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ABSTRACT. This work studies the convergence problem for a class of fractional diffusion equations
in which the time-derivative order approaches 17. Up to now, few works have investigated this
topic. The purpose of the article consists of three main contents. The first result is related to the
convergence of the Caputo derivative and the Mittag-Lefller operators when o — 1. The second
is to investigate the convergence problem for a linear fractional diffusion equation on LP spaces.
And last result is concerned with the convergence problem for nonlinear fractional diffusion
equations. The main analysis and techniques of the paper involve the evaluation related to
Riemann-Liouville integration, Caputo derivative and Sobolev embeddings. Our analysis provides
a complete and detailed answer to the convergence problem as fractional order tends to 17.
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1. INTRODUCTION

1.1. Setting of the problem. In this paper, we are interested in the convergence problem for
the following type of time-fractional parabolic equations:

CD¢u+ Au = F(x,t,u(x,t)), in Qx(0,7],
u(,0) = (), in Q &
u(z,t) =0, in 0Q.

where Q be an open and bounded domain in RV, (N > 1) with smooth boundary 9. The
notation D¢ means the Caputo time-fractional derivative of order o € (0,1) (see Definition
2.2). In the first equation of Problem , A is a symmetric and uniformly elliptic operator on {2
defined by

N k
Af) =3 5 (Lt 1)) ~ ) f@). 2 €,
-1 YN i

where a;; € C*(Q), b € C(Q;[0,+00)), and a;; = aj;,1 <1, < N. We assume that there exists
a constant cg > 0 such that, for z € Q, vy = (y1,v2,...,yn) € RY, vajzl yiai;(2)y; > colyl*
(see ) More detailed properties related to A can be found at the beginning of Section 2.

Fractional partial differential equations (FPDE) of the form have many applications in
various fields, for example, physics and probability theory. These equations model anomalous
diffusion where time-fractional derivatives can be used to describe particles adhesion and trap-
ping phenomena. Fractional derivatives have been used for more than 300 years, but, like the
Pareto distribution with no mean, these derivatives are present in the physical sciences because
of relatively recent observations of anomalous diffusion, see . There are many new models
related to fractional differential equations with different approaches, which have attracted the
attention of many mathematicians, for example [@,@, and references therein. The
well-posedness of problem (including the existence and uniqueness of mild solution) with
several different assumptions on the function F' has been clarified in the interesting book .
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In various research directions concerning FPDESs, researchers are interested in the convergence
problem when the fractional order tends to 17. Our main purpose in this paper is to provide
some answers to this open question: If the problem has a solution, what asymptotic property
does the solution possess when the fractional order o approaches 1~7. The significance of the
convergence problem for Problem is given by the following question

(Q1) Does the solution of Problem with 0 < a < 1 approach the solution of Problem with
a =1 as a approaches 1~ ¢

This is an interesting and open question suggested by Carvalho-Neto and Planas [15]. This
intriguing problem was also raised and investigated in the recent book [8] (see Section 3.5, p.127).
In this book, Gal and Warma addressed the limiting behavior of the mild solution as o — 1~
for a class of parabolic problems with polynomial nonlinearities. The relationship between the
solutions of fractional PDEs and classical PDEs is a very interesting topic for mathematicians.
while the structure of the solution of Problem (|1) depends on the Caputo derivative and the
Mittag-Leffler functions, the solution of Problem (|1) (aw = 1) depends on the classical derivative
with exponential functions. Noting that, if F' = 0, then the solution to Problem is given by

ua(t> = Ea,l(_taA)UOa (2)
when 0 < a < 1, and by
u*(t) = eftAuo, (3)

when o = 1. As showed by [§] (see p. 28), the operator e A has a semi-group structure, namely
e~ (A — o—tAe—=sA while the semigroup property does not hold for the operator Eq1(—t*A),
namely, Eo1(—(t+5)*A) # Eq1(—t*A)Eq 1(—s%A). The great difference between the structure
of Eq1(—t*A) in () and e~** in (3) is the main challenge in finding an answer to question Q.
Since the solution structure of , as indicated by , is related to the Mittag-Leffler function,
the idea of question )1 in the simple case F' = 0 is expressed simply as the following two questions:

(Q2) Does the function Eq1(—t*A), with 0 < a < 1, approach the function et with a =1, in
an appropriate sense, as o approaches 1~ 2

and

(Q3) Does the function © Dfv (Caputo derivative of the function v) approach Dy (the classical
first degree derivative of v) in appropriate sense as o approaches 1~ ¢

It would be surprising if these issues related to questions @1, Q2 or Q3 would not have been
thoroughly studied. Let us refer the reader to the interesting recent work of Chen-Stynes [5]
where it can be found the following facts:
2
In the simple linear case Au = —p% and F(x,t,u) = —cu + f, the question (@) is first
studied in [5] for a linear fractional diffusion equation

DU — pugy + cu = f. (4)

When a — 17, they showed that the solution wu, of Problem converges, uniformly to the
solution of the classical parabolic initial-boundary value problem where D is replaced by D;.
They also provided an interesting result which describes the connection between the Mittag-LefHer
function F, g and the exponential function as follows.

