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ABSTRACT. The limiting stability of invariant probability measures of time homogeneous transition
semigroups for autonomous stochastic systems has been extensively discussed in the literature. In this
paper we initially initiate a program to study the asymptotic stability of evolution systems of probability
measures of time inhomogeneous transition operators for nonautonomous stochastic systems. Two
general theoretical results on this topic are established in a Polish space by establishing some sufficient
conditions which can be verified in applications. Our abstract results are applied to a stochastic lattice
reaction-diffusion equation driven by a time-dependent nonlinear noise. A time-average argument and
an extended Krylov-Bogolyubov method due to Da Prato and Réckner [II] are employed to prove the
existence of evolution systems of probability measures. A mild condition on the time-dependent diffusion
function is used to prove that the limit of every evolution system of probability measures must be an
evolution system of probability measures of the limiting equation. The theoretical results are expected
to be applied to various stochastic lattice systems/ODEs/PDEs in the future.

1. INTRODUCTION

1.1. Statement of problems. A basic approach to look at the asymptotic stability of stochastic
systems with noise perturbations is to consider the limiting stability of their invariant probability
measures with respect to the noise intensity. Recently, this kind of the limiting stability of invariant
probability measures of time homogeneous transition semigroups was discussed in the literature for
autonomous stochastic lattice systems/ODEs/PDEs, see e.g., [5, 6, [7, 14, 15]. As far as the authors
can find, currently, there are no results reported in the literature on the limiting stability of an
evolution system of probability measures (an extension of invariant measures from autonomous to
nonautonomous developed by Da Prato and Réckner [10] [11]) of time inhomogeneous transition

operators for nonautonomous stochastic systems.

1.2. General framework and theoretical results. The goal of the present work is to initiate
a program of studying limiting stability of evolution systems of probability measures of time in-
homogeneous transition operators. We will establish a general setting on the limiting stability of
evolution system of probability measures for an abstract time inhomogeneous transition operator
on a Polish space. More specifically, we will show, under certain conditions, that the limit of ev-
ery evolution system of probability measures (if exists) must be an evolution system of probability

measures of the limiting transition operator.
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Let (X,] - |lx) be a Polish space, P(X) be the set of all probability measures on X, #(X) be the
Borel o-algebra on X, and By(X) (Cy(X)) the space of all bounded Borel (continuous) functions on
X. Assume {X(t,7,2),t > 7 € R} on X is a unique noise driven stochastic process with initial
value z € X and the noise intensity € € (0, ¢) for any ¢ > 0. For ¢ € By(X), A € #(X) and n € P(X),
we define a transition operator (Pf,;)i>r by (P5,p)(x) = E[p(X(t,7,2))], a transition probability
function Pet(a: A) = ]P’{w € Q: X(t,7,2) € A} and the adjoint operator (Q5;)i>r of (Pf;)i>r by

can(A) = [y Ps n(dz). As in Da Prato and Rockner [10] [I1], we say {nf }ter C P(X) is an
evolutwn system of probabzlzty measures of (Py;)i>r if Q7 mr = for allt > 1 € R.

For some technical reasons, the following assumption is needed when we discuss the limiting
stability of evolution systems of probability measures of time inhomogeneous transition operators.

CIP(Convergence in Probability). For each compact set K C X, 7 € R, t > 7, ¢y € (0,¢]
and d > 0,

lim sup P({w € Q: [| X(¢t,7,2) — XO(t,7,2)||x = }) = 0. (1.1)

E—€Q zeK

Theorem 1.1. (Theoretical result I) Assume CIP holds and (P;);>r is Feller. Let {n;°}ier
be a family of probability measures on X for g € [0,€], and {n;" }ier be an evolution system of
probability measures of (Pr})i=r on X with €, — €. If n" — 1% weakly for each t € R, then

{n:° }ter must be an evolution system of probability measures of (Pr%)i=r

Remark 1.2. (i) We only require (P5,)i>r is Feller at € = €y. (ii) The convergence in probability
in (L.1) is not necessary to be uniform for t. But for most stochastic systems, (1.1|) can be proved

uniformly for t: lime_,¢, SUp, ek P({w € 1 Supyeir r47] IXE(t, 7, 3) — XO(t,7,2)||x = 5}) —0.
In applications, €, in Theorem may depend on ¢, we also provide the following results.

