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Abstract

In this paper, the existence and the limiting behavior of periodic measures for the periodic
stochastic modified Swift-Hohenberg lattice systems with variable delays are analyzed. We
first prove the existence and uniqueness of global solution when the nonlinear 7 -periodic drift
and diffusion terms are locally Lipchitz continuous and linearly growing. Then we show the
existence of periodic measures of the system under some assumptions. Finally, by strengthening
the assumptions, we prove that the set of all periodic measures is weakly compact, and we also
show that every limit point of a sequence of periodic measures of the original system must be
a periodic measure of the limiting system when the noise intensity tends to zero.

Keywords: periodic measures; modified Swift-Hohenberg lattice system; variable
delays; limit measure
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1. Introduction

Lattice systems are commonly used for modeling in circuit theory, materials science, image
processing, biology, etc. [2, B]. However, in the actual modeling process, the time delay is
inevitable and reasonable, which means that the current state depends on the past state. A
time-delay system is usually described in the form of differential equations [15] 23].

The solutions and their long-term dynamics of deterministic lattice systems were studied in
[12, 30] without delay and [0 [7, 13], 42, 43] with delay. The long-time behavior of stochastic
lattice systems has been investigated in [5, [8 3], B2 35, 36, B7] without delay and [10, [16], 17,
18, 201, B3], 38, [44] with delay.

In this paper, we take into account the existence and the limiting behavior of periodic
measures for the periodic stochastic delay modified Swift-Hohenberg lattice systems on the
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integer set Z given by:
((dui(t) + i (1) [(um(t) — At (1) + Gus(t) — duiy (£) + uipo())

+ 2w (£) — 2w4(t) + ui+1(t))} dt + qo(t)u; (#)dt + g3, () |wi1 (t) — us () P dt + w3 (t)dt
= filt,wi(t), wi(t — o(t)))dt + gi(t)dt

oo

e (hig(t) + oyt ui(t), wi(t — o(t)))dW;(t), t>0,

=1
Lui(s) = @i(s), s€[—p0], i€Z,

(1.1)

which is obtained by a spatial discretization of the periodic continuous modified Swift-Hohenberg
equation with a variable time delay on R:

du(t) + q (1) A%u(t)dt + 2q: () Au(t)dt + g (t)u(t)dt + g3()|Vu(t)Pdt + u?(t)dt

= [t u(t), u(t — o(t))dt + g(t)dt + € Y (h;(t) + o;(t, ult), u(t — ot)))dW;(t), t >0,
j=1
u(s) =¢(s), s€[—p,0].
(1.2)
Here ¢1,¢2 : R — R are positive and continuous, ¢35 = (¢3,)icz : R — /? is continuous,

fi,0ji : RxRxR — R are locally Lipschitz continuous functions for every ¢ € Z and j € Z, noise
intensity 0 < € < 1 and delay parameter p > 0, g : R x R — R such that g € L? (R, L?(R)) and
hj: R — L*(R) are given, and (W;);ey is a sequence of standard two-sided real-valued Wiener
processes defined on a complete filtered probability space (€2, F, {F;}ier, P). Furthermore, for
a given positive constant 7, all time-dependent terms of the system are 7T -periodic in
time (as shown in (2.9)).

The Swift-Hohenberg equation was originally derived in the framework of fluid dynamics,
e.g., simple fluid Rayleigh-Bénard convection [28], and has also been applied to chemical and
ecological systems (such as neural tissues) [22]. Equation is a usual Swift-Hohenberg
equation when ¢3(t) = 0, f(t,u(t),u(t — o(t))) = 0 and ¢ = 0. About the modified Swift-
Hohenberg equation, there have been many papers discussing the existence of attractors (global,
pullback, random, uniform) and bifurcations, e.g., [0, 24, 25| 27, 19], 39, 40, 41], yet there are only
a few papers on the modified Swift-Hohenberg lattice system, [14] considered the deterministic
case and [34] was in the stochastic case. These are both without delay. To our knowledge,
there is no paper on stochastic delay modified Swift-Hohenberg lattice systems.

The existence of periodic measures for stochastic lattice systems without delay was investi-
gated in [21], I1]. In the delay case, [17, 20] considered the periodic measure of the stochastic
lattice system. The above nonlinear terms are all globally Lipschitz continuous. This paper
considers variable delays, the nonlinear functions f; and o;;, the modified term, and the cubic
terms are all locally Lipschitz continuous.

The first goal of this paper is to prove, by applying Krylov-Bogolyubov’s method, the exis-
tence of periodic measures of the lattice system for all € € [0, 1] in the space C([—p, 0], £?).
We need to prove the tightness of distribution laws of solutions to , and the difficulty of
proving this tightness is analogous to the fact that the Sobolev embedding is no longer com-
pact when stochastic PDEs are over an unbounded domain. To address this difficulty, we show
that the tail of the solution to is uniformly small in L?(2, F, ¢?) using the uniform tail-
estimation method proposed in [29]. Furthermore, since the solution w,(-) of the system
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depends on the past history and is therefore non-Markov, we use the method in [26] to find the
solution map for stochastic functional differential equations with finite delay possesses Markov
property.

Another objective of this paper is to prove, under stronger assumptions, the limiting behav-
ior of periodic measures of the system when the noise intensity € — €y € [0,1] (see (5.1)).
We show that for € € [0, 1], the set of all periodic measures of is weakly compact, and any
limit point of a tight sequence of periodic measures of the system ([1.1)) must be an invariant
measure of the associated limiting equation (see Theorem [5.5)).

The outline of this paper is as follows. In the next section, we introduce some assumptions
about nonlinear and time-delay terms and prove the existence and uniqueness of solutions of
(L.1). In Sect. [3| we establish uniform estimates of solutions in space C([—p,0],¢2). In Sect.
4l we discuss the existence of periodic measures in C([—p, 0], £?). In the last part, the limit of
the periodic measure is studied when the noise intensity € — ¢, € [0, 1].

2. Well-posedness of stochastic delay modified Swift-Hohenberg lattice systems

2.1. Some assumptions

We consider a Banach space as below:

"= {w = (w;)iez : Z lw;|" < —I—oo}7 r>1, (2.1)
1€Z
with the norm [Jwl||” = >~ |w;|". For r = 2, it has the norm |Jw||* = 3_ |w;|* and inner product
i€Z i€Z
(w,v) := > w;v;. In addition, we denote the space of all continuous functions from R to R by
=/
C(R,R).

In this paper, we will show the existence of periodic measures for stochastic delay mod-
ified Swift-Hohenberg lattice systems (1.1). To that end, we need to impose the following
assumptions:

AOQ. The delay term o(-) € C*(R, [0, p]) and satisfies

o (t) < p* for some p* <0, Vi>0. (2.2)
A1. The same delay term as in AOQ satisfies
o'(t) < p* for some p* <1, Vt>0. (2.3)

A2 g(-) = (9i(")iez € C(R, %) and h;(-) = (hi;())iezjen € C(R,¢?), which means that
forallt e R

lg®I7 =D 19t < oo and Y [Ih;@0)I1F =D > his()[* < cc. (2:4)

i€Z jEN JEN i€Z

A3. The nonlinear drift term f; € C(RxR xR, R), f;(¢,-,-) : RxR — R is locally Lipschitz

continuous uniformly with respect to ¢ € Z; namely, for any bounded interval I C R, there
exists a constant Lo = Lo(/) > 0, independent of t € R, i € Z such that

|fi(t, s1,82) — fi(t, s3,84)| < Lo(|s1 — s3]+ [s2 — s4]), VEER, s, € [(m=1,2,3,4). (2.5)



A4. For each i € Z, there exists a; > 0 such that,
‘fz(t, S5, 86)‘ S 60(?5)(‘85’ + |56D + ay, Vt, S5, Sg € R, (26)

where (a;);cz € €2 and Sy : R — R is a positive continuous and non-increasing function.

A5. The nonlinear diffusion term o;; € C(R x R x R,R), 0,,(t,-,-) : RxR — R is
locally Lipschitz continuous; that is, for any bounded interval I C R, there exists a constant
Ly = Ly(I) > 0, independent of j € N7 € Z,t € R such that

03,3 (t, 51, 52) — 03,(t, 83, 54)
< Li(]s1 — s3| 4+ |s2 — s4]), Vsm €I(m=1,2,3,4),teR,i€Z,jeN. (2.7)

A6. For each t € R,7 € Z,j € N, there exists 7;; > 0 such that for all s5,s6 € R

|35 (t, 85, 86)| < B;(t)([ss| + |s6]) + i (2.8)

where (7i;)iczjen € €% and (B5(-))jen : R — ¢% is a positive continuous and non-increasing
function.

Remarks on AO: Notice that we are assuming p* < 0 in AO, which is more restrictive
than the general case p* < 1in A1l. The reason to consider this assumption is that we will be
able to provide in Remark [2.3] an easy way to prove the existence and uniqueness of solutions
to our problem under assumption AO.

