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Abstract
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1 Introduction

Determining sufficient and necessary conditions for the existence of a period annulus
in planar differential systems is a classical problem in qualitative theory of planar
vector fields. For the particular case that the period annulus ends in a monodromic
singularity, such a problem is known as Center Problem, which was exhaustively
studied for polynomial vector fields (see, for instance, Romanovski and Shafer 2009).
This problem has also been considered in the context of planar piecewise smooth
differential systems (see, for instance, Coll et al. 2001, 1999; Gasull and Torregrosa
2003; Novaes and Silva 2022, 2021; Pleshkan and Sibirskii 1973).

However, due to the complexity imposed by the nonsmoothness, the center problem
is not solved even for the simplest family of piecewise smooth differential systems,
namely piecewise linear differential systems with two zones separated by the straight
line ¥ = {(x,y) eR?:x =O},

%= Arx+by, if x <0, (1
"V Arx+bg, if x>0.

Here, x = (x,y) € R?, AL = (a[)2x2, AR = (af)2x2, b = (b7, by) € R?,

br = (bE, b§ ) € R?, and the dot denotes the derivative with respect to the independent

variable ¢. The Filippov’s convention (Filippov 1988) is assumed for trajectories of

(D).

The main goal of this paper is to close the problem of the existence of crossing
period annuli for system (1) by providing a characterization for the existence of such
objects by means of a few basic operations on the parameters.

Since system (1) is piecewise linear, two obvious conditions implying the existence
of period annuli are:

(A) T =0, Dy, >0, anda; < 0; or
(B) TR = 0, DR > O, andaR > O,

where T, Tg and Dy, Dg denote, respectively, the traces and determinants of the
matrices A7 and Ag and

L L L L R 1R R R

Indeed, condition (A) implies that system (1) has a linear center (and so a period
annulus) in the half-plane {(x, y) € R : x < 0}, and condition (B) implies that system
(1) has a linear center (and so a period annulus) in the half-plane {(x, y) € R : x > 0}.

Apart the trivial cases above, system (1) admits period annuli whose orbits cross the
separation line . Regarding those period annuli we may quote the following papers.
In Freire et al. (2012),sufficient conditions were provided for piecewise linear systems
of kind (1) formed by two foci and without sliding set to have a global center around the
origin. In Buzzi et al. (2013) it was classified the centers at infinity for piecewise linear
perturbations of linear centers. In Medrado and Torregrosa (2015), it was established
sufficient conditions in order for a monodromic singularity at the separation line X
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to be a center. Finally, in Freire et al. (2021), the authors have characterized when
systems of kind (1), formed by two foci, have a center at infinity.

In this paper, we present a general and concise characterization of the existence of
a crossing period annulus for system (1). This characterization will be given in terms
of their parameters and, unlike the mentioned papers, regardless the local nature of
each linear system.

Notice that the existence of a crossing periodic orbit for system (1) implies trivially
the existence of the Poincaré half-maps associated with 2. In turn, such maps exist if,
and only if, the following set of conditions hold:

aleale>0;
(H):{a, <0and 4D, — T > 0, or a; > 0;
aREOand4DR—T1%>O, orag < 0.

Indeed, taking into account the direction of the flow on the separation line x = 0, it
is straightforward to see that the inequality aﬁaﬁ > (0 is necessary for the existence
of crossing periodic solutions. The other two conditions will be discussed below (see
Propositions 1 and 2).

Now, we present the main result of this paper.

Theorem 1 Consider the planar piecewise linear differential system (1). Let Ty, Tg
and Dy, Dy be, respectively, the traces and determinants of the matrices Ay and AR
and let aj, and ag be the values given in expression (2). Denote

£0:=arTy —aLTr, o :=T.Dr—TgDy, and p:=albf —blafs. (3)

Then, the differential system (1) has a crossing period annulus if, and only if, the
condition (H) holds, sign(Tg) = —sign(Ty), and &y =& = = 0.

At this point, we must clarify the dynamical meanings of the values &y, £, and 8
and of the relationship sign(7Tg) = —sign(77).