Lemma 1.1. Let 3/4 < o < 1 and a < < 1. Then there exists a constant C' which is
independent of «, B, z such that, for any z < 0,

Eop(z) —e*| < 1+|Z|(1—oz). (5)
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The main analysis in the proof of Lemma is based on the extension of the Mittag-LefHer
function which is represented as a complex contour integral. Lemma is very useful in investi-
gating linear problems. However, we are not sure that Lemma [1.1| can be successfully applied to
the nonlinear problem. In order to study the problem in the nonlinear case, and use embeddings
in LP, we need a different result. Thus, we need to state another theorem about the convergence
of E,1 when a approaches 17, using a new proof.

To the best of our knowledge, except for the article [5] (and [8] as mentioned above), there have
been no studies concerning both proving global results and answering questions @1, Q2, Q3. From
the previous motivations, the main objective of this paper is to provide accurate and detailed
answers to these problems.

1.2. MAIN RESULTS. In order to study further on this topic, we need to establish a more
detailed relationship between both functions F, 1(z) and E, (z) with e*.  In the following
theorem, we will answer questions Q2 and ()3 as introduced before. Our main results are stated
as follows.

Theorem 1.2. a) Let v :[0,7] — R such that Dy € L*°(0,T) and further assume that Dyv
and © D&v are locally integrable functions. Then, for 0 < a < 1,

3

‘CDf‘v(t) - thu(t)‘ < Fi—a

t*“MQ(Tm)HD”HLP(O,T)’ )

where

Il = ([ 0t)’ o

and p > é and

— 1-— —1 / op- B
Ma(Tap): u+T_1_ P (T p_ll —]_)
ap—1 ap — 1
I(a) -1 1\ %
a) — p— P ap-1
T . 8
+‘ I'(«) ’(ap—l) ’ ®)
b) Let v : [0,T] — L?(QY) and and further assume that Dy and ©D®v are locally integrable
functions. Then

|°Dpu(t) - Do) £ Ma(T.0) | D0l 1 12000 )

< - -
2 ~ I'(l—«)

where

T » 1/p
190l gy = ([ 1006 Bats)

c) Let k > 0 and o € (0,1). Then for any p > 0, there exists two constants C(u,p,T) and

C(u,p,T) such that
_ 3C(u,p,T), .~ p=1
B (—kt®) — kt‘ < 2P ) yma i (T ) 1
[Baa(—ht?) = M| < SRS Tk, (10)

and

t t ~ - .
‘ / (t - S)a_lEa’a(_k(t - S)a)ds — / €_k(t_s)ds’ S Mt_aMa(T,p)kT_l (11)
0 0 I'(1-a)
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Remark 1.1. Let us point out an interesting observation: if a measurable function is bounded
on (0,00), then it is locally integrable there. To satisfy the above assumptions, we can assume
that Dyv and © DPv are measurable function which are bounded on (0, 00).

Theorem [1.2] is one of the basis to prove our main results. The main idea of the proof of this
theorem is detailed in Section 3.

Based on the above theorem, we first investigate the convergence problem for the fractional
diffusion equation (1)) in the case F' = F'(z,t). The following theorem shows that the mild solution
of , when 0 < a < 1, converges to the mild solution of when o« — 17, where u* solves

Dywu* + Au* = F(x,t), in Qx (0,77,
u*(2,0) = up(x), in Q, (12)
u*(x,t) =0, in o

Theorem 1.3. Let uy € LY(QQ) and F € L*>(0,T;L%(Q)) for max <17;3€%> <qg<2p>Li

Then we have the following statement

3

LAO,T;L V10 () S Mo(T, p){ HUOHL‘I(Q) + mHFHL“(O,T;Lq(Q))]

Hua —u* (13)
where d > é and MQ(T, p) is defined by . Here the hidden constant is independent of a and

the comstant 6 satisfies

N1+@ng>

4’ P
The idea to prove Theorem [1.3]is to apply Theorem [I.2]and some Sobolev embeddings between
LP and Hilbert scales (see Lemma [2.1)).

Our last main result is concerned with the limit problem for the nonlinear fractional diffusion
equation. Let us study the following nonlinear fractional diffusion equation with Caputo derivative

CDto‘ua + Aug = F(ug(z,t)), ua(0) = uy, (15)

0§9<mm( (14)

and the nonlinear parabolic diffusion equation with classical derivative
Dyu* + Au* = F(u*(z,t)), u*(0) = up. (16)

