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Abstract

In this paper, we explore a new kind of Caputo-type fractional fuzzy stochas-
tic differential equations (FFSDEs) with delays. We establish the existence
result of FFSDEs with delays by the method of upper and lower solutions,
and then the uniqueness for this considered system is proved with the aid of
the method of contradiction. Subsequently, we study the U-H stability with
the help of Holder’s inequality and Gronwall-Bellman inequality. Finally, we
demonstrate the validity of the proposed conclusions through three examples

with numerical simulations.
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1. Introduction

n

d
In 1695, L’Hospital sent a letter asking Leibniz what p i
xn

meant when n = 3
mn

We know that when n is a positive integer, represents the n-th derivative

dxm
of function y. The researchers of that era basically considered the case where

n was a positive integer, so Leibniz was puzzled by this sudden question. He
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said a lot of vague things in his reply to L’Hospital, and he actually did not
answer L’Hospital’s question correctly at that time. This was the eleventh year
of calculus, and Leibniz was understandably confused, and then the concept of
fractional calculus (FC) was born. However, due to the limitations of cognition
at that time and the lack of corresponding practical applications, the devel-
opment of FC was relatively slow. Later Laplace, Abel, Liouville, Letnikov,
Pincherle, Davis and many other mathematicians made many important con-
tributions to the development of FC. As a result, the definitions of FC have
become more and more perfect, and its properties have become clearer, and
its applications have become more and more extensive. Fractional differential
equations are widely used in many fields, such as genetic law, disease control,
viscoelastic mechanics, and the number of biological populations, because it is
more suitable to describe some complex systems with memory and hereditary
properties, and readers can refer to [1, 2, 3, 4, 5, 6, 7, §].

With the progress and development, the deterministic differential equations
can no longer solve some problems in related fields. Many real phenomena in
control theory, physics, biology, and economics are characterized by uncertain-
ty. Most of these uncertainties have two cases, and one is stochastic uncertainty
caused by random disturbance, and the other is fuzzy uncertainty caused by
observation, experiment and maintenance. The method of probability theory
is used in the analysis of random uncertainty, and the fuzzy set theory is used
in the analysis of fuzzy uncertainty. In 1951, It6 combined probability theory
and ordinary differential equations and published his book: On Stochastic D-
ifferential Equations [9]. He strictly described stochastic differential equations
in mathematical language, which provided an important theoretical basis for
dealing with stochastic problems in differential equations. Later in order to
consider the advantages of fractional differential equations, researchers extend-
ed stochastic differential equations to fractional stochastic differential equations.
In 1965, Zadeh [10] proposed fuzzy set theory, which provided a theoretical ba-
sis for dealing with fuzzy uncertainty in systems, and scholars combined fuzzy

set theory and ordinary differential equations theory to consider fuzzy differ-



ential equations. In 2010, Agarwal et al. studied fractional fuzzy differential
equations (FFDESs) in [11]. Nowadays, FFSDEs have received extensive atten-
tion because they can be used in the study of many physical and engineering
problems affected by both randomness and ambiguity.

Since the existence and uniqueness of solutions to differential equations are
the premise subject of studying other properties, they have basic significance.
Therefore, the existence and uniqueness of solutions to the fuzzy stochastic d-
ifferential equations (FSDEs) is also a focus to researchers. In [12], the author
obtained the existence and uniqueness of solutions to FSDEs under bounded
conditions and Lipschitz conditions that are weaker than the linear growth con-
ditions. Kim [13] proved the existence of the one-dimensional FSDEs by Picard
iteration under the Lipschitz conditions, and proved its uniqueness by contra-
dictory method. Malinowski [14] used the same method to prove the existence
and uniqueness of FSDEs, but Malinowski explored n-dimensional FSDEs. The
papers [15, 16| also studied the existence and uniqueness to FSDEs. So far,
many papers have studied the existence and uniqueness of the solutions to FS-
DEs, but there are relatively few papers on FFSDEs. We can only find that
Priyadharsini et al. [17] proved the existence and uniqueness of the solution
to the fuzzy fractional stochastic Pantograph differential system by using the
compression mapping principle.

In 1940, Ulam [18] proposed a question about the stability of group homo-
morphism. The following year, Hyers [19] gave the first affirmative answer to
this question. Since then, the mathematical community has produced U-H sta-
bility. With the further exploration of U-H stability by scholars such as Aoki,
Rassias, Sahoo and Jung [20, 21, 22, 23, 24|, the U-H stability theory has been
gradually developed. Vu et al. made important contributions to the U-H stabil-
ity of FFDEs, and they proved the U-H stability of different types of FFDEs or
fractional fuzzy integral equations by successive approximation [25, 26, 27, 28].
Vu and Hoa studied p-Ulam-Hyers-Rassias stability and Ulam-Hyers-Rassias-
Mittag-Leffler stability of FFDEs using the fixed point theorem in [29], and

similar results can be found in reference [30, 31, 32, 33, 34, 35, 36, 37, but there



are few papers to study the U-H stability of FSDEs and FFSDEs. Therefore,
there are still many questions in this field waiting to be discovered and answered
by researchers.