First, under the hypothesis alea fez > 0, system (1) has a sliding region contained in
T and delimited by the points (0, —b% /af;) and (0, —b% /af,) provided that B does
not vanish. Accordingly, the condition 8 = 0 indicates that system (1) does not have
any sliding region.

Second, when system (1) does not have a sliding region, as it follows from Propo-
sition 14 of Carmona et al. (2022), the sign of the value &j (called by & in that work)
provides the stability of the origin of system (1) when it is a monodromic singular-
ity. Moreover, from Proposition 15 of Carmona et al. (2022), under the assumption
sign(Tg) = —sign(Ty) # 0, the sign of the value ¢, = T £ determines the stability
of the infinity for system (1) when it is monodromic.

Finally, since system (1) is linear on each side of the separation straight line X,
the signs of the traces 77, and Tk determine the (area) contraction/expansion of the
system on each side of ¥ and so the condition sign(7g) = —sign(77) ensures a kind
of balance between the contraction of the system in one zone and the expansion of the
system in the other zone.
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Theorem 1 is proven in Sect. 3. Its proof is based on arecent integral characterization
for Poincaré half-maps for planar linear differential systems introduced in Carmona
and Fernandez-Sanchez (2021), which has been successfully used to analyze periodic
behavior of piecewise linear systems (see, for instance, Carmona et al. 2021b, 2022,
2023). This characterization as well as some useful properties of the Poincaré half-
maps will be introduced in Sect. 2.

2 Poincaré Half-Maps and Displacement Function: Some Preliminary
Results

In this section, after introducing a canonical form for system (1) in Sect. 2.1, the
definition of the Poincaré half-maps for planar linear differential systems will be
presented in Sect. 2.2. Some useful properties of these maps, provided in Carmona
et al. (2021a), will be collected in Sect. 2.3. In Sect. 2.4, a displacement function will
be given together with some of its main features.

2.1 Canonical Form

As it was said in Introduction, the existence of crossing periodic solutions of sys-
tem (1) implies straightforwardly the first condition of Hypothesis (H), that is,
alea fz > 0. Moreover, under this condition, Freire et al. (2012) stated that the dif-
ferential system (1) is reduced, by a homeomorphism preserving the separation line
X = {(x, y)eR?: x = 0}, into the following Liénard canonical form

x=Tgx —y+0b,

x=Trx -y,
{ § = Drx — ag, for x >0, “4)

. f <
y=Dpx —ar, or x=0, {
being a;, and ap the values given in expression (2), Tz, Tg and Dy,, Dg, respectively,
the traces and determinants of the matrices Ay and Ag, and b = /a{ez, where 8 is
given in expression (3).

2.2 Integral Characterization of Poincaré Half-Maps

The periodic solutions of the piecewise linear differential system (4) are studied via
two Poincaré half-maps defined on X: the forward Poincaré half-map yp : I C
[0, +00) —> (—00, 0] and the backward Poincaré half-map y}be : Ié’, C [b, +00) —
(—o0, b].

On the one hand, the forward Poincaré half-map takes a point (0, yg), with yo > 0,
and maps it to a point (0, yz (yo)) by traveling through the flow of (4) in the positive
time direction. Clearly, it is determined by the left linear differential system of (4) and
its formal definition will be given in Proposition 1.

On the other hand, the backward Poincaré half-map takes a point (0, yp), with
yo > b, and maps it to a point(0, ylbe (y0)) by traveling through the flow of (4) in
the negative time direction. Clearly, it is determined by the right linear differential
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system of (4). Notice that the simple translation y +— y — b applied to this right
linear system allows us to write yfe(yo) = yr(yo — b) + b and 1 = Ig + b, where
yg : Ir C [0, +00) — (—o0, 0] is the backward Poincaré half-map of (4) for b = 0,
thatis, yp = y% and Ig = 12. The formal definition of the map yg and its domain I
will be given in Proposition 2.

