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Abstract This paper deals with fractional stochastic nonlocal partial differential equations driven
by multiplicative noise. We first prove the existence and uniqueness of solution to this kind of
equations with white noise by applying the Galerkin method. Then, the existence and uniqueness
of tempered pullback random attractor for the equation are ensured in an appropriate Hilbert
space. When the fractional nonlocal partial differential equations are driven by colored noise,
which indeed are approximations of the previous ones, we show the convergence of solutions of
Wong-Zakai approximations and the upper semicontinuity of random attractors of the approxi-

mate random system as § — 0.
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1 Introduction

In this paper, we mainly consider the following stochastic fractional nonlocal reaction-diffusion

equation driven by multiplicative white noise,

9 1 a(l(w)(—A)u= f(u) +h(t) + auo W, in Ox(r,00),
w=0, on 00 x (1,00), (L.1)

u(z, 7) = ur(z), in O,

where (—A)7, v € (0,1), stands for the fractional Laplacian operator, O is a smooth bounded
domain of R", 7 € R, « is a positive constant, | € £L(L?(O);R) and h € L? (R; L*(0)). The
symbol o indicates that the equation is understood in the sense of Stratonovich integration.
Throughout this paper, the function a € C'(R; R™") and there exist two positive constants m and
M, such that

m < a(s) < M, Vs € R. (1.2)
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Moreover, the function f € C(R) and there exist positive constants Cy, &, f1 and B2 > 1, such
that for some p > 2,

(f(s) = f(r)(s—7r) < Cp(s— 7‘)2, Vs,r € R. (1.3)

—k — B1]sP < f(s)s < k — Bals|?, Vs e R. (1.4)

From (1.4), we deduce there exists a constant 83 > 1, such that
)] < Bs(sP 1), WseR. (15)

The identification I(u) in (1.1) is in fact (I, u), however, we keep the usual notation in the existing
previous literature /(u) instead of (I, u) for the operator [ acting on u. At last, let (0, F, {F; }er, P)
be a complete filtered probability space with a filtration {F;}.er satisfying the usual condition,
that is, {F; }ter is an increasing right continuous family of sub-o-algebras of F that contains all
P-null sets. W of (1.1) is a two-sided cylindrical Wiener process in a Hilbert space defined on
this complete filtered probability space (2, F, {F; }ier, P).

The operator (—A)Y with v € (0,1) denotes the fractional Laplacian, which has properties
that lim, ;- (—=A)’u = —Au and lim,_,g+(=A)"u = u (see [28, Proposition 4.4]). Recently
in the literature, great attention has been devoted to the study of fractional partial differential
equations, not only for pure academic interest, but also for various applications in physics, finance,
probability and materials science, see, e.g., [1, 19, 24, 25] and the references therein. In fact,
there are different definitions about fractional Laplacian operator [28]. Two well-known and
widely studied fractional Laplacian operators are integral one (which reduces to the classical
fractional Laplacian, see, for example, [6, 8, 30, 31] and the references therein) and the spectral
one (sometimes called the local, fractional Laplacian; see, for example, [7, 9, 32, 33| and the
references therein), respectively. Note that these two fractional operators are different, indeed, the
spectral operator depends on the domain O considered (since its eigenfunctions and eigenvalues
depend on @), while the integral one (—A)7 evaluated at some point is independent of the domain
in which the equation is set, for more details, see [31] and the references therein.

In our paper, we focus on the integral fractional format (see Section 2) since the solutions
of (1.1) with integral operator are closely related to the solutions of the equation defined on the
entire domain R™ (see [37]). In general, defining this operator based on the spectral decomposition
of the Dirichlet Laplacian is also frequently used, as adopted in [29].

On the one hand, in the real world, the different stochastic perturbations originate from
many natural sources. Sometimes, they cannot be ignored and we need to incorporate them
into the corresponding deterministic models, in this way, the stochastic differential equations are
produced. In more recent decades, the random attractors for stochastic equations related to the
standard Laplacian have been extensively studies in the literature, see, e.g., [2, 4, 5, 10, 11, 12,
13,17, 18, 20, 23, 27, 41] and the references therein. However, as far as the authors are aware, the

attractors of the fractional stochastic PDEs are not well studied, until recently B. X. Wang and



his collaborators have been intensively working on a class of non-autonomous fractional PDEs,
see [34, 35, 36, 37, 38, 39, 40]. On the other hand, since 1990, Chipot et al. [14, 15, 16] studied the
behavior of a population of bacteria with nonlocal term in a container and extended the nonlocal
effects from a constant a into a general nonlocal operator a(l(-)) which is adopted in our model.
Motivated by these previous works, it is interesting to study the dynamics of (1.1).

To prove the existence and uniqueness of problem (1.1), one advantage is fractional Laplacian
operator (—A)?, v € (0,1), shares the same property of classical Laplacian operator, namely,
H7(0) is compactly embedded in L?(O) for a bounded domain O C R” (e.g., [28]), which allows
us to use the parallel ideas as classical reaction-diffusion equations to analyse the dynamics of
problem (1.1). The difficulty appearing in our problem is the “double” nonlocal terms: one is the
well-known fractional Laplacian (—A)7 (see (2.1)), that cannot provide us enough dissipativity
when directly doing energy estimates; a(l(-)) is another nonlocal term accompanying fractional
Laplacian operator. However, an a priori estimates shows the regularity of our solutions could
arrive at L2(7, 7 +T; HY(R")) that is a subspace of L?(r, 7 +T; L?(R")). Therefore, a Nemytskii
operator including nonlocal term a(l(-)) to problem (2.11) is introduced so that problem (1.1)
can be solved smoothly.

This paper is structured as follows. The next section is devoted to introduce the definitions
of fractional Laplacian operator and Ornstein-Uhlenbeck process, set the fractional stochastic
nonlocal problem into a random one in a proper way. In Section 3, we mainly prove the existence
and uniqueness of solution to fractional stochastic nonlocal PDEs (2.4) using the Galerkin method,
thereupon a continuous cocycle is defined based on this solution operator. Section 4 is fully
dedicated to prove the existence and uniqueness of tempered pullback random attractor for our
problem in an appropriate Hilbert space. In Section 5, we discuss the Wong-Zakai approximated
equation of our model, construct another cocycle and study the dynamics of this approximated
equation with multiplicative colored noise in comparison to the dynamics established in the
previous sections. Finally, the last section deals with the convergence of solutions and attractors
of problem (2.4) as 6 — 0.

2 Preliminaries

In this section, we will recall the concept of integral fractional Laplacian operator and in-
troduce the definition of solutions of the stochastic nonlocal reaction-diffusion equations with

fractional Laplacian (1.1).

2.1 Fractional setting

Let & be the Schwartz space of rapidly decaying C'*° functions on R". For any fixed 0 < v < 1,



for every u € S, the fractional Laplacian operator (—A)7 at the point x is defined by,

1 w(z+y) +ulx —y) — 2u(z)
(-8 u(e) = =5 Cny) [ s dy,  weR", (1)
where C'(n,~) is a positive constant given by
n+2y
74’YF(T)
C(n,vy) = —m—0, (2.2)
m2l(1 —7)

for more details on the integral fractional Laplacian operators, see [28] and the references therein.

It can be also defined using Fourier transform by
F((=A)u)(€) = [¢*(Fu),  €€R",

where F is the Fourier transform defined by

1 —ix-
(Fu)(§) = W/Rn ey (x)da, u € S.

For any real 0 < 7 < 1, the fractional Sobolev space W2(R") := H7(R") is defined by:

H’Y(R):{UELQR /n/n |x_ ‘n+2’y ———=dady < oo ¢,

endowed with the norm

1
OF yoar)’
Jillerceey = </ apars [ [ )

From now on, we denote by || - ||, the norm in LP(R") for some p > 2. Especially, we denote by
| - || and (-,-) the norm and the inner product of L?(R"), respectively. Moreover, the Gagliardo

semi-norm of H7(R") denoted by || - || 7 (gn) is written as:

|2
Il e / / |:L’— \n+2'y g = gitzy drdy,  u € HY(RY).

Thus, ||u|]%ﬁ(Rn = [Jul® + [|ul? for all w € H”(R™). Note that HY(R™) is a Hilbert space

HY(R™)
with inner product

(%U)Hv(Rn) = /

x)dxr + /n /n y)(v(@) - v(y))dﬂiy, Yu,v € H7(R"™).

Ix —y[rt

n

1
By [28], the norm |[[ul| g+ (rn) is equivalent to (Hu||2+ ||(—A)%u\|2>2 for v € HY(R™). More

precisely, we have

2 5
2 ey = |lul? —A)z2ul? HY(R™). 2.
[l 2y mny = llull” + C(nﬁ)l\( )2ull%, Vu € H7(R") (2.3)



We will relate the integral fractional Laplacian with solutions of problem (1.1). Since (—A)?
of (2.1) is obvious a nonlocal operator, we here interpret the homogeneous Dirichlet boundary
(1.1) as u = 0 on R™\O instead of u = 0 only on 0O (consistent with the nonlocal character of
(=A)7), then problem (1.1) becomes

%—?+a(l(u))(—A)7u:f(u)+h( )+auod$/, e, t>r,
u =0, x € RO, t >, (2.4)
w(z, ) = ur(x), zeO.

