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ABSTRACT. In this work, four problems for stochastic fractional pseudo-parabolic containing bounded
and unbounded delays are investigated. The fractional derivative and the stochastic noise we con-
sider here are the Caputo operator and the fractional Brownian motion. For the two problems
involving bounded delays, we aim at establishing global existence, uniqueness, and regularity results
under integral Lipschitz conditions for the non-linear source terms. Such behaviors of mild solutions
are also analyzed in the unbounded delay cases but under globally and locally Lipschitz assump-
tions. We emphasize that our results are investigated in the novel spaces C([—r, T]; LF(Q, W"9(D))),
Cu((—00, T); LP(Q, Wh4(D))), and the weighted space F((—oo, T]; LP(Q, W"%(D))), instead of usual
ones C([—r,T); L*(Q,H)), Cu((—00, T); L*(Q,H)). The main technique allowing us to overcome the
rising difficulties lies on some useful Sobolev embeddings between the Hilbert space H = L* (D) and
Wh4(D), and some well-known fractional tools. In addition, we also study the Hélder continuity for
the mild solutions, which can be considered as one of the main novelties of this paper. Finally, we
consider an additional result connecting delay stochastic fractional pseudo-parabolic equations and
delay stochastic fractional parabolic equations. We show that the mild solution of the first model
converges to the mild solution of the second one, in some sense, as the diffusion parameter 8 — 07.
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1. INTRODUCTION

1.1. Stochatics PDEs with fractional derivative and delays. Over the recent decades, the
researchers interest in partial differential equations with non-integer orders derivatives (e.g. Caputo,
Riemann-Liouville, Weyl, etc), which are also known as fractional differential equations (FDEs), has
experienced a big development (see, for instance, [15,/16,(18]). Such models play a crucial role to
analyze diffusion phenomena, especially in processes involving the effects of power-law of memory
such as rheology, transport theory, or viscoelasticity, which cannot be modeled exactly by equations
with classical integer order derivatives, see [13}26,27,29}30,37,/48.50,55,/66H68]. An illustration for
the comparison between two types of derivatives is their applications in fluid flows. The fractional
derivative is more suitable to describe the behavior of some non-Newtonian fluids, while the classical
one is often used for Newtonian fluids. On the other hand, it cannot be ignored that the appearance
of random noise coming from natural sources often make physical phenomena fluctuate. Hence, in
order to have a more acurate model, it is required to add some stochastic terms in the main equations.

Stochastic partial differential equations (SPDE) have been well studied in mathematics and other
sciences, see, for example, Khoshnevisan [64] for a long list of references. The field of SPDEs is very
interesting and attractive to mathematicians because it contains many challenging open problems.
In the framework of this paper, we only emphasize and mention SPDEs with fractional derivatives.
According to our search and understanding, the number of studies on stochastic fractional differential
equations (SFDEs) has increased significantly recently. Here, we would like to study SFDEs with
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respect to Caputo derivative due to the following reason. The Caputo time fractional derivative
possesses some advantages, namely, the derivative of a constant is zero, it removes singularities
at the origin, and especially, it is more appropriate for initial value problems compared with the
Riemann-Liouville definition [2}31,/48]. Some interesting works on SFDEs with Caputo derivative
can be found in the work of S.V. Lotosky et al [28], Nane et al. [61-63] and references therein.

There are several and diverse fascinating topics for SFDEs and we aim to steer the reader towards
SEDFEs models with delays. It is well-known that, in reality, the future behavior of a dynamical
system is often affected by the previous and current states, which should be taken into account in
the formulation. Therefore, it is natural to add some essential controls including delays and memory
terms depending on the history of solutions in mathematical models. As a result, the theory of delay
partial differential equations (DPDEs) has become an active area and attracted much attention
of researchers, see Marin-Rubio et al. [40-42], Caraballo and Han [10], Liu et al. [33], Liu and
Caraballo [34], Marin-Rubio et al. [41], Xu et al. [59] and references therein.

