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Abstract Some compactness criteria that are analogies of the Aubin-Lions lemma for the exis-
tence of weak solutions of nonlinear evolutionary PDEs play crucial roles for the existence of weak
solutions to time fractional PDEs. Based on this fact, in this paper, we consider the existence of
weak solutions to a kind of partial differential equations with Caputo time fractional differential

operator of order v € (0,1) and fractional Laplacian operator (—A)%, o € (0, 1).
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1 Introduction

Memory effects are ubiquitous to model dynamical processes in materials with memory, e.g., the
diffusion of flow in a rigid, isotropic, homogeneous heat conductor with linear memory [7], in
physics and engineering, e.g., particles in heat bath [12, 34] and soft matter with viscoelasticity
[4, 20] can possess memory effects. Fractional derivatives are used to describe the nonlocal and
memory effects in time. Particularly, when the memory effects have power law kernels, we can use
fractional calculus to describe them (see, for example [2, 25, 26, 29, 30, 31, 32, 33]). In general,
the time fractional equations have been widely used to model anomalous diffusions exhibiting
subdiffusive behavior (y € (0,1) [16]), since time fractional diffusion equations exhibit a behavior
like const -t for t — oo (see, for example, [18]).

There are two types of fractional derivatives that are commonly used: The Riemann-Liouville
derivatives and the Caputo ones, see [10]. Compared with Riemann-Liouville’s derivative, Ca-
puto’s removes singularities at the origin and shares many similarities with the ordinary deriva-
tives so that they are suitable for initial value problems [22]. Moreover, the alternative expressions
for singular kernels enable us to find the fractional calculus more easily and motivate us to extend

the Caputo derivatives to a generalized one [14], which has convolution group property. Also in
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[14], some functional analysis approaches are used to extend the traditional Caputo derivative to
certain Sobolev spaces. In this way, it is convenient to define the Caputo derivatives in weak sense
[14]. Based on this fact, the authors in [13] established a compactness criteria for time fractional
PDEs with functional values in general Banach spaces, which are analogues to the Aubin-Lions
lemma for the usual time derivative for PDEs.

In this paper, we focus on the following time fractional nonlocal reaction-diffusion equation,

Dlu+ (—A)*u = f(u) +h(t), in O x(0,00),
u =0, on 90 x (0, 00), (1.1)
u(x,0) = ug(z), in O,

where O C R™ is a bounded open set, D7, v € (0,1), is the weak time Caputo derivative of u
with initial data ug (cf. Definition 2.3). The nonlocal operator (—A)® with a € (0,1), known as

the Laplacian operator of order «, is given by means of the Fourier multiplier
(=) *u(z) == F | (Fu))(z), €eR™,

where F is the Fourier transform defined by

1

(Fu)(§) = W

/ e" TSy (z)dr, uweS,

S is the Schwartz space of rapidly decaying C> functions on R™ and F~! is the inverse Fourier
transform. The appearance of spatial fractional derivatives in diffusion equations are exploited
for macroscopic description of transport and often lead to superdiffusion phenomenon [18]. Let
us recall, for any fixed o € (0,1), the fractional Laplace operator (—A)® at the point x is defined

by

(—A)u(z) = —%C(n,a) / ) uz+y) +|;‘|(f+2_ay) —2u®) b s eRrr, (1.2)

where C'(n, «) is a positive constant depending on n and « given by

- 1
cte)= ([ 1ea) L e- @b g R (13

The operator (—A)® describes a particle jumping from one point z € O to another y € O with
intensity proportional to |z — y|™"~2% (see, for example, [6]). We emphasize that the Laplacian
operator is nonlocal, the differential equations involving fractional Laplacian operator arise from
many applications in physics and biology (see, e.g., [9, 11, 17]), and studying the solutions of
such equations has been the subject of many publications (see, e.g., [3, 8, 19, 21, 23, 24] and the
references therein).