Theorem 1.3. (Theoretical result IT) Assume CIP holds and (Pf)i>, is Feller. Let {n;°}ier
be a family of probability measures on X for ey € [0,€], and {n;" }icr be an evolution system of
probability measures of (Pr )t>T on X with €, — €g. For each t € R, if there exists a subsequence

{en, ()12, of {en}2, such that ntn"()
of probability measures of (Pr})t=r-

— ;" weakly, then {n;°}ier must be an evolution system

Theorems [I.1] and [I.3] can be viewed as extension versions of limiting stability of invariant mea-
sures of time homogeneous transition operators from the autonomous framework to the nonau-

tonomous setting.

1.3. Application of theoretical results. Our abstract results in Theorems [I.1] and [I.3] are ex-
pected to be applied to various stochastic ODEs/PDEs/lattice systems with noise perturbations. In
particular, we apply these abstract results to a stochastic lattice reaction-diffusion equation driven

by a nonlinear noise on Z for t > 7 with 7 € R:

dug () + Mg (t)dt — v (uf(t) — 2u5_y (£) + gy, (0) db+ [uf (D)2 [uf (8)]dE = eo(t, uf (1)) dW (1), (1.2)
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with initial condition u$(7) = wo;, where \,v > 0, p > 2, € > 0, W is a two-sided, real-valued
Wiener process on (€, F,{F; }ier,P) the complete filtered probability space, and the nonlinear
function o(t,-) : R — R is locally Lipschitz such that |o(¢, s)| < d|s| 4+ g(¢) for a constant § > 0 and
a time-dependent deterministic function g satisfying certain conditions. We say the noise in
is a time-dependent nonlinear noise just because the diffusion function o depends on time ¢, and is
nonlinear in the unknown function wg.

Note that lattice systems can be regarded as space discretization versions of PDEs that have many
applications in the real world such as electric circuits, pattern formation, propagation of nerve pulse,
chemical reaction and others. The existence and limiting stability of invariant probability measures
for autonomous stochastic lattice systems has been considered recently in [5, [0, 14, 15, [16]. The
reader is referred to [11 2, [ 4], 12, 13| 18, 19] for other mathematical topics such as random attractors
for stochastic lattice systems. In this paper we study existence and limiting stability of evolution
systems of probability measures for the nonautonomous stochastic lattice system . To our
knowledge, it seems that this is the first time to study evolution systems of probability measures

for stochastic lattice systems.

Theorem 1.4. (Existence of evolution systems of probability measures) If f?oo e g(r)||2dr <
oo, then the transition operator (Pﬁjt)@r for (1.2) has an evolution system of probability measures

{us}ier on 2 for any e € [()7 T\g]

Let & = {p§ : {i§}tcr is an evolution system of probability measures of ( )7 for (1.2 (L.2)} for
teRand e € [O, ‘g] Then we discuss the tightness of U6e [ 0 ﬁ] &f and limiting stablhty of any
25

sequences of &f.

Theorem 1.5. (Application of theoretical results) If fioo eM|g(r)||2dr < oo for each t € R,
then we have the following two results.
(i) The union Uee [0.2] Ef is tight on (2 for each t € R.
73

(it)For each t € R, if pi" € & with e, — € € |0, %], then there exists p;° € &° and a
subsequence {en, (t)}72, of {en}s>, such that pg™ — p;® weakly for each t € R.
2. PrOOF OF THEOREMS [[.1] AND [[3]
Proof. We only prove Theorem [1.3] Given 7 € R, s > 7 and ¢ € Cy(X), it is sufficient to show
[ el @e)an) = [ (P o) = [ ptan o) (2.)