Given 7 > 0, we assume that all time-dependent functions in are 7 -periodic in t € R,
which means that, for all t € R,i € Z,j € N,

a(t+T)=q), t+T)=ql), @{+T)=qt), ot+T)=ot),
gt +T)=g(t), h(t+T)="n(t), Bo(t+T)=PBo(t), (2.9)
fi(t + T, ) ) = fi(tw ) ')a Ui,j(t + T; ‘Y ) - O-i,j(ta ) ')7 ﬁj(t + T) = /Bj(t)'

2.2. Fxistence and uniqueness of solutions

Denote by C, = C([—p,0]; %) the Banach space of all £*>-valued continuous functions on
[—p, 0] with the norm

lzlle, = sup [la(s)ll = sup Y |ai(s)]’, Va € C,.

s€[—p,0] sel-p0] 5
For any map w : [—p, 00) — %, we denote the delay shift (or segment of the map) by
wi(s) =w(t+s), Vt>0, s€[—p,0].
For convenience, define some operators from 2 to ¢? as below: for u = (u;);cz € 2,

(Au); = =iy + 2u; — uig1,  (Bu); = iy — u,  (Bu); = uim — uy, (2.10)

and
(Du); = uiro — 4wy + 6u; — du;—g + ui—s. (2.11)

Thus, for u = (u;)iez € €* and v = (v;)icz € £, we deduce from that

A=BB"=DB"B, (Bu,v)=(u,B"). (2.12)



and
(Au,v) = (Bu, Bv), ||Bull®> = ||B*ul|* < 4ljul]?, [|Aul]® < 16]ul. (2.13)

Analogously, it follows from ([2.11]) that

(Du,v) = (Au, Av), || Dul|* < 256||ul|?. (2.14)
Now, consider u = (u;)iez, 9(t) = (9i(t))iez, hj(t) = (hji(t))iez, [(t,u,v) = (filt, wi, vi))iez
and o0;(t,u,v) = (0j:(t,u;,v;))icz. Based on the above arguments, we study the following

stochastic delay modified Swift-Hohenberg lattice system in ¢ for ¢ > 0:
du(t) + ¢ (t) [Du(t) — 2Au(t)]dt + go(t)u(t)dt + g3(t)|Bu(t)*dt + u®(t)dt

= f(t,u(t),u(t — o(t)))dt + g(t)dt + € Z ) 4 ot u(t), u(t — o(t))))dW;(t), (2.15)

Jj=1

u(s) = ¢(s), s€[=p0]

where g1, ¢ € C(R,RY), g3 = (g3.1)icz € O(R, 52)7 ¢ = (pi)icz € C,.

By A3 and A4, f(t,-,-) : £2 x {2 — (? is locally Lipschitz continuous and grows linearly,
that is, for every R > 0, there exists L{% > 0 such that, for all t € R and uy, vy, us, vo € £? with
[ur]| < R, Jlugl] < R, [v1]] < R and |[va]| < R,

LF(t ur, 1) = f(E uz,02) 1> < Lh(lug — ual|® + [l — va?), (2.16)
and for all t € R and u,v € ¢?,
1t w, )12 < 485 (lull? + v]?) + 2[lel?, (2.17)

where a = (q;)icz € (2. Similarly, it follows from A5 that o;(t,-,-) : €2 x {2 — % is locally
Lipschitz continuous for j € N in the sense that, for every R > 0, there exists L% > 0 such that
for all t € R and wuy, vy, ug, v € £2 with ||ui|| < R, ||us|] < R, |Jv1|| < R and |Jvs]| < R,

D llog(t unvn) = 05t u, o) P < Lg(llun — szl + [lor — v2]). (2.18)
JjEN

For each j € N, we infer from A6 that, for all t € R and u,v € (2,

> Ml u, o)1 < 4UBEPlall® + [[o]1?) + 2], (2.19)
jeN
where v = (vi;)iezjen € €2 and [|B(t)]* = ZNIBJ( ).

Definition 2.1. Suppose ¢ € L*(2,C,) is Fp-measurable. Then a continuous (*-valued
stochastic process u is called a solution of lattice system (2.15)) if (u¢)¢>0 is Fe-adapted, up = ¢,
for all T'> 0,

u € L*(Q,C([—p, T), %)), (2.20)



and, for each t > 0,
u(t) = ¢(0) + /O (= a(s)Du(s) + 2q1(s) Au(s) — g2(s)u(s) — gs(s)|Bu(s)|* — u’(s))ds
+ [ (ssuts)uts = o) + (s))ds + eZ / )+ (s, u(s), uls — o(s))))dW; s),

(2.21)

in ¢2 for almost all w € .

Now, we will show the existence and uniqueness of solutions of the system (2.15)). In the
particular case of p* <0 in AO, a short and nice proof will be given in Remark below.

Theorem 2.2. Suppose A2-A6 hold and p € L*(Q,C,). Then the system (2.15)) has a unique
solution u in the sense of Definition [2.1. In addition, if A1 also holds, then for any T > 0,

E([[ul2 ) < MM (ana) LT+ 1)7 (2.22)

where M is a positive constant independent of ¢ and T.

Proof. (1) The existence and uniqueness of solution follow from a similar argument to the one
used by X. Mao [23] in the case of stochastic differential equations with delay in R™ (see also
Caraballo et al. [6] for a stochastic PDE with delay). We omit the details.

(2) Now, we prove the uniform estimates of solutions. By and Ito’s formula, we have
for all ¢ € [0, T,

t

o +2 [ ) Au) s =4 [ 1BuPds+2 [ als)luts)as
+2 [ uolds + 2 [ (o) Buts) . u(s))ds

= O+ 2 [ (7o)l = o) uls)s + 2 [ oo, u(s)s

£ @3 [0+ o utohats el

+ 262/ )+ 0;(s,u(s), u(s — o(s))), u(s)) dW;(s). (2.23)
By using Young’s inequality, we obtain

=2 [ (@) Bus) P ut)is
<2/ quz HU%H — u;(s |}|uZ )|ds

€L

<s [P+ [ 5
<5 / laa(s) |2 u(s)|ds + 2 / Juu(s) [ ds. (2.24)

Uz, 1(8) — 2w (8)ui(s) + ui(s) st




From ([2.17) and the fact that 5y : R — R is a positive continuous and non-increasing function
as defined in A4, for all ¢ € [0, 7],

2 / (F(s,u(s),uls — os))), u(s))ds

</2%5

)
453 (s) 2 2
< [ B )+ s — ool +

1f (s, u(s), uls — Q(S)))||2d5+2/ 50(3)||U(3)||2d3
" e

d +2/ Bo(s)||lu(s)||ds

o Pols
<4 [ autoias+ [ 18 a s / ol o) s
<t | /ﬁo<s>||u<s>||2ds+tgoi%ﬁo<t>||au el max 6ot (229
Using Young’s inequality yields
2 [ utonis < [ Sl + [ wB(u s 20

By (2.19) and the fact that (8;(-))jen : R — €% is a positive continuous and non-increasing
function as defined in A6, for all ¢ € [0, T,

Z/ 1hj(s) + o(s, u(s), u(s — o(s))|[*ds

t e t

<23 [ Iy(s)Pds 428 [l s, u(s), s — o(s))) s

jfl 0 J=1
t
<2EQZ / Iis(o)ds + 86 [ ISP + uts = ols)lPyds + 46 [ pPas
8e2p
<8¢’(1 P Nu(s)Pds + ——ll¢lle, sup 18017
P te[0,7]

/ Z (P + 2P 227

Plugging ([2.24)-(2.27) into (2.23),
2p
[u(®)]* < [u(0)]* + /Ml )u(s)|*ds + (renax Bo(t) + 4¢? Sup H@()H2>Hs0||%p

1 — p* \ te[0,7]
+ (i Soollall + 4 17) 7+ [ P +2 [ Znh s
—I—QGZ/ s) + o;(s,u(s), u(s — o(s))), u(s)) dW;(s). (2.28)



where M (s) = 16¢,(s) + 8]|gs(s)||* + (4 +
expectation of ([2.28)), for all ¢ € [0, T],

(s [u(r)?) < (o)) +£( [ M1<s>||u<s>||2ds)
T2 (o044 sup 180017 Eloll) + (i ot + 4 )

+( / 9llg(s ||2ds)+2e2E( / Znh (1P ) -

(’%’(8) +0j(s,uls), u(s — o(s))), u(s))dW;(s)

=)

(s)|I*. Then taking the

1,2,0*)50( 5) 4 8¢*(1 +

+ 26E< sup

0<r<t

). (2.29)

For the last term of the right-hand side of (2.29)), by the Burkhélder-Davis-Gundy inequality

and (2.27), for all ¢ € [O,T],
2 6ottt o)t 0

e

<cs( [ Zuu Pl (5) + 0,5, (o). <s—@<s>>>||2ds)é
scoda(os;w(s)u( A Zuh )+ 05, uls)uts = a(s))Pas ) )
58 ( s lue)I?) + 5638 ( / 3~ I6) (0 u(5h (s o))