Let HY(R") := W*2(R") be the fractional Sobolev space defined by,

ny __ 2 n )|2
H(R)—{UELR /n/n ]a:— ’n+2a dxdy<oo},
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which is equipped with the norm

1
2 2
)2 y)|
@ ny)y — d d d .
[[wll e (rny (/R 9?+/n /n |x_ |n+2a x y>

From now on, we write the norm and the inner product of L2(R") as || - || and (-, -), respectively.
Furthermore, the dual spaces of L?(R") and HY(R") are denoted by L?(R") and H~®(R"),
respectively. We also write the Gagliardo semi-norm of H*(R") as || - || ya (Rny L€,

‘2
HU||2 *(R) /n /n |1E - |n+2a o —glntza 0T dy7 u € HQ(Rn)

Then for all w € H*(R"), we have Hu||12qa(Rn ]2 4 )] |2 Note that H*(R™) is a Hilbert

space with inner product given by

(u, V) fre(mm) :/ x)dx + /n /n y)(v(z) - v(y))da;dy, u,v € H*(R").

’ZE _ |n+2a
One can verify that [19],

a Rn)

n

2 < a(mon
[ullFre ey = [Hull72(mny + m”(—A)QUH%%Rn)a Vu € H*(R"), (1.4)

1

and hence (HUH%Q(RH) + H(_A)%u||%2(Rn)> * is an equivalent norm of H(R").

The definition of fractional Laplacian operator (—A)* (cf. (1.2)) implies that the solutions
of (1.1) with integral operator are closely related to the solutions of the equation defined on the
entire domain R"™, when the boundary condition is replaced by v = 0 on R™\O. More precisely,

for o € (0, 1), we consider the problem:

Dlu+ (=A)*u = f(u) + h(t), in O x(0,00),
u =0, on RM\ O x (0, 00), (1.5)
u(z,0) = up(z), in O.

Assume that the functions h € C((0,00); L2(R™)), f € C1(R) and there exist positive constants
a1, g > Cna) B and k, such that

—k —aq|s]? < f(s)s < Kk — ans|?, Vs € R. (1.6)

If'(s)| < B,  VseR (1.7)

From (1.7), we deduce that
[f(s) = f(r)[ < Bls—rl,  Vs,reR (1.8)

There are many works investigating fractional partial differential equations with usual time deriva-

tive, see [17, 27, 28, 31, 32]. Among all these previous studies, assumptions imposed on external



terms, h and f, are much weaker than in the current ones due to the appearance of Caputo
time fractional operator in (1.5). To prove the existence of weak solution to (1.5) by applying
Fadeo-Galerkin method, the existence of solution for ODE system needs to be shown firstly (see
Lemma 3.2 later). Therefore, conditions related to h and f of (1.5) are necessarily stronger in
this manuscript since Theorem 4.4 in [14] plays the key role to show this result.

Our model (1.5) describes the biological phenomenon of chemotaxis with anomalous diffusion
and memory effects. The rest of this paper is organized as follows. In Section 2, we recall
the definition of generalized Caputo derivative and a compactness criterion which will be used
later. The existence of weak solutions to problem (1.1) is shown in Section 3 by applying the
Fadeo-Galerkin method.

2 Preliminaries

2.1 Time-fractional setting

We first recall the generalized definition of Caputo derivative based on a convolution group and
present a compactness criterion which is useful for time fractional PDEs. As in [14], we use the

following distributions {g,} as the convolution kernels for v > —1:

leg—fy)t”/_l, v >0,
gy(t) := 9 5(p), N =0,
ﬁD(e(t)t’y)v v e (_17 O)

Here 6 is the standard Heaviside step function, I'(-) is the gamma function, and D means the
distributional derivative with respect to t.
Let us present the following notion of limit to introduce the generalized definition of Caputo

derivatives. Let B be a Banach space.