The following theorem shows that the mild solution of converges to the mild solution of

when a@ — 17.
Theorem 1.4. Let F : L"(Q) — L™(Q) such that F(0) =0 and

| E (1) = F(2)|lpm) < K¢l — 2l (17)
for any 1,92 € L™(Q). Here Ky is a postive constant and two numbers m,r are chosen such
N(r—2)

that 1 <m <r and % — % < %a Let up € X— 2 ~7(Q) for any 0 <y < 1. Then there exists a
postive By > 0 such that Problem has a unique mild solution in Zy 5,((0,T]; L"(S2)) where b

satisfies that
N /1 1 . N/1 1
—— = —a<b<m1n(1,a—— e )
2 \m r 2 \m r

Let us assume that m,r,p, N satisfy that % — % +1< [% + %. Let us assume that the initial
N(r—2) , po—1
Jr

condition ug € X 4 ()N L"(QY), then Problem has a unique mild solution u, €
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Zy5,((0,T); L"(S2)). Furthermore, we obtain the following estimate

* 66(”07])) T)Tb_a T
e —u szﬁo((O,T];LT(Q)) = T(l—a) Mo (T, p)”“O”XfN(T;QM“OTTI(Q)

6K ;T Cpn.p,T)

'l -«
where u* is the unique mild solution to Problem (L16)). Here Zy 5,((0,T]; L"(Q)) is defined in (21)).
Remark 1.2. Using Proposition under the initial condition ug € L™ (), by the same method

as Theorem[I1.4, we can show that Problem has a unique solution u* € L*>(0,T;L"(Q2)). We
omit the details of the proof.

Mo(T, p)| (18)

|u” HLDO(O,T;LT(Q))’

Remark 1.3. The convergence behavior of solution to Problem with a source of polynomial
type is showed in [@,@ and references given there. Although we share the same topic with the
above works, because of a different chosen case of source function, our results are novel. Indeed,
the existence of global solution without any restriction on initial data when F satisfies 18 not
trivial. Our techniques used to derive the existence of global solution and convergence results in

this paper are also different from those in [2,8,[14)].

In Section 2, we introduce some notations on functional spaces, Riemann-Liouville integral and
its properties. Section 3 will provide the proof of Theorem The proof of Theorem [I.3] and
Theorem [I.4] will be given in Section 4.

2. NOTATION AND PRELIMINARIES

Given r € (1, 00) we denote by r* its Holder conjugate, i.e., the real number such that %—l—r% =1
By a < b we will denote that a < Cb for a constant C' which does not depend on a, b and neither
on the discretization parameters.

We consider the operator A acting on W22(Q) := Wol’Q(Q) NW?22(Q) C L?(Q). Then, there
exist sequences {\;};>1 and {e;};>1 C W2%(Q) which are the eigenvalues and eigenvectors of
—A respectively. It is well known that {\;};>1 are positive, non-decreasing and lim;_,o A\j = 00
(see ) Moreover, —Ae; = Ajej. The sequence ej}, j=1,2,3... forms an orthonormal basis

of L%(Q), see e.g. . Let X*(€2), s > 0, be the space which is defined in following form

?Wm = Z)\g‘s</v(x)e]~($)dm> < oo}, (19)
j=1

Q

%°(0) = { e @) o

and we call X*(0) by a Hilbert scales space (see p. 1452, [16]). For s = 0, we have X°(Q) = L?(Q)
with the usual norm |[|-||. We identify the dual space [L*(Q)] " with L?(Q), and thus we can set
X75(Q) == [X*(Q)]* with

V%o == DA (v, e5)2 s 50 (20)
j=1

where (-,-)_s s is the duality bracket between X*(Q2) and X7*(€2). More detailed information
about these spaces can be found in [8][16].
Let Zy g((0,T]; X) denote the weighted space of all functions v € C((0,T7]; X) such that

[0llz, ,(075:x) 1= sup e [Ju(t, )| x < oo,
te(0,T

where b, 5 > 0 (see [4]).
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Lemma 2.1. (see [16]) The following statements hold true:
a) If s = %, p>lorifO0<s< % and 1 < p < sz]\is, then we have the following Sobolev
embedding

X5(Q) — W22(Q) — LP(Q) (21)
N 2N , .
b) If 1 <s<0andp> N s’ then we have the following Sobolev embedding
LP(Q) — W22(Q) < X5(Q) (22)

Operators Eq 1(—t*A) and E11(—t*A) , 0 <a <1, 0 < <1 are defined by

Eo1(—t*Av = ZEa,l(_ta)\j)<7}7 ejyej, Eii(—t*Av = Ze_t)‘j (v,ej)e; (23)
j=1 j=1

for any v € L*(Q).
2.1. Fractional integral and derivative. We recall some definitions introduced in [8,(10].

Definition 2.2. If the function ¢ is absolutely continuous in time, the Caputo derivative is the
following function

OO = e [, (=9 (s)ds (21)

where T" is the Gamma function and /(s) is the first order integer derivative of function v (s)
with respect to its independent variable s.

Definition 2.3. The Riemann—Liouville fractional integral operator of order a > 0 of a locally
integrable function 1 : (0,00) — R is defined by

¢ _
s = [T sy

Remark 2.1. If the function v is absolutely continuous in time, then
DEp(t) == T/ (1), t>0,

2.2. Wright function.

Definition 2.4. The symbol M, denotes the Wright type function introduced by [10]

Mal(r) = Z n!T(1 —a(l+n))’ recC.

n=0

This function is an entire function on C. The Mittag-Leffler function is expressed by E, 1(—z2) =
fooo M (n)e=*dn, z € C.