Due to the relative lack of results on FFSDEs, and inspired by the above
articles, this paper will study the existence, uniqueness and U-H stability of

solutions to FFSDEs with delays:

D, y(r) = Ulr, o) u(r = )+ (Vi (), wlr = )Y, e o, 7,
y(r) =P(7), 7 €[=p, 0],

(1.1)
where C@g + denotes the Caputo fractional derivative, % < B < 1, the state
vector y € F (R) is the fuzzy stochastic process, U : [0,T] x F (R) x F (R) —
F(R),V:[0,T]xF (R)xF (R) — R are continuous functions with respect to y
that are nondecreasing, W (-) is one-dimensional Brownian motion on a complete
probability space (2, 4, P), # : [—p,0] — F (R) is a continuous fuzzy function
with #(0) = P, , and Ed2, [#y, (0)] < .

The innovations and difficulties of this paper have at least the following

aspects:

(i) Since there are few papers on FFSDEs at present for this issue, the meth-
ods for our reference are also not enough. Therefore, many problems need
to be solved by referring to the methods of integer FSDEs and FFDEs.
For example, when proving the existence of solutions to system (1.1), we
refer to the method of proving FFDEs in article [38], and use the upper

and lower solutions method to get the existence results of FFSDEs.

(ii) Although the authors also studied the existence and uniqueness of so-
lutions to FFSDEs in [17], the authors considered the granular differ-
ence, which is different to the situation that we consider the generalized
Hukuhara difference. Since the properties of generalized Hukuhara differ-
ence is not as good as that of granular difference [39], we will encounter

more difficulties in the proof process.



(ili) We study the U-H stability of FFSDEs, which firstly promotes the further
development of U-H stability in fuzzy space, and secondly fills the gap of
U-H stability theory in the field of FFSDEs.

The remainder of this article is organized as follows: we review several def-
initions and lemmas related to fuzzy sets, fractional calculus, and stochastic
differential equations and give an assumption that will be used throughout the
paper in Section 2. The existence and uniqueness of solution to FFSDEs are
investigated in Section 3. In Section 4, the U-H stability of solution to Eq. (1.1)
is presented. In Section 5, we give three examples to illustrate the validity of

the theoretical results.

2. Preliminaries

Let K (R) be the family of all nonempty, compact and convex subsets of R,
then the Hausdorff metric of V8,8 € K (R) is defined as (see [14])

Do(B,8) = inf [|b — s, sup inf ||b—s| ¢,
0o(B,S) maX{iggggsll s|| igg;ggjll SII}

where || - || is the norm in R, and (K (R), Dy) is a complete metric space.

Definition 2.1. 40/ Let F (R) denote the fuzzy sets X : R — [0,1] such that
[X]" € K (R) for every r € [0,1], and X satisfies

(1) For0<a<1landV¥m, 72 € R, X (am + (1 — a)72) > min{X (11), X (72)},

which means that X is fuzzy convex in R;

(2) There is 19 € R such that X (19) = 1, which means that X is normal;

(3) [X]° = {0 € R| X (70) > 0} is compact;
(4) X is upper semi-continuous on R.
Here [X]" is the r-level set of X and defines as

{r eR| X (19) >r}, VO<r<l1,
{0 € R| X (19) >0}, r=0.

(X" =




Let {(-) : R — F (R) denote the embedding of R into & (R), i.e. for X € R

we have

1, ifr=.X,

(X)(1) =
0, ifreR\{X}

Definition 2.2. 40] The summation and scalar multiplication in F (R) are

defined as

(X1 + 2] =[] +[X) ={n+n|ne[Xi]", me[Xs]};
-] = k) = {kr | 7€ [X]}, vrelo, 1], keR,

where [ X" = [X(r), X (r)] (Vr € [0, 1]) is a bounded, closed interval and the
diameter of [X]" is defined by d ([X]") = X (r) — X (r).

Definition 2.3. 41/ Let Xy, Xy € F (R). If there exists a X3 € F (R) such
that X0y = Xy + X3, then X3 is the Hukuhara difference of Xy, Xa, and we
deﬁne Il S Ig = xg.

Definition 2.4. /1] The generalized Hukuhara difference between Xy € F (R)
and Xo € F (R) is given as:

(i) Xy =Xo+ X3, d([X1]") >d([Xs]"),

X1 Ogp o= X3 &
{ (i) Xz = X1+ (=1)X5, d([X1]") <d([Xo]").