Definition 2.1 [13, Definition 2.1] For a locally integrable function u € L}, ((0,T); B), if there

loc

exists ug € B such that
1 t
lim t/ |lu(s) — uol|pds = 0,
0

t—0t
then we call ug the right limit of u at t = 0, denoted as u(0+) = ug. Similarly, we define u(T'—)
to be the constant ur € B such that

1 T
Jim 7 [ uts) = urllpds =0,

Definition 2.2 [13, Definition 2.6] Let g, (t) = g,(—t) and 0 < v < 1. Consideru € L}, .(—00, T].

Given up € R, the vy-th order generalized right Caputo derivative (up to T) of u associated with
up 1s a distribution in D'(R) with support in (—oo, T given by

ﬁ;Tu =g~ * (0(T — t)(u(t) — ur)).



If w has a left limit at t = T in the sense of Definition 2.1 and up = u(T—), we call [)Z,Tu the
right Caputo derivative (up to T).

Now fix T' > 0, we introduce the following set,
D':={v|v:CX((—00,T);R) — B is a bounded linear operator}.
In other words, D’ consists of functionals from C°((—o0,T) : R) to B.

Definition 2.3 [13, Definition 2.9] Let u € L}, ([0,T); B) and ug € B. We define the weak
Caputo derivative of u associated with initial data ug to be DJu € D', such that for any test
function ¢ € C°((—o0,T);R),

T T
(DY, ) = / (= 0)0(t) (DL pp)dt = /O (u = o) Dot (2.1)

—0o0

If u(0+) = ug in the sense of Definition 2.1 under the norm of underlying Banach space B, then

we call DYu the Caputo derivative.

For linear evolutionary equations, establishing the existence of weak solutions is relatively
easy. Indeed, one only needs the weak compactness, which is guaranteed by boundedness in
reflexive spaces. However, for time fractional PDEs, the following strong compactness criteria are
often needed [13].

Theorem 2.4 [13, Theorem 4.1] Let T > 0, v € (0,1) and p € [1,00). Let M, B, Y be Banach
spaces. M — B compactly and B < Y continuously. Suppose W C Li ((0,T); M) satisfies the

loc

following conditions:

(1) There exists a constant C1 > 0, such that for any u € W,

1 t
sup Ly([ulfy) = sup / (t — 5)" Ll (s)ds < C.
+€(0,7) e0.r) U(7) Jo

(1i) There exist v € ( o00) N [1,00) and C3 > 0 such that for any uw € W, there is an

P
1+py?
assignment of initial value ug to make the weak Caputo derivative satisfy

| D2l 0,17y < Cs.

Then W is relatively compact in LP((0,T'); B).



2.2 The fractional Laplacian operator
To deal with the fractional Laplacian nonlocal term, similar to [27], let b : H*(R™) x H*(R") — R

be a bilinear operator form given, for vy, vo € H*(R"™), by

—C(n,a)(vy,v2)

(.o / / (v1(x) — vi(y))(va(x) — U2(y))dxdy7 Vi, ve € H(R™),

|z — gyt

b(vy,vg) =
o 2 (2.2)

where C'(n, «) is the constant as in (1.3). For convenience, we associate an operator A : H*(R") —
H~*(R") with b such that

< A(Ul), V2 >(H-o(Rn),He (RM))= b(vl,vg), Youi,v9 € Ha(Rn),

where < -, - >(g-a(mn) ga(rnr)) is the duality of H~%(R") and H*(R"). It follows from [27] that
the operator A has a family of eigenfunctions {w;}32; such that {w;}32, forms an orthonormal

basis of L(R™). Moreover, if ); is the eigenvalue corresponding to wj, i.e.,
ij:)\jwj, j:1,2,-",

then \; satisfies

1
O<§C(n,a)<)\1§)\2§-~§>\j—>oo as j — oo.

2.3 Definition of weak solutions to problem (1.5)

Regarding the fractional integral, it is convenient to define || - ||z for v € (0,1) and p > 1 as

t 1/p
lullzz (0,7);00) 7= sup < / (t —s) Y ul?, (s)ds ) < oo.
te(0,7) \|Jo
It is easy to check that || - [|zz((o,r):ar) is & norm. A simple observation is the following.