In Propositions 1 and 2, we will need the following concept of Cauchy principal
value:

Yo —¢€ Yo
PV { f(y)dy} = 21{% ( fydy + f(y)dy> :

Vi Y1 &

for y1 < 0 < yp and f continuous in [y, yo] \ {0} (see, for instance, Henrici 1988).
Note that if f is also continuous at 0, then the Cauchy principal value coincides with
the definite integral.
The forward Poincaré half-map y; refers to the linear system
x=Trx -y,
{5’=DLx—aL, )

which corresponds with the left linear system of (4). Thus, its definition, its domain
Ip, and its analyticity are given by Theorem 19, Corollary 21, and Corollary 24 of
Carmona and Ferndndez-Sédnchez (2021). In the following proposition, we summarize
the mentioned results. (see Carmona et al. 2022, [Theorem 1]).

Proposition 1 The forward Poincaré half-map yy, is well defined if, and only if, a;, < 0
and 4D — TL2 > 0, orap > 0. In this case, I, := [Ap, ur) # @ and the following
statements hold:

(a) The right endpoint ju1 of the interval I}, is the smallest strictly positive root of the
polynomial Wi (y) = Dpy* —arTry + a%, if it exists. Otherwise, pj = +o0.

(b) The left endpoint Ay, of the interval Iy is greater than or equal to zero. If Ap, > 0,
then yp (A) =0,ar <0,4Dy — T2 > 0, and Ty, < 0. Moreover ifyr(Ap) <0,
then A\f =0anday <0,4Dp — Té > 0, and Ty, > 0.

(¢) The polynomial Wy, verifies Wi (y) > 0 for y € ch(Ip U yp(I1)) \ {0}, where
ch(-) denotes the convex hull of a set.

(d) The forward Poincaré half-map yy, is the unique function yy, : I, C [0, +00) —>
(—o00, 0] that satisfies

PV {/yo -y dy} =qr(ar, Ty, DL) for yo €, )
yeo) WL(y)
where
0 . if a; > 0,
TiL

—=L__ ifar <O.
Dy /4D T}
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(e) The forward Poincaré half-map vy, is analytic in Int(Iy).

On the other hand, the backward Poincaré half-map yr refers to the linear system

x=Tgx -y,
y = Dgx —ag,

which corresponds with the right linear system of (4) for b = 0. Thus, its definition,
its domain /g, and its analyticity are obtained from Proposition 1 by means of the
change of variables (¢, x) — (—¢, —x) and taking (ar, D, Tp) = (—ag, Dr, —TRr)
in system (5). (see Carmona et al. 2022, [Theorem 2]).

Proposition 2 The backward Poincaré half-map yg is well defined if, and only if,
ar > 0and 4Dp — T1% > 0, or agr < 0. In this case, Ig := [Ag, UR) # ¥ and the
following statements hold:

(a) The right endpoint (g of its definition interval IR is the smallest strictly positive
root of the polynomial Wg(y) = Dgry? — agTry + a}%, if it exists. Otherwise,
R = F00.

(b) The left endpoint Ag of the interval IR is greater than or equal to zero. If Ag > 0,
then yr(Ag) =0, ag > 0,4Dg — T2 > 0, and Tz > 0. Moreover, if yg(Ag) < O,
then A\g = 0and ag > 0,4Dg — Tg > 0, and Tg < 0.

(¢c) The polynomial Wg verifies Wr(y) > 0 for y € ch(Ig U yr(Ig)) \ {0}

(d) The backward Poincaré half-map yg is the unique function yp : Irp C
[0, +00) —> (—o00, 0] that satisfies

o _
y
PV {/ dY} =qr(ar, Tr, DR) for yo € IR, (8)
YR(Y0) Wr(»)
where
0 if agp <O,
nTgr .

——2R __ fagr =0,
qr(ar, Tr, DR) = Dg,/4Dr—Tj 9

TR if ag > 0.

Dg\/ADR—T}3

(e) he backward Poincaré half-map yg is analytic in Int(Ig).