Based on this interpretation, we define two spaces V = {u € H'(R") : v = 0 a.e. on R"\O}

and H = {u € L?*(R") : w = 0 a.e. on R"\O}, their dual spaces are V* and H, respectively.
Furthermore, let b: V x V — R be a bilinear form given by, for vy, vo € V,

b(vy,v2) = p(v1,ve) + C (n,~y /n /n u(z _Ul y))(UQ( )~ (y))dxdy, (2.5)

|n+2'y

where C'(n,7) is the same as in (2.2) and p is also a constant given later. For convenience, we

associate an operator A : V — V* with b such that
< A(Ul),vg > (v V)= b(’l}l,vg), for all v1,v0 € V, (2.6)

where < -, >y« v is the duality paring of V* and V.

In order to prove our results in the fractional framework, the properties of operator A intro-
duced in [37] are considered: On the one hand, since A is injective and surjective, the inverse
A7l V* = V is well-defined; On the other hand, two facts that H = H* C V* and the
embedding V <+ H is compact (see, e.g., [28]) yield that A=! : H — V C H is a symmetric
compact operator. Then, by means of the Hilbert-Schmidt theorem, A has a family of eigenfunc-
tions {e;}22; which forms an orthonormal basis of H. Moreover, if A; denotes the eigenvalue of

operator A corresponding to ej, i.e.,
Aej:)\jej, j:1,2,”-,
then )\; satisfies
O<pu<A <A<~ <A —+00 as j— oo.

The following lemma is crucial to deal with the nonlinearity f in (2.4) with arbitrary growth
order.
Lemma 2.1 /37, Lemma 2.1] Suppose 0 <~ < 1,2 <p < oo andr > (1 - %) Then D(A")
is continuously embedded into LP(O).



2.2 Ornstein-Uhlenbeck process

The standard probability space (£2, F,P) presented in previous section is used throughout this
paper, where Q = {w € C(R;R) : w(0) = 0}, F is the Borel o-algebra induced by the compact-
open topology of Q and P is the Wiener measure on (2, F). For any given ¢t € R, we identify
W (t,w) := w(t) and define the time shift 6, : Q@ — Q by

Oiw(-) = w(-+1t) —w(t), weQ,

then (9, F,P,{0;}:cr) is a parametric dynamical system. Furthermore, let z : & — R be a
random variable given by z(w) := — ff)oo e"w(T)dr for w € Q, then z(t,w) := z(f;w) is the unique

stationary solution of the following stochastic equation:
dz = —zdt + dW

with initial value zo (for more details, see [3, 42] and the references therein). In addition, it
follows from [3] that there exists a #;-invariant set of full measure (still denoted by €2), such that
the random variable z(6;w) satisfies the following properties: for all w € 2,
0 1t
|2(6w) =0 and lim / z(0sw)ds = 0. (2.7)
0

t—+oo ’t’ t—+oo t

2.3 Setting of the problem

For convenience, we fix a number 0 < p < min {%, B—NQI,C (n,’y)} and define the following
Nemytskii operator F' : L2(R") — L(R") by

Fu)(x) = F(u(z)) = a(l(u))pu(z) + f(u(z)), (2.8)

where g € (1, 2] is the conjugate number of p. By (1.4) and the Young inequality, we have:
Case 1. p=q=2

e (81— ) u(a) 2 < F(u(w))u(e) < - (B2 Mp)u(a)
Case 2. p>2
p-? Ik — 2 u(x)|? u(z))u(x
(B2l k) = (514 2) (o < Flaute)uta)
p—2 = 2 w(z) P
< (wt 22000072 = (32 2 ) P,

In conclusion, since 82 > 1, there exist positive constants «q, as and k1, such that for all x € R™,

some p > 2, F satisfies

—k1 — aq|u(x)|P < F(u(x))u(z) < k1 — ag|u(z)P. (2.9)



From (2.9), we can deduce that there exists aig > 0, such that
[F(u(2))] < as(ju(@)P~" +1). (2.10)
Then problem (2.4) can be written as

% +a(l(u))(—A) u+ a(l(u))pu = F(u) + h(t) + au o %, re0, t>r,
u=0, z e RMNO, t >, (2.11)
u(z, 7) = ur(z), z € 0.
To study the dynamics of problem (2.11), we first transform the stochastic fractional nonlocal
differential equation (2.11) into a pathwise deterministic one by doing a change of variable. Given
TeR, t>7,weQandu, € H, if u = u(t, 7,w,u,) is a solution of (2.11), then we define a new

variable v = v(t, 7, w, v;) by
o(t, Tow,vp) = e Oyt T uy)  with v = e @@y, (2.12)

In terms of (2.11)-(2.12), for ¢ > 7, we obtain

0
67;} + a(l(e®* )Y (=AY v 4 ) = az(fw)v + e~ ) ez 0w)y) 4 o=z Oy e O,
(2.13)
with boundary condition
v(t,x) =0, x € R"\O and t> T, (2.14)
and initial condition
v(z,7) = ve(x) = e 0y ze 0. (2.15)

3 Main result

First of all, the notion of weak solutions to problem (2.13)-(2.15) is stated before proving the
existence and uniqueness of solution to this equation. Then, the solution of (2.11) is obtained
via the transform (2.12).

Definition 3.1 GivenT € R, w € Q and v, € H, a weak solution to (2.13)-(2.15) is a continuous
function v(-, T,w,v;) : [1,00) = H with v(7,T,w,v;) = v, fulfilling
dv

(7, 00; LP(R™)), — € L%OC(T, oo; V¥) + Ll (7, 00; LY(R™)).

v E L%OC(T, oo; V)N LY i loc

loc

Moreover, for every ¢ € V.1 LP(R™), v satisfies

%(U’C) + a(l(eaz(ﬁzw)v)) (;C(n,v) /n /n (’U(l‘) —‘v(y))(C(:n) - C(y))dl‘dy + N(UvC)>

T — y’n+2'y

(3.1)
= az(0w) (v, ¢) + e~ 0w) /

Pl @) a)de + 0 [ b
o @

where the previous equation must be understood in the sense of distribution on (T,00).



We are now ready to achieve our goal by using Galerkin method, to this end, the basis {e; };";1

will be used based on the properties of operator A and the results of Lemma 2.1.

Theorem 3.2 Assume a € C(R;R") is locally Lipschitz and satisfies (1.2), f € C(R) fulfills
(1.3)-(1.4), which implies F : L*(R™) — LI(R") satisfies (2.9)-(2.10). In addition, h € L} (R; H)
and 1 € L(L*(O);R). Then, for every T € R, w € Q and each initial datum v, € H, there exists
a unique weak solution v(t,T,w,v;) to problem (2.13)-(2.15) in the sense of Definition 3.1. Also,
this solution is (F, B(H))-measurable in w and continuous in initial data v, in H. Moreover, the

following energy equality holds:
d az w
@12 + (e ) (C ) [0 gy + 20l10]?)

= 20z(Ow)||v|)? + 2e*(0) / F(e209) )y + 2e~(0nw) / h(t)vdz,
@ @]

for almost all t > .

Proof. We will first construct a sequence of approximate solutions by Galerkin method, then
derive uniform estimates using energy equality and take the limit of these approximate solutions,
finally this limit is proved to be the desired solution.

Step 1: Approzimate solutions. Given n € N, let X, := span[ey, ez, -+ ,e,] and P, : H — X,
be the projection given by

n
P =v,(t,1,w,v,) = Zvej ej, Yv € H.
7j=1

Meanwhile, the projection operator P, can be extended to V* and (LP(R™))* by

n

Pup =Y (prej)e = D (ple)))ej, Vo € V*orpe (LP(RM)"
.

Now, for each v, € X,, and t > 7, we consider the following system:

du,

dt + (l( aZ(etw)Un))PnA(Un) = O‘Z(etw)vn + e_az(etw)PnF(eaz(etw)Un) + e_az(atw)Pnh(t)7 (3'3)

with initial condition
vn(7) = Pyus. (3.4)

With the help of (1.2) and (2.9)-(2.10), we know that for every 7 € R, w € Q and v, € H, system
(3.3)-(3.4) has a maximal solution vy, (-, 7,w,v,(7)) € C([r,7 + T); X,,) for some T > 0, that is
also measurable in w € Q. In fact, we can show this 7' = oo, which implies the solutions are
globally defined.



Step 2. Uniform estimates. Since vy, (z,t) = 0 for all x ¢ O, it follows from (3.3) that

1
5%\%”2 +a(U(e)0,))b(vn, vp) = @z (010)]|vn |
(3.5)
+ e_o‘z(etw)/ F(eo‘z(et“’)vn)vnd:v + g~z (0w) / h(t)vpde.
@ @]
By (2.9), we obtain
e~z (01w) / F(e2#0) ) Yy, da < e~ 20%(0) / (m — a2|e°‘z(9tw)vn!p> dx
© © (3.6)
< /{1|O|e—2az(01w) o a2€(p—2)az(9tw)/ |Un‘pdl‘.
@]
Since h € L} (R; H), by the Young inequality, we have
1 1
e—az(Gtw)/ h(t)vpdz < 56—2az(0tw)||h(t)”2 + 5““71”2- (3.7)
@]
Making use of (1.2), (2.5) and (3.5)-(3.7), we derive
d —Zz)z w
lvall + m (€, [0l gy + 2ullvnl2) + 2026200 o, |2 .