Lemma 2.5 [13, Lemma 4.5] Let v € (0,1). If |22 (0,r);00) < 00, then f € LP((0,T); M).

We will use the basis {w; }?11 and the Galerkin method to prove the existence of weak solutions

o (1.5), which is understood in the following sense.

Definition 2.6 Let vy € (0,1) and o € (0,1). We say
w € L¥((0,7); LA(R™)) N L3((0, T); H(R™))

with
Dlu e L*((0,T); H-*(R™)),



is a weak solution to (1.5) with initial data ug € L*(R"), if

/ / (e,1) — o) D gt + &%) / /n/n Lﬂfifl_@(y))dmydt
- /0 [ fl)pdrds + /0 / h(t)pdadt,

for any ¢ € C(]0,T) x R™;R). We say a weak solution is a reqular weak solution if u(0+) = ug
under H=*(R™) in the sense of Definition 2.1. If u is a function defined on (0,00) such that

its restriction on any interval [0,T), T > 0, is a (regular) weak solution, we say u is a global

(2.3)

(regular) weak solution.

3 Main result

3.1 A priori estimates.

Note that if we assume that Proposition 2.18 of [13] holds for u with B = L*(R") and %||ul? is

convex functional, we have

DY3ll? < (D2 = [ fyudo+ [ huds ~ [ -a)buln @

We will do estimates for the above equality. Since h € C((0, 00); L2(R™)), by the Young inequality,

we find for every positive ¢,

[ p@ute)ds < el < 5 W@ + 5l (32)

By means of (1.6), we have

a C(n,a)
2 _ ) 2
[ 1a)8upde = S, o (33)
and
Flu)udz < / (k — aslul?) de < K|O] — asllull®, (3.4)
Rn O
respectively. Substituting (3.2)-(3.4) into (3.1), letting ¢ = C'(n, ), we obtain
DY S ull? + b, w) + (0 — C(1,0)/2) [ul® < £O] + o 1]
€2 ’ ’ - 2C(n, ) ’
which implies
Pl + O ey + (02— O, )/2) Jul? < KO + S ]
He(Rr) ’ - 2C(n, «)



Therefore, by [13, Lemma 2.3], we infer

C(n,«a t _ 2a9 — C(n, « t _
Julf? + & >A(t—®”1MM%mwM8+( 2 O ))A<r—ﬂvwmﬂm

T'(y) I'(7)
<WuW+:3/%—@%lmm+]|WPds
=TT Jo 20(n, )

277 1
_ 2 2
- HUOH + F(’Y + 1)H|O‘ + F(’y)C(n, O[) HhHL?Y(O,T;L2(R"))'

Consequently, u € L>®((0,T); L*(R™)) N L2((0,T); H*(R™)) by Lemma 2.5.
Let ¢ € L2((0,T); H*(R™)), the Young inequality and (1.8) imply that,

(D, @)as| = [(=(=2)"u+ f(u) + h(t), P)a il

< /OT(f(u), p)dt| + /OT(h(t), w)dt‘

T
/ < (=A)%u, p > dt' +
0

< C(n,a)
- 2

1 (T 9 T
+5 [ Ia@Fdt+ 5 [ llelldt
0 2 Jo

T T T
| Mo leliseeorde+ 8 [ alliehae+ [ 1)1l
(3.5)

2

Cn,a) [T 5 C(n,a) [T~ g (T

g+2 [T 1 1 (/T
+—— [ lelPdt+S1FO)IPT+5 [ |r]?dt.
2 Jo 2 2 Jo

Since u € L>®((0,T); L*(R™)) N L2((0,T); H*(R™)), it is clear that

DYu € L*((0,T); H-*(R")).

