3k − 2) and β = 4(k2 − 1)p2 + 4(k2 + 2k − 3)p + (k4 + 22k3 − 11k2 − 12k + 4).

Proof. Let

� = (−2k + 3k2 + k3 + (−1 + 3k + k2)p + p2 + (−k + k2 + (−2 + 2k)p)z + (2 − 2k)z2)/2
u = (−2 − k + 2k2 + k3 + (−1 + 3k + k2)p + p2 + (2 − 3k + k2 + (−2 + 2k)p)z + (2 − 2k)z2)/2

Consider the coloring δ : [1, � − 1]→ [0, 1] defined as
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δ(x) =



1, if 1 � x � z;
0, if z + 1 � x � k2/2 + (2z + 1)k/2 − 1 = m (say);
1, if m + 1 = k2/2 + (2z + 1)k/2 � x � u;
0, if u + 1 � x � � − 1;

We will prove that there is no solutions to the equation Ek : x1 + x2 + . . . + xk = xk+1, monochromatic in color 0
and there is no solutions to the equation Ek+p : x1 + x2 + . . . + xk+p = xk+p+1, monochromatic in color 1.

Suppose there is a solution a1 + a2 + · · ·+ ak = ak+1 with a1 < a2 < · · · < ak to Ek monochromatic in color 0. Then,
ak+1 =

∑k
i=1 ai �

∑k
i=1 z + i = (2kz + k2 + k)/2 = m + 1, then

∑k
i=1 ai � [z + 1,m]. Now we verify that

∑k
i=1 ai also does

not belong to the interval [u + 1, � − 1]. We consider two cases:
If ak � m, then

∑k
i=1 ai �

∑k−1
i=0 (m − i) = (−k + k3 + 2k2z)/2 < u + 1.

If ak � u + 1, then
∑k

i=1 ai � (
∑k−1

i=1 z + i) + (u + 1) > � − 1.
In each of the above cases, we reach a contradiction.
Suppose there is a solution a1 + a2 + · · ·+ ak+p = ak+p+1 with a1 < a2 < · · · < ak+p to Ek+p monochromatic in color

1. Then ak+p+1 =
∑k+p

i=1 ai �
∑z

i=1 i +
∑k+p−z−1

i=0 (m + 1) + i = u + 1, which is a contradiction since ak+p+1 is colored in
color 0.

Corollary 3.5. Let p = 0. If k � 5 then z = 1 and WS (2; k, k) � k3/2 + 2k2 − 5k/2 + 1.

Remark 3.6. This lower bound coincides with the exact values of WS (2; 5, 5), WS (2; 6, 6) and WS (2; 7, 7).

Corollary 3.7. WS (2; k, k + 1) �
{

k3/2 + 3k2 − 5k/2 + 2, if k � 7 (where z = 2);
k3/2 + 5k2/2 + k = �(say), if k � 6.

The k � 6 case can be proven using the coloring δ : [1, � − 1]→ [0, 1] as defined below and showing that there is
no solution to Ek+1 in color 1 and no solution to Ek in color 0.

δ(x) =


1, if 1 � x � k2/2 + 3k/2 = m (say);
0, if m + 1 = k2/2 + 3k/2 + 1 � x � k3/2 + 2k2 + k/2 − 1 = n (say);
1, if n + 1 = k3/2 + 2k2 + k/2 � x � k3/2 + 5k2/2 + k − 1 = � − 1.

Remark 3.8. The lower bounds coincide with exact values of WS (2; 3, 4), WS (2; 4, 5), WS (2; 5, 6) and WS (2; 6, 7)

Corollary 3.9. WS (2; k, k + 2) �
{

k3/2 + 7k2/2 + k + 1, if k � 7 (where z = 2);
k3/2 + 4k2 − 5k/2 + 4, if k � 8 (where z = 3).

Remark 3.10. The lower bounds coincide with the exact values of WS (2; 3, 5), WS (2; 4, 6) and WS (2; 5, 7).

Proof of Theorem 2.1. The desired lower bound is obtained using Corollaries 3.2, 3.5, 3.7, and 3.9.

References

[1] T. Ahmed, Two new van der Waerden numbers: w(2; 3, 17) and w(2; 3, 18), Integers, 10 (2010), #A32.
[2] T. Ahmed, M. G. Eldredge, J. J. Marler, and H. Snevily, Strict Schur numbers, Integers, 13 (2013), #A22.
[3] T. Ahmed and D. Schaal. On generalized Schur numbers. Exp. Math., 25:2 (2016) 213–218.
[4] L.D. Baumert. Sum-free sets. J.P.L. Res. Summary, 36-10 (1961) 16–18.
[5] A. Beutelspacher and W. Brestovansky. Generalized Schur number. Lecture Notes in Math., vol. 969, Springer, New York, 1982, pp. 30–38.
[6] L.Boza, J.M. Marin, M.P. Revuelta, M.I. Sanz. 3-color Schur number. Discrete Appl. Math., 263 (2019 ) 59–68.
[7] H. Fredricksen and M. Sweet. Symmetric sum-free partitions and lower bounds for Schur numbers. Electron. J. Comb., 7 (2000) #R32.
[8] S. W. Golomb and L. D. Baumert. Backtrack programming. Journal of the ACM 12:4 (1965) 516–524.
[9] M.J.H. Heule. Schur Number Five. In: The Thirty-Second AAAI Conference on Artificial Intelligence (AAAI-18), 2018.

[10] M.J.H. Heule, March RW. SAT Competition (2011). http://www.st.ewi.tudelft.nl/sat/.
[11] R. Rado. Studien zur Kombinatorik. Math. Z., 36 (1933) 424–480.
[12] A. Robertson, D. Schaal. Off Diagonal Generalized Schur Numbers Adv. Appl. Math. 26:3 (2001) 252–257.
[13] I. Schur. Uber die Kongruenz xm + ym ≡ zm(mod p). Jber. Deutsch. Math.- Verein., 25 (1917) 114–116.
[14] S. Znám. Generalization of a number-theorical result. Mat-Fyz.Casopis. Sloven Akad Vied, 16:4 (1966) 357–361.