Remark 1 Notice that the integral that appears in (6) (resp. (8)) is divergent fora; = 0
(resp. ag = 0). Nevertheless, in this case, the Cauchy principal value provides

7Ty —nTp
_72 2
yL (o) = —e V*PLTTL yg, (resp. yr(Y0) = —e V*Pr Tk yo) yo > 0. (10)

In any other case, that is, a;, # 0 (resp. ag # 0), the Cauchy principal value can be
removed because the integral is a proper integral.
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2.3 Properties of Poincaré Half-Maps

Some useful properties of the Poincaré half-maps y; and yr will be collected in the
next results. The proofs of these properties for the map y; are given in Carmona
et al. (2021a), and they can be extended to yg by means of the change of variables
(t,x) — (—t, —x) and taking (ar, Dy, Tp) = (—agr, Dg, —Tg) in system (5). The
first one (Proposition 3) provides, as a direct consequence of expressions (6) and
(8), the first derivative of the Poincaré half-maps. The second result (Proposition 4)
establishes the relative position between the graph of the Poincaré half-maps and
the bisector of the fourth quadrant. The third result (Proposition 5) gives the first
coefficients of the Taylor expansions of the Poincaré half-map yg at the origin. The
last result (Proposition 6) shows the first coefficient of the Newton-Puiseux series
expansion of y; around a point yp > 0 such that y; (y9) = 0.

Proposition 3 The first derivatives of the Poincaré half-maps yy and yg are given by

/ YoWr(yL(y0)) .
=———="" <0 Ip),
yr (Yo) YL OO WLO0) <0 for yoeint(lr)
/ YoWgr(yr(y0)) :
=— <0 Ip),
yr(¥0) YO0 WrG0) <0 for yo eint(Ig)

where the polynomials Wi and Wg are given in Propositions 1 and 2, respectively.

Proposition 4 The following statements hold.

(a) The forward Poincaré half-map v, satisfies the relationship

sign (yo + yL(yo)) = —sign(T) for yo € Ip \ {0}.

In addition, when O € I and y; (0) # 0 or when Ty = O, then the relationship
above also holds for yo = 0.
(b) The backward Poincaré half-map yg satisfies the relationship

sign (yo + yr (o)) = sign(Tg) for yo € Ig \ {0}.

In addition, when 0 € Ig and yg(0) # 0 or when Tg = 0, then the relationship
above also holds for yo = 0.

For the sake of simplicity, the next result is only given for the map yg, which will
be used later on in the proof of Theorem 1. A version for the map y;, can be stated in
an analogous way.

Proposition 5 Assume that 0 € Ig and yg(0) =y, < 0, then the backward Poincaré
half-map yg is a real analytic function in I and its Taylor expansion around the
origin writes as

_ Wr (1)}
YR(Y0) =1 +%)O+(’)(yg)-
2apy1
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Again, for the sake of simplicity, the next result is only provided for the map yr .
An analogous result for the map yg can be also stated.

Proposition 6 Assume that there exists a value Yy > 0 such that y;,(y9) = 0. Then,
arp < 0, Y0 = Ag, that is, Yy is the left endpoint of the definition interval I; of yr.
and the Poincaré half-map y admits the Newton-Puiseux series expansion around
the point yy given by

vy (o) = ar. (o — Ar)' 2 + O(yo — Ap).

L
WL(AL)

2.4 Displacement Function

Once the Poincaré half-maps have been characterized, a displacement function can be
defined for system (4).

Suppose that I := I; N(Ig +b) # @. The displacement function 8, is then defined
in 1% as follows:

Sp:IP — R

11
yo —> 8,(30) := ¥4 (30) — y.(30) = yr(yo — b) +b — yr.(30). an

From Propositions 1 and 2, one has I° = [, up), where A, = max{ir, Ap + b}
and up = min{ur, wg + b}. In addition, 8, is continuous on I” and analytic on
Int(1?).