0<s<t

=

IN

1
< 38 ( s (oI + ac3e + ; ( JNCOGE \|2ds>
0<s<t
4C26%p
+ 2P sup )Rl + O3 / Znh (5)I7 + 2l (2.30)
P tel0,7]

where Cj is a positive constant. Combining (2.29), (2.30) and [[u(0)[|* < [|¢|z, , we find

t
E( sup ||u<r>||2) < ME(ol3,) +M3E( [ s ||u<s>||2ds) CMT M, (231)
0

—7<r<t 0<r<s

where

4p ( 2 2 2 2)
My = max + (4e” + 2C5€”) su t ,
=3 s ) + (4 +205) sup 0]

1
Mz =2 M (t) + 16CF€*(1 + —— 2
s =2 max Mi(0) +16Coe (1 7—3) sup 15O

M, - 2( min fo()llall’ + (4 + 20362)H7||2>7
tel0,7]
M5 = max {th[loi% ¢(t),4¢* + 263 L (9112 o, 71.2) + 1 E 0. 71.2))



are independent of ¢ and 7. It yields from (2.31) and the Gronwall inequality that for all
t €0,T] with T > 0,

]E< sup Hu(r)”z) < {MQE(||<,0H2CP) + MyT + M }e™s7. (2.32)
—7<r<t
Therefore, the conclusion (2.22)) can be obtained. O

Remark 2.3. We use the method mentioned in [4, Theorem 1] to consider the existence and
uniqueness of solutions to the system in the general case that p* < 0 as assumed in AO.
By AO we find that o(t) is non-increasing and non-negative, so there are only the following
three possibilities:
(a) lim o(t) =~ for some v > 0.
t——+o00

Since p(t) is non-increasing, we have [inf )g(t) =~ and g(t) >y for 0 <t <~,s0t—p(t) <
te|0,4+00

t —~ <0 for0<t<+. Then the system (2.15) on [0,7] can be considered as:

du(t) + qu(t) [Du(t) — 2Au(t)|dt + g2 (t)u(t)dt + qs(t)| Bu(t)|*dt 4 v’ (t)dt

= [t u(t), ot — o(t))dt + g(t)dt + EZ (hi(t) + 0;(t, u(t), o(t — o(t))))dW;(t), Vt € [0, 9],

Jj=1

(2.33)
which is a non-delay system. Since ¢1,¢q2 : R = R and ¢3 = (g3,)icz : R — * are positive,
continuous, and 7 -periodic functions as defined in 7 we can deduce from [34] Theorem 3]
that problem has a unique solution « on [0, ] such that u € L*(Q, C([0,~], ¢?)). For all
k > 0, repeating this procedure, the solution u can be extended from the interval [k, (k+1)7]
to [0,00), so that u € L*(Q, C([0,T],¢?)) for any T > 0.

(b) tLieroo o(t) =0, but p(t) > 0 for any ¢t > 0.

We choose an increasing sequence {tx }r>o such that to = 0, 1 oo and

0(tkt1) = tipr + 0(tks1) — teyr > te + 0(tkg1) — tesr > 0,

which means that ;11 — 0(tx11) < tx. Similar to (a), our system can be solved on [ty, t41] for
k > 0, and hence the solution u can be extended to the entire interval [0, co).

(c) There exists T, > 0 such that o(t) > 0 for t < T, but o(t) =0 for t > T,.
When t < T, we can adopt the same method as in (b). When ¢ > T}, system becomes

du(t) + ¢1(t) [Du(t) — 2Au(t)]dt + go(t)u(t)dt + g3(t)|Bu(t)[*dt + v’ (t)dt
= f(t,u(t), u(t)dt + g(t)dt + e (hi(t) + oj(t, u(t), u(t))dW;(t), Vt € [T,,00),  (2.34)

j=1
with initial data u(T),) € L*(2,¢?). Tt is easy to find that ([2.34) is an equation without delay,
and similar to ([2.33)), the existence of the solution is obvious.

3. Uniform estimates of solutions

In this part, we will show some estimates of solutions for the stochastic delay lattice system
(1.1). For this purpose, we assume that if ¢;(t), 8o(t) € RT and g3(t), 5(¢) € (? are small enough
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or go(t) is large enough, there exists p > 2 such that
> 16 t)+8 HIIZ+2 rp i p—1)>
0 ¢a(t) 2 16 max g1 (t) + Sup las(OIF +277p™ (p = 1) > max fo(t)

+4(3p —4) sup [|B(1)[1. (3.1)

te[0,7]

For all t € R, we set

O1(t) = 5aa(t) — 8par (1) — 4pllas ()l — 275 (p—1)" "0 Bo(t) — 2p(3p — )| B, 82)
_2 Pii—z ) ’
Oa(t) =270 (p— 1) "2 fo(t) + 8(5) 2 (=12 IB@IP,
and o
81(1) = () — 2:(6) — Slas(OI — 450(0) — 5P s
©2(t) = 2B0(t) + 8[1B(1)]|*.
By and p > 2, one can obtain ©;(¢) > 0 directly. Since p > 2, we can verify that
270 (p—1)'7F > 4p, 4p(3p —4) > 8p, (3.4)
which, together with (3.1]), implies O,(t) >0
We also need to assume that
T S
X = / (@1(3) - @Q(S)efs—ﬂel(r)‘h) ds >0, (3.5)
0
and
T, - R
X = / (@1(3) — Oy(s)els-» @l(r)dr> ds > 0. (3.6)
0

In addition, the following lemma will be very helpful in computing uniform estimates of solu-
tions.

Lemma 3.1. [17, Lemma 3.1] Suppose v € C([ty — 7,00),RT) is a solution of the delay in-
equality

{D+<> — k1 ((t) + ra(D)v(t — T0(t)) + K3, t > to, 57)

v(to +5) < @(s), s€[-7,0],

where DT w(t) is the upper right-hand Dini derivative of v at t,tg € R, 7 > 0 and k3 > 0,¢ €
C([-7,0,R"), 10 € C([tg,0),(0,7]), k1(t) and ra(t),t € R, are nonnegative, continuous, T -

periodic functions. Assume that the average of the function n(t) = ki(t) — Kg(t)eftt—f mdr o
[0, T is positive; that is,

T/ t)dt > 0. (3.8)

Then, there exist positive constants K = K (K1, ko, 7, T) > 0 and G = G(k1, ko, 7,T) > 0 such
that, fort > tg,

v(t) < Kg(0)e ") + Gk + [lkzllcqorzn [0l o-raz). (3.9)
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We now apply Lemma [3.1] to establish the following uniform estimate.

Lemma 3.2. Suppose A1-A6, (3.1) and (3.5) hold. If p € LP(Q,C,) with p > 2, then for
€ (0, 1], the solution of system (2.15|) satisfies for all t > —p,

E(lu()[IP) < CE(lellg, ) (e +1) + Ch, (3.10)
where C7 > 0 may depend on p, but not on t,e, p or p.

Proof. For every t > 0 and R > 0, we define the stopping time

ng = inf{s >t : ||u(s)|| > R}, (3.11)

where np = +oo if {s >t : ||u(s)| > R} = 0.
Given At > 0, by and Ito’s theorem in [1, P92|, we have
(t+At) AR
E(Ju((t + At) A ) [?) +pE( / q1<s>uu<s>up2\\Au<t>\12ds)
(t+At)AnR (t+AH)ANR
- apE( / q1<s>||u<s>||p-2||Bu<s>||2ds) +pE( / q2<s>||u<s>||pds)
(t+At)Ang (t+At) AR
+pE( / Hu(s)H”Hu(s)Hids> +pE( / uu<s>up2(q3<s>rBu<s>|2,u<s>)ds)
(t+At)AnR
— E([lu(t)|]") +pE( / las)P~2 (f (s, u(s), uls — ofs)). u<s>)ds)
(t+At)ADR
+pE( / Hu(s)\rﬂ(g(s),u(s))ds)

0 A(t+At)ANR
+ gezE(Z/ lu(s) P2 IRy (s) + a;(s, uls), u(s — @(S)))IIQdS)

(t+At)AnR
B2 p 2 E<2/ [u()IP*| (hi(s) + o;(s, uls), uls — os))), u )\ds) (3.12)

For the last term on the left-hand side of (3.12)), we obtain

-a( [ )P (a5 Bl uls))as)

(t+At) AR 9 9
<o ([ I S s >—ui<s>|||uz-<s>|ds)
t 1EZL
(t—i—At)/\T]R
<om( [ I (1 )Pt
t €L
1 2 2(4)|2

(t+At)ANR , (t+At)AnR , ,
< 4pE( / las(s)| ||u<s>||pds) +pE( / ()P~ ||u<s>||4ds). (3.13)
t t

11



For the second term on the right-hand side of (3.12)), by (2.17) and Young’s inequality

N p Pt

bp, Veg > 0,
we can deduce

([ 00 oot

<om ([ e )0t~ ool )

I AT

vz by ([T A6 s - oopiras)
i AT e
([ R U+ s - o)) + 278 el
<wdo- e [ aee )

v ([ ks - o)

5 1 (t+A)ANR
-+ 23—p—;(p _ 1)1—p]E(/ ép(s)HadeS) (3‘14>
t
For the third term on the right-hand side of (3.12)), we derive
(t+At)Angr
([ o)) 315)
t

D (t+At)ADR /P — 1\p1 (t+At) AR .
<e( [ eolepas) e (SN w8 ([ gl ).
t t

For the last two terms on the right-hand side of (3.12), by (2.19) we have

ge2E(§: /(t+At)AnR w(s)|[P~2||hi(s) + oj(s, u(s), u(s — Q(S)))H2ds)
(Z / T s H(hy(s) + o5, uls), uls — o(s)), uls)) 2ds)

_ 00 (t+AO) AR
< p<P2 1%21@(2 / () [7~211A5(5) + 55, u(s), uls — e<s)>>||2ds)

=1

(t+At)AnR
<P les( [ o) 1P (AP + 2055 ), uts = o)) s )
<h+ L+ (3.16)
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where

(t+A8) AR
I = dp(p— 1>62E( / \|B(5>H2HU(S)H”ds),
(t+AL)ADR
Iy = 4p(p - ME( / 1) 2 ()72 g<s>>||2ds),
(t+A8) AR
Iy = p(p 1>8E( / () P-2(l(s) |2 + 2w12>ds).