The first equality is obvious. By the condition for ¢t = s, there exists a subsequence {e,, (s)}72 of

{en}22 such that ns" me(e) ns® weakly. Then, for every v > 0, there exists N1 € N such that

/ go(:v)n;"’“(s)(da:) - / e(x)nP(dx) <~ for all k > Nj. (2.2)
X X

Since €y, (s) — € and { T (s)} " is an evolution system of probability measures of (P:’;’“ (S)> )
te ’ t>1

by the condition again for t = 7, there exists a subsequence {enk (s,7)}52 of {en, (s)}72, such that
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€ny . (s,7)

nr — 1 weakly. This implies that for every v > 0, there exists N2 € N such that

€n v(SvT)
[ Ee@m™ o)~ [ (Prog) @i dn) <5 forall j > Mo (2.3)
X X

where we have used the Feller property of Pr%. By the assumption CIP we know that for every
v >0 and § > 0, there exists N3 € N such that

sup P({w € X (s, 7, 2) — XO(s,7,7)|Ix = 5}) <y forall j >Ny (2.4)
zeK
. Eny . (5,7) €ny, . (5,7)y o0 . .
Since 0, — N weakly, by Prohorov theorem (see [8, 09]) we know {nT ! } i tight on
J:
X. This means that for every v > 0, there exists a compact set K(v, s, 7) C X such that
fnk.(svT) )
nr’ (X/K(v,s,7)) <~v forall j €N. (2.5)

By ¢ € Cp(X) and the compactness of K(v, s, 7) we know that for every v > 0, there exists n > 0
such that

lo(y) —(2)] <~ forall y,z € K(v,s,7) with |y — z||x < 7. (2.6)

Indeed, if is false, then there exist v > 0, yn, 2z, € K(v,s,7) with ||y, — zn|lx < 1/n such
that |¢©(yn) — ©(zn)| = 0. Since K(v,s,7) is a compact subset of X, there exist z € K(v,s,T)
and a subsequence {n;}>, C {n}r2; such that limy_, ||yn, — x|[x = 0 . Then one can verify
limy_yo0 |2, — #|[x = 0. Since ¢ is continuous, letting k& — oo in 79 < |@(yn,) — ©(2n,)| <

lo(Yn,) — ()| + |¢(2n,) — ()|, we find a contradiction o < 0.
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y €ny, (s,7)

€ny, (8,7) .
Since {nt g } is an evolution system of probability measures of (PTt ! ) on X, by
’ t>T
. we find that for all 7 > N := max{Nj, Na, N3},
€ny, (s,7)

/ (Prp)(x i, " T)(dx)— / o(x)ns 7 (dx)
X X
€ny S 7') €n S,T €ng . (577—)
:/E[ (X(s, 7'3;))]77 ;¢ (dx)—/E[go(X ’“j( )(s,T,x))]nT J (dx)
X X

€ny (517—)

< / E[lo(x™s 7 (s, 7,2)) - o(XO(s,m,2))]mr 7 (de)
X

€n, (8,7 ¢ €ny . (T) €ny, (5,7)
< /K L Ellex 5 (5,7, m)) — p(X0(s, 7, 2)) e (dx) + 2sup [o(a)ln. " (/K (7,5.7)
v,8,T xe

€ny, . (8,7) e €n,,  (5,7)
< / E[lo(X™ 7 (5,7, 2)) — p(XO(s,7,2)) e (de) + 2ysup lo(a)]
’Y,ST

zeX
€n, (s,T €ny, (8,7)
5 P A (X 7)) — (X0 5,7 2) o) ()
K(~,s,T) {wEQ HX kj (s,mx)—X<0 (S,T,x)HXZn}

€n, (8,7 €ny, . (8,7)
e - (X507 (s, 7.2)) = (X (5,7,0)) Bl (da)
K(v,s,7) {wEQ ||X j (s,mx)—X°0 (s,T,w)HX<77}

+ 2'ysup lp(z

€n,  (8,7) en, (5,7
< 2supp(@)ln; (K(%s,T))P<{”693||X ¢ )<s,m~>XEO(s,T,@nvn})

zeX

€ng, . (577_)

T @ rB({u € 051X om0 - X5 mll < 0} ) + 2vsuploto)

zeX
< 7(1+4su§!<p(w)\)- (2.7)
S

In order to prove the second equality in (2.1)), we consider the following equality:

0 o) (x)n(dx) — )Nl (dr) = 0 o) (x)ns (dx) — 0 p)(x iy (57 €
/X (P&) () (dx) /X () () /X (P2) () (d) /X (P @y (de)

+ [P 7 ) | o@n™ )
+ [ ota™ 7 () - [ ot (a) (2.8)

Thus, as a result of (2.2))-(2.3) and (2.7))-(2.8) we have
(P dn) - [ plap(do) <1+ dsup o)

reX
Since v > 0 is arbitrary, we thus complete the proof.