Remark 2 Notice that, by the continuity of 8, on I, and the analyticity on Int(Zp), a
crossing period annulus exists if, and only if, 8;, (yo) = 0 forevery yp € I°. Obviously,
in this case, the ith order derivative satisfies 8 (yo) = O forevery ygp € 1 bandi e N.

Of course, when yg = Ap, 8}()’) (yo) = O refers to the lateral derivative.

Now, some of the properties of §,, (in particular, relevant expressions for the sign of
the derivatives) will be stated in the next proposition. Its proof can be seen in Carmona
et al. (2022).

Proposition 7 Let us consider the displacement function given in (11) for b = 0.
Suppose that y; € int(1°) satisfies 80(yy) = 0. Denote yi = yr(y3) = yL(y5) <0
and define

co :=agar (arTy —arTR),
c1 :=arTrDyp —ar Ty Dg, (12)
) = a%DR — a%DL.

Then, the following statements hold:

(a) The derivative of the displacement function 8y defined in (11) verifies
sign (86(33)) = sign(F (35, ¥1)), (13)
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being
F(yo, y1) = co + c1yoy1 + c2(yo + y1)- (14)

(b) Moreover, if 8;(y§) = 0, then the second derivative of 8y verifies
sign (Sg(y(’)‘)) = sign (TL (czyg‘ + co)) = —sign (TR (czy;‘ + co)) .

Remark 3 This remark is devoted to provide some useful and interesting relationships
between the coefficients &y, £, co, ¢1 and ¢ (given in expressions (3) and (12)),
which will be used later on.

The set of polynomial functions {Wy, Wg}, with Wy and Wg defined in Proposi-
tions 1 and 2, is linearly dependent if, and only if, co = c; = ¢ = 0.

Moreover, the following equalities hold:

_ Dy —ar Ty, a% _
co = araréo, CO(DR) —cz<_aRTR> +c1 (a% =0, (15)

Trer +apéeo = DL TRy, and Tgrey + aréoo = DrT&p. (16)

3 Characterization of Crossing Period Annuli

This section is dedicated to the proof of Theorem 1. It starts with a result on partial
necessary conditions for the existence of a crossing period annulus. In particular, this
result states that if system (1) has a crossing period annulus, then it cannot have a
sliding region. This result has already been obtained in Freire et al. (2021) by in the
case that system (1) is formed by two foci.

Lemma 1 Ifthe piecewise linear differential system (1) has a crossing period annulus,
then the condition (H) holds, the value B defined in (3) vanishes, and sign(Tg) =
—sign(Tr).

Proof Notice that if system (1) has a crossing period annulus, then, in particular,
alLZafe2 > ( and, therefore, system (1) can be transformed into system (4), which will
also have a crossing period annulus. Hence, I? = [A, up) # @, the Poincaré half-
maps are well defined and so, from Propositions 1 and 2, we have that Hypothesis (H)
holds.

Now, we show that the existence of a crossing period annulus implies that b = 0
and, consequently, 8 = 0. Suppose, by reduction to absurdity, that system (4) has
a crossing period annulus and b # 0. Let us assume that b > 0; otherwise, by
applying the transformation (¢, y) +— (—¢, —y), we can change the sign of b. This
transformation also changes the signs of 77, and Tk, but this will not be important in
getting a contradiction. In the sequel, our reasoning distinguishes whether or not b
belongs to the interval 1°.

On the one hand, let us consider b € I°. Then, 0 € Iz and b € I;. If y(0) = 0, it
follows that 6, (b) = yr(b — b) — yr.(b) + b = —yr(b) + b > 0 and this contradicts
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the fact that §;,(yg) = O for every yg € b (see Remark 2). If yg(0) < 0, then, from
Proposition 5, one obtains y,(0) = 0. Thus, if y; (b) < 0, from Proposition 3, one
get y’L (b) < 05 if, on the other hand, y; (b) = 0, then, from Proposition 6 (by taking
Y0 = b), one gets that

lim y} (yg) = —o0.
Yoo L

In both cases, S/b (b) # 0 which contradicts the fact that S/b (yo) = 0 for every yg € 1 b
(see Remark 2).