< (202(0w) + 1) |on® + 21 |O]e7 2220 4 72O (1) |12,
Given 7 € R, w € Q and T > 0, by the continuity of z(f;w) in ¢, it follows from (3.8) that
{v,}2%, is bounded in L*°(r,7 +T;H)N L*(r,7 + T; V)N LP(r,7 + T; L’(R")), (3.9)
which along with (2.6) implies
{A(vp)}2, is bounded in L?(,7 +T;V*). (3.10)

Furthermore, by (2.10), we derive there exists a constant C' := C'(w, «t, T, p), such that

T+T T+T q
/ / |F(6az(91w)vn)|dedt < ag/ / (,eaz(Gtw)vn‘p*I + 1) dadt
T @ T @]

T+T
< 2‘7_101%/ / <\eaz(9t“’)vn|p + 1) dzdt
T @

< 29740 onl oy g mizp @y + 27 STIO)-
Consequently, by (3.9), we have
{F(e**9), )12 | is bounded in LI(7,7 + T; LY(R™)). (3.11)

Subsequently, it follows from (3.3) and (3.10)-(3.11) that

dvp | ™
{;t} is bounded in  L*(7,7 4+ T;V*) + LY(7,7 4+ T; LY(R™)). (3.12)

n=1



Next, we consider the limiting process of (3.3)-(3.4) as n — oo.

Step 3. Ewistence of solutions. By (3.9)-(3.12), from compactness arguments and the Aubin-
Lions lemma, there exist © € H, v € L>®(7,7 + T; H) N L*(7,7 + T;V) N LP(1,7 + T; LP(R")),
x € L1, 7+ T; LI9(R™)) and a subsequence of {v,}>%; (which is denoted the same) such that

)
v, — v weak-star in L*®(7,7 +T; H);

vp — v weakly in L2(1,7 + T;V);

vp, — v weakly in LP(7,7 + T; LP(R™));

F(e®*9)y ) — x  weakly in LI(7,7 + T; LY(R"));

Bou 5 dv weakly in L(r, 7+ T3 LYR™)) + L3(r, 7 + T; V*);

(3.13)

(T +T,7,w) = 0 weakly in H.

Actually, {%2}2 | is bounded in LI(7,7 + T;(V N LP(R™))*) since g, the conjugate number of

n=1
p, belongs to (1,2]. Notice that, the embedding V' < H is compact and H — (V N LP(R"))* is
continuous, together with (3.9) and (3.12), we infer from [26] that there exists a subsequence of
{vn}22, (which is relabeled the same) such that

v, — v strongly in L*(r,7 +T; H). (3.14)

Eq. (3.14) implies there exists a further subsequence of {v,,}7° (relabeled the same again) such
that
v, — v for almost every (¢,z) € (1,7 +7T) x R™. (3.15)

Now we will check x = F(e®*(%“)y). Indeed, by (3.15) and the continuity of F, we deduce
F (e ) — F(e®*%)y)  for almost every (t,z) € (1,7 +T) x R™. (3.16)
By applying [28, Lemma 1.3], we infer from (3.13) and (3.16) that
F(e®*0)y ) — F(e®*%“)y)  weakly in LI(r,7 + T; LY(R™)). (3.17)
Combing (3.11) with (3.17), we have
x = F(e®0)y). (3.18)
Furthermore, by means of the fact that a € C(R;R*) and (3.15), we obtain
a(l(e®*0)y)) = a((1, e 0y, )) 2225 a((1, e*#0)y)) = a(1(e*0)y)). (3.19)

Next, we prove the energy equality (3.2) holds. Consider j € N and ¢ € C3°(r,7 + T),
multiplying by ¢e; in (3.3), integrating the resulting identity and taking the limit when n — oo,

10



with the help of (3.13)-(3.19), we derive
T+T T+T
[ e+ e ) [T bo,es)oe
! T+T T—i—TT
—a [ ) we)sdi [ OB 0D ) gyt (320)

T+T
+ / e~ O (R(t), e;) gt

Based on the result of Lemma 2.1, we pick up a positive integer k satisfying k > %(1 — }%), such
that D(A*) is continuously embedded into LP(O). Since equality (3.20) holds for every e; (j € N)
and the linear combinations of {e;,j € N} are dense in D(A¥), by a limiting process, for every
¥ € D(AF), we find

T+T T+T
_ / (v, ) dt + a(l(c*0)y)) / b(v, )it
" T+T T+TT
=a / 2(01w) (v, V) et + / e ) (P (e O)), 9) (10 1oy bt (3.21)

T+T
- / e~ 0 (n(t), 9) pdt,
which implies the following equality
% = —a(l(eaz(et‘”)v))Av + az(Ow)v + e_az(etw)F(eaz(et“)v) + e_az(e“")h(t), (3.22)
holds in LI(7,7+T; (D(A¥))*). Indeed, (3.13) shows the identity (3.22) actually holds in L?(7, 7+
T;V*)+ Li(r,7+T; LY(R™)) and LI(r,7+T; (VN LP(R™))*). This means, for all ¥ € VN LP(R™),

%(v, 9) + a(l(e=O) ) )b(v, 9) = az(Byw) (v, )
(3.23)

+ e O (P (220 ) 1y poy + e (B(1), 0),

holds true in the sense of distribution on (7,7 + T'). Thus, the required (3.1) is proved.

Step 4. Continuity of solutions v. We now show v : [1,00) — H is continuous. Since
ve L3, 7+ T;V)N LP(r,7 + T; LP(R")) and % € L*(r,7 +T;V*) + Li(7,7 + T; LY(R™)) (cf.
(3.13)), we deduce from [28] that v € C([r,7+ T; H) and

1d dv
3l = (Goo

for almost every t e (r,7+1T). (3.24)
2dt dt > (V*+La,VNLP)

Subsequently, by (3.23)-(3.24), we have
1d 2 az(Oiw)
ol + al (e ))b(o, v) = a=(Bo)(w,v)
(3.25)
+ e—az(etw) (F(eaz(Gtw),U)’ U)(LQ,LP) + 6_az(9tw)(h(t), ’U),

11



which implies the energy equation (3.2).

We next consider two endpoints of (2.13)-(2.15), prove v(7) = v, and v(7 + 1) = 0. For any
¢ € CY([r,7 + T]), multiplying by ¢e; in (3.3) and taking the limit as n — oo, it follows from
(3.2), (3.13) and (3.18) that

(0, ¢j)p(T +T) = (vr, ¢5)P(7)
T+T

T+T T+T
- / (v, €)@ dt — a(l(e®*)y)) / b(v,e;)pdt + a / 2(Bw) (v, e;) ¢t (3.26)

T T

T+T T+T
+ / e ) (F(e2*0)v), e)) (1o oyt + / e ) (h(t), e;)pdt.
By (3.23), we also have
(1 +T),¢j)d(r +T) = (v(7), ¢;)8(7)

T+T T+T T+T
= / (v, ej)qb/dt — a(l(eo‘z(etw)v)) / b(v, e;)pdt + a/ z2(6iw) (v, e5)pdt

T

T+T T+T
+ / e O (B (e2*0)0) e)) 10 oyt + / e~ (B(1), ) gdt.
Comparing (3.26) with the above expression, we obtain

(T +T),e;)p(r+T) — (v(1),e;)p(1) = (0,€)p(T + T) — (vr, ;) ().

As ¢ € CY([r,7 + T)) is arbitrary and {e; }52, is an orthonormal basis of H, we obtain from the

above equality that
v(r)=v, and v(r+T)=0v in H. (3.27)

Moreover, making use of (3.13) and (3.27), we arrive at

Un(T+ T, 1yw, 05 (7)) = (T +T,7,w,v;) weakly in H. (3.28)
By similar arguments as (3.28), we obtain the weak convergence of v,, for all ¢ > 7, that is,

U (t, T w, v (7)) = v(t, Ty w,v;) weakly in H, Vt>rT. (3.29)

At last, (3.23) and (3.27) indicate v is a solution of problem (2.13)-(2.15) in the sense of Definition
3.1.
Step 5. Uniqueness of solution. Suppose v1 and vg are two solutions of problem (2.13)-(2.15),

let w = v1 — v9, then we have

%] +a(l(e* " )0))) (=A) o1 + por) = a(l(e** O ug)) (—A) v + o)

= az(Bpw)w + e~ 00 (F (220w ) — F(e@0w)g)).

12



By energy equation we infer that,

1d
S ]l + a(l(e*®)v1)) (=A) 01 + w1, w) — a(l(€ ") o)) (—A) va + pwz, w)

= a(1(e™*)vg)) (= A) vy + pwg, w) — a(l(e* ) vy)) (=A) vy + v, w)
+ az(Ow)|w]|? + e~ O) (P22 0y ) — (e 0) 1y, w).

Since a € C(R;R") is locally Lipschitz, we denote this Lipschitz constant by L,, together with
(1.2)-(1.3), (2.8) and the Young inequality, we obtain

D 2+ 2mbun,w) < 2L e (- A) 0 + s, w) + 2l (60) o
+ Ml + 2Ll o [l o] + 2C o]
< (20002 + DL ol 0) + 20:00)| + 20
# DM L0 o o

which along with the Gronwall Lemma implies the uniqueness and continuity of solution in initial
data in H.