The Young inequality yields

Similarly,

p (t+At)/\nR
n<te( [ wlas)
t
oP—1ep(p — 1 Ly 2 £-1 (t+A) AR
R s
t

w\’d

pit

Therefore, by € € (0, 1] and (3.16)),

0 (t+At)AnR
geZE(Z/ [u(s) P2 (lhy(s) + a;(s, uls), u(s — Q(S)))||2d5)

()(Is )||2+2H7H2)5d8)-

QE(Z [ B0 + 050060 ot ) s )

< IET< / T o = 015G + et 1)
wayso- i [ s - ooiras)

op—1 p—1 £ p—2 £ (t+A) AR 1 2 »
P2 DO ([ R + 2 s ). (3.7
t

It follows from ([3.13))-(3.17)) that for all ¢ > 0,
E(llu((t + A8) Ang)|?)

(t+At)AnR (t+At)Angr
< E(Ju()]") - E( / @1<s>nu<s>upds) ; E( / Ou(s) (s @(S))des>
t t
) ) (t+A)AnR
PR 1%1@( / 3—p<s>||a||Pds)
t
— 1\ p-1 t+At)AR
s (s ( [ el leas)
t

p
op—1 p—1 z p—2 -1 (t+At)AnR L» »
T Gt L / A E (I + 212 5ds ) (3.18)
2 t

13



where ©4(t), O2(t) are defined in (3.2)). It can be deduced from (3.18) that for all ¢ > 0,

E(llu(t + At[P1gy at<ngy)
t+At t+ At
<B(lul) - E( [ esluoras) +2( [ eutollus - atopirs)
t t
+ 8027 (= )l i 5570+ 07 (P22) min 0ol
p 0<t<T 0 P OStSTQQ g C([0,77,€2)
22 (p—1)i(p—2)5
+ ]
p2
Thanks to lim nr = 400 and the continuity of solutions, we find from ({3.19)) that, for all £ > 0,
n—oo

. 2_1q P
min g5~ (0) (1112 . +22||v||ﬁ)], (3.19)

0<t<T

DYE(fu()P)
< —OOE([u(t)?) + O2(OE(llult — o)) +2°7 75 (p — 1) *l|all” min 55~ (¢)

0<t<T
po1 (PN p
Far (F2)" min @ 0ol o e
3p p P
22 2(p—1)2(p—2)2"" 2, »
+ S5 Og}tlgan; (t) (HhHg([o,ﬂ,p) +22[7). (3.20)

Applying Lemma to (3.20), then there exists A = % > 0 such that, for all £ > 0,
E([lu(®)[P) < cllp(0)[Pe™ + c(1 + [lolle, ). (3.21)
Note that for all ¢ € [—p, 0],

E(lu@)]") < E(ll¢lle,), (3.22)

which, together with (3.21)) and the fact that |[¢(0)|| < sup ||o(s)|| = [l¢llc,, can conclude
SE[—p,O]

B310). 0

As a consequence of Lemma 3.2 it can be immediately deduced that:

Lemma 3.3. Suppose A1-A6, (3.1) and (3.5) hold. If p € LP(Q,C,) with p > 6, then for
e € (0,1], the solution of system (2.15)) satisfies for allt >r >0,

E([lu(t) — u(r)][5) < Co(1+E(llellé,)) (1t =7l + |t —r[5), (3.23)
where Cy > 0 is depending on p, but not on €, p,t,r or .

Proof. From (2.15), we have that, for £ > r > 0,
) =) = = [ a&)Du(s) — 24ulds — [ assyuls)is
~ [ wButs) s — [ s+ [ (Fssuts)uts = o(6)) + g(s)ds
n fj [ 06) + 05505t = ol ) ). (3.21)
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We infer from ([3.24)) that

Bluft) — u(r)|) < 7512455 [tq1<s>r|u<s>\|ds)§+7§1E( /:qz<s>uu<s>r|ds)§
#7058 ([ aolluts >||2ds> +75( /rtqz<s>uu<s>u3ds)§

78 ( / (s, u(s), uls — ofs >>>||ds)p + 757t = B gl o 7

75 esE(HZ / )+ s uls)ats = el ) (3.25)

For the first and second terms on the right-hand of (3.25)), by using Hélder’s inequality and the
conclusion of Lemma it can be concluded that, for p > 6 and ¢t > r > 0,

t 5 t 5

riauis | q1<s>||u<s>||ds) 7 [ wolats)las)
P 1 P 2 § P 1 t P

<7218 s i 0) et [ B0
P_q ] 5! _ i1 ! 2

o (mqu <t>) t— o]} / E((lu(s)]|¥)ds

_p_ g_l P -1
< t t
<a (mTq <>) +(Jz%% <>)

Similarly, for p > 6 and ¢t > r > 0, the third and fourth terms on the right-hand of (3.25))
satisfy

e [ laonFa)” + 7B [ o)

'B

W

(L +E(lellé ) Ie —rl5. (3.26)

P D p %—1 D ! 2p
<7748 (sup a7 ) e o157 [ ¥ s
0<t<T r
P 5-1 t
L1 p—3 Bl P
75 (el ™) - [ B (327

g_l 2p g_l
23 3 p _ B
<o [(OggTHqB,(t)H ) Bl + (e ™0) (4 E<Hso||cp>)] =[5,
For the fifth term on the right-hand of (3.25)), by (2.17)) and (3.10)), we have for ¢t > r > 0,
B ([ 17t uts — el

< 7holgho1gk )y it /ﬁ§< JE(u(s)||¥)ds
tp P p P p r
+7E2E o3 [ Rl — ofs))[F)ds + 75128 e — 8

< ca gms 851+ BUIE)) + ) e - vl

(3.28)
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By (2.19), (3.10) and the Burkholder-Davis-Gundy inequality, for all € € (0,1] and ¢ > r > 0,

p

)

) H Z/ s) +aj(s,u(s), u(s — o(s))))dW;(s)

ors

<aﬂ([§jm (5) + 305, uls) uls — o(s)))) ds )

SiS]

( 21006017 + I P + s ~ o)1)+ a1 )

t
< 4EI2RG|t - rf “h”c[om%+4g_18200|t—7"|§_1E(/ ”B(S)Hgllu(s)HgdS)

t
+4?%&%u—rﬁ*ﬁ(/|m@mﬁm@—@@mﬁw)+4%%%n—ﬂﬁwm

s@(;g>w<m%1+Em@@»+wmmmﬂﬁfwww>u—wa 3:29)
Substituting (3.26)) to into , the desired result ( can be obtained. O]

Next, we present uniform estimates for the tails of the solution to the system ([2.15).

Lemma 3.4. Suppose A1-A6, (3.1) and (3.6) hold. If p € L*(Q,C,), then for e € (0,1],

lim sup sup ZE lu; (1)) = 0. (3.30)

k—oo t>— p||>k

Proof. Consider a smooth function ¥ : R — [0, 1] such that

J(r) = {0, for |r| <1, (3:31)

1, for |r|>2,

and define a constant ¢y > 0 such that |¢'(r)| < ¢y uniformly for r € R.
Given k € N, define

D = (e = (907 )wi) _ for w= (w)iez. (3.32)

By (2.15)), we have

d(Oru(t)) + qu ()0 Du(t)dt — 2q, ()0, Au(t)dt + go(t)0,u(t)dt
+ q3(t)95| Bu(t)|?dt 4+ 9pu® (t)dt (3.33)

o0

= D f (tult), ult — o(t))dt + Drg(t)dt + € Y (Oxh; () + Iy (b ult), u(t — oft))))dW; ().