Definition 2.5. [41] If for every r € [0, 1], the real function d([G(-)]") is
nondecreasing (nonincreasing) on [a, b], then the fuzzy function G : [a, b] —
F(R) is called d-increasing (d-decreasing) on [a, b]. If G is d-increasing or

d-decreasing on |a, b], then we say that § is d-monotone on [a, b].

Definition 2.6. 14/ For X1, X2 € & (R), we denote

deo [Ilv‘xQ]: sup DO([xlrv [IQ]T)v
0<r<1

where ds, is a metric in F (R). It is known that F (R) is a complete metric
space with respect to do. For #y, Fo, Hs3, FHy € F(R), | € R, the following

properties are hold:

(1) doo(gfl + #s, Ho + gfg) = doo(<7€1,<7€2);



(2) doo(Hy + FHa, Hs + Hs) < doo(FH1, H3) + doo (Ha, #Hy);
(3) doo(1#1,1F) = |l|doo (#1, #2);

(4) doo(H1 © 3o, (0)) = doo(H1, H2);

(5) doo(FH1 © FHa, H1 © H3) = doo(FHa, Hs);

(6) doo(Fy © Ho, 3 © Hy) < doo (F1, H3) + doo (Fo, ).

Definition 2.7. 41/ The Riemann-Liouville fractional integral of order B €
(0, 1] of the fuzzy function § € L([0, b], F (R)) is defined by

%5.96) = 5 [ 6= 0P g, s >0
0

INC)
Definition 2.8. 42/ Let O, Q € F (R). We say that © < Q( = Q) if and
only if O(r) > Q(r) and O(r) < Q(r) (O(r) < Q(r) and O(r) (r)), that is,

(O] C [QI"([0]" 2 [Q]), vre[0,1].

Definition 2.9. /1] The Caputo type fractional derivative of order 8 € (0, 1]
of a d-monotone fuzzy function § € AC([0, T], F (R)) is defined by
1 s d
Cp B -B
—_— —t —(J(t)dt

D0.96) = e [ (=07 IO
where AC([0, T], F (R)) represents the set of all absolute continuous fuzzy
functions from [0, T] to F (R).

Lemma 2.1. [38] Let W, R € AC([0, T], F(R)). If there exists a s1 €
(0, T] such that W (s1) = R (s1) and W(s) X R(s) on [0, T], then we have
CDE W (s1) = CDE, R (s1).

Definition 2.10. /1] A d-monotone fuzzy function y € AC ([0, T], F (R)) is
a solution of the Eq. (1.1) if and only if y € AC ([0, T], F (R)) satisfies the
following fractional interval integral equation

1

) Syt o =55 /T<T P U,y (), y (0 — p))dn

(2.1)
+<r (r =)’ V(.5 (), 1/(77—p))dW(n)>,



and the fuzzy function T — %&W(T) is d-increasing on [0,T], where W(1) =
dWw(r
U(r, y(r), y(r—p) + <V(T, y(r), y(r — p))dT()>-

Remark 2.1. If y € AC ([0,T],F (R)) such that d([y(7)]") > d([%]"), then

(2.1) can be rewritten as

y(r) =% + (F(lﬁ) /OT(T =) U, y(m),y(n — p))dn

+ <r(15) /OT(T =)W,y (), y(n — p))dW(n)>) :
If y € AC([0,T],F (R)) such that d([y(7)]") < d([Po]"), then (2.1) can be

(2.2)

rewritten as

y(r) =90 6 (~1) (F(lﬁ) / (e — )P U, (). yn — p))e

g | =07 ot - avim))). Y

Here we can represent (2.2) and (2.3) as
1 T
y(1) =P90 <F(B) /O (=)~ U, y(n),y(n — p))dn

+ <F(16) /OT(T =)’ (0, y(n), y(n — p))dW(")>> ’

where © := {+,5(-1)}.

Definition 2.11. 35/ A d-monotone fuzzy function y* € AC([—p,T],F (R))
is said to be a lower solution for (1.1) if

dW (1)

{C@@y%)sum P =)+ (90 P - )T, e T,

y)\(T) < @(7—)7 T E [_pv 0]
(2.4)

A d-monotone upper solution y* € AC([—p,T],F (R)) for (1.1) is defined anal-
ogously by reversing the inequalities in (2.4).
Lemma 2.2. /3] For T > 0, 28 > 1, y(-) is a stochastic process satisfying
T
/ d%.[y(n), (0)]dt < co. Then we can obtain
0

s 88, [( [t umaw ), 0] < m | "), Ol

0<7<T



Assumption 1. For y, 7,x,7 € ¥ (R), n € [—p, T], and suppose that there

exist some constants N1, No and N3 such that
(a1) d5 [P(n), (0)] < Ni;
(a2) d3.[U(n,0,0),(0)] vV d2,[V(n,0,0),(0)] < No;

(az) d2,[U(n,y(n),5(n)), Uln,x(n), T(n)]Vd2[V(n,y(n), 5(n)), V(n,x(n), Z(n))] <
Ns (d2,[y(n), x(n)] + d2,[7(n), 2(n)]) ,

where V is defined as: K7 V Ky = max {K7, Ka}.