3. PROOF OF THEOREM (|1.2)

3.1. Proof of Part a). In the following sentences, we present the challenge of assessing as
follows. In a first logical thought, we deal directly with the difference of © Dv and Djv. However,
we are stuck at some components. Therefore, the direction of thinking about direct evaluation is
prevented.

Our novel ideas are discovered unexpectedly and interestingly as follows. First, we apply the
Riemann-Liouville fractional integral operator J¢ to the difference of “Dfv and Djv, denoted
Wa(t) which is given by (25). After several estimations, we process the upper bound of Wa(t)

as given in . In the next step, we compute the Caputo derivative of W, (t) in terms of itself
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see (41))). e well-known formula b t) = f(t) — see |10]) allows us to deduce
(41)). Th 11-k fi la J* (¢Dg) f f f(0 0]) all ded

the desired result (|1.2]) since we have the following lucky fact that Wa (0) =0.
In the sequel, we will present, in a detailed way, the proof of part a). Set the following function

Wy (t) = J® (CD?v(t) - Dtv(t)>
= 7%(“Do() = (@)D (1)) + (T(a) = 1)J°Deo(t) = WD (@) + W (). (25)

Since Dyv and ¢ Dfv are locally integrable functions, itAf;ollows from Definition that Wa is
well-defined. Our next aim is to estimate the quantity Wy (t).

Step 1. Estimate of the term Wéyl)(t).

First, we need to find an upper bound for the term Wl (t). Thanks to the formula J* (“Df) v(t) =

v(t) —v(0) (see |10]) and recalling that J¢ is defined by Definition we derive the following
equality

W) = o (CDt%(t) - r(a)Dtv(t)) = J*(CDgu(t)) — T(a)J*(Dsu(t))
= [Uft) —v(0) — /0 (t— s)a_lev(s)ds}
= / [1 —(t— s)a_l] Dsv(s)ds. (26)
0

To continute further, we consider two cases.
Case 1. 0 <t < 1. For this case, it is easy to see that 1 — (t — s)®~! < 0. Thus, we deduce that
1 —(t—8)*Y =—1+(t—s)* ! Thanks to the Holder inequality, we derive that

‘W(gl)(t)‘ = |Je (CDtav(t) - F(a)Dtv(t))‘

< /t 1=t = )" IDau(s)lds
0

< (/Ot (s>t =1)" ds> g </Ot |st(s)|pds>;

1
=

< ([ @ om0 i) el @

where we remind and we choose 0 < 8 < . Our next aim is to provide an upper bound for
the integral term on the right hand side of . It is not difficult to see that if 0 < a < b then,
for any p > 1, we have (b — a)* < b* — a*. Thus, we find the following estimate

(/ot (=9 1) ds) ’ z (/ot (1) 1] ds) »

B p=1
- [fp_ltpfll —t] s (28)

ap—1 (a—1)
It is easy to verify that the derivative of the function ®(t) = of’p__llt PT —tis d'(t) = £ T 10
for any 0 < o < 1 and 0 < ¢ < 1. This implies that the function ® is increasing on [0, 1], so we
arrive at ®(t) < ®(1) = 2L — 1 = %. The latter inequality, together with and (28)),

ap—1
leads to

p—1
"

W] < [M} D] o (29)
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Case 2. t > 1. In this case, we know that the function 1 — s~ is negative for s € (0,1) and
positive for s > 1. Hence, after changing variables for integration and , we have

\ng(t)\: JO‘(CD?U() () Dyo(t) ‘/ 1— _5)o- 1]Dv ’ds
< (/Ot‘l—(t—s)o‘_l *ds)l* (/ Dav(s )\%)
< (/Ot ‘1— (t—s)"‘_l‘p*dsy’l* DUHLP(O,T)' (30)

It is easy to check that

t - t -
/ ’1—(t—s)°‘_1 dS:/ ‘l—so‘_1 ds
0 0

= /01 [so‘_l — l}p*ds + /j [1 - Sa_l}p*ds' (31)

Using (b — a)* < b* —at, for any 0 < a < b and p > 1, we arrive at

/01 |:8a71 _ 1}p*ds < /01 [s(afl)P* — 1}d8 = p(i;—_cly). (32)