J=1
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Applying Ito’s formula to (3.33)), and taking expectation, for all ¢ > 0, we have

E([[9ru(t)|?) + 2/0 i(s)E(Au(s), A(5u(s)))ds
— 4 [ B (Au(s), u(s))ds + 2 | aa(B(ocu(s) P
+ 2/0 E(q3(8)0| Bu(s)|?, Vru(s))ds + 2/0 E(9,u’(s), pu(s))ds
= E([[9xu(0)]*) + 2/ Bk f (s, u(s),u(s — o(s))), Ixu(s))ds
/ E(9rg(s), Ipu(s))ds + € Z/ ([[9kh;(s) + Iroj(s,u(s), u(s — o(s)))||*)ds. (3.34)
It follows from that, for At > 0 and ¢t > 0,
t+ At
E(|[dpu(t + At)|]*) + Q/t @1 (s)E(Au(s), A(Yu(s)))ds
t+At t+At
- 4/ q(s)E(Au(s), ju(s))ds + 2/ ¢2(8)E([[0xu(s)]|*)ds
tt-i—At t t+AL
+ Q/t E(gs(s)|Bu(s)|?, Viu(s))ds + 2/7: E(u®(s), 97u(s))ds (3.35)
t+ At
= E([dwu®)]*) + Q/t E(rf(s,u(s), u(s — o(s))), Vru(s))ds
N 00 athAt
+ Q/t E(9rg(s), Vpu(s))ds + € Z/t E(|[9rh;(s) + Iroj(s,u(s), u(s — o(s)))||*)ds
For the second term on the left-hand side of , by using the result in [37, Lemma 7], yields
t+At
) /t 01(5)E (Au(s), A(%2u(s)))ds
t+At o t+AL
22 [ @B A =0 [ a@R(u) s (330

For the third term on the left-hand side of (3.35]), by the Young inequality, we obtain

t+At
4/ ql(s)E(Au(s),ﬁiu(s))ds
t t+At t+AL
gz[ m@mwmAmem+z[ 01 (5 E([9u(s) [2)ds. (3.37)

For the penultimate term on the left-hand side of (3.35]), by considering the definition of B in
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(2.10f), we derive
t+ At
9 /t E(gs(s)| Bu(s), $2u(s))ds
t+At Z
<2 [ B( SO lnioll o)~ wPluls)] ) ds

<4 /A B3 2Dl 200 + )l ) s
<38 /Hm%mgl PE([|[9kuls)) )ds+2/t+m (;m |4)ds. (3.38)

For the second and third terms on the left-hand side of (3.35)), it follows from ([2.17]) and Young’s
inequality that

t+At t+ At
2/t E(ﬁkf(s, u(s), u(s — o(s))), Opu(s))ds + Q/t E(Jrg(s), dru(s))ds
t+At
<3/ 3 (ZW YB3 () () + il = p(s)I) + 2lawf?) ) ds
t+At t+At
+2 [ Bo(o)E(|[Dku(s)|?)ds +
/t /t \ >k
t+ At t+At
< / (4/30(3) +q2<s>)E<Hﬁku<s>H?>ds +2 / Bo(s)E([|9ku(s — o(s))|[2)ds
' t+ At t+At
; / Ziaz 2ds + / Zgl . (3.39)

| >k | >k
By (2.19), for ¢ > 0 and € € (0, 1], the last term on the left-hand side of (3.35) satisfies

t+A\t
S)ds + / 02 (8)E(|9yu(s)[[?)ds

ey / E([9ch; (5) + 9o (s, uls), u(s — o(s)))[2)ds

< EQ/t”Nziwﬂ )\%HGQ[ B( o) @ P(uor

[i|>k j=1 1EZ

+ s — o(s)P) +20uf?) ) s

t+At oo t+A\t
<2 / D |hsals)] ds+8/ > 1Bi(s)PE([[9xku(s)])ds
| \>k 7=1 | |>k
t+At t+ A\t
8 / Z 1B.(5) PE(|9u(s — os))]?)ds + 4 / Z I Pds. (3.40)
li|>k li|>k
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Plugging (3.36)-(3.40) into (3.35)),

E([|9xu(t + A)|[*) — E([[dru(t)]*)

< [T ) 2009 -8 X a9 — 5006) — 8 S | BI (5

|i|>k |i|>k

t+At co t+AL
v [250 )+8 3 1) P Bl aua(s = olsDIP)s + =2 [ Bl

[i| >k
t+At
+/ ds+2/ ZZVW )|*ds
t

t+At
Z |y | ds+/

\\>k ||>k li| >k j=1

t+A\t
+4/ Z 1yi|?ds. (3.41)

i[>k
Thanks to Lemma for all t > 0,

[ a@RP)s < PE(GIE) 1) masa@an 42

0<t<T

where ¢q is positive and independent of ¢, ¢, k, p and ¢. Given € > 0, there exists Ki(e) > 1
such that, for all £ > 0, At > 0 and k > K;(g),

136¢ t+At ) )
) qu(s)E([[u(s)[I*)ds < e(E([l¢lle,) + 1) max q.(t)At. (3.43)

0<t<T
Combining (3.41)) and (3.43)),
E(|[9wut + At)|*) — E([[ku(t)[*)

<= [ BRI+ [ G E(als = ofs)) s

t+At
1
(®lel,) + 1) oy 050+ min 570 3 losf o+ | S gis)ds

0<t<T
|i| >k

+2/ Zzwﬂ Wids + 4> At (3.44)

li|>k j=1 7| >k

where ©; and O, are defined in (3.3). Since a,v € 2, g(-), h;(-) € C(R, ¢*) and are T-periodic
int € R, for the same £ > 0 in (3.43)), there exists Ky(e) > K;(e) such that for allt > 0,7 >0,
and k > K(e),

Sl + )l <e, (3.45)

i[>k i1 >k

and, for all ¢t € [0, 7],

STE® YD hu)] <. (3.46)

il >k i[>k j=1
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Therefore, for all £ > 0 and k > Ks(¢),
DYE([[0xu(t)]]?) < =O1(OE([[0xu(t)]]*) + O2()E([[dru(t — o(t))[?)

S(E(HgoHC ) max ¢;(t) + max ¢(t) + min BO (t) + min q2 Yt )—|—6>. (3.47)

0<t<T 0<t<T 0<t< 0<t<

By (3.6) and Lemma there exists A = £ > 0 such that, for all t > 0 and k > Ks(e),

E([|9xu()]*) < CE([9k(0))e ™ + CE(|[9xelIZ, ) (3.48)

# Cae (BUPI,) s () + o n() + in 55°(0)+ min " (0)+ ).

where C3, Cy, C5 > 0 are independent of €, ¢, p.
Thanks to ¢ € L*(Q,C,) and the fact that [—p, 0] is compact, we infer that the set {¢(s) €
(% . s € [—p,0]} is compact, that is, for ¢ > 0, there exists K3(¢) > Ky(g) such that for all
€ [—p,0] and k > K3(¢),

> lpis)P <e. (3.49)

li|>k

Note that for all t € [—p, 0],

B(la@l?) <B( 3 (o) ). (3.50)

i[>k
From (13.48) to (3.50), for all t > —p and k > Kj(¢),
> E(u()P) < E(|du(t)|?) (3.51)
li|>2k

< —Xt 2
< Csee” ™ + Cye + Cse (E<H90Hc )Orgtagéql(t) + max gy () + 0r21<n750 (t) + 0%1<an2 Y(t) + 6>,

thus the desired result is obtained. O

We improve the tail estimates given in Lemma which is useful for the tightness of a
family of probability distributions of solutions in the space C,, as will be shown in Lemma .

Lemma 3.5. Suppose A1-A6, (3.1), (3.5) and (3.6) hold. If o € L*(Q,C,), then fore € (0,1],
limsupsup]E( sup Z |uz(r)|2> =0. (3.52)
i[>k

k—oo  t>p t—p<r<t i

Proof. Consider the same smooth function ¥ as defined in Lemma [3.4] thus also satisfying
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and . It follows from that, forallt > pand t — p <r <t
o) +2 [ auls) (Au(s), A0Ruls)ds
t—p
4 / 01(3) (Au(s), 92u(s))ds + 2 / (45(3)0x| Bu(s) ?, yu(s))ds
t—p t—p

+2 ) *ds + 2 I (s), d

e +2 [ o) dents))ds
— pult — )2 +2 / (O f (5, u(s), uls — o(s))), Dyu(s))ds

t—p

+2/t (9ag(s), xu(s))ds + € Z/ 19hs(5) + Deo (s, uls), uls — os)))||ds

+ 262 / (9u(s), hy(s) + 055, uls), uls — o(s)))) AWy (s). (3.53)
Similar to (3.36]), for the second term on the left-hand side of (3.53)), we have

5 /t_ 01(3) (Au(s), A(Pu(s)))ds

r 136 "
> 9 / 1) Au(s) s — - / 01 (5)|[u(s)||2ds. (3.54)
t—p t—p

For the third and fourth terms on the left-hand side of (3.53)), the Young inequality yields

[ o) a2 [

and

q1(5)||19kAu(s)||2ds+2/tj q1(s)||9xu(s)||*ds, (3.55)

p

o /t;(q‘”’(s)’B“@!Qa Jiu(s))ds
/ ) (2192 )gs,i(s)] (uzy 1 (s) +U?(5))|U¢(S)!)ds

€L

<8 Z|qu 2|9 (s |ds+2/ 202 H )|ui(s)|*ds. (3.56)
t

=P >k =

Substituting (3.54)-(3.56)) into (3.53)), taking the supremum in r € [t — p, t] and its expectation,
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we derive for allt > pand t — p < r <t,