3. Existence and uniqueness

For convenience, we use the notation y(7) B 5(7) instead of P(y(r) =

5(7)) = 1, where 7 € [—p,T], y and 3 are the stochastic processes. For any

i,y € F(R),i=1,2,...,p, the following inequality is true

P
A (v + 2+ + X, yr+y2+ -+ up) szdgo (i, i) - (3.1)
i=1

?(8)(26 —1
Theorem 3.1. If Assumption 1 and T?’ N3 < %
there exists a unique d-monotone solution y € [y*, y*] for Eq. (1.1) in AC ([—p, T], F (R)).

are true, then

Proof. Step 1. We consider the sequence of continuous fuzzy functions {y,,n =0,1,2,...}

given by :

yo(T) Py, TE [O,T],
yo(T) = P(7), 7 € [=p,0],

and for n € NT

Yn(T) =P (F(lﬂ) /OT(T — ) U (0, Y1 (1), yr—1(n — p)) dn
1 T
(

0P (0, s () s (1 — p))dW(n>>) rel0.1)

(3.2)



where the fuzzy function

T = %nganl(T) = %ng U(T, Z/nfl('r)v ynfl(T - P)) + <V(7—v ynfl(T)a 'Z/nfl('r - p))dvc[;{T) >:|

is d-increasing on [0, T7.

By Eq. (3.2), Lemma 2.2, Assumption 1, Holder’s inequality and inequality
(3.1), we have

Ed3, [yn(7), {0)]

<3E2, [P0, (0)] + B2, [F(lﬁ) / (= P (0, s () gt (1 — ) i, <0>]

38 (s [ =070 s as = ) W) ) (0]

<3N, + r%m /OT(T — )P 2dnE ) a2 [U (0, yn—1(0), yn—1(n — p)) , (0)] dn

3 2 T —1
*25) OglnglEdoo [</0 (T =)0 (0, yn-1(n), yn—1(n — p)) dW(n)> , <0>}
28—1 T
SN+ Frgr i E [, e 0t ()1 =) U0.0.0)] d
67201 T 2
= (0.0, )]+ 90,0, (0))dn

6T2,8—1 T
+ WE/O dgo [V (777 yn71(77)a ynfl(n - P)) ) V(ﬁa 0, 0)] dn

12728 N, N 127281 N,
(B)(28-1)  I?*(B)(26-1

T
<+ KR [ (2dio o), O+ swp [P0 ), <0>}>dn

T
<3N + 3 )IE/O (2 [yn—1(n); (O)] + d2 [yn—1(n— p), (0)])dn

T
§K1+K2N1T+2K2/ EdZ, [yn-1(n), (0)]
0

L4 L / E&, [yn_1(n), (O)],

12728 N, 12728-1 Ny

where K1 = 3Ny + W» Ky = W

and Lg = 2K2

, L1 = Ky + KoNiT

For any integer j > 1, we have

10



T
max Ed2 [y,(7), (0)] < Ly + Lo max Ed2 [y,_1(n), (0)]dn.

1<n<j 0 1<n<j

We should notice that

max Ed [Yn—1(n), (0)]

1<n<yj

=max {Ed%, [yo(n), (0)], BdZ [y1(n), (0)],--- ,BdZ [y;-1(n), (0)]}
<max {Nla Edgo [?/1 (77), <0>] PR aEdgo [?/1—1(77)7 <0>] 7]Edgo [?/j(ﬂ)a <O>]}
<Nj + Inax Ed [yn(n), (0)].

Hence

max Ed> [y,(7), (0)]

1<n<j
T
<Ih +L2/ <N1—|— max Ed? [y.(n), (0)]) dn
0 1<n<j
T
<Ly + LoN1T + Lo 1maxj EdZ, [yn(n), (0)]dn.
0 <n<

In terms of Gronwall-Bellman inequality,

1<n<

T
max Ed?, [yn(7), (0)] < (L1 + LoaN\T) exp </ LQdT})
0
= (L1 + LyN T) el2T.
Since the integer j > 1 is arbitrary, we can obtain

E sup dgo [yn(7),{0)] < (L1 + LoN:T) el=T.
0<r<T

Next, for n = 1, based on inequality (3.1), Assumption 1, Hélder’s inequality

and Lemma 2.2, we infer that

Ed2, [y1(7), yo(7)]