3. PROOF OF THEOREM [L.4]

Let us consider the Banach space £9 = {u = (u;)icz : Y ;ez [ui]? < +00} endowed with the norm

1 .
Jul —{ (Siez hul?) ", it g € [1,00),
.

sup;ez, |uil, if g =00
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In particular, we write || - || = || - |l2. It is known from Wang [16] that for each 7 € R and
ug € L?(Q, Fr; £?), equation (1.2 has a unique solution which is continuous ¢?-valued F;-adapted
Markov process u(-,T,ug) € L?(2,C([r,00),£2)) N LP(Q, LP(T,0); #?)). Then we can prove that

the transition operator (Pf,);>, for u(t,T, uo) with ug € ¢? is Feller, and the process laws hold:

T,

Pﬁ,t = Pﬁ,rpre,t and er,t = Q;,tQ;r, —o00<TLr<t< +oo.

Next, we derive different uniform estimates of time average of the solutions.

Lemma 3.1. If ft M |lg(r)||?dr < oo for each t € R, then we have the following results.
(i) For anyt > € R and [0 ,‘QQ]

t

Y t
B[uctruo)l?] + 5 [ OB [l m )P dr < AT OB[Juol] e [ X0 g(o)lPas, (3.1)

where ¢ > 0 is a constant independent of €, t and uyg.
(ii) For anyt € R and N> k > —t and € € |0, \QG]
1 t

o [ Bt o [ R e )] drar

< (kit)E[qum o / A g(r) P, (32)

where ¢ > 0 is a constant independent of €, t, k and ug.
(iii) For each t € R and bounded set B of {2, the solutions satisfy

lim lim sup sup E[|us (¢, T, UO)‘Q] =0.
N—00 T——00 e [0 L] up€EB ||Z>:n !

(iv) For each t € R and compact set K of £2, the solutions satisfy

M Sup/ [[u$ (, 7, up) |*JdT = 0.
n—)ooee [0 f] N3k>—tupeK k4t Z:n s

Proof. (i)-(ii) Applying It6’s formula to (L.2)), we infer that for any € € [0, ‘QG]

d
SEu 0] + SE[ O] < cllg®)* (3.3
Multiplying (3.3]) by e and integrating over (7,t), we deduce (3.1)). Integrating (3.1)) with respect
to T over (—k,t), we obtain ({3.2]).

(iii)-(iv) By a cut-off technique as used by Wang [16, Lemma 4.2] (see also [I7]) one can derive,

for any € € [O, g],

B[ 3 it <00 ol e [ 00 g

|i|=2n li|=n T li|>n

t
+2 / PO [|[u(r, 7, uo)||?] dr- (3.4)

T

This along with ffoo eM|g(r)||?dr < oo and (3.1)) completes the proof of (iii).
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Integrating 1’ with respect to 7 over (—k,t), we have

kz+t [Z i (£, wo ‘2] (k—i—t Z‘“‘“’ +C/ Um0 Ngilr)Pdr

li|>2n li|>n ion
t
* n(k:c—i—t)/k/T IR [||u(r, 7, u0)||] drdr.
This along with ffoo eM||lg(r)||?dr < oo and (3.2) completes the proof of (iv). 0

Proof. Proof of Theorem The proof is completed by an extended Krylov-Bogolyubov method
proposed by Da Prato and Réckner [11]. For n € N, we let x|_, ] be the characteristic function of
[—n,n]. Then u(t,7,up) = a, (¢, 7,up) + 4, (t, 7, up) with @S, (¢, 7,up) = (X[—n (i) us (t, 7, uO))ieZ
and a5, (t, 7,u0) = (1= X[, (1)) us (¢, 7, uo))iEZ Given 6 > 0,1 € N and m, k € N with m < k, by
(ii) and (iv) of Lemma [3.1] there exist n{(m) € N and C(m) > 0 independent on € and k such that

sup k m/ Hu —-m, T, O)||2]d7' < C(m),
’25
and
0)|*]d 0
sup k - —-m, T, )H] T<ﬁ
66 ’26
Define
2L\ /C
Vo (m) = {u € 2 :u; =0 for |i| > nf(m) and |ju| < (m)}
Ve
and