3.2 Existence of weak solutions: A Galerkin method.

With the a priori energy estimates, the existence of weak solutions can be performed by the
standard techniques, namely, the Faedo-Galerkin approximations. Note that w; (j € N) are
eigenfunctions of the operator A. Given m € N, let X,, be the space spanned by {wj,j =
1,---,m} and P, : L*(R") — X,, be the projection given by

m
Ppu = Zajwj, Vu € L*(R"). (3.6)
j=1

From [28], we infer that the operator P, can be extended to H~*(R"™) by

m

Png =Y ($wj)w;, Vo H *(R").

Jj=1



Let ug = > 52, a?w; in L?(R™), we consider the function

m
U (1) = Z Wi
j=1
such that ¢, = (¢, c2,, -+ ,c™) is continuous in time and u,, € X,, satisfies the following

equations,

(DU, wj)+ < ‘(—A)o‘um,wj >= (f(um),w;) + (h(t),w;), j=1,2,--+,m, (3.7)

U (0) = 370 e (0)w; = Y7 alw;.

Since ¢, is continuous, DJu,, is the Caputo derivative with natural initial value. Equation (3.7)

can be reduced to the following FODE system,

DIl (t) = =Xjch + (F(CTy chwg),wy) + (h(t), wy) + S5, =12, m,

ch(0) = al. (38)
Namely, (3.8) is equivalent to the following fractional ordinary differential system,
Dlel,(t) (=2 + 2520) ek 0 (F(SI, dultywy),wr) (h(t), wn)
i) | _ | (e+ ) || G ) || (kw2
DYe() (—Am +£520) et (f (s (), w) (h(t), wn)
(3.9)

with initial value ¢, (0).
Obviously, let F'(-,-) : [0,T] x R™ — R™ be the right hand side of (3.9). Then (3.9) satisfies

the following system written in abstract form,

chm(t) = F(t, Cm(t))v (3.10)

cm(0) = (at, a? ™).

’...,a

To obtain the existence and uniqueness of solutions to problem (3.10), the following lemma is
needed. In the sequel, we endow ¢, € R™ with the Euclidian norm |c,,|grm = \/Zj(czn)Q. Note
that the norm for ¢, is not important because all norms are equivalent for finite dimensional

vectors.

Lemma 3.1 Let 0 < v < 1 and ¢,(0) € R™. Consider IVP (3.10), assume there exist T > 0,
A" > 0 such that F is defined and continuous on D = [0,T] x U, where U C R™ and |cp,(t)|gm €
[lem (0)|rm — A’, |em (0)|gm + A’], such that there exists L > 0,

sup ’F(t, ’Ul)—F(t, Ug)’Rm < L"Ul —'Ug’]Rm, V|01‘Rm’ ’U2|Rm S Hcm(())]Rm —A/, |Cm<0)’]Rm —|—A/]
0<t<T



Then, the IVP (3.10) has a unique strong solution on [0,11), and T is given by

T, = min {T, sup {t >0: tVE,(Lt7) < A'}} > 0,

M
I'(1+7)
where M = supyc(o.1 [ F(t; ¢ (0))|rm and

1s the Mittag-Leffler function.

Proof. The idea follows the same lines as [13, Theorem 4.4] by replacing the norm in R by R™.
O

Lemma 3.2 Suppose f € CH(R) fulfills (1.6)-(1.7), h € C((0,00); L*(R™)) and uy € L*(R").
Then:

(i) For any m > 1, there exists a unique solution u,, of (3.7) that is continuous on [0,00),

satisfying
277 1
mll? < Jluol? + s ———||h|]? 11

fuml? < ool + 25 (O + g IHIP). (3.11)

and
¢ I'(y) 277 1

su t—s)71 um2a mds < U 2+</€O—|—h2>;
0<th/0( )7 7o ey ds < C(n’a)\l ol S o) O] Jas —2C(m. o) 17

(3.12)

(ii) For any T > 0, there exist u € L>((0,T); L*(R™))NL?

loc

([0,00); H*(R™)) and a subsequence
my, such that
U, —u in L3 .([0,00); L*(R™)).