—Ed?, [%6 ﬁ /OT(T — )P U(,y1(n), 1 (n = p)) dn

+ <1“(1) /OT(T = )P (0,51 (n), 11(n — p)) dW(n)>) : @o]
=Ed2, [F(l) /OT(T — )’ U (1, 51(8),51(n — p)) dn

11



(i [ =0 - a0

S%Edi [/OT(T =) 7 U (,51(n), 91 (0 — p)) i, <0>}

g s &[0 mantne-marm), o

28—1 T
<rrar i e Ot = ), O]y
281 T
+ B [ Gn(oann = ). O]
28—1 T
sz(g(gﬁ_DE/O 2, (U (n, 50 (n), 51 (n — p)), U(n,0,0)] d
4T2,8—1 T ) )
+W]E/o (d2.[U(n,0,0), (0)] +d5.[V(n,0,0), (0)]) dn
213 T
+ ng)éﬁ_ll)E/o A2, [V (n,51(n), 51 (n — p)), ¥ (n,0,0)] dn
sTON, STy

ST Tt (@ ). O+ Bl p). (O] dr
8728 (Ny + N1 N3) N 16T2P~1 Ny
- B8 -1) I2(8)(26 -1
8728 (Ny 4+ N1 N3) N 16T%P Ny
- EE)es-1) IFP)Es-1)

=: M,

T
] /O Ed2, [y1(n), (0)]dn

(L1 + LQNlT) €L2T

then we have

E sup d2 [y1(7), yo(T)] < M.
0<r<T

Assume for some n,

8T26-1N, \"'
(FQ(B)(%—U) M

For n+ 1, by using inequality (3.1), Assumption 1 (a3), Holder’s inequality and

E sup dgo [yn(T)aynfl(T)} S
0<r<T

Lemma 2.2 to yield

Edgo [Yn+1(7); yn(T)]

<9E, (F(lﬁ) / "= )P U 0 g (), (0 — ) U (s () g (7 — )] dn)

1 2R, <F(15) / " )PV (g (1), 01— 9)) oV (0t (0)s s (1 — )] dW(n>>

12



<gagg; | =0 [ (0= ) U a0 = )l

+ FQ?ﬂ)EOEBETd </OT(T =) Y 0,0 (0) sy (1 = ) .V (0, Y01 (0); Yn—1(n — p))] dW(n)>

261 T
<tapyar e e Um0 = 9) U s () s (0= )]

28—1
+r T%_l /d (1, Yn () yn(m = p)) , V(1) Yn—1(0), yn—1(n — p))] dn

_ 4T25 IN;
rp)6-1)

AT?IN; (T > .
<taar [ (2 b ] s = s o))

E/O (&2 [ (), yn—1 ()] + &2 [yn (1 = p)s yn—1(n — p)]) dn

AT?P-1N; (T

ZWQB_&D/O E <2d [yn(n), yn1(77)]+022pd§o[@(n—p),@(n—p)}> dn
8T?°~1N. r

~EE T B ). ()

So we get

B 500, el (0] < s [T s ol s )]
su Yni1 (7)) yn(7)] € =5 ——~ sup  [¥n(n), Yn—
OSTET oo [Yn+1 Y T2(8)(26 — 1) J, OS”IET Yn\N); Yn—1N)] QN

(Fim )

() ™

Indeed, by using the Chebyshev’s inequality and the above inequality to yield

1
P (s, (a0 > ) SE swp e ln(r) (7]

0<r<T 0<r<T

3r2-1N; \"1
—<F2<6><261)> e

B 32726 N, \"'
_4M(F2(ﬁ)(2ﬁ—1)> |

oo

32725 N, \"'
Since the seriesz <2> < 00, by the Borel-Cantelli lemma, we
—\I2(B)(28 - 1)

can get

1
P ( sup d% [Yn(T), yn_1(1)] > - infinitely often ) =0.
0<7<T 2

13



Hence similarly as in [14], we obtain that there exists a continuous fuzzy s-
tochastic process y such that lim deo [yn(7), y(7)] 2o re [0,7]. And then
n—oo
we can verify that lim Ed2, [y (1), y(r)] = 0,7 € 0,7
Then, for 7 € [0,T] we prove that y satisfies system (1.1). By the same

technique as Ed2, [yn+1(7), yn(7)], it is immediate to obtain

i [ 0= 070 G- awon ) )|
=EdZ, {F(B) /OT(T =) U, yn1(0), yn—1(n = p)) dn

n <F(1) / (= )5 (0 gt () gr (0 — ) dW(n>> ,

1“(1ﬂ)/07(7 m)" U (n,y(n), (0 — p)) dn
! ﬁ/o( _")B_lv(W»y(n)»y(n—p))dW(n)H
<ORd2 {(15) i (7 = 02U (0, g (1), g1 (1 — ) i,
1 T

— /0 (r =) U, y(n),y(n — p)) dn]
L OR®, [ <F<15) / (7 = )P (s gt (1), G (0 — ) dW(n>> ,

<p(1ﬂ) /O (T =)0 (n,y(n), y(n — p)) dW(n)H

8T?P-IN; [T,
<r2(5)(25_1)/0 EdZ, [yn-1(n),y(n)]dn — 0, asn — oco.