Step 6. Measurability of solutions in w. Note that (3.29) and the uniqueness of solution
indicate for any ¢ > 7 and w € 2, the whole sequence vy, (t,7,w) — v(t,7,w) weakly in H. Since
vn(t, 7,w) is measurable in w € €2, we know the weak limit v(¢, 7,w) is also measurable in w. The
proof of this theorem is finished. [J

The following lemma establishes the compactness of the solution operators in H so that the

existence of random attractors for system (2.13)-(2.15) can be proved later.

Lemma 3.3 Suppose the conditions of Theorem 3.2 hold true. Then for any 7 € R, t > 7 and
w € Q, the solution operator v(t,T,w, ) : H — H of problem (2.13)-(2.15) is compact. That is,
for every bounded sequence {vo,}5°, in H, the sequence {v(t,T,w,v0n)}02, has a convergent

subsequence in H.

Proof. Choose T' > 0 such that t € [r,7 + T]. Thanks to (3.14), there exists © € L*(r,7 +T; H)

and a subsequence of {vg,}>2; (which is relabeled the same), such that
U('7T’W’U0,n) — v in L2(T,T+T;H).

We deduce from the above that there exists a set I of measure zero with I C [7,7+ 71| and a

subsequence of {vg,}7>; (which is relabeled the same), such that

v(r,T,w,v0,) = 0(r) in H, Vrel[r,7+T]\LI. (3.30)

13



Since t > 7, (1,t) C [r,7 + T] and I has measure zero, by (3.30), we find that there exists
ro € (1,t) \ I, such that
v(ro, T, w, vo,n) — V(r0) in H. (3.31)

By means of (3.31) and the continuity of solutions in initial data, we obtain
v(t, T,w,v0n) = v(t, o, w,v(ro, T,w,von)) = v(t,r0,w,0(rg)) in H,

which concludes the proof. [

4 Existence of random attractors to problem (2.11)

This section is devoted to uniform estimates of solutions for the fractional stochastic nonlocal
reaction-diffusion equations (2.11). Before doing this, we first construct a cocycle generated by
(2.11). Then, by means of the solution v of (2.13)-(2.15) and the transform (2.12), we obtain a

solution u of stochastic fractional nonlocal PDE (2.11), which is

u(t, T, w,ur) = eaz(et“’)v(t, T, W, Vr),

az(0-w)y - We deduce from Theorem 3.2 that u(t, 7,w,u;) is both continuous in

with u, = e
t € [1,00) and in u, € H. Moreover, u(t,7,-,u,) :  — H is measurable. Thus, we can define a
continuous cocycle in H for problem (2.11). Let ® : RT™ x R x Q x H — H be a mapping given

by, for every t e R*, 7 € R, w € Q and u, € H,

O(t, 7w, ur) =u(t+7,7,0_rw,ur) = eaz(et‘*’)v(t +7,7,0_rw,v;), (4.1)

az(w)

where v, = e~ U

In the sequel, we will present the existence and upper semicontinuity of tempered random
attractors for ® in H. To this end, it is necessary to introduce some notation and assumptions.
Let D = {D(r,w) : 7 € R,w € Q} be a family of bounded nonempty subsets of H, we say D is
tempered if for every ¢ > 0, 7 € R and w € Q,

: ct _
Jim | D(7 + 1, 0)]| =0,

where the norm ||D|| of a set D in H is given by ||D|| = sup,ecp ||u|. From now on, we use D to

denote the collection of all tempered families of bounded nonempty subsets in H:
D={D={D(r,w): 7€ R,we Q}: D is tempered in H}.

Furthermore, we assume that for every 7 € R,

0
/ e h(s 4+ T)H2d8 < 0. (4.2)

—00
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Also, let h be tempered in the following sense: for every ¢ > 0,

0
lim e_cr/ ™5 h(s — 1)||*ds = 0. (4.3)

r—00 o

It is easy to see these two conditions do not require A is bounded in H when ¢ — oo.

Lemma 4.1 Suppose the conditions of Theorem 3.2 and (4.2) hold. Then, for every ag >0, o €
R,7eR, weQ and D ={D(r,w) : 7 € Ryw € Q} € D, there exists T = T(1,w, D,o,ap) >0
such that for allt > T and 0 < a < ayg, the solution v of problem (2.13)-(2.15) satisfies

1 o—T s
|v(o, 7 —t,0_rw,vr—)||* + 2mu/ eamils—otT) =20 [;_, 2(0rw W y(s + 7,7 — t,0_rw, v, ||3-ds
—t

+ 200 / T malmo )2 [ =0 (20000 (s 4+ 7,7 — 1, 0_ 0, 07—)|[Dds
—t

<14 2I€1|O| 7mu(‘r o) *QQIB—TZ(QTw)dT
mp

4 o—T s
o [ el o 0 a0 s 4 7)o,
—00

where e®*0—t9)y_ € D(1 —t,0_w).

Proof. We mainly use the energy equation (3.2) to complete this proof. First of all, for the last
term of (3.2), by the Young inequality, we have

4

—az(0rw m —2az(0rw
260 (1), ) < T o+ e () (4.4)

Next, with the help of (2.9), we obtain

2¢~(01) / F(e®* ) y)pdy < 2e20%(0w) / (/{1 — a2|eaz(9tw)v|p) dx
o o

(4.5)
< 251 |0e 207 0) — 20y P=20z(O) |1y ||p
It follows from (1.2), (3.2) and (4.4)-(4.5) that
d 2, (0 2002(0 >+ mC
vt mw,on)l? 4 ( Fmp = 202(0ww) ) Il + mC (. 7) [0 ny
(4.6)

1 4
+ gmplo]” + 205600 o[ < oy O] 4

2070 (1) |,

Multiplying (4.6) by eimut=2a [g 2(0:@)dr 40 then integrating the inequality on (7 — t,0) with
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o > 71 —t, we derive
2, 1 7 2mp(s—o)—2a [ 2(Orw)dr 2
lv(o, 7 —t,w,vr—4)||” + S t es T v(s, T — t,w, vr—y)||ds
r_

ag
+mC(n,) / e imu(s—o)—2a [ Z(Gr“)dTHv(s, T —t,w, )2 ds
T—1

H7(R")
o

+ 200 / e%m,u(s—a)—?oz [ z(@rw)dre(p—2)az(05w) HU(& T—1tw, '1}7—_15)H£Cl8
—t

5

o
< ezmu(T—t—U)—Qa f;ft z(@rw)dTH,UT_tHQ + 2/‘4}1’0’ / e%mu(s—a)—Qa J2 Z(Orw)dre—Qaz(Gsw)dS
T—t

4

m/’L

Replacing w by #_,w in the above inequality, we have

[v(o,7 = t,0_rw, v-—0)|* + %mu / T edmalo—o)=2a J3 o0rr iy (5 1 1.0,y |2ds
T—t

o
+ ,rncf(n7 ’}’) / e%m,u(sfo)fQQ [ z(@r_ru.))oerv(s7 T—t0_,w, UT—t) 2
T—t

||H~/(Rn)d3

—t,0_rw,v,—¢)||Pds

2y /a e% (s 2cxf Or—rw)dr (p 2)az(0s—rw) H ( Hp
-

—t

<e % u(r—t—o) 2afT 2(0r—rw drHUT t||2+2’</1|0|/ m (s—0)— 2af (0r—rw)dr —2az(98 Tw)ds

N i /o egmy(sfo')72a Iz z(BT_Tw)dr672az(05_Tw)Hh(S)HQd&

mp
After doing change of variables, we arrive at

|v(o, 7 —t,0_rw, vr¢)||?

1 o-T R
+ 2m,u/ eZmu(s—U-l—‘r)—?oafgﬂ_z W dTHU(S T —t,0_w, 'U‘rft)H2d5
—t

+ mC’(n,’y)/ eamuls=otT) =20 [, 2(6w) Wly(s + 7,7 — t,0_rw, vr_y) ||

||H"/(Rn)d8

o—T
+ 209 / e%m,u(sfaJrT —2a [?  z(6rw)dr (p 2)az(95w)”v(s + 77—t 0_,w, UT—t>H§d3
s o—T1 R
< 6Zm,u(‘rftfa)72a [ - 2(0rw)dr ”UT—t H2 + 2K ’O’ / e%mu(sfchrT)an 2 z(@rw)dT672az(95w)ds
—t
4 o-T s
/ eZmu(s—U—&-T)—Qa . z(@rw)dre—Qaz(Gsw) Hh(S + 7_) ”2d5'

mpJ—
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On the one hand, the first term of the right hand side of (4.7) is equivalent to

5

e4mu(77t70)720¢ fo_j_rz rw)dr

2
[or—]
_ 6gmu(7——a)e—gmut Qafa , 2(0rw)dr —2af0 2(0rw)dr —2ozz(9 tw) 2az(c9,tw)||,UT tH
Due to e®*(0-w)y

—+ € D(7 —t,0_4w) and 0 < o < oy, we obtain from the above equality that
5

64m,u(*rft o) 2af(r . er)drH —tH2

. (4.8)
< e4m“(7_0)6_%m“t62a0|f077 z(9rw)dr’e2a0|f0_t Tw)dr|€2ao\z(9,-rw)\ HD(T —t, H—tw)HQ-
On the other hand, (2.7) indicates that there exists T}