On the other hand, consider b ¢ I b We know that A, = max{Az, Ag + b}. First,
let us assume that A, = Ag + b, which implies that A;, < Ar + b. Taking into account
thatb ¢ [ b we have that Ag > 0. Thus, by statement (b) of Proposition 2, we have
Yr(Ag) = 0. Since Agr + b € I, then yp(Agr + b) < 0. Hence 6,(Ar + b) =
YR(AR) + b — yp(Ag + b) > 0, which contradicts the fact that 8, (Ag + b) = O.
Second, let us assume that A, = Ar, which implies that A; > Ag + b > b. Taking
into account that b ¢ [ b the last inequality implies, in fact, that Aoy > b > 0. Thus,
by statement (b) of Proposition 1, we have yz (A7) = 0 and, then, by Proposition 6,

lim ) (yo) = —o0. (17)
sosag VL0

From Remark 2, y; (A1) = 0 implies that yr(Ar — b) = —b < 0 which, in turns,
from statement (b) of Proposition 2 and taking into account that A; > b, implies that
Ar — b € Int(Ig). Hence, Proposition 3 implies that

yrir —b) < 0. (18)

The relationships (17) and (18) contradicts the fact that 81’7 (Ar) =0.

Therefore, we have shown that the existence of a crossing period annulus implies
that b = 0 and, consequently, 8 = 0.

Finally, » = 0 implies that y; (yo) = yr(yo) for every yo € I’ and, from
Proposition 4, it follows that sign(Tg) = —sign(77,) and the proof is finished. m]

3.1 Proof of Theorem 1

Let us start by assuming that the differential system (1) has a crossing period annulus.
From Lemma 1, (H) holds, § = 0, and sign(77) = —sign(7g). In addition, since
T Tg = 0 implies that 7;, = Tg = 0 and, therefore, &y = &, = 0, then it only
remains to show that £y = &5, = O for the case T Tk < 0.

Recall that, under the first condition of (H), that is, aleale > 0, system (1) can
be transformed into system (4), with b = 0, which will also have a crossing period
annulus.

From hypothesis and taking into account Remark 2, the displacement function Jp
for b = 0 verifies 8o(yo) = 8)(yo) = 87 (o) = 0 for every yo € Int(I°) and, by
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means of statement (b) of Proposition 7,
T1(c2y0 + o) = Tr(c2yo +co) =0, V yo € Int(1°).

Since Tr. T < 0, we have that ¢g = ¢» = 0. In addition, from (13) and (14), we
have that c1yo yz(yo) = c1y0 Yr(yo) = O for every ygp € Int(lo) and, consequently,
c] = 0.

From Remark 3, the relationship cyp = ¢ = ¢ = 0 indicates that the polynomials
Wr(y) = DLy2 —arTry + a% and Wr(y) = DRy2 —arTry + a%e are linearly
dependent. By one hand, if a;, = 0, then ag = 0 and so &y = 0. Furthermore, in this
case, from (10), one can see that the existence of a crossing period annulus, that is,
the condition yz,(y9) = yr(yo) for yp > 0 leads, by a direct computation, to €5, = 0.
On the other hand, if a;, # 0, then ag # 0. Thus, since c¢g = 0, from (15), one gets
&y = 0 and so any of the relationships in (16) implies &5, = 0, because ¢; = 0.

Reciprocally, consider the planar piecewise linear differential system (1) and
assume that condition (H) holds, sign(77) = —sign(7Tr), and 8 = &y = £, = 0. Let
us show the existence of a crossing period annulus for system (4) and, consequently,
for (1).

Note that if 7 Tr = 0, taking into account that sign(77) = —sign(Tg), we have
that 7;, = Tr = 0. Thus, from (6) and (8), since the integrands are odd functions, it is
trivial that yz (yg) = yr(y0) = —yo for every yp € 1 0. This implies the existence of
a crossing period annulus. Thus, for the rest of the proof, we can assume 77 T < O.