13600

E<t_igg<tlll9kU(7")|!2) < E([9xu(t — p)I*) + /t_ 1 (s)E(Ju(s)]*)ds

+2/t_ 1(S)E([[Oru(s)[*)ds + 8 Z\qs,z-(é’)IQE(H%U(S)W)dS

_p\|>k

%ﬂE(]{Hﬁkf@,uﬁths—-msﬂﬂmﬁmdsﬂwé>%ZE(}{Hﬁmﬂsﬂmﬁku@)mk)

). (3.57)

It can be deduced from (3.30) in Lemma that for any € > 0, there exists Kj(g) > 1 such
that, for all s > —p and k > K (e),

+e Z/ ([9xh;(5) + Vxoj(s, u(s), uls — o(s)))*)ds

o

2 / (Fiuls), Oihs (5) + Dpy (s, uls), uls = o(s))))AWi(s)

j=1

+ 2¢E ( sup

t—p<r<t

> E(jui(s)]?) <, (3.58)

i[>k

which means that, for all s > —p and k > K;(¢),

E([[dxu(s)|*) < > E(lui(s)?) <e. (3.59)

|t| >k

Considering the second term on the right-hand side of (3.57)), we infer from Lemma that
there exists M () > 0 such that for all ¢t > p,

136¢y (* 136cop
E M
P [ R s < max (1) (),

which means that, for every € > 0, there exists Ks(p,e) > K;(¢) such that, for all £ > p and
k Z B&(@76%

[ B < < (3.60)

For the third and fourth terms of the right-hand side of (3.57)), by (3.59)) and g3(-) = (g5.(*) )icz €
(% there exists K3(p,e) > Ka(p,€) such that, for all t > p and k > K3(p, ),

2/t_ 1(8)E([[0ru(s)[*)ds + 8 Z!qu JPE([[0xu(s)[*)ds

E=P o>k
< 2pe max ¢ (t) + 8pe sup Z 3. (1)) < cse, (3.61)
t€[0,7] tel.T] ik
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where ¢5 = c5(p, q1(t),q3(t)). For the fifth term of the right-hand side of (3.57), by (2.17)),
(3.45) and (3.59), there exists Ky(¢p,e) > K3(¢, ) such that, for all t > p and k > K4(p,¢)

2E</ [0k f (s, u(s), uls — 9(8)))\|\|19ku(8)|!d8>

Bols wW<u<m+4/ Bols (95

—p
t

w4 | ARG~ o) w+2/ 5 () Y JoulPds

li| >k
=0 (Il ds +2
< tg{?%ﬁo E(||[9xu(s)]*)ds + pnﬂ&rﬁﬁo (t)e
= : < 3.62
tg[l(?% Bo(t)e + 1— o el o(t) +2p II[HIl Byt (t)e < cet, (3.62)

where ¢ = c6(p, fo(t)). Meanwhile, by Young’s inequality, (3.46) and (3.59)), there exists
Ks5(p,e) > Ky(p,e) such that, for all t > p and k > K5(p, ¢),

E(LJW%%WW®W%S[;WWMMWM+KJMWMﬂmw
<p sup > () + pmaxE(|[dsu(s)|) < cre, (3.63)

where ¢; = ¢7(p, g). Similar to (3.62), for the second-to-last term of the right-hand side of

3.57),
by (2.19), (3.45), and (3.46]), there exists K¢(p,e) > K5(p,€) such that, for all t > p,e € (0, 1]
and k > Kg(p,¢),

3 B+ i)t = o)

< 2p sup ZZ\hM )|* +8/_ > 1Bi(s)PE([[9xu(s)]|)ds

te[0,7] li ij 1

Pli|>k
+ 1 S)PE(|9xu(s)||*)ds +4p Y |l?
E=20 11>k li|>k
16,0 sup > |B;(t)[?
telo, i|>
< 2pe +8p sup Z |Bi(t) ‘! ?l U: £ + 4pe < cge, (3.64)
tel0,T] 15k -p

where cg = cg(p, 5(t), h(t),7). For the last term of the right-hand side of (3.57)), by the
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Burkhélder-Davis-Gundy inequality and (3.64), for all ¢ > p,e € (0,1] and k& > Kg(p, €),

26E< sup )
t—p<r<t
< CyE ((

< %E< Sup |‘79ku(7">”2> ’ %COQ ; /t—pE(Hl‘/‘khj(S) + ko (s, u(s), us — o))[*)ds

[e.9]

Z /tj (Dru(s), Ixhi(s) + deoj(s, u(s), u(s — o(s)))) dW;(s)

j=

t

> | (Wu(s), dhy(s) + Ipoj(s, u(s), uls — g(s))))fds) )

t=p j=1

t—p<r<t
1
< —E( sup |\19ku(r)|\2> + coe. (3.65)
2 t—p<r<t

From ([3.60) to (3.65) we deduce that, for all t > p and k > Kg(p, ),

t—p<r<t t—p<r<t

]E< sup Z |u1(r)|2> < E( sup |]19ku(r)|]2> < cg, (3.66)
[i]>2k

where ¢ = max{¢; };—567509. Therefore, (3.52)) is completely proved. O

4. Periodic measures for stochastic delay modified Swift-Hohenberg lattice systems

In this section, we will establish the existence of periodic measures of the system in
C,. Let By(C,) be the space of all bounded Borel-measurable functions on C,, and #(C,) be
the Borel o-algebra on C,.

If € By(C,), then for 0 < r <, we define a probability transition operator with delay by

(pr1®)(v) = Elp(w(-;7,v))], forall veC,. (4.1)
In addition, for A € #(C,) and 0 < r <t, denote a transition probability function by
p(r,vit,A) = (prala)(v) =P{w € Q ruy(-;r,v) € A}, (4.2)

where v € C, and 1, is the indicator function of A. We now recall the definition of periodic

measure, namely, a probability measure ;1 on C, is called a periodic measure with period
T >0if

/ (bors76) () dp(v) = / (b0s6) (W)du(v), ¥t > 0.v € C, (4.3)

c, c,
4.1. Tightness of a family of probability distributions

In this part, we show the tightness of a family of probability distributions of solutions to
system (2.15). For this purpose, we need to recall a definition, that is, a family of probability
distributions of solutions is called tight if for each e € (0, 1], there exists a compact set Z. of
C, such that

P{lweQ:w(;rrv)eZ}>1—¢ forall 0<r<teR,vedl, (4.4)

As verified in Section , for any to > 0, and any JFy,-measurable ¢ € L?(€2,C,), the system
has a unique solution wu(t, ¢, ) for t € [ty — p,00). In the following lemma, we consider
the initial data ¢ = 0 at initial time ¢y = 0.
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Lemma 4.1. Suppose A1-A6, (3.1)), (3.5), and (3.6) hold with p > 6. Then, for e € (0,1], the
distribution laws of the process {u:(+;0,0) }i>0 to the system (2.15) are tight on C,.

Proof. By Lemma Lemma Lemma [3.5] and tne Arzela-Ascoli theorem, we can use
similar arguments to thoise in [10, Lemma 4.8] to obtain the conclusion in the sense of (4.4). [

4.2. Ezistence of periodic measures in C,,

To obtain the existence of the periodic measures, we need to do some pre-preparation as
follows.

We use the same method as in [34] to approximate nonlinear locally Lipschitz continuous
functions f,0;,|Bul? and u* by using a suitable cut-off function as follows:

s, if |s| < R.
_ 4.5
=B s R (4.5)
5]
Then, we find that for all s, s, s9 € R,
Cr(51) = Cr(s2)| < |s1 = sal,  [Cr(s)| < |s| AR, (r(0) =0. (4.6)

Given j € N,R > 0 and i € Z. For all u = (u;)iez € (*,v = (v;)iez € €%, let
fR(t7 u, U) = (fl(t7 CR(ui)J <R(Ui))>iez7 O-fi<t7 u, U) = (O-jfi (t7 CR(ui)v <R<U’i)))iez'
It can be deduced from (R.5]) that for all uy,uy, vy, vy € €2,
LFR(E s, 00) = R ug, 0)[|* < 2L5(R) (lur — ol ® + lur — wal?), VEER,  (4.7)
and by ([.6]), for all u,v € 2,

LR ) < 2055w, v) — PR, 0,0)] + 217 (2,0,0)]
< 2L3(R)([lu — v[]?) + 2[al?, Vi€ R. (4.8)

Similarly, by [.7)), for all uy, us, vy, v9 € (2,

S0t ury01) — ot u, 02)|P < 2L3(R) (Jus — wa® + Jon — wa?), VEER,  (49)

jEN
and by ([.19)), for all u,v € 2,
> lloft w1 < 4IB@IP(lull® + lol®) + 20ly11?