= T1(w, ap, m, ), such that for all ¢t > T7,

< and
16 (67))

. 4.9
Hence, it follows from (4.8)-(4.9) that for all ¢ > T7,

egmu(‘r*tfo')f2a fa_jT Z(er)drH ||2 < e4mu(r t) ZOCOUO_T z(0rw)dr|€—umt”D(T —t, Q—tW)HQ- (410)
In fact, e #"™||D(1 — t,0_4w)|| — 0 as t — oo since D = {D(1,w) : 7 € R,w € Q} is tempered

Therefore, by (4.10), we find that there exists Th = Ts(7,w, 0, D, oy, m, ) > T4, such that for all
t> T27

e %mu(T—t—a) —2« f;jr 2(0rw)dr ||

vrg||? < 1. (4.11)
For the last term on the right hand side of (4.7), we have
4 o Smu(s—o+1)— 2a [7 (0 w)dr —2az(0sw)
— el v “\|h(s +7)|*ds
mp J
4

(4.12)
o—1
= eqmu(r—o) 20 [ z(@rw)dr/ e%m,use—Qoa Io z(QT'w)dre—Qoaz(Gsw)Hh(s + T)H ds
m —t

(4.9) implies for all ¢t > T,

7T _
/ 62 2af0 Orw)dr —2az sw) Hh(S-i-T)H ds

4mus an‘fo Tw)dr|e—2ao|z(03w)| ||h(5 -+ 7')||2d$

IN

T

/ (4.13)
/ 5 (s + 7)||2ds
</.

et || h(s + 7')” ds,
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the last integral of (4.13) is convergent thanks to (4.2). It follows from (4.12)-(4.13) that

4

mp

<4 /U_T camuls—otm)=2a [7_, 2(Orw)dr o =202 || (5 4+ 1) || 2ds,
- mpy J_~

/ eamu(s—o+7)=20 [7_ 2(0rw)dr ,~20z(0sw) 1A (s +7)[*ds

- (4.14)

where the integral is convergent because of (4.13). By the same arguments as for (4.14), we
deduce that

o-T s
2K1|0| / ezmu(s—a+7)—2a e z(@rw)dre—Qaz(st)ds
—t

< 91y Q[ Fmr—o) =20 o bru)dr / T mas =203 2(0rw)dr ~20x(0:) g (4.15)
—t

5 o—T
< 21 ’(f)leimu(T—a)efZa [Y_ . 2(0,w)dr / IS g < Me%mM(T_U)e*QQ I 2(0rw)dr
= . S

By (4.7) and (4.14)-(4.15), for all ¢ > T, we obtain

1 o—T s
(o, 7 —t,0_rw,v,_)||* + 2m;¢/ eimuls—otm)=2a [ H0)dr) (s 4 77 — t,0_rw, vr_y)||Pds
—t

o—T

+ mC’(n, ’Y) / e%mp,(stJrT)an 2 z(QTw)drHU(S LT — 0w, UT—t)
—t

H?—.]’Y(Rn)ds

o—T R
+ 209 / eim,u(s—o-i—‘r)—Zoz e Z(OTw)dre(p—Q)az(Gsw) ||’U(S + 77—t 0w, Urft)HgdS
—t

<1+ Meim#(T—U)e_Qa f;),T #(6rw)dr
< mp
4 g—T s
L / eimuls—otm)=2a [0, 2(Orw)dr —202(0:0) | b (5 4 1) (| 2ds.

mp ) oo

Thus, the proof of this lemma is complete. [J
According to the results of Lemma 4.1, we claim the solution operator of problem (2.13)-(2.15)

has a random pullback absorbing set.

Lemma 4.2 Suppose the conditions of Theorem 3.2 and (4.3) hold. For each o > 0, let B, =
{Bo(T,w) : T € R,w € Q} be a random set given by

Bo(r,w) = {v € H : ||Jv]|* < Ra(r,w)},
where Ry (T,w) is defined by

2 4 (9 .
Ro(r,w) =1+ O] | 4 / eamis=20 g 2(Orw)dr o =202(0s9) || (s 4 7| 2ds. (4.16)

mp mp
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Then, for every 7 € R, w € Q and D = {D(1,w) : 7 € Ryw € Q} € D, there exists T =
T(7,w, D, o, m, 1) > 0 such that the solution v of (2.13)-(2.15) with ¢®*0~“)y__; € D(r—t,0_yw)
satisfies, for all t > T,

(T, T — t,0_rw,v,_4) € Bo(T,Ww). (4.17)

In addition, the random variable R, defined by (4.16) is tempered, i.e., for any ¢ > 0,

lim e Ry (7 — t,0_4w) = 0. (4.18)

t—o0

Proof. (4.16) is obtained directly from Lemma 4.1 with ¢ = 7. It remains to check (4.18), by
(4.16) we infer that,

2k1|O 0 s
Ro(r —t,0_yw) =1+ ’;{L‘M 2 mu / eamms =20y 20 —w)dr o =202001) | (s 4 7 — £)||2ds
2 4 (0 -
14 %f' + mu/ eamus=20 |2y 2(0,0)dr—20 [§" 2(0,)dr ,~202(05-1) | (5 4 7 — ¢)2dSs.
—00

(4.19)
Given ¢ > 0, let ¢; = min {{z ™2, £}, by (2.11), we find there exists Ty = Ty(c1) > 0, such that
for all t > Ty,

0
|2(04w)| < ert and ‘/ z(O,w)dr| < c1t. (4.20)
—t

Notice that if ¢t > T and s < 0, then we have t — s > ¢ > Ty. Therefore, for all ¢ > Ty and s < 0,
we obtain from (4.20) that

'_m / D Bw)dr

—t

<2 (t—s), |—2az(0s—w)| < 2acq(t—s).

(4.21)

s—t
< 2aeqt, ‘—Qa/ z(O,w)dr
0

Thus, by (4.19) and (4.21), we deduce, for all t > Ty,

2/<c1|(9|

Ra(T — t, G_tw) < 1+
mu m,u

0
eiCt / ™5 || h(s + T — t)||*ds.
—0o0
Therefore, by (4.3), we derive that
: —ct : 4 —Let 0 mus 2
limsupe  “Rq (7 — t,0_4w) < limsup —e™ 2 e h(s + 17 —t)||*ds

t—o00 t—oo T —o0

0
= limsup — 2T CT/ e8| h(s — 1)||*ds = 0,

r—oo M —o0

(NI

which means R, is tempered, as desired in (4.18). The proof of this lemma is complete. [J

Next, we prove the asymptotic compactness of solution operator for problem (2.13)-(2.15).

Lemma 4.3 Assume the conditions of Lemma 4.2 hold. Then, the sequence v(t, T—ty,0_rw, vo )
of solutions of (2.13)-(2.15) has a convergent subsequence in H as t, — 0o when e®* =0y, . €

D(t —ty,0_4,w) with D ={D(r,w): 7 € R,w € Q} € D.
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Proof. By Lemma 4.1 with 0 = 7 — 1, we find there exists T = T(7,w, D, a,m,u) > 0 and
C =C(1,w,a,m) > 0, such that for all t > T,

Jo(r = 1,7 = t,0_rw,v0)|| <C, (4.22)

for any vy € H with e®*(~%)yy € D(r—t,0_w). Since t,, — oo, thereis N = N(r,w,D,a,m, p) >
1, such that for all ¢,, > T with n > N, we have

||U(7— - 17 T — ta 977-&1, UO,TL)H S C. (423)
In addition,
(T, T —ty,0_rw,v00) = (1,7 — 1,0_rw,v(T — 1,7 — 5, 0_rw,v0.)),

together with (4.23) and Lemma 3.3, we find the sequence v(7, 7—1, 0_ w, v(7—1, 7—t,, _rw,vo.p))
is precompact in H. That is, the sequence v(7, 7 — ¢, 0_rw, vp ) has a convergent subsequence
in H, which concludes the proof. [

In what follows, we will present the existence of tempered random pullback attractors for the
fractional nonlocal stochastic equation (2.11). Based on the uniform estimates on the solutions of
(2.13)-(2.15), we first prove the existence of tempered pullback absorbing set and the asymptotic

compactness of (2.11).

Lemma 4.4 Assume the conditions of Lemma 4.2 are true. Given o >0, 7T € R and w € Q, let
Ko(m,w) = {u € H: |Jul? < @R, (1,w)},

where Ry (T,w) is the same as in (4.16). Then K, = {Ky(T,w) : 7 € R,w € Q} € D is a closed

measurable tempered pullback absorbing set of the cocycle ®.