/lt [1 - sa_lr*ds < /lt [1 - s(a—l)l’*]ds —t—1- (fp__ll (tofil - 1). (33)

ap—p

Set U(t) =t —1— (t = 1) for 1 < ¢ < T. Its derivative is U/(t) =1 —t» 1 >0, t >
1, % < 0. Thus, we obtain immediately that

and

ozpl

t *
a—11? p— 1 ap—l
— < < —T-1-— = 1),
/1 [1 s } ds < U(t) < U(T) =T —1 ap_1<Tp1 1) (34)
Combining (31} and ., we find that
p=1
t * 1 p
a—1[P »* p(1 —a) p—1 epl
—(t— < | —1- - - .
(/0 ‘1 (t—s) ‘ ds) _[ap_lJrT 1 ap_1<Tp1 1) (35)
It follows from and that
‘WCgl)(t)( = |Je (Cpt%(t) - I’(a)Dw(t))‘
p—1
p(l—a) p—1 ¢ er ’
< [ap_l—i-T—l— Ozp—l(Tp 1 —1)] HDUHLP(O,T)’ (36)
for any t > 0.
Step 2. Estimate Wi (t).
Now, Definition and the definition of W% (t) in imply
. I(a)—1 [* _
@)= (T(a) —1)J*D :/ —s)*'D .
W) ( (@) )J w(t) = —fy |, =9 Da(s)ds (37)
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For this step, using the Holder inequality and noting that p > é, it is straightforward to see that

‘Wc(f)(t)’ F(F()agl/o(t S)a_lDSU(S)dS‘

r(a()a— ‘</0 (t — 5)le=Dp" ds) (/ |Dsv(s |Pd8>

_ D) - ‘ —1 ”7
| INa ap —1

Therefore, Step 2 is completed. .
On account of , and (38)), we deduce an upper bound for the term W, (t) as follows

IN
,1

(38)

at !* D(6) + W 1) < ML) D0 s 1 (39

where we recall that M, (T, p) is defined in (§).
Notice that the following equality

Cpage (C Du(t) — Dtv(t)) = ODu(t) — Dyw(t) = CDEWa(8),

the fact that WQ(O) = 0, and the definition of D for the function Wa(t), allow us to obtain
the following equality

T =

CDu(t) — Dy(t) = CDIWe(t) = mWa(t)

4 ﬁ /0 t(t— s) 1 [Wa(t) —~ Wa(s)}ds. (40)

Due to the estimate , we bound the second term on the right hand side of the above expression
as follows

‘ /Ot(t — ) [Walt) - Wa(s)]ds) < 230.(T, )| Dv] 1y o /Ot(t _galgs

B 2]\7a(T,p)HDUHLP(o,T)

41
: (an)
For any t > 0, this leads to
CDu(t) — Dyo(t) (W + ‘/ a(t) - Wa(s)}ds‘
3 —
< T(1- a)t Ma(T7p>HDUHLp(0,T)' (42)
3.2. Proof of Part b). In the case v = v(z,t) and v : [0, 7] — L?(2), we deduce that
t
wra jo—t a—1
HWO(é )( L2(Q = H/ 1— - ]D v dsH /0 ’1 —(t—29) ‘ Hst(s)HLz(Q)ds.
(43)

By a similar argument as in , we find that

p—1

p(1—a) p—1 ( er o
L2(Q) = [ ap—1 © r=1- ap — 1 (T o 1)] 1P| oo 7222 (44)

e
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for any t > 0, and we notice that

T
HDUHLI)(O,T;LQ(Q)) = </0 HDSU(S)HI;Z(Q)“)

By a similar argument as in , we find that

-1
MNa)—1 p—1 5 apm
e = ‘ T(a) ‘ <ap - 1) T Do o iz (45)

In the same spirit as in the proof of , we also obtain the desired result @

1/p

e

3.3. Proof of Part c). Set ¢, (k,t) = Eo1(—kt®) and 9(k,t) = Ey1(—kt). It is obvious to see
that

Dk, t) = —ka(k,t), Ya(k,0) =1,
and Dyp(k,t) = —ki(k,t), ¥(k,0) = 1. These equations give that 1 (k,t) = e~** which implies
%@(k,t) = —ke ¥ Therefore, using the inequality 1 — e™* < Cyzt for any p > 0, it is obvious

to find that
o _ </0T (k:efkt>pdt> 1/p _ klf%pfl/p <1 B e*’“PT) 1/p

< C KT P T TP = T, p, TIEH T (46)

|50

where in the above expression, we set C(u, p, T) = Cup%T“/p. Set 0a(k,t) = alk,t) —(k,t).
It is straightforward to check that

CDtaQa(k:7 t) = _kQa(ka t) + CDtaa(k‘a t) - Dt@(ka t)v Qa(k’ O) =0. (47)
Multiplying both sides of by 0. (k,t) and using the inequality
1
“Df 0a(k;t)ea(k,t) > 5D oa(k, 1),
we arrive at
1 _ _
5CDE 0k, )2 + Kloa(k, ) = (DK, t) = Detb(k,1), 0a(k,) ). (48)
From the latter estimate, noting that
(CD0 (0, 1) = DB 1), 0a(k,1))| < | DFG(E, 1) — DBk, 1)

we obtain that

Qa(k’t)

)