Although deterministic PDEs with delay have been studied extensively, to the best of our knowl-
edge, stochastic PDEs (and FDEs especially) with delay still offer many challenging problems to be
investigated. We refer to some impressive studies for which they have developed many new mod-
els for delay stochastic fractional differential equations (DSFDEs), see Li and Wang [32], Xu and
Caraballo [56], Xu et al. [57,/58], Wang et al. [65], Chen and Yang [7,8] and references therein.

1.2. Setting our problem. Motivated by the aforementioned considerations, in this paper, we are
interested in considering some partial differential equations containing both fractional derivative,
stochastic noise, and delays. Our main purpose is to investigate the following four problems for
stochastic fractional pseudo-parabolic equations involving delays, Caputo fractional derivative, and
fractional Brownian motion (fBm for short).

e The first two problems contain finite delays:
Df (2 — BAR) () + (—AYa(t) = (t,20) + o (O BE(), t e [0,T),
(t)lon =0, te[0,7T], (P1)
m(t) = ’U(t), te [—7", 0]7

and
D (x — BAZ)(t) + (—A)a(t) =T} f(t, ) + I} %o (t)| B (1), te]0,T],
z(t)|lop =0, te€0,T], (P2)
z(t) =v(t), te[-r0],

where r > 0.

e The second couple of problems involves infinite delays:
Dp(w — BAR) (1) + (—AYa(t) = f(t,20) + (O BE(D), t e [0,T),
Jj(t)’aﬂ) =0, te [OvTL (PB)
2(t) = v(t), L€ (—00,0],

and
Dp (z — BAZ)(t) + (~A)a(t) = L}~ f(t,z) + [Z} %o ()| BE(t), t<[0,T],
z(t)|op =0, t€0,7T], (P4)

z(t) =v(t), te (—o0,0].

Here, (Q, F, {F:},P) is a filtered complete probability space and I is a bounded domain of R? with
sufficiently smooth boundary. Denote by —A the negative Laplacian operator, H := L?(D), and
(Mg, ¢r) an eigenpair of —A satisfying A1 > A\ > 0 for all £ € N, A\ — 0o as k — oo, and (¢y)
forms an orthonormal basis in H.
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The constant 8 > 0 is called the diffusion parameter, Df* stands for the Caputo fractional deriv-
ative of order a € (0,1), Z} ™ is the Riesz fractional integral (see Definition , (—A)7 is the
fractional operator of order v € (0,1) (see Subsection [2.2), which can be considered as the infinites-
imal generators of Lévy stable diffusion processes [38,46]. The terms f,o, and the initial function
v will be specified later, Bg (t) is an H-valued Q-cylindrical fractional Brownian motion defined on

(Q, F,{F:},P), with Hurst parameter H € (%, 1), and the generalized derivative Bg(t) of Bg(t) is
called fractional noise. For any x defined on (—oo, 7] and any ¢t € [0,T] we define the function x; on
(—00,0] as follows

r(t)=2(t+71), 7€ (-00,0]

The main reason why we consider the additional problems , beside Problems , is
as follows. For the two models , , the existence and regularity results can only be guaranteed
when a € (%, 1) and p satisfies some strict conditions, since the integrals in the mild formulations
contain the singular kernel (t — s)®~!. This leads us to investigate an additional couple (P2), (P4),
where we can extend the results obtained in the two old problems to («,p) belonging to the whole
domain (0,1) x [2,00) (thanks to the higher regularity of the terms in the right hand side, with the
presence of the operator Itlfo‘).

In the deterministic case, some studies have been reported to fractional pseudo-parabolic equation,
for example Sousa and Oliveira [49], Tuan et al. [53], Tuan and Caraballo [54]. Fractional stochastic
pseudo-parabolic equations driven by fractional Brownian motion were probably first studied by
Thach and Tuan [52]. Indeed, they established the existence, uniqueness, regularity results for mild
solutions to an initial value problem for considered equations in two cases of H, i.e, H > 1/2 and
H < 1/2. However delay models were not considered in Thach and Tuan [52].