Proof. We first show that K, absorbs every member D of D. By (2.12), we have

0_tw)

u(r, T —t,0_rw,ur—y) = eaz(w)’U(T,T —t,0_rw,vr—y) with wu,_y = e Vr—t. (4.24)

If uy 4 € D(T —t,0_w), then by (4.24), we obtain e**(®~#)y__, € D(r —t,0_uw), which together
with Lemma 4.2 implies that there exists T = T'(7,w, D, a,m, 1) > 0, such that

(T, T —t,0_rw,vr_t) € Bo(T,w), (4.25)

where B, (7,w) is the same as in (4.17). It follows from (4.24)-(4.25) and (4.16)-(4.17) that for
allt > T,
(T, T = t,0_rw, ur—)||* < 2@ Ry (7, w). (4.26)

On the other hand, by (4.1), we have

O(t, 7 —t,0_w,ur) = u(rT, 7 —t,0_rw,ur_y), (4.27)
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which along with (4.26) shows ®(t,7 — t,0_w,v,—¢) € K(7,w) for all ¢ > T, hence K, absorbs
all elements of D. We now prove K, is tempered, namely, K, € D. By (2.7) and (4.18), for any

¢ > 0, we obtain

N[

tllglo e_CtHKa(T —t, G_tww _ tllf& e—%ct—&-az(Q_tw) (€_CtRa<T —t, e—tw)) =0,

which implies K, € D. Note that R,(7,w) is measurable in w € Q, and so is K,(7,w), which
completes this proof. [J
The D-pullback asymptotic compactness of ® is presented below.

Lemma 4.5 Assume the conditions of Lemma 4.2 hold. Then for every 7 € R, w € Q and
D ={D(r,w) : 7 € R,w € Q}, the sequence ®(t,,, T —1ty,0_t,w,up ) has a convergent subsequence

in H provided t,, — oo and upy, € D(T — ty,0_¢,w).
Proof. It follows from (4.24) and (4.27) that

D(tn, T —tn, 01w, U ) =u(T, T —ty, 0_rw,upp) = eo‘z(“’)v(T, T —tn,0_rw,v0,), VneN,
(4.28)
where vg ,, = e*az(e—tn“)uom. Thanks to ug, € D(T — t,,0_¢,w), we find that eaz(a—fnw)vovn €
D(t — tp,0_4,w), thus by Lemma 4.3 we infer that the sequence v(7,7 — t,,0_¢,w,v0,) has a
convergent subsequence in H, which along with (4.28) completes the proof. [J
The main result of this section is the existence and uniqueness of tempered pullback attractor
of ® in H as stated below.

Theorem 4.6 Assume a € C(R;R™) satisfies (1.2), f € C(R) fulfills (1.3)-(1.4), which implies
F: L*(R") — L4(R") satisfies (2.9)-(2.10). In addition, suppose h € L? (R;H), 1l € L(L*(O);R)

loc

and (4.2)-(4.3) hold. Then the cocycle ® generated by (2.11) has a unique D-pullback attractor
Ay ={Ax(r,w): TER,we N} €D in H.

Proof. The existence and uniqueness of the D-pullback attractor A, follows from [34, 35] im-

mediately based on lemmas 4.4 and 4.5. [

5 Existence of attractors to fractional random nonlocal PDEs

driven by colored noise

In this section, we discuss the approximations of fractional stochastic nonlocal differential

equation (1.1), namely, the following pathwise Wong-Zakai approximated equation,

% +a(l(ug))(—A)Tus = f(us) + h(t) + auss(w), in O x (1,00),
us =0, on 900 X (1,00), (5.1)

us(x, 1) = us (), in O,
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where functions a and f fulfill the same conditions (1.2)-(1.5) as in the previous sections and
h € L? (R;H), (5 is the colored noise with correlation time 6 > 0. To study (5.1), we proceed

loc
similarly as in Section 2: define an operator F(us) : L?(R") — L4(R") as (2.8) satisfying (2.9)-
(2.10) and consider the integral fractional format of Laplacian operator. More precisely, for

v € (0,1), we investigate the problem

s 1 a(l(ug))(—A)Tus + a(l(ug))pus = F(ug) + h(t) + ausls(Bw), z €0, t>T,
Us = 07 T € R"\(’), t> T, (52)

us(z, 7) = us (), zeO.

To better understand the relations between solutions of (2.11) and (5.2), we define a new variable

vs(t) = ug(t)e v 0r), (5.3)
Recall that ys satisfies
dys
o = s+ Go(Ow). (5.4)

For almost all w € €2, one special solution of (5.4) can be represented by

t
Y5(t,w) = e_”t/ e ((Osw)ds,

—o0
which, in fact, can be rewritten as Ys(t,w) = ys(6iw). Where ys5 : @ — R is a well-defined random

variable given by ys(w) := ff)oo e"(5(0sw)ds and has the following properties:
Lemma 5.1 (/21, Lemma 3.2)) Let ys be the random variable defined as above. Then the mapping

t
(1) yo(Bus) = [ erGy(60)ds, (55)
is a stationary solution of (5.4) with continuous trajectories. In addition, E(ys) = 0 and for
every w € 2,
%ir% ys(Oww) = 2(0w) uniformly on [r,7 +T) with T € R, T > 0; (5.6)
—
o Jys(Bw) , _
tBimm m 0 wniformly for 0<6 <7 (5.7)
1 t
lim / ys(Orw)dr =0 uniformly for 0 < 4§ <7, (5.8)
t—+oo t Jo

where 7 = min{1, %} and z(0w) is given in Subsection 2.2.

Remark 5.2 In this manuscript, in order to simplify the computations, we take n = 1 in equation

(5.4), then the results of Lemma 5.1 are true for n = 1.
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Thus, it follows from (5.2)-(5.4) that, for t > 7,

0
% + (U5 u5)) (=AY w5 + a(l(e® O vs) vy = ays(Biw)vs (5.9)

+ e~ W 0w) (0w (00) ) 4 = Ws (Ou) py (1), €O,

with boundary condition
vs(t,x) =0, r € R"\O and t> T, (5.10)

and initial condition
vs(z,7) = Vs = e*ayé(‘gf‘“)u(;ﬁ, zecO. (5.11)

Since (5.9)-(5.11) can be viewed as a deterministic equation parameterized by w € €, by the
same procedures as in Theorem 3.2, we can prove that under conditions (1.2) and (2.9)-(2.10),

for every 7 € R, w € Q and vs, € H, (5.9)-(5.11) has a unique solution,

Ué(‘v 7—7(")77)577') € Ll20c(7—7 05 V) NnL,

loc

(7, 00; LP(R™)).
Moreover, this solution vs satisfies the following energy equation,

st 70,05 | + @ Oug) (€l o513, gy + 200511

(5.12)

= 2ays(0iw)||vs|? 4 2e ¥ r) / F (2% Oy ) s 4 25 (0r) / h(t)vsdz,
@] @

for almost all ¢ > 7. At this point, thanks to the transform (5.11), there exists a unique solution
us(-, 7, w,usr) € L (1,00, V)N LY (7,00; LP(R™)) to problem (5.2). In addition, this solution
is (F,B(H))-measurable in w and behaves continuously in H with respect to the initial value.
Next, we define a cocycle Z : RT™ x R x Q x H — H such that for every t € R*, 7 €¢ R, w € Q
and us - € H,

2, T,wusr) =us(t+ 7,7, 07w, u5 ) = e“yé(etw)v(g(t +7,7,0_rw,v5) (5.13)

with vs, = e‘ay(‘“)utgﬁ.
In the following results, we establish the existence of tempered absorbing sets for equation
(5.2) in H as well as the pullback asymptotic compactness of solutions. Finally, we prove the

existence of tempered random attractors for this equation.

Lemma 5.3 Assume a € C(R;R™) is locally Lipschitz and satisfies (1.2), f € C(R) fulfills (1.3)-
(1.4), which implies F : L>(R™) — LY(R™) satisfies (2.9)-(2.10). In addition, let h € L? (R; H),
I € L(L?(O);R) and (4.2)-(4.3) hold. Then, given o > 0, for every 7 € R and w € €, the
cocyle = associated with equation (5.2) possesses a closed measurable D-pullback absorbing set

K = {K)(t,w): T €R,w e Q} €D in H given by
K (r,w) = {us € H : ||Jus||> < 2*¥ @R (1,w)}, (5.14)
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where R (1,w) is defined by

2/€1|O|

0
/ e tmus =205 ys(Orw)dr o=20y5(0s) | b (5 4 7|1 2ds. (5.15)
mi m,u

1
R)(T,w) =14+ ——
Moreover, for every a >0, 7T € R and w € ,

lim RS (71,w) = Ro(T,w), (5.16)

6—0

where Ry (T,w) is defined in (4.16).