_ _ 3 — d—
kloa(k,t)] < |D(k,t) — Dyb(k, t)| < ———t~*M (T, p)||—v(k, ¢t
loalks )] < [ODFG(h,1) = Dk, )| < =gt " Ma(Tp)|| 00,
3€(N7P>T) —anr 141
D e M (T, . 4
< T a) t (T,p)k " » (49)
This implies the following estimate
C T, . —~ pt
|Ban(—kt?) = ™| = Joa(k,1)] < MMMM,MW. (50)

We continue to show the second part which is showed similarly as for the previous term. Set the
following functions

wa(k, ) = /0 (t — 8)* B o(—k(t — 8)*)F(s)ds, w(k,t) = /0 e FE=9) P (s)ds. (51)
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It is easy to verify that ©Dfwq(k,t) = —kwa(k,t) + F(t), wa(k,0) = vg and Dyw(k,t) =
—kw + F(t), w(k,0) = vo. By letting zq(k,t) = wa(k,t) — w(k,t), we find that

“DP2o(k,t) = —kzo(k,t) + CDCw(k, t) — Dyw(k,t), za(k,0) =0. (52)
Multiplying both sides of by zq(k,t) and using the inequality
O Df zalk )zalk 1) > 3O D alk 1),
we derive that
%CDﬂza(k,t)\z + lzak, ) = ((CDpw(k ) = Dk, 1) ) 2a(k, 1) ), (53)
which allows us to obtain
klza(k, )2 < <<0Dtaw(k,t) — Db(k, t))za(k,t)> < ‘CDf‘w(t) - th(t)‘|za(k,t)|.

This inequality, together with part a) of Theorem implies

3

k|za(k,t)\§’CDf‘ (t) — th()’ Ti—a)

t~ O‘M (T, p) HDw’

4
Lr(0,T) (54)

o) on the right hand side of the latter expression.
(0,
Indeed, by a simple calculation and setting F' = 1, we have

Let us continue to estimate the term HDE‘

¢
Dyi(t) = —kw + F(t) = —k/ e H=9ds + 1 =M.
0
In view of the inequality 1 —e™* < C,2# for any p > 0, we obtain

T l/p p—1 pu—1 ~ p—1
7 _ —ktp <O THPy 5 k7 — T .
HDw‘ o) </0 e dt) <C, p Pk C(u,T,p)k (55)

This, together with , leads to the desired result.

4. PROOF OF THEOREM [L.3] AND THEOREM [I.4]

4.1. Proof of Theorem From the paper [8], we have the following mild solution to Problem
in the case F' = F(z,t)

t
Ua(t) = Eq1(—t“A)ug + / (t— s)o‘*lEaﬂ(—(t —5)*A)F(s)ds. (56)
0
The mild solution to Problem is defined by
¢
u*(t) = ELl(*taA)Uo + / El,l(*(t — S)A)F(S)dS (57)
0

By subtracting both sides of the latter equations, we have

wal(t) — w*(t) = (Ea,l(—tm)uo —E 1(—t°‘A)uo)

+/t(t—s)a1Ea,a( (t— 8)*A)F ds—/ Eii(—(t— s)A)F(s)ds = #1(t) + Fa(t). (58)
0



12 N.H. TUAN AND T. CARABALLO

Take any 0 < 0 < %. By using Parseval’s equality and the estimate as in Theorem we
deduce

HEa,l(—taA)uo _ El,l(—taA)uo‘

- 2
2
. _ ZA?Q‘Ea,l(_Ajta) — E171(—/\jt)‘ (/uo(m)ej(x)da:>
j=1

Q
3C(u,p, T) ~ I\ 204212 ke
/"L p7 —Q P
< ﬁMa(T,p)t Lg_l Aj (Q/uo(:r)ej(x)dm> ]
3C(p,p, T) ~ Cu
-2y e

Since max (1, N+4) < q < 2, we know that 1+ pN > pN Let us recall  as in . If we set

=14 p(Nq 2N 9) then by the above condition on 6, we immediately obtain that p > 0 and

Ng—2N
XHMP (Q) =X ET (©). In view of Lemma noticing that 1 < ¢ < 2, we derive the Sobolev
—1 Ng—2N
embedding LI(Q2) — XO—MT(Q) =X & (©). In addition, from (14)) and using again Lemma
2N
we have X(Q) < L¥-1(Q). These observations, together with (59), yield to

Hf H a1 (=t AJuo — El,l(_taA)UOH an

L1 () H LN=1 ()

< O(N, G)HEml(—taA)uo - El,l(—taA)uo‘

X0(Q)
< élMa(Ta p)t_aHuoHLq(Q)v (60)

where C; depends on p,q, N, 6, T, . Let us now estimate the second term on the right hand side

of . Using Parseval’s equality and estimate as in Theorem ([1.2)), we have that, for any
©w>0andp> é,

H/Ot(t_S)a_lEa’a( (t—s)*AF ds—/ By (—(t—s)A)F(s )ds‘

X0(Q)

( W‘/ —5)*  Eaa(=A(t — 5)* ds—/ Eya(— t—s))dsr(/F(xﬁ)eg‘(a:)dm)Z)
Q

~ o bz 291/2
< 3?&%? Mo (T, p)t— [Z A 2( / F(, S)ej(iﬂ)dx>
Q

J=1

[N

BC(M b, )M (T t aHF

= Tl-a) (61)

HXM“TTI—l(Q)‘
By the same techniques as before, we know that the Sobolev embedding below is true
-1
LUQ) < X Q) o X ().