Moreover, u has a weak Caputo derivative D{u € L? ([0,00); H~%(R™)).

loc

Proof. (i) First of all, we will state that there exists a unique strong solution to (3.7) based
on Lemma 3.1. Since f satisfies (1.8) and h € C((0,00); L2(R™)), it is easy to check there exist
T >0 and A’ > 0, such that

(-2 + S5 e, (f (S5 chay), i) (h(t),w1)
C(n,a m j
e | (P2t EP) e || G || k@) |
(=2 + €5 e (25 o), wm) (h(t). wr)

10



which is defined and continuous on [0,7] x U and |¢p|rm € [¢m(0) — A, ¢, (0) + A]. In addition,

suppose there are two solutions ¢, and d,, to system (3.7), by (1.8), we have

’F(t7 Cm) - F(t7 dm)|Rm

m

(=2 + C(n,@)/2)Plen — dulzm + (| SIS chowy) = £ dhawy), wy)[?
i=1 j=1

J=1

NE

1

<.
Il

(=2 + C(n,@)/2) ey — dualien + Blem — dunlion.

NE

<

1

<.
Il

Consequently, for all ¢ € [0, T7], there exists L = \/Z;n:l ((=\j + C(n,a)/2))* + B, such that
[F'(t, cm) = F(t, dim)|[rm < Llcm — dm|rm, Ve rm, [dinlrm € [em(0) — A’y cm(0) + A'].

Therefore, Lemma 3.1 implies the existence of a unique strong solution ¢, (t) to (3.7) on [0,7™],
where either 7™ = oo or T < oo and lim;_,pm_ |y |[gm = 0o. Furthermore, since f fulfills (1.7),
for each fixed t > 0, it follows from [1, Theorem 2.7] that

(=Aj + C(n,a)/2 + f7)?

|
NE

OF (t,cm)
ocm

R™m xR™ 1

<.
Il

(3.13)

(=X\j + C(n,a)/2 + B)%

L

<

1

<
I

Making use of the fact that f € C'(R) and h € C((0,00); L2(R")), it is easy to check F :
[0,7] x U — R fulfills a Lipschitz condition with respect to the second variable (see, (3.13)). By
[5, Theorem 6.28], we know € cl0,T)NnC[0,T) (j =1,2,--- ,m) and consequently,

um € CH((0,T™); H*(R™) N C([0,T™); H*(R")).
By [13, Proposition 2.18], we obtain

1
D7 (3llunl?) () < D).

Since um = >, ¢l (t)wj, making use of (3.7), we find

(DY, ) = — < (=) % Uy i, > +(f (um), um) + (h(t), ).

Hence,
1 C(n,«
Dz <2‘Um‘2> < <D2’um’um> < — (2 ) (”um”2'a(Rn) + HumH2> + K’|O‘
1
S —T TP
+4a2_20(n7a>|| [

11



which implies that

C(n,a) [* _ 277 1
2 ’ _ \—1 2a nds < " 2 h 2 )
ol SR [ 87t By < O+ 55 (RIO1+ 3141

Consequently, for every 0 < T' < oo, the first claim follows.
(ii) Pick up a test function v € L2((0,T); H*(R™)) with

vl 220,y e (mmyy < 1.

Denote

U = Py,

where P, is defined in (3.6). Then,
lomllz2(0,7); 50 @A) < 1-
Since vy, € span{wi, -+ , Wy, }, we have
(D), v) = (D), Vi) = — < (=A)% U, U, > +(f (Um), vm) + (h(1), V).

By similar computations as in (3.5), we find there exists a positive constant C(T') depending on
T such that,
(DY Uy, vp) < C(T).