And since

EdZ, [y(n), ) <F(1/6’) /OT(T — )P U, y(m), y(n— p))dn

+ <1“(15) /OT(T — )" (n,y(n), y(n — p)) dW(”)>) ]

<2EdZ, [y(n), yn(n)] + 2EdZ, [%9 (F(lﬂ) /OT(T =) U, y(n), y(n— p))dn

14



+ <1“(1) OT(T — )P0 (n,y(n), y(n — p)) dW(n)>) ,
P00 (F(l) /0 (7 =m) U (1, yn-1(n), yn—-1(n — p)) dn

+ <F(1/8) /OT(T = 1)° 7 (0, Y1 (1), yn1.(n = p)) dW(n)>) ] 50, asn— oo,

we get
Ed2, {y(n), C) <F(1l3) /OT(T — )P U (n,y(n),y(n - p)) dn

n <F(1ﬁ) /OT(T =)0 (n,y(n), y(n = p)) dW(n)>) ]

which means that

0,

Ed [y(n% P, (F(lﬁ) /OT(T =) U, y(n), y(n - p))dn

=

+<F(15)/OT(T—77)5‘1‘/(77711(77)4/(77—,0))dW(n)>>} 2o, nelo, 1,

where the fuzzy function 7 — %g W () is d-increasing.
Step 2. We prove that y € [y, y*]. For Ve > 0, we consider
ye (1) = y* (1) +elp + 1),
and
A _ A
yo (1) +elp+7) =7 (7).

Then, we have

y2(r) =y (1), 7 € [=p,T],

and

Z/?(T) < y)\(T)»T € [_pv T]'

Thus, we can get

and



where y*(7), y*(7) are the lower and upper solutions of the Eq. (1.1).

Hence, we derive that

Y2 (1) 2yMT) 2 y(r) 2P (r) 2 yE(r), T € [—p, 0]
and
y2(0) 2 »(0) = y2(0),

where y(7) is a solution of the Eq. (1.1).

Next, we need to prove that

y2 (1) <y(r) < y2(r), 7€ [0,T].
If the above assertion does not hold, then there exists 7, € (0,7) such that

y(m) =y (), v2(r) <y(r) <y2(r), T €0, TN{n}.  (33)

Therefore, based on Lemma 2.2, we infer that C@§+g/ (11) = CCD(’?+ y¥ (11) , which

yields
dWw (r

COu? () = Ulrs, w2 (1), 42 (= ) + V(s 0 (), 0 — ) )

= C@§+y (1)

=U(t1, y(r), y(r —p)) +V(r, y (1), y(m — P))dVZT(Zj),

Moreover, from y(7) <X y¥(7), 7 € [-p,0] and (3.3), we can conclude that

y(ri+mn) <y (m+n), n€[-p,0].

Given the nondecreasing property of the functions U (7, y (1), y(t—p)), V(1, y (1), y(7—
p)) in y, it is easy to get

dW (T
Ulrs, o2 (1), 02 = p) + V(0 () = p)

= U(r, y (1), y(r—p) +V(m, y(m1), y(r — p))dW(Tl)

dTl ’

which is a contradiction, and then we know that y(7) < y¥(7), 7 € [0,7].
Similarly, it can be proved that y2(7) < y(7), 7 € [0,T]. Then y2 (1) < y(7) <
y©(1), T €[0,7T] holds. Let ¢ — 0, we deduce that y2(7) < y(7) < y“(7)

16



Step 3. We shall show the uniqueness of the solution. Suppose y and g
are two different solutions of (1.1). For all 7 € [—p,0], g(7) = P(7). For all

e

7 € [0,T], by the same technique as Step 2, we have

B (7). (7))
28-1 T

<taipar =it [ e [y pr = o) U ).~ )] d
2T2B—1 E Td2 o o 3 ) ;

= Bl v o= p)) V. )0 = o) | d

268-1 T
5%&3/0 (@3 () yn—1 ()] + 3 [y(n = p).5(n — p)]) dn

AT?P-IN; (T ) N ) )
SW /0 E <2doo [y(n), 7 (n)] + Ozt;gpdoo ly(n—p),g(n— p)}> dn
8T2ﬁ_1N3

T
DGR /0 Ed2, [y(n), 5(n)] dn,

which, with the aid of Gronwall-Bellman inequality, yields

Iz
o

Ed2, [y(7), ()]

Therefore, the solution of (1.1) is unique. The proof is complete.