This implies that HF(',S)HXQ_‘_LI )
p

< HFH . which yields
@)

Lo°(0,T5L(Q))
3C(u,p, T) —

H/zHLN%Q(Q)S T —a) Mo (T, p)t=®

Lo°(0,T3L9 ()
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Combining , and , we derive that
3C(u,p, T

Hua(t)—u*(t)H HuOHLq(Q)—I—F(l—a)>H HLoo(o,T;Lq(m)' (63)

Therefore, we achieve the desired result . The proof is completed.

< —Q
LN 40(9) t M (T,p) |:01

4.2. Proof of Theorem [1.4l In order to show the existence of the mild solution to Problem
, we need to use next two results.

Proposition 4.1. There exists a positive constant C such that, for any 1 < m <r,

—tA

< C(m, )t |pll gy, ¢ > 0,0 € L™(9). (64)

le™¢]

Lr(Q)
Proof. For the proof, see |11, Lemma 2.3]. O

First we state the following lemma which will be useful in our main results (this lemma can
be found in [4], Lemma 8, page 9).

Lemma 4.1. Let a > —1, b > —1 such that a+b > —1,d > 0 and t € [0,T]. For d > 0, the

following limit holds
1
lim | sup td/ s9(1 — s)PeM1=5)ds | = 0.
K00 \ te[0,T] 0

In the first part, we show the existence and uniqueness of the mild solution to Problem .
Define the mapping Q : Zy, g((0,77; L" () = Zy 5((0,T); L™(2)), 8 > 0, by

Qu(t) := Ea,1 (=t A)ug + /0 (t = 5)" " Eaa(—(t — s)*A)F((s))ds. (65)

In what follows, we shall prove the existence of a unique solution of Problem . This is based

N(p—2)
on the Banach principle argument. Thanks to the Sobolev embedding X i (Q) — L"(9Q), the
Parseval equality and the boundedness of Mittag-Leffler functions, we find that

2
HEa,l(—taA)uoH

2
< HE A H .
Ly S 1 ( Juo (N2

@)

oo 2
2,000 2 N(r—2)
(/uo(m)ej(x)da:) (Ean (—)\jt ) A
Jj=1 O
oo 2
02 N(;—2)
j=1 Q
<ol wpny (66)
X1 Q)
It follows from the assumption b > o~y that
¢ *f“’ Eaa(—t° H < Tt - .
e 1(=t%A)ug Lo = luoll_ xe- 20

This inequality also implies that if ¢ = 0 then Qg belongs to the space Zj g((0,7]; L"(€2)). In
the following, we need to estimate the upper bound for the term [[Qu1(t) — Qu2(t)| - (q) for any
1,2 € Zy g((0,T]; L"(£2)). It is noted that

Baa(—(t — 8)*A)F((s)) = a /O T UM ()e I AR ((s)),
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using the globally Lipschitz property of F' and Proposition we arrive at

— « t — gyt ool/ o ()||e v s A s)) — s vds
1010 = Qualt)l gy <o [ (=97 [T vMaw) [F(r(s)) — Fln(s))] e
<aC | (t—s)”‘_l/o V_i(m_?)(t—s)_?(m_?)Ma(y)HF(@/Jl(s))—F(wQ(s))HLm(Q)dudS

aCK (1 -5 (L -1y a1 N(1_1
e By /O(t ) I F G (s,.) — (s, )| s (67)

ra-¥-1)

where we have used the following identity fooo V_%(%_%)Ma(l/)dlj =T

m, since condi-

tion %(% — %) < 1 holds. Multiplying both sides of the above expression by t?¢~#* and by simple
transformation, we obtain

1QY1 — Q¥2liz, ,((0.17:L7(02)) < (- %(lQ_ Tf)) = 11 = ¥2llz, o)  (68)

where

b ! a—1-N(L_1y _p _B(t—s)
Mg = sup t (t—s) 2im g% ds
te(0,7] Jo
1
— ra—3 (=) (1-— z)a_l_%(%_%)z_be_ﬂt(l_z)dz. (69)
0

It is easy to verify the following conditions b+a— 5§ (£ - 1) >0, a—1-5 (Lt 1) > -1, —b>

~1, a— & (£ — 1) > b. In view of Lemma we infer that Mg — 0 when § tends to infinity.

aCKMpl(1-F (5 -3) 1
P(1-27 (= 1)) -z
deduce that Q is a contraction mapping on Zy g, ((0,T]; L"(£2)). This, together with , leads
to QY € Zyg((0,T); L7 () if o € Zy g,((0,T); L™(?)). Hence, we conclude that Q has a fixed

point w in Zy ,((0,T; L™(£2)), i.e, u is a unique mild solution of Problem under the condition
ug € XN(Z;Q) (). If we let v = 17% € (0,1) if 0 < pp < 1, then Problem has a unique
solution in Zy g, ((0,77; L"(2)).
In the second part, we show that the mild solution to Problem converges to the mild solution
to Problem when o — 17.