In spite of the necessity of discussing such model with both delays and fractional Brownian motion,
as far as we know, there is no result on delay stochastic fractional pseudo-parabolic equations. This
motivates us to establish some results on the behavior of solutions to such model with both bounded
and unbounded delays. Our interest in considering the above models also comes from interesting
articles on stochastic evolution equations with a fractional Brownian motion and delays, for example
Caraballo et al. [12]

Our next goal is to introduce in more detail the main equations that appear in the four problems
above. The fractional pseudo-parabolic equations have some connections with other traditional
equations as follows. In the case @ = 1 and 8 > 0, the above equations become classical pseudo-
parabolic equations with integer order derivative, which is a crucial issue in several fields thanks
to its successful applications in describing some physical phenomena, namely, the leakage of liquid
through cracks in rocks or materials [141/60], long waves and dispersive [36], and the aggregation of
populations [47]. In the case a € (0,1) and S = 0, the equations turn to be fractional parabolic
equations (also called fractional diffusion equations), which are well-known models describing several
anomalous transport like finance, biology, hydrogeology, etc (see [24,31,/51]). Due to successful
applications in diffusion models containing the effects of power-law of memory, fractional pseudo-
parabolic equations have witnessed a great development up to date.

The final purpose of this subsection is to highlight the fBm stochastic noise used in our mod-
els. The inspiration for us to choose fBm came from the strong growth and attraction of many
excellent mathematicians to study this model. Fractional Brownian motions are important to model
complex phenomena when the systems are subject to rough external forcing. Furthermore, it is
worth mentioning that this model is a correlated subclass of Gaussian process that turns to be the
standard Brownian motion if the scaling exponent H (also called Hurst parameter) equals to 1/2.
We refer the readers to [6,/12,/44] for more complete presentations on fractional Brownian motion,
where we emphasize that Caraballo and his co-authors (see Lemma 2 of [12]) constructed a crucial
technique to deal with stochastic differential equations driven by fractional Brownian motion with



4 TUAN, T. CARABALLO, AND T.N. THACH

Hurst parameter H € (1/2,1). Important and interesting contributions to the field of stochastic
differential equations with fBm can be found in many interesting works by Garrido-Atienza and her
colleagues [5,/17,19-21] .

1.3. Our challenge and contribution. Let us now briefly describe the main results, difficulties,
and some remarks on the current paper.

e For the two models containing bounded delay and , we aim at investigating the
global existence, uniqueness, and regularity results, under an integral Lipschitz condition on
the non-linear term f : [0, T] x C([—h,0]; LP(Q, Wh4(D))) — LP(Q, W¥4(D)), where Wh4(DD)
is the fractional Sobolev space. We emphasize that, when dealing with bounded DPDEs with
fractional Brownian motion, the usual space C([—r, T]; L?(2,H) is often adopted, see [12,35,
57]. However, the existences here are established in a novel space that is C([—r, T]; LP(Q, W54(D))),
which seems to be the first approach to this topic.

e Regarding the two models involving unbounded delay and , we construct global
existence, uniqueness, and regularity results, under both globally and locally Lipschitz con-
ditions for the function f : [0,7] x Cu((—00,0]; LP(Q, Wh4(D))) — LP(Q, W 9(D)). Such
results are investigated in the new spaces

Cu((—00, T]; LP(Q,W'(D)))  and  Fp((—o0, T]; LF(Q, WH(D))),

(see Remark 5.3)), instead of the usual one C,,((—o0, T]; L*(2, H)) (see the papers [32/34,56/{58]
which inspire our results here). To the best of our knowledge, no results have been reported
on the existence of mild solutions to unbounded DPDEs under the Lipschitz assumptions
mentioned above.

e One of the novelties of our paper is the question of Holder continuity. As far as we know, in
the studies reported about bounded and unbounded delay stochastic partial (and fractional)
differential equations, the Holder continuity result seems not to be considered very often.
Hence, such result can be considered as one of our new outcomes. Theorems (res.
Theorems can be considered as the first work on the Holder continuity result for
bounded (res. unbounded) delay stochastic PDEs.