Therefore, || Ddtm || r2¢0,r);m-a@nyy < C(T) for all m € N. Let us keep in mind that so far, we

)

have proved that

U € Li5,((0,00); LAR™),  sup Jy([[um|}jany) < C(T) and  DYu, € L2((0,T); H *(R™)).
te[0,7

Theorem 2.4 implies there is a subsequence {u,, } which converges in LP((0,T); L*(R™)) for any
p € [1,00). In particular, we choose p = 2. It follows from [13, Proposition 3.5] that u has a weak

Caputo derivative with initial value ug such that
DJu € L*((0,T); H*(R™)).

By a standard diagonal argument, u is defined on (0,00) and Du € L2 ((0,00); H~*(R™)) such
that
Umy, — U in LZQOC([()? OO); LZ(Rn))

By taking a further subsequence (relabeled the same), we can assume that u,,, also converges
a.e. to w in [0,00) x O. Then, by (3.11) it is easy to check that for any 0 < t; < t2 < 00,

. 2d 2 217 @ ! h
. < _ S ty —11).
[ nelas < (ol + 52 (HO1+ gy 1) ) (2 =)

12



Thanks to Fatou’s Lemma, we deduce that

. 2d 2 217 o ! h
< _ - to —11).
[P < (ol + 55y (01 + ) ) =)

This then implies that u € L>((0,T); L?(R")) for any T > 0.

For any T > 0, since w,, is bounded in L?((0,T); H*(R™)), it has a further subsequence that
converges weakly in L2((0,T); H*(R")). By a standard diagonal argument, there is a subsequence
that converges weakly in L2 ((0,00); H*(R™)). The limit must be u by paring with a smooth
test function. Hence, u € L} ((0,00); H*(R™)). O

Theorem 3.3 Suppose f € C'(R) fulfills (1.6)-(1.7), h € C((0,00); L2(R™)) and ug € L*(R"™).

Then there exists a global weak solution to (1.5) with initial datum ug under Definition 2.6.

Proof. It follows from Lemma 3.2 that there is a subsequence of {u,} that converges in
L?((0,T); L>(R")), and we denote the limit of this subsequence by u. Now, for any test function
p € C([0,T) x O;R), it can be extended to C2°([0,T) x R™; R) by letting ¢ = 0 in [0,7") x R™\ O.
We expand

= by, (3.14)

k=1

and define .
Om = Z b wy. (3.15)

Since ¢ is a smooth function in ¢ that vanishes at T', so is ¢, also D) om — D7T<p in
L2((0,T); H¥(R™)) as m — oo.

First of all, we fix mg > 1 and for my > mg, we have

<u7’m€ — Uop, DC T90m0>:1: t — <D Umka <,0m0 / / Umk@modfﬂdt

The first equality holds by integration by parts, while the second one holds because ¢,,, €

(3.16)

span{wi, wa, - -+ , W, }. Based on results in Lemma 3.2, we have

Um, — u strongly in L2((0,T); L*(R"));

U, (t) = u(t) strongly in L%*(R"), a.e. t € (0,T);
U, (,1) = u(z,t) strongly in a.e (z,t) € O x (0,T);
fumy,) = €& weakly in L*((0,T); L*(R™));

kAumk — Au  weakly in L2((0,7); H~*(R")).
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Proceeding as in the proof [31, Theorem 2.7], we can conclude that
f(um,) — f(u) weakly in L?((0,T); L*(R™)).

Taking k — oo in (3.16), we have

T T
/ / (u —u0) D lpomedrdt = —/ / (—A)*upy, dzdt
0o Jrr 0o Jre

" /oT/o J(u)pmoddt + /OT/O h(t)pm,dzdt.

Eventually, taking mg — oo, by the convergence ¢, — ¢ in L?((0,T); H*(R™)), we find that the

weak formulation holds. The proof of this theorem is complete. [
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