Let u* be a solution of the following classical parabolic problem (16). It follows from [7] that
the mild solution u* is given by the formula

Hence, there exists a positive Sy > 0 such that which allows us to

u*(t) = E11(—tA)ug + /Ot E11(—(t — s)A)F(u*(s))ds, (70)

where we recall that E ;(—tA) = e tA. In the next estimates, we compare both functions u
and u*. From the above identities, we can divide the differences of the mild solution of Problem
(15) and the mild solution of into the sum of three terms as follows

ualt) — u*(t) = [Eml(—taA) . El,l(—tA)]uo
+ /O t(t — ) By a(—(t — 5)*A) [F(ua(s)) - F(u*(s))} ds

+ /O [t = )" Baal~(t = 5)"A) = Bya(~(t = 5)"A) | F(u* (s))ds = (1) + (IT) + (I11).
(71)
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For the first term on the right hand side of , we apply the same techniques as in and
to derive that

| [Bar(t24) = Bra(=t)]uo|| | S | Eaa (12 A)u0 = Bra(~tuo| s

Lr(Q)

oo 2 2 N2
< 2 (/UO(w)ej(iv)d&“) ((Ea,l (=Ajt) = (E1 FW)) Aj =

J=1 \q

(@)

< 3C(po,p, T) (T(1 — )" Mao(T, p)t HUOH G2 st o KO > 0. (72)

It follows from the latter estimate and b > « that

Val -1 37 b—a
H(I)sz’go((O,T];LT(Q)) < 30(,“07])7 T) (P(l - a)) Moc(Ta p)T HUOHXWJFMOTTI(Q)' (73)

For the second term on the right hand side of , we observe that (I7) = Qu, — Qu* and
applied to obtain that

< aCKfMBOF(l — E(l — %))

2 \m *
1Dl pyoirian < —p — ey By Mo = llasomran- ()

As for the last term on the right hand side of , we use the similar techniques as in ,

0 N(r—2) 2;¢ 2 271/2
LT(msW Pt alZA o ( / F(u*(w,s»ej(m)dx)] .

Q

|(111)(¢)|

(75)

Notice that

N(r—2) 2;1, 2 2
Z)\ " 2</F(u*(x,s))ej(x)da:>
Q
00 N(r 2)+2u 2_9 N(m-2) 2
Z Aj (/F(u*(x,s))q(m)dw)

Q

< [ Soar T Eh)| (n=2)
p J Lo (0,T5X ()
N

< )‘j ! HF HL°° 0,7;L™(Q)) (76)
j=1

where we have used the Sobolev embedding L™ (£2) T (Q) for 1 < m < 2. Since the
condition % -2 —i— 1 < LJIV + 5 4 holds, we multiply both sides of this condition by PN t6 deduce

p+5- No1— o N > 0. By choosing yu such that 0 < pu < p+ &= —|— 1-— — &+, it is easy to
Verlfy that

FE—l-t— -

N 2u N 2< pN pN pN)_N 2 N
2r 2m 4 /)
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From the constraint , we deduce % — % =+ % — 2 < 0. Thus, we arrive at the following

observation

where we note that Aj > Cj?N. Due to , it is easy to verify that the condition is true
(% + % +2-N_ 2 ) « > 1 holds true. Therefore, the infinite sum Z ! E is

N,.2,5 N_ 2p)2
J('r+p+2 m  p )N

N_N_ 2u-2_ o

convergent and it holds that the series on the right hand side of , SR LA T , i

J=17
convergent. In addition, the globally Lipschitz property of F' as in gives us
HF(U*)HLOO(O,T;LW(Q)) = Kf”“*HLoo(o,T;Lr(Q))' (78)
It follows from that
SKfé(/’L7p7T) Ar b—al|, *
Dy oraron S 22 DR T o |y 79

Combining , and , we deduce that

< H(I)szﬁo((o,:r];y(g)) + H(II)HZWO((O,T];LT(Q)) + H(III)szﬁo((O,T];LT(Q))

< 3C(uo,p,T) (P(1 —a)) ™" Ma(Tm)Tb_aHUOHXN<TT—2>+MOT;1

H“a - u*HZbﬁO((O,T};L’“(Q))

(©)
OéCKfM/BUF(l — ﬂ(i — %))

2 \m *
F(l — %(% — %)) Hua —u szﬁo((okaLr(Q))
3K C(u,p, T)

MQ(T, p)Tb_aHu*HLOO(QT;LT (80)

T(1—a) (@)

Since aCKl’:?ff ﬁ (:%ii_l)) < 1, we obtain the desired result (Ig).
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