From (15) and (16), & = & = O implies co = ¢; = 0. Now, we show that
¢z = 0. Indeed, if a; = ag = 0, then ¢, = a7 Dg — a4 Dy = 0 and, otherwise, if
a% + afe # 0, then the second relationship of (15) implies ¢; = 0.

Since ¢y = ¢1 = ¢3 = 0, from Remark 3, the polynomials Wy (y) = DLy2 —
arTpy + a% and Wg(y) = DRy2 —arTry + aie are linearly dependent, that is,
Wi = kWg. Moreover, k > 0. Indeed, if a% +ap # 0, then k > 0 immediately,
otherwise, if ap, = ar = 0, from (H), we have Dy, Dg > 0 and, again, k > 0.

Hence, sign(a;) = —sign(ag), because T, Tr < 0. In addition, &5, = 0 implies
that D; = (T1./Tr)*>Dg. Thus, k = (Ty/Tg)? and

Dy = kDg, TL=—\/§TR, and a; = —vkag.

0 —y 1 Y0 —y
AL o)
v o) WL (y) k v oo Wr(Y)

Therefore,

and the functions g7 and gg defined in expressions (7) and (9) satisfy

1
qr(ar,Tp,DL) =qL (-ﬁdR, —Vk Tg, kDR) = EQR(GR, Tg, DR).

Now, from Propositions 1 and 2, we see that y; and yr have the same integral charac-
terization and, consequently, they coincide, thatis, y; (yo) = yr(yo) for yg € I1, = Ig.
This implies the existence of a crossing period annulus and the proof is finished.

@ Springer



88 Page 120f 13 Journal of Nonlinear Science (2023) 33:88

Acknowledgements VC is partially supported by the Ministerio de Ciencia, Innovacién y Universidades,
Plan Nacional I+D+I cofinanced with FEDER funds, in the frame of the Project PGC2018-096265-B-
100. FFS is partially supported by the Ministerio de Economia y Competitividad, Plan Nacional I+D+I
cofinanced with FEDER funds, in the frame of the Project MTM2017-87915-C2-1-P. VC and FFS are
partially supported by the Ministerio de Ciencia e Innovacion, Plan Nacional I+D+1 cofinanced with FEDER
funds, in the frame of the Project PID2021-123200NB-100, the Consejeria de Educacion y Ciencia de la Junta
de Andalucia (TIC-0130, P12-FQM-1658) and by the Consejeria de Economia, Conocimiento, Empresas y
Universidad de la Junta de Andalucia (US-1380740, P20-01160). DDN is partially supported by Sdo Paulo
Research Foundation (FAPESP) grants 2022/09633-5, 2021/10606-0, 2019/10269-3, and 2018/13481-0,
and by Conselho Nacional de Desenvolvimento Cientifico e Tecnolégico (CNPq) grants 438975/2018-9
and 309110/2021-1.

Author Contributions All persons who meet authorship criteria are listed as authors, and all authors certify
that they have participated sufficiently in the work to take public responsibility for the content, including
participation in the conceptualization, methodology, formal analysis, investigation, writing—original draft
preparation and writing—review & editing.

Funding Funding for open access publishing: Universidad de Sevilla/CBUA

Data Availability Data sharing is not applicable to this article as no datasets were generated or analyzed
during the current study.

Declarations

Conflict of interest To the best of our knowledge, no conflict of interest, financial or other, exists.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

Buzzi, C., Pessoa, C., Torregrosa, J.: Piecewise linear perturbations of a linear center. Discrete Contin. Dyn.
Syst. 33(9), 3915-3936 (2013)

Carmona, V., Ferndndez-Sinchez, F.: Integral characterization for Poincaré half-maps in planar linear
systems. J. Differ. Equ. 305, 319-346 (2021)

Carmona, V., Fernandez-Sanchez, F., Garcia-Medina, E., Novaes, D.D.: Properties of poincaré half-maps
for planar linear systems and some direct applications to periodic orbits of piecewise systems Electron.
J. Qual. Theory Differ. Equ. 22, 1-18 (2023). https://doi.org/10.14232/ejqtde.2023.1.22