Proof. It follows from (1.2), (2.9), (5.12) and the Young inequality that,
d 2 5 2 1 2
Cllos(t, w0 0n) I + (i — 2095(0) ) sl + MO, 3) 051y gy + 5l
4
+ 2a2e(p_2)ayé(9tw)||vé||g < 2H1|@|e—2aya(9tw) + miﬂe—%cya(etw)nh(t)nz

Multiplying the above inequality by e dmit—2a f5 vs (Orw)dr integrating the inequality on (7 — ¢, 7)
with £ > 0 and replacing w by 6_,w, we obtain

1 0 s
lvs(T,7 —t,0_rw, U(S,T—t)”2 + 2m,u/ e amps—2a fg y5(9r“’)dr||v5(s +7,7—t0_;w, v(;,T_t)HQdS
—t

0
bmC(ny) [ s 2 i m Oy 1m0 05, g ds
—t

0
5 s
+ 20(2 / ezm,usf2a fO y5(9rw)dre(p*2)ay5(93w) ||'U6(8 + T, T — t’ Q—Tw7 /U(;,T—t) Hgds
—t

— O S
< e~ imut=2a [y tyé(erw)dTHU& |+ 261|O) / e imus =20 5 ys (Orw)dr o—=20y5(0:) g ¢
—t

4 0 s
+ W/ egmﬂsza fo yé(eTw)dr672ay5(95w) Hh(s + T)HQdS,

(5.17)

where e (0~w)y; € D(T —t,0_4w). Together with (5.7)-(5.8), the same reasoning as (4.11)-
(4.15) yields that

H’U(S(T, T = t7 9_7-(,(}, ’05,7-_15) H2

2/431|O| (5.18)

mu

0o . .
<14+ + nj‘lu/ eimus—QafO y5(9rw)dr€—2ay5(95w)Hh<s + T)H2d8.
00

(2.7) and (4.2) imply (5.18) is well-defined. Furthermore, it follows from (5.3) and (5.18) that

E(ta T —1, e—twa U5,T—t) = U(;(T, T —1, 9—Tw7 ué,T—t)
(5.19)
= vs(7T, 7 — t,0_;w, v57T,t)eay5(w) € Ki(T, w),
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(0~) " Now, by (5.19), along with (4.3) and (5.7), we can easily verify

with us,—; = v5 €%
K (1,w) is tempered.
It remains to show (5.16). On the one hand, by (5.7)-(5.8), we find there exists T3 =

T3(cv,w, p,m) > 0, such that for all ¢ > T3, we have

1

1m m
lys(Brw)| < T and a

1
——t. 5.20
16 « ( )

t
/ ys(Orw)dr
0

On the other hand, notice that

0
/ e dmms=2a [§ ys(6rw)dr o= 2095 (0:) | (5 1 1) |2 ds
—00

*T3 5 s
_ / ezmMS*QO‘fo yé(grw)dre—2ay5(€sw)Hh(s + T)H2d3 (5.21)

—00

0
+ / e%m,us—Qoz I y,;(@,«w)dre—Qay,;(Gsw)Hh(s + ’7')”2(18.
Ty

We now deal with the first term on the right hand side of (5.21). By (5.20) and (4.2), we have

—T3 R —T3
/ eimus—2a f; y‘s(@’““’)drefmy‘swsw)Hh(s +7)|%ds < / ™8|\ h(s + 7)||2ds < oo.

—00 —0o0

Thus, (5.6) and the Lebesgue Dominated Theorem imply that,

—Ty

lim e%m,us—2a I y,;(@rw)dre—Qay(;(Gsw) Hh(s + 7_) H2d8
0—0 ) _
~Ty (5.22)
_ / egm,us—Qa Io z(@rw)d're—2az(05w) Hh(s + 7_) ||2d8.
—o0
The same reasoning as above shows
0
lim e%mus—&x Is y,;(@rw)dre—Qay,;(Gsw) ||h(8 + 7_) H2d8
d—0 —T3
0 (5.23)
— / egm,usf2oz I z(@rw)dreth:vz(Bsw) Hh(S + 7_) HQdS‘
Ty
Consequently, it follows from (5.21)-(5.23) that
0
lim e imus =20 [g s (Orw)dr o=20y5 (0:) || (5 + 7)|2ds
0—0 ) _
(5.24)

0
= / e s =20 [¢ 2(0,w)dr ,—20z2(0sw) [h(s + ) H2d8'

—0o0

By the definitions of R, (7,w) (cf. (4.16)) and R’ (7,w) (cf. (5.15)), we derive (5.16) immediately.

The proof of this lemma is complete. [

Theorem 5.4 Under the conditions of Lemma 5.3, the cocycle Z of problem (5.2) possesses a
unique D-pullback attractor A% = {A%(1,w): T € R,w € Q} € D in H.
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Proof. In order to prove this result, we need to establish analogous results to lemmas 4.4 and 4.5
for the cocycle generated by (5.2). As the proof is similar as the one in Theorem 4.6, we prefer

to omit it here. [J

6 Upper semicontinuity of attractors

In this section, we consider the limiting behavior of random pullback attractors A%, of problem

(5.2) as ¢ — 0, for which the following condition is needed: there exists a constant C} > 0, such

that
df (s)
ds
Lemma 6.1 Assume a € C(R;R™) is locally Lipschitz and satisfies (1.2), f € C(R) fulfills
(1.3)-(1.4) and (6.1), which implies F : L*(R™) — Li(R") satisfies (2.9)-(2.10). In addition, h €
L (R;H) and | € L(L*(O);R). Let u and us be the solutions of (2.11) and (5.2), respectively.

Then, for every 7 € R, w € Q, T > 0 and € € (0,1), there exist 59 = do(7,w,T,€) and ¢ =
e(r,w, T, a, v, M, C’f,C},u) > 0, such that for all 0 < || < dp and t € [r,7 + T},

<O (1+]s)P7?),  VseR. (6.1)

t
llus(t, 7, w,us+) — u(t, T,w,uT)H2 < c|us, — uT||2 + ce <1 —|—/ ||h(s)H2ds> . (6.2)
T

Proof. Before showing the details, we emphasize that in this proof, c is a positive constant which
is different from line to line even in the same line. Let © = vs — v. By (5.9) and (2.13), we have
1d

S B2 + a0 n)) (~A)7D + o, 0)

(U5 05)) (= ) s + pog) — (U™ 0)) (~A) 5 + avs), )

(6.3)

+ a(ys(Orw)vs — z(Qyw)v, v) + / (e_ay‘s(et“)F(ea%(et‘“)v(g) — e_az(et“)F(eazwt“)UD vdx
O
+ (ememl) - =z (1), ).

Since vs, v € C(7,7 + T; H), there exists a bounded set S € H such that, vs and v both
belong to S. Besides, taking into account that [ € L?(0O), there exists a constant R > 0 such
that I(vs) € [-R, R] and [(v) € [-R, R]. Then, by means of the locally Lipschitz continuity of

function a, we obtain

| (a5 Dug)) (= A) 05 + uvs) = aUeOD0)) (= A) s + ) )|

< [ali(e 5@ u5)) — a(U(e™* )| (= A) 05 + s, v)

6.4)
o w oz w oz w — C n?’y — — (
< Lol (e, — 220 ug) + 20 o] ) (D gl o ol + sl
C n)’y [0 w az w — oz w =
= SO L |eros0) — 220 g gy 151+ Ll o1
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Observe that

/ (e—aya(Otw)F(eays(etw)vé) _ e—az((’i“’)F(eaz('gt“’)v)) vdx
o

= / e~ Ys (0rw) (F(eaya(GtW)U5) _ F(eaya(é’tw)v)> Tdx
@

(6.5)
+/ (e—ayg(etw) - e—az(etw)> F(eayg(&gw)v),l—}dx
O

+/ o~z (0w) (F(eay[;(Otw)v) . F(eaz(etw)v)> vdr =11 + Is + I3.
@

For Iy, in terms of (1.2), (1.3), (2.8) and the locally Lipschitz continuity of function a, we have

I = / e~ s (0rw) (F(eayé(etw)vg) — F(eay5(9tw)v)> vdx
]
— o~ (0ew) / (a(l(eayawtw)1;5))ue°‘yé(9f“)v5 — a(l(eo‘“(etw)v))ueay“(e‘“)v> vdx
(@]

+ e~ s (0uw) (f(eay5(€fw)v5) — f(e*¥s (et“’)v)) vdx
(@]

— o vs(0i) / (a(l(eaya(etw)v(s))ﬂeaya(Htw)v(s _ a(l(eaya(GtW)U))Meayawtw)vé) vdx (6.6)
O
+ e~ ws(0:w) / (a(l(eay‘;(atw)v))ueo‘y5(9tw)115 — a(l(eaya(etw)U))/ieo‘y‘S(etw)v) vdz
@]

4 o ows (i) / ( F(eows(O) ) f(eaya(etw)v)) e
(@]
< Lallllue®s @) |vs | |0]* + Mp||5]|* + Cyl[o]|*.
For I, it follows from (2.10) and the Young inequality that

I, = / (e—ay(;(etw) . efaz(é’tW)> F(eayawtw)v)@dx
o

< ‘e—ay,;(etw) _ e—az(ﬁtw)‘/ F(eayéwtw)v&)@dm
o (6.7)

< ‘e—ay(;(@tw) - e—az(etw)’ (agea(p_l)yé(gtw)/ ’va‘p_lﬁdx—k 043/ T]d.ﬁ)
(@) (@]

< cfemens®r) - emo=O | (Jug |t + Jalls + 1)

For I3, making use of the locally Lipschitz continuity of function a, (1.2), (2.8) and (6.1), we
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arrive at
Iy = / o—az(01w) (F(eay5(9tw)v) _ F(eaz(etw)v)) vdx
(@]
_ e—az(etw)/ (a(l(eayé(Gtw)v))ueo‘?ﬁ(etw)U — a(l(eaz(sz)U))Meaz(ﬁtw)v) vdx
o
+ e—az(atw) f(eayé(atw)v) — f(eaz(etw)v)i_)dl'
(@]
< 6fozz(9tw) / (a(l(eayé(GtW)U))Meayé(etw)v _ a(l(eaz(etw)U))Meayé(atw)v) vdx
@]
+ e—az(ﬁtw) / (a(l(eaz(gtw)v))Meayé(etw),v _ a(l(eaz(etw)v))ueaz(%w)v) Ed"]; (68)
(@]

vodx

df
+ ds

eay(;(etw)—az(etw) _ 1‘ /
@

< |eows(0iw) _ eaZ(GtUJ)‘ (eay6(9tW)—aZ(9tw)) wl[vll et LallUl[0]| |5
+ eayg(Gtw)—az(Gtw) N 1‘ (QMM”’UHHT)H +C}/ (eayg(Otw) +eaz(9tw)>p_2 \v]p_l\ﬁ\)dHU)
@]
< cferws @)= @) 1 (Jollp + ollg) + e s — 20| (ol + o).