JjEN

S4t8[13%\|5(t)||2(”u”2+||UH2)+2H7||27 vt € R. (4.10)
€10,

The approximation of nonlinear terms |Bu|? and u? is the same as (2.25)-(2.28) in [34], that is,
for all u,v € (2,

[1BCr(u)? — | BCr)P|” < 64R?|Ju —ol?, ||| BCr(w)?| < 64R2|ul?, (4.11)
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and

ICk(w) = Cr)II* < IR lu —vll, (I (w)lI* < 9R||ull*. (4.12)

Replace now f (¢, u(t), u(t—o(t))), oj(t, u(t), u(t—o(t))), |Bu|? and u® with fE(t, uf(t), u®(t—

o(t))), ofi(t, u*(t), u(t — o(t))), | B{r(u)]* and (3 (u™), then the existence of a unique solution
ul® for the approximate stochastic system can be proved by [23]. We define a stopping time by

sg = inf{t > 0: [[uf(-)| > R}, (4.13)
where ¢z = +oo if {t > 0: [[ul(-)|| > R} = 0.
Lemma 4.2. Suppose A1-A6 hold. If o € L*(Q,C,), then for all 0 < s < t,

lim (-, s, 0) = u(-, s, 0) P-a.s., (4.14)

R—o0

where uy(+) is a solution of (2.15)).

Proof. (1) We want to verify that
uT (t Aggr) = u(t Asg) and <y ><r as. forall t> —p and R > 0. (4.15)

Due to the delay term, it will be different from the treatment of f%, JJR in [34, Lemma 1]. We
only include the proof of ff here, and as the one for O';R is similar, we omit it.
By (4.7) and the Young inequality, we have for all ¢ > 0,

2 [ 6 5 = 06) = (o) (s — ) 5) — )
<20 [ ) ) s
w208 [ s~ 0(e) - s — o))
< (evani) [ e s+ 30 [ e ) s
< (1 +2L2(R) + M) /Ot sup ||uf(r Asg) — uf(r Acg)||?ds, (4.16)

1— ,0* —p<r<s
where we used the fact that fE+ (s, uf(s),uf*(s — 0(s))) = fE(s,ult(s),ul(s — o(s))) due to
|[uB()|| < R for all s € [0,¢g). We replace (2.41) in [34] with (4.16), then following the
arguments in [34, Lemma 1] and noticing that q;,¢2 : R — R and g3 = (¢3.i)icz : R — (2 are
positive, continuous and 7T -periodic functions, we can derive .
(2) Next we prove that

¢:= lim ¢g =00, P-almost surely. (4.17)
R—+00

Similarly to Theorem (2) and [34, Lemma 2], we obtain (4.17). Combining (4.15)) and
(4.17)), using the argument of [34], Theorem 3], we can derive (4.14]). O
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We now prove the existence of periodic measures of stochastic delay modified Swift-Hohenberg
lattice system ([2.15).

Theorem 4.3. Suppose A1-A6, (3.1)), (3.5)), and (3.6) hold with p > 6. Then, system ([2.15))

has a periodic measures on C,, for any € € (0,1].

Proof. We first need to consider some properties of the transition operator {p,+}o<,<: for solu-
tions of the system as follows:

(1) Feller property: Using a similar approach to [34, Lemma 7] and combining Lemma
4.1] we realize that {p,+}o<r<; is Feller, that is, for any 0 < r < ¢, if for any ¢ : C, — R is
bounded and continuous, then p, ;¢ : C,, = R is also bounded and continuous.

(2) T-periodic: It follows from [I7, Lemma 4.1] that {p,:}o<,<: is T-periodic, namely, for
any 0 <r <tandveC, p(rvt,-)=pr+T,v;it+T,-).

(3) Markov property: Given r > 0 and v € C,, we mainly need to prove that the solution
{ue(-, 7, v)}r<¢ of system is a C,-valued Markov process, that is, for every bounded and
continuous function ¢ : C, — R and for all 0 <r < s <,

E(o(u(-,r,v))|Fs) = (ps,t¢)(z)|z=us(-,r,l/)v P-a.s.. (4.18)

Now we briefly provide a standard proof procedure similar to [31, Lemma 4.5]. Since fZ, UJR,

| BCr(u®)|? and (3 (u®?) satisfy ([(4.7)-(4.12), we can obtain that for every Fy-measurable random
variable ¢ € L*(Q,C,)

Y

E(6(uf' (.5, 9)IF) = E(0(uf(,5,2)) g, P-as. (4.19)

which can be derived from [26], P51]. Recall that Lemma [£.2}
lim u(-,s,0) = u(-, 5,) P-as.. (4.20)
R—o0

From the uniqueness of the solution, for all 0 < r < s <'t, we have

w (s, 0) = (s, s, us(+, 7, 0)) P-as., (4.21)

which together with (4.19))-(4.20) and the Lebesgue dominated convergence theorem, we con-
clude (4.18).

Then it can be inferred from (3) that if ¢ € B,(C,), for any v € C, and 0 < s < r < ¢,
P-a.s., (ps10)(v) = (psr(pre¢))(v). Thus the Chapman-Kolmogorov equation can be satisfied
as:

IMMtMI/p@memeM, (4.22)
C

P

where v € C, and A € #(C,).

Finally, based on the Krylov-Bogolyubov method and the tightness of distributions of solu-
tions shown in Lemma[4.1] we can use the method of Theorem 4.3 in [I7] to prove the existence
of periodic measures in the sense of . n
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5. Limits stability of periodic measures as noise intensity goes to zero

In this part, we consider the limiting behavior of periodic measures of (2.15]) as the noise
intensity € — 0. To that end, we need to strengthen assumptions (3.1)) as follows:

2 1
i t) > 16 ma t)+8 s OIZ+L3.25 20 (p— 1) % ma ;
min go(t) > 16 max ¢,(t) te[l(l)%ll%()l\ P (p = 1) 77 max Bo(t)

+4[Bp— 1)+ 22— )] sup 8O (5.1
p te[0,7]

Then, we can still apply (5.1)) to derive ©;(¢) > 0 and ©,(t) > 0 for ¢t € R. In addition, most
importantly, we can also deduce from (j5.1]) that

O1(t) > O,(t) and O,(t) > O,(t), Vt € R, (5.2)

where O (t), ©4(t) and ©,(t), ©y(t) are defined in (3.2) and (3.3)), respectively. By (4.1)) and the
continuity and periodicity of ©1, Oy and Oy, O, there exists € > 0 such that O1(t) — Os(t) > ¢
and O (t) — ©y(t) > e. Hence there exists hy > 0 such that

T S
/ (61(5) — @u()el 1 1) s > 0, (5.3)
0

and
T - - s _
/ (81(5) ~ Buls)ef0 %Y s > 0, (5.4)
0

Noting that (5.2)-(5.4) exactly satisfy conditions in [I8, Lemma 3.1], we can use this lemma
so that all the estimates of Section [3| are independent of the initial data. Furthermore, to
illustrate the dependence of solutions of the system on the noise intensity ¢, we denote
it as u(-,0,¢) in the relevant proofs that follow.

Applying the conclusion of [I8, Lemma 3.1] in the proof of Lemma immediately leads
to the following Lemma.

Lemma 5.1. Suppose A1-A6 and (5.1) hold. Then, for every R > 0, there exists T} =
T1(R) > 0 such that the solution of the system (2.15|) satisfies for all t > Ty and € € [0, 1],

E([lu(t,0,9)[I”) < Cs,
where E(|l¢ll¢,) < R and Cs > 0 is not depending on t, €, p, R and ¢.
Similar to Lemma [3.3] it can also be deduced from Lemma [5.1] that

Lemma 5.2. Suppose A1-A6 and (5.1) hold. Then for every R > 0, there exists Ty = To(R) >
0 such that the solution of system (2.15|) satisfies for allt >r > T, and € € [0, 1],

E([[u(£,0,0) — u(r,0,9)[|5) < Cr(lt — |5 + [t — %),
where E Py < R and C7 > 0 is independent of €,p, R and ¢.
¥lic,

By replacing Lemma[3.1] with the conclusion of [18, Lemma 3.1] and applying it to the proof
of Lemma |3.5] we can derive the following tail-estimate of solutions:
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Lemma 5.3. Suppose A1-A6 and (5.1) hold. Then, for every R > 0 and € > 0, there exists
T3 =T3(R,e) > 0 and K1 = Ki(g) > K such that the solution of system (2.15|) satisfies for all
tZTgH kJZ K1 and € € [0,1]7

E[ su us(r,0,0)]? | <e, 5.5
<p|z\< or) 55)

where ¢ € L*(Q,C,) such that E([|¢||z,) < R.

We now show the convergence of solutions of the system ([2.15) w.r.t. noise intensity e as
follows:

Lemma 5.4. Suppose A1-A6 and (5.1) hold. Then, for every compact set IC of C,, § > 0,
t>0 andey > 0,

lim sup P({w € Q& [[us(-,0, ) — (-, 0,9), = 6}) = 0. (5.6)

E—€Q e

Proof. For the sake of simplicity, we let uy(t) = u(¢,0, ) and us(t) = u(t,0, ) for t > —p.
Given T > 0, for every compact set K of C,, it follows from Theorem that there exists
¢ =c¢(K,T) > 0 such that, for all p € K and € € (0, 1],

E(sm)W“@W)ga

te[_va]

Thus, for every € > 0, there exists n = n(e, K, T") > 0 such that, for all p € K and € € (0, 1],

1
P {w €Q: sup |lui(t)|| > n} < —e.
te[-p.T] 2

Given ¢ € K and €, ¢y € (0, 1], we define

Q. = {w €Q: sup |lus(®)|| <mand sup |us(t)] < n}

te[—p.T] te[—p,T]

Then, for all ¢ € K and € € (0,1], we have P(Q2\ ) < e.
Given R > 0, we define a stopping time by

Tp=inf{t>0: |u(t)] >R or |us(t)] > R}. (5.7)

Generally, inf ) = oo, and we can see that Tr > T for each w € Q.. For any ¢ € K and § > 0,

supIP({w € Q: sup |ui(t) —ua(t)|| > 5})
<,0€IC tE[fp,T]

:sup]P({wEQE: sup ||u1(t/\TR)—uz(t/\TR)||25})

ek te[—p,T]
+ supIP’({w € Q\Qc: sup Jui(t) —ua(t)]| > 5}) (5.8)
ek te[—p,T]

§supP<{w€Q: sup |Jui(t ATr) — ua(t A TR)| 25}) +e.