Carmona, V., Ferndndez-Sanchez, F., Novaes, D.D.: A new simple proof for Lum—Chua’s conjecture.
Nonlinear Anal. Hybrid Syst. 40, 100992 (2021b)

Carmona, V., Ferndndez-Sadnchez, F., Novaes, D.D.: Uniqueness and stability of limit cycles in planar
piecewise linear differential systems without sliding region. Commun. Nonlinear Sci. Numer. Simul.
123, 107257 (2023). https://doi.org/10.1016/j.cnsns.2023.107257

Carmona, V., Ferndndez-Séanchez, F., Novaes, D.D.: Uniform upper bound for the number of limit cycles of
planar piecewise linear differential systems with two zones separated by a straight line. Appl. Math.
Lett. 137, 108501 (2023)

Coll, B., Prohens, R., Gasull, A.: The center problem for discontinuous Liénard differential equation. Int.
J. Bifurc. Chaos 09, 1751-1761 (1999)

@ Springer


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.14232/ejqtde.2023.1.22
https://doi.org/ 10.1016/j.cnsns.2023.107257

Journal of Nonlinear Science (2023) 33:88 Page130f13 88

Coll, B., Gasull, A., Prohens, R.: Degenerate Hopf bifurcations in discontinuous planar systems. J. Math.
Anal. Appl. 253, 671-690 (2001)

Filippov, A.F.: Differential Equations with Discontinuous Righthand Sides. Mathematics and its Applica-
tions (Soviet Series), vol. 18. Kluwer Academic Publishers Group, Dordrecht (1988)

Freire, E., Ponce, E., Torres, F.: Canonical discontinuous planar piecewise linear systems. SIAM J. Appl.
Dyn. Syst. 11(1), 181-211 (2012)

Freire, E., Ponce, E., Torregrosa, J., Torres, F.: Limit cycles from a monodromic infinity in planar piecewise
linear systems. J. Math. Anal. Appl. 496(2), 124818 (2021)

Gasull, A., Torregrosa, J.: Center-focus problem for discontinuous planar differential equations. Int. J. Bifur.
Chaos Appl. Sci. Engrg. 13(7), 1755-1765 (2003). (Dynamical systems and functional equations
(Murcia, 2000))

Henrici, P.: Applied and Computational Complex Analysis. Wiley Classics Library, vol. 1. Wiley, New
York (1988). Power series—integration—conformal mapping—Ilocation of zeros, Reprint of the 1974
original. A Wiley-Interscience Publication

Medrado, J.C., Torregrosa, J.: Uniqueness of limit cycles for sewing planar piecewise linear systems. J.
Math. Anal. Appl. 431(1), 529-544 (2015)

Novaes, D.D., Silva, L.A.: Lyapunov coefficients for monodromic tangential singularities in Filippov vector
fields. J. Differ. Equ. 300, 565-596 (2021)

Novaes, D.D., Silva, L.: On the Non-existence of Isochronous Tangential Centers in Filippov Vector Fields.
Proceedings of the American Mathematical Society, Providence (2022)

Pleshkan, LI, Sibirskii, K.S.: On the problem of the center of systems with discontinuous right sides.
Differencial’nye Uravnenija 25(9), 1396-1402 (1973)

Romanovski, V., Shafer, D.: The Center and Cyclicity Problems: A Computational Algebra Approach.
Birkhiduser, Boston (2009)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	A Succinct Characterization of Period Annuli in Planar Piecewise Linear Differential Systems with a Straight Line of Nonsmoothness
	Abstract
	1 Introduction
	2 Poincaré Half-Maps and Displacement Function: Some Preliminary Results
	2.1 Canonical Form
	2.2 Integral Characterization of Poincaré Half-Maps
	2.3 Properties of Poincaré Half-Maps
	2.4 Displacement Function

	3 Characterization of Crossing Period Annuli
	3.1 Proof of Theorem 1

	Acknowledgements
	References