1
Z0(m) = {u el |lu—v| < 2 for some v € yf(m)}

Define a probability measure 7}, = k%f__kaP’{w € Q:u(—m,1,0) € '}dT on /2. Then by

Chebychev’s inequality one can verify

(2 20 (m) < 22,05( = [ B o)
)

—m
/_k E[|[d5gy (=, 7, 0)|*]dr < AT (3.5)

k:—m

Let Z°(m) = N2, Z°(m). Since one can verify that Z°(m) is closed and totally bounded in ¢2,
it is compact in ¢2. By we know nz,m(ﬁz \ 2%(m)) < 3%, n;m(ﬁ \ Z/(m)) < §. Then
{M m INsk=m 18 tight on 2 for each fixed m € N. Then there exists 1S, € P(¢2) and a subsequence
(not relabeled) such that 7y, — ny, weakly as k — oo. For each fixed ¢t € R, we choose m € N
such that —m < ¢, and define uf = Q°,, ,m;,. By [L1] one can verify that this definition is
independent of the choice of m. Then for every fixed t € R and for any N > m > —7 > —t, we have

city = (P, - Pry)™ng, = Q% 41y, = pg- This complete the proof. O
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4. PROOF OF THEOREM [L.5]

Proof. Proof of Theorem . For every 6 > 0,t € R, e € [0, \2/;] and pf € &, we shall find
a compact set Z%(t) C £2 1ndependent of € such that uf(2%(t)) > 1—4. Givent € Rand I € N, by
(i) and (iii) of Lemma [3.1] there exists nf(t) € N, T(¢) < t and C(t) > 0 independent of € and wug
such that

sup sup sup E[[|u(t, T, UQ)H2]dT < C(t), (4.1)

ec [0,2—\/5] TSt upel?

sup  sup sup E[Hﬁ;?(t)(t,ﬂ uo)H2] < — (4.2)

24[
ce[0,32] T<T{ (1) uocl?

Define ))(t) := {u € 2w =0 for|i| > nf(t) and |jul < 2 ”\/g(t)}, Z0(t) = {u € 2 :

lu — | < % for some v € yf(t)} and Z°(t) := 72, Z0(t). Note that Z°(t) is compact in £2.
In what follows we prove u§(Z°(t)) > 1 —d. Denote by X2(¢) := ()., Z2(t) for n € N. Then
pE(Z0(t) = ps (N0, X2(t)) = nh—>Holo s (Xg(t)), and hence there exists N = N(d,t) € N such that
0 < f (X)) — 15(Z°(8)) < /3 for all n >

Note that by (4.1)-(4.2) we have, for all T < S?( ),

/g2 P({w €N :u(t,1,x) ¢ Xﬁ(t)})ui(dx)

N
5 €
<;?@U/Em o (t.7,2) 2] (d)
N

< —. (4.3)
By (4.3) and the definition of {yf}ter of (Pf;)i>r, we find that for all 7 < T) (1),
€l V9o _ L€ 0 €
:ut(XN(t)) - /52 P({w €:u (ta T,.CE) S XN(t)}>MT(dx>
-1 _/ P({w eQ:u(t,T,z) ¢ Xﬁ,(t)})yi(dx)
02

>1- 3 (4.4)
This concludes the proof of (i).
(ii) Forevery T e R, t > 76 > 0, ¢ € [0, g] and compact set K of £2, since we can prove that
all uniform estimates of the solutions are uniform for € € [0, ‘2@} by a stoping time argument, we
can prove

lim sup P({w € O lut(t, T up) —u(t, 7, up)|| = (5}) =0. (4.5)

€E—€Q quK
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The proof of (4.5) is quite similar to the autonomous case as in [5] 6], 14} [15], the details are omitted
here. Then by (i), (4.5, Theorem and Prohorov’s theorem, we complete the proof of (ii). O
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