4. Ulam-Hyers stability results

Let € > 0, we consider:

a2, | DR (7)., Utr. A(r), K(r )+ (Vi ) il = ) P ) [ < r e o, 7

h(T)=P(1), T € [-p, 0].
(4.1)

Definition 4.1. (/28]) If there is a real number 6 > 0 , such that for Ve > 0 and
for each solution h € AC ([—p, T], F (R)) of the (4.1), there exists a solution
y € AC ([-p, T], F(R)) of Eq. (1.1) with

Ed3 [y(7), h(7)] < &6,

then the solution to Fq. (1.1) is U-H stable.

17



Remark 4.1. An d-monotone function h € AC ([—p, T], F (R)) is a solution
of (4.1) if and only if there is g € AC ([—p, T], F (R)) such that

(1) Ed3lg(7), 0] <&

C@g+/i(7) =U(r, A(T), R(T —p)) + <U(7’, A(T), A(T — p))dVZT(T)> +g(1), T €0, T],

A(T) = P(7), T € [—p, O]

(2)

Theorem 4.1. Under the Assumption 1(as), the solution to Fq. (1.1) is U-H
stable.

Proof. Taking remark 4.1, Definition 2.10 and remark 2.1 into account, we can

derive
A(r) =200 (F(lﬂ) / "= )P UG () Ry — )

1 T —1
+ Tﬂ)/o (r—=n)"tg(n)dn

(i | =0 a0 - v )).

and 7 — \SO+W( 7) is d-increasing on [0, T], where (0(7) = U(r, A(7), A(T —

p) + (V{7 £(7), A(r = p) P47} + g(r) and © = {+,6(~1)}.
Then, employing inequality (3.1), Assumption 1, Hélder’s inequality and

Lemma 2.2, we attain

Ed2.[y(r), ()]
R, [(1) (r = )",y ), 50— )i
g [ =0 st - paw ).
ﬁ/ )? = U, K (n), h(n — p))d
ety -
+ﬁ/o (r =)=V, k(n), k(n — p))dn]

<o B | [ = 0 )R ), Ul ) B~ )l

18



3 [/ B
T (g B UO (r=m)" g (), <0>]dn}
rzzzﬂ)]E(F </ (r =)’ YV, y(m), y(n— p)), V(n, k(n), hln — p))]dW(n)>

1“2?25)/0 - 2Gl"E/ A2 [U(n,y(n,y(n = p)), Un, k(n), k(n — p))ldn
3 _ 2B8—2 2
N A Y W ORT)
+r2?ﬁ)Eogngd2 </0 (r =) W y(m), y(n = p)), Vn, k(n), A(n — p))]dW(n)>
28—1
SV 3T25_1 /d =), U(n, f(n), h(n — p))ldn
+ﬂ
2(3)(25 - 1)°
28—1 T
+ g | B0 = ). VR~ )
S\ T )
Tt i)+l ). A= p)) dn

3728
T EEeE-1)°

6T26-1N; [T , ,
SWM/{) E (Qdoo[y(n)aﬁ(n)] + sup di[y(n —p).h(n— p)]) dn

0<n<p
3728
TR
28—1 T
2%/0 E <2d§o[y(n)7ﬁ(n)] + Oig]gpdio[@(n —p), P(n— p)]) dn
3728
TEEEE-
12720-1Ny (T 37728
~FEr e ), Bl Aldn+ g e

In terms of Gronwall-Bellman inequality, we get
372P¢ T 121201 N,
Ed?, A < ———————exp / —————dn
WL AELS gy e5 1) < P2 )

TT2B)28-1)  PA\T2(B)(28-1)
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Let 6 = L ex ( 127%% Ny
TTEEE-1) CP\TR(B)(26-1)

Ed? [y(7), i(T)] < €6.

> , we have

Therefore, this Theorem is proved.

5. Examples
We present three examples to support the U-H stability theory, in the section.

Example 1 Consider the following FFSDEs on [0, 8]:

CD3 y(7) =y (1) + =y (r — 1) + (—4, 0, 4)
0+ 50 15( ) 9
: 2
N sin(r + 72) dW (1) ref,g], (5.1)
w3 dr
y(r)=(-7*—-20, 0, 27 — 72 4+ 20) ,7 € [-1,0],
where 1 1
1) = — —y(r—1)+ (=4, 0, 4
U, y(r),y(1 = 1)) = g59(7) + pu(r = 1) + (=4, 0, 4),
sin(1 + 72
V(. y(r).ylr — 1)) = 2T

400

200

-200

—400

Figure 1: The U-H stability of the solution to Eq. (5.1) with € = 0.3.
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Figure 2: The d-monotone of the fuzzy function determined by Eq. (5.1).