With the help of (5.6), we find for every € > 0, there exists §; = d1(¢,7,w,T) > 0, such that for
all 0 < |§| <6y and t € 1,7 + T,

‘efayg(Otw) - efaz(ﬁtw)‘ <e and

s (Ouw)—az(0w) _ 1‘ <e. (6.9)

It follows from (6.5)-(6.9) that there exists a constant ¢ = ¢(7,w, T, o, v5, M, Cy, C}, w) > 0, such
that for every ¢ >0, 0 < |§| < 1 and ¢ € [7,7 + T7,

/ (6—ay6(Gtw)F(eaycs(@tw)vd) - e—az(Qtw)F(eaz(ﬁtw)v)) Tdx < CHEHZ e +C€||v5||£ + C€||U||g.
@

(6.10)
By (6.9) and the Young inequality, for every € > 0, for all 0 < |§] < é; and ¢ € [r,7 + T}, we
obtain ) )
=020 — om0 (1), ) < <[l + Lellh(o) (6.11)
and

a(ys(Ow)vs — z(Ow)v, 0) < af(ys(Orw)vs — 2(rw)vs, 0)| + a|(2(Oiw)vs — 2(Orw)v, D)]
, 1 , 1 ) (6.12)
< el + Selfol® + SeloslP.
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Taking into account (6.3)-(6.12) and (1.2), together with the fact that v and vs both belong
to C(r, 7+ T; H)N L*(7,7 + T; V), we derive
L jol12 < cljol2 + e (L4 llvllE + llosliy + 1)) (6.13)

Solving (6.13), we find for all 0 < [§| < 7 and t € [r, 7+ T],

t
olf* < e () |)? + cee T / (L + 1ol + losllp + 12 (s)]1%) ds. (6.14)

g

1oc(T,00; LP(R™)), there exists a positive

Since we have proved that v and vs both belong to L
constant C := C1(T,w) such that

t
[ ol + esigy as < o

Therefore, (6.14) is equivalent to
t
st 70, 05.) — (t, 70, 0r) |12 < €0 g — v + ceec= (1 -/ uh<s>||2ds) . (6.15)
T

Note that
us(t, 7,w,us ) —u(t, 7, w,ur) = ea%wt“’)v(g(t, T,W,V57) — eo‘z(etw)v(t, T, W, Ur)
— s (0rw) (vs(t, T, w,v5,) —v(t, T, w,v7)) + (eo‘y‘swt“) — eo‘z(gt“’)> v(t, T, w,vr),

—az(frw)

where vs, = e*a%(ef“)ugﬁ and v, = e ur. Then, by the continuity of ys(6;w) in ¢ and

(6.15), we obtain that there exists d2 € (0,01), such that for all 0 < [§| < 2 and t € [7, 7+ T],
s (t, 7w, u5.7) = ult, 7, w,ur) |1 < cllos(t, 7w, v57) = v(t, 7w, 07)|?
+ c eayé(gtw) _ eaz(etw) Hv(t’ 7’7 O.), 1)7-)H27

which along with (5.6) and (6.15) implies (6.2). O

An immediate result of Lemma 6.1 is:

Corollary 6.2 Assume the conditions of Lemma 6.1 are true and 6, — 0 asn — oco. Let us, and
u be the solutions of (5.2) and (2.11) with initial data us, ; and u., respectively. If us, » — ur
in H as n — oo, then for everyt e R, w € Q and t > T,

us, (6, 7,w,us, ) = u(t, T,w,ur) in H as n— oo.

We have stated that for each 6 € (0,1), Ag is the unique D-pullback attractor of =5 in H. To
establish the upper semicontinuity of these attractors as 6 — 0, we need the following compactness

result.
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Lemma 6.3 Assume the conditions of Lemma 6.1 and (4.2)-(4.3) hold. Let 7 € R and w € Q be
fized, if 8, — 0 as n — oo and u, € A% (1,w), then the sequence {u,}, is precompact in H.

Proof. The proof is standard based on the arguments of Lemma 3.3. Since the attractor A% is
invariant and u,, € A% (1, w), we see that for each n € N, there exists @, € A% (7 —1,0_jw) such
that

up =, (1,7 — 1,0_1w,0y,) = us, (1,7 — 1,0_rw, Uy). (6.16)

By (5.16), there exists N = N(7,w,«) > 1, such that for all n > N,

2 4 0 s —2az(0g_qw
R (r = 1,0-w) < 14 209 / e dmius=2a Jy 20 )dr=e 20T g gy - 1)) 2.
mp mp ) o
(6.17)
Since @i, € A% (7 —1,0_,w) C Ko (1 —1,0_1w), by (5.14) and (6.17), for all n > N, we obtain
HanHZ < e2az(w) (1 + 2”1’0’
mpy
o (6.18)
+ 2 / eimus=2a [§ 2(Oraw)dr—e 2Oy oy 1)H2ds>.
mp J_o

It follows from (5.3) that for all t > 7 — 1,

Vs, (6,7 — 1,070, 0n) = ug, (8,7 — 1, 0_rw, ity ) e~ *Yin 01=re) (6.19)

where ©, = e~ (0-19)g, In terms of (5.6), we know that

lim efozy(;n(a_lw) — efaz(e_lw)
n—00 ’

which along with (6.18)-(6.19) shows the sequence {0,,}°2; is bounded in H. Then, similar
arguments to those in Lemma 3.3 infer that {vs, (t,7 —1,0_,w, 0,)}72 ; is precompact in H, that
is, there exists v’ € H, such that for all t € (7 — 1, 7),

v, (6,7 —1,0_,w,0,) — ' (t) in H. (6.20)
By (5.3), (6.19)-(6.20), for all n > N, we have
us, (t,7,0_rw, i) — e **0=“)y/(t) in H for almost all t € (7 — 1,7). (6.21)
Since 0, — 0, it follows from Corollary 6.2 and (6.21) that
ug, (7,1, 0_rw, ug, (t,7 — 1,0_rw, @) — w(7,t,0_rw, e 0=/ (£)) in H, (6.22)
where u is the solution of (2.11). Note that
ug, (1,6, 0_rw,us, (t, 7 —1,0_rw, 1)) = us, (1,7 — 1,0_rw, Uy,).
Therefore, by (6.22), we have
us, (1,7 — 1,0_rw, Uy) — u(7,t,0_rw, e_az(gt”w)v’) in H,

which along with (6.16) completes the proof. [
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Theorem 6.4 Assume the conditions of Lemma 6.3 are true. Then, for every T € R and w € (Q,
we have

lim dist g (AS (7, w), A (T, w)) = 0. (6.23)
6—0
Proof. Given 7 € R and w € 0, let
Ko(r,w) = {u € H : |Ju|? < 2@ Ry(r,w)},

where Ry(7,w) is defined by

2 4 [0 s
Ro(’i‘,w) —14 E1|O‘ + / e%mus—QafO z(er)dre—Qaz(st)”h(S + T)HQdS.

mp muy
By (4.3), we see the family Ko = {Ko(7,w) : 7 € R,w € Q} belongs to D. Moreover, by (5.16)
and (5.6), we have

%iH(l) |K(T,w)|| = || Ko(r,w)|| forall T € R and w € Q,
—

which, together with Corollary 6.2 and Lemma 6.3, concludes this proof by [36, Theorem 3.1]
immediately. [

7 Final comments and remarks

In this paper, we have analyzed a kind of fractional stochastic nonlocal partial differential
equations driven by multiplicative noise, showing first the existence and uniqueness of solution
to our model (2.11). Next, we also proved the existence and uniqueness of tempered pullback
random attractor. When the fractional nonlocal partial differential equations are driven by colored
noise, we investigated the convergence of solutions of Wong-Zakai approximations and the upper

semicontinuity of random attractors of the approximated random system when § — 0.

Actually, instead of studying the linear multiplicative noise cvuo dd—vf, we could consider a more
general nonlinear one g(u)% (with an appropriate nonlinear function g). It is worth recalling

that Imkeller and Schmalfuf§ [22] proved that a stochastic ordinary differential equation, with
locally Lipschitz g, always generates a random dynamical system. However, it is not known yet

whether the same happens for general stochastic partial differential equations driven by nonlinear

aw
dt

by g(u)(s(0iw). Thus, the similar analysis carried out in our paper is useful to prove the existence

white noise. Therefore, we can consider the Wong-Zakai approximate system via replacing g(u)

and uniqueness of solution and the existence of random attractors to this approximate problem.
So far, it is unknown how to prove the convergence of solutions and attractors of approximated
problems driven by nonlinear noise towards the original stochastic ones. However, as in some
cases (multiplicative or additive noise) we are able to prove these convergences (see [43]), it seems

sensible to think that the attractors of the Wong-Zakai approximations provide us interesting
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information about the dynamics of the stochastic problem. We plan to drive deeper into this

analysis in the near future.
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