SOEIC te [7P7T]
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To complete the proof, we need to show that

lim supIP’({w €Q: sup |lui(t ATg) —us(t ANTR)|| > (5}) = 0. (5.9)
€0 pek te[—p,T]
Similar to [34], Lemma 11], we can obtain from (2.15)) that, for all ¢ > 0,
tATR
|ui(t A Tr) — ua(t ATg)||* + 2/ @ (M| A(wi (r) — ua(r))||?dr
0
tATRr tA\TRr
i [ aB@m) )2 [ nmla) - ww)Pa
0
tATR
+ 2/ (ui(r) — u3(r),ui(r) — ua(r))dr
0
tATR
+ 2/ <q3 (1Bur (1) = [Bua(r) ), ui () = w(r) ) dr
0
tATR
<2 / (w0 (= £0r))) = £, uale), vl = ), ) = )

| RHaj<r,u1<r>,u1<r—@<r>>>||2dr+3<e—eo>2§j [

" " (5.10)
w2e=al [ ) ) = ual)aw )
w2e—al X [ o3t () unlr o)) ua(r) = ua(r)) W (r)

For the second-to-last term on the left-hand side of (5.10)), we obtain
tATR
- 2/ (wi(r) — u3(r), ua(r) — ua(r))dr
0
tATR
/ Zl uni(r —UQZ(T))(UM( )+ wai(r)uz(r )+u21 ||ulz ) — u2,(r)|dr

1EZ
tA\TRr

2 [ U+ sl () — s < 372 [ ) = )l (510

IA

30



For the last term on the left-hand side of (5.10]), by (2.13]) we have

=2 [ (6 (B0 = 1B, ()~ w0) )i

= 2/0 ’ Z IQ371'(7’)“|U1,1‘+1(7”) — i (r)|* = |ug,is1(r) — uQ,i(T)P‘]uu(T) — Uy (7)|dr

1€Z
tATRr 1 tATRr
< 8/ Z |gs.0(r) Pluni(r) — g, (r)|*dr + g/ Z (|“Li+1(7") — uy(r)]
0 i€ 0 i€

1) = 1) = (i (r) = ()|

+ [uz,ipa (1) — U2,z’(7‘)|)2
< [ IOl ) = )P+ 5 [ B + 1B B o) ~ Bus(r)?
: 8/0 R(||£73(7”)||2 + R?)[Jur (r) — ua(r)|*dr. (5.12)

Combining and , for the first term on the right-hand side of , we can deduce
tATR
2 / (F(r, un(r), un(r — o)) — F(ry un(r), walr — 0(r))), ua(r) — ua(r))dr
’ tA\Tg tA\TR
< / L () s ( — o)) — £(rus(r), ualr — o(r)))|Pdr + / s () — us(r) 2dr
0 0
tATR tATR
<L, / (lur(r) — wa()IP + s (r — o(r)) — sl — o(r))|P)dr + / lua(r) — wa(r)|Pdr
0 0

!

f LR iR 2
< (Lp+1+ 1—p*) i lug () — ua(r)||*dr. (5.13)

Analogously, by (5.7)), (2.18) and (2.19)), for the second and third terms on the right-hand side
of (5.10),

32/ oy () (r = o)) = (1), = () Pl

3=l S [ ol - o)) Par

2 tATR
3¢

- tATR

< PR+ ) [ ) =P+ 12— [ 130 ) P
12(e — €p)?

+ (6 60)/0v

tATR
3e2, . LY i\ Tr 12(e — ¢)? [°
<L+ 1+ 1) [ ) = )P+ 2R [ s Plelar
P 0 P —p

+ 6(€ — €)? /OMTR [2(1+

tATR

1Bl (r = o(r))l*dr + 6(e — 60)2/ Iy[I*dr

0

T p*>RQIIﬁ(T)I|2 +[ly|I*] dr. (5.14)
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Bringing the combination of (5.12))-(5.14)) into ([5.10)) and taking expectation, we have
E( sup ||ug(r A Tg) — us(r A TR)||2>

0<r<t
t
< [ 160) + Slax()| + cw)B( sup us(r A To) = sl A Tw)|)ds
0 <r<s
0 tATR
+3(6—60)22/ b ()| 2dr + 14, (5.15)
j=17"Y

62 o
where ¢9 = 11R? (L,

L
) and

Ii=2le — B _sup Z/Or(hj(s),ul(s)—UQ(S))de(S)

0<r<tATr | 5

)

+2|e — 60|E< sup i_o: /OT(O']'(S, ui(s),ur(s — o(s))),u1(s) — ug(s))de(s)D

0<r<tATR

+ QeO]E sup

0<r<t/\TR

i (s) — u2(s))dwj(s)]).
By the Burkholder-Davis-Gundy inequality, we derive from ({5.14]) that

Z | @5(sunts) s = 0(61) = o35, ua(s) s = o(s)).

0<r<t

3 0 tATR
Iy < Z_L]E< sup [Jui(r A Tg) — ug(r A TR)HZ) + c(e — €)*Cg Z/ |y (r)||dr
j=1"0

+C(€—eo)203/0 R[Hﬁ(r)H“rHVHZWJFC(G—EO)QCg/_ 1B e (r) | *dr

+cC? /OtIE< sup ([[us(r A Tr) — us(r A TR)|y2)ds. (5.16)

0<r<s

Combining (5.15) and ([5.16]), for every compact set K of C,,, there exists ¢;1 = ¢11(K) > 0 such
that, for all ¢ € K and ¢ € [0, 7],

IE( sup ||us(r A Tr) —uz(r/\TR)HQ) (5.17)

0<r<t

t
< 4(16 max q1(t) +8 sup Hq;),(t)HQ—i—clo)/ E( sup (Jus(r A Tw) = us(r A T) ) ds
t€[0,7] te[OT] 0 0<r<s

T ene— eo)? ( sup 3 k()7 + w140 )||2+||7||2)-

r6071] 1

From the Gronwall inequality, for all ¢ € [0, T,

E( sup |luy(r) — uz(T)HZ)

0<r<t

< ente— a7 s Zuh P+ s 50 I + 1P)

r€[0,7]

w e(16max;cpo. 71 q1(t)+8sup.ejo, 7y llas(t 2 +010)T’ (5.18)
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which means that, for all ¢ € [0, 77,

IE( sup IIU1(7“)—U2(7’)||2>

—p<r<i

< eule — o)’ ( sup 3 ()2 + s 3G )||2+||7||2>

7“607']] 1

% (16 maxieio 71 q1(t)+85upsefo, 77 llas(®)]|*+c10)T ’ (5.19)

which together with Chebyshev’s inequality, we can obtain (5.9)) as € tends to €. The proof
can then be completed by (/5.8]) and (5.9). O

Given € € [0, 1], let S¢ be the collection of all T-periodic measures p€ of system (2.15]). Notice
that all estimates in Section [3| are valid under (5.1)),(5.3) and (5.4)), thus for every € € [0, 1], S°
is nonempty by the argument of Theorem [4.3]

Now, we show the tightness of [(J S¢in the sense of (4.4), then use Theorem 5.1 in [17]
€€[0,1]
to establish the limiting behavior of any sequence of S for the system (2.15]) as e — 0.

Theorem 5.5. Suppose A1-A6 and (5.1) hold. Then,
(1) U S is tight on C,,.

€€[0,1]

(i1) If p € S with €, — €y € [0,1], then there exists a subsequence €, and a T -periodic
measures pu®° € S° such that p™ — p.

Proof. (i) Given a compact set K of C),. Based on Lemma Lemma , using a similar
approach to Lemma, it is known that, for every e > 0 and ¢ € C,, there exists T, > 0 such
that, for all t > T, and € € [0, 1],

P{we Q:uf(0,0) e K} >1—e.
Then using the method of [17, Theorem 5.6, we can obtain that for any u¢ € S€ with € € [0, 1],

p(K) > 1 e,
which implies that |J S€ is tight in the sense of (4.4)).

e€(0,1]
(ii) It is clear from (i) that {u}>°, is tight, which means that there exists a subsequence
{psnm }>_ of {u}22, and a probability measures p such that p;"™ — pu as m — oo. Then,
by Lemma and [I7, Theorem 5.1], we can complete the proof. ]
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