From Figure 1, we can see that the solution y of Eq. (5.1) is d-increasing
and from Figure 2 we know that the fuzzy function © is d-increasing, where
the fuzzy function 7 — O(71) = C\‘yg+W(T), and W(r) = U(r, y(7), y(r—1)) +
0, y(e), o -1,

Also, it is easy to verify that for y, A € F (R)

Uy (), y(7 — 1), UT A7), Al 1)) < 1o (@ ly() A + dly(r — 1,7~ 1))
07, y(7),y(r = 1),V A, A — )] < 0 (el (r), A7) + ely(r — 1), A~ 1)),
then

Uy (7). y(7 — 1), Ulr, A7), il ~ )]V [V (7, () p(r — 1)), Vi, A7), Al 1)
<oy (@ ly(r) 4]+ dly(r — 1,57~ 1)
Therefore, the condition of Theorem 4.1 holds, system (5.1) is U-H stable. And
Figure 1 also shows that system (5.1) is U-H stable.

Example 2 Consider the following FFSDEs:

C0f(r) =52 sin(u(r) + e = 1) + o) + (-0 (~5m0.57)

351 11
(— ) . dW (1)

+< S sin@n) =) T e [0.8],

( ¥ 100, 2r% 430, 373 +100) e [-1, 0],
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where

).t - 1) = S sintotr) +atr = 1)+ o) + (1) (503
V(e — 1)) = S sin(ar)

100

-100

o
N
e
=)}
=]

Figure 3: The U-H stability of the solution to Eq. (5.2) with ¢ = 0.5.

150

Figure 4: The d-monotone of the fuzzy function determined by Eq. (5.2).

It is easy to see from Figure 3 that the solution of system (5.2) is d-decreasing,.
And it is not difficult to find from Figure 4 that the fuzzy function © is d-
increasing, where O(7) = C\ngW(T), and W(r) = U(r, y(r), y(r — 1)) +

(9. w0, atr -,




For y, A € F (R), we can easily verify that

dio[u(Tay(T)vy(T - 1))3 U(T,ﬁ(T),ﬁ(T - 1))] N dio [V(Tay(T)ay(T - 1))7 V(T, ﬁ'(T)aﬁ(T - 1))]

Sﬁ (&2 [y(1), A(T)] + d2 [y (T — 1), A(T — 1)]) .

Hence, from Theorem 4.1, Eq. (5.2) is U-H stable on [0, 8]. It is not difficult to
see from Figure 3 that Eq. (5.2) is U-H stable.

Example 3 Consider the following FFSDEs:

o) =Cutr) + Sutr -1 + (14,09

+ <(_1) sin(37) dVZ(T)> T el0,8], (5.3)

i T

y(r) =(-7*-20, 0, 7> +20), 7€ [-1,0]
where

Uyt - 1) = Sy + Eyr -0+ (-1(-4,0,9),

V(ry(r),y(r=1)) = (;i) sin(37).

40
20
0
-20
-40
0 2 a4 6 8
T

Figure 5: The U-H stability of the solution to Eq. (5.3) with € = 0.3.
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200

-100

-200

Figure 6: The d-monotone of the fuzzy function determined by Eq. (5.3).

Figure 5 shows that the solution of Eq. (5.3) is d-monotone, and Fig-
ure 6 implies that © is d-increasing, where O(7) = %ngW(T), and W(r) =

e, ), (=1 + (965, y(e), wtr - )T

Obviously, for y, i € F (R) we can verify that

3 (U, y(7), y(T = 1)), U(T, A7), A(T = )] V d2 [V(T,9(7), y(7 = 1)), (7, A7), (T = 1))]

Sgi(ﬂ (A2l (r), A (7)) + d2[y(r = 1), (T = 1)]) ,

which means that Eq. (5.3) satisfies the conditions of Theorem 4.1, so Eq. (5.3)
is U-H stable on [0, 8]. Similarly, we can also know from Figure 5 that Eq. (5.3)
is U-H stable on [0, 8].

6. Conclusion

This article dealt with a FFSDEs with delays in the sense of generalized
Hukuhara differentiability. And the existence of the solutions to FFSDEs was
proved by the upper and lower solution method, and then its uniqueness was
proved by means of contradictory method. Next, we explored the U-H stability
of FFSDEs with the help of Holder’s inequality and Grénwall-Bellman inequal-
ity. Finally, we demonstrate the validity of the proposed theory through three

examples with numerical simulations.
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