e It should be noted that if the diffusion parameter 8 equals to zero, then fractional pseudo-
parabolic equations turn to be traditional fractional parabolic equations. Hence, we are
interested in considering a question rising on the connection between the two models. In
other words, we show that the mild solution of the first model tends to the mild solution of
the second one, in some sense, as [ tends to zero, which can be considered as another novelty
of this paper. Let us illustrate here the importance of the positive parameter 8 appearing
in pseudo-parabolic equations in the description of a physical process, namely, the seepage
of inhomogeneous fluids through a fissured rock [4,9]. In this process, 8 plays the role of
characterizing the fissured rock. If this parameter decreases, then there would be a reduction
in block dimension and an increase in the degree of fissuring.

e Compared with the usual space L?(€2,H), when working with the space LP(Q, W54(DD)), we
have to face several integrals with singular kernels (which could not converge without flexible
estimates) and some challenges coming from the Lipschitz assumptions. Fortunately, to
overcome this trouble, we can design and apply some useful Sobolev embeddings techniques
like #y, — Hy,, = WD) — WH(D) and WD) — W22(D) = Hay — H,,
provided suitable conditions for parameters hold.

e Unlike the very recent study on fractional stochastic pseudo-parabolic equations driven by
fBm [52], the additional delays associated with the Lipschitz assumptions involving fractional
Sobolev spaces in this paper generates several difficulties, which cannot be handled by a
similar technique as in [52]. The most challenging part is that, the existence results on the
continuous space C([—r, T]; LP(2, WH4(D))) (res. C,((—o0,T]; LP(2, WH4(D)))) could hardly



5

be obtained if we do not design extremely sharp estimates containing a variety of complex
parameters, which is not easy to control to ensure the convergence of the integrals with
singular kernels appearing when do calculations and estimations.

The rest of the present paper is organized as follows. In Section some materials including
fractional analysis, functional spaces, stochastic settings, mild solutions, and needed properties, are
introduced. Section [3] and Section [ are devoted to establish existence, uniqueness, and regularity
results for the two couple of problems separately. In Section [bl we investigate additional global
existence results for Problem and Problem , under locally Lipschitz condition for f. The
last section is concerned with the connection between fractional pseudo-parabolic equations and
fractional parabolic equations; namely, we show that the mild solutions of fractional pseudo-parabolic
equations converge to the mild solutions of fractional parabolic equations in particular senses.

2. PRELIMINARIES

In this section, we introduce some preliminaries including fractional analysis, functional spaces,
stochastic settings (fractional Brownian motion and the corresponding stochastic integral), and the
definitions of mild solutions. From now on, we use C' to denote a general positive constant which
may different from line to line and a < b to imply a < Cb.

2.1. Fractional analysis. We begin with the definitions of the Riesz fractional integral, the Caputo
fractional derivative, the Mittag-Leffler function and the Wright type function, as well as some needed
properties.

Definition 2.1. [26,48| The Riesz fractional integral Z;*, with o > 0, of a function g is defined by

(1) = F(la) /0 (t — 7)Y g(r)dr,

where I' is the standard Gamma function.

Definition 2.2. [26,48] The Caputo fractional derivative Dy, with o € (0, 1), of a function g is
defined by

t
DEa(t) = rrymag [ (=) Drar)ar

Definition 2.3. [48] Let (a1, a5) € RT x R and 2 € C. The Mittag-Leffler function and the Wright
type function are defined by

B () = ii Mo (2) = i (—1)kzk
ar,on = ] D(onk+ag)” = 2= P KT(1—ank —aq)

For the sake of convenience, we denote E,(2) := Eq1(2) and E4(2) := Eaa(2), for @ € R,

The relations between the two particular Mittag-Leffler functions E,, F, and the Wright type
function [22] are as follows

Ey(—2) = /000 M, (T)exp(—z7)dr, E.(—%2)= /000 at My (1) exp(—z7)dr. (1)

The following lemmas describe some useful properties of the two mentioned functions, which will
be used throughout this paper.

Lemma 2.1 (see [22]). For a € (0,1) and € > —1, there holds

/OO T My (1)dT = T(e + 1) (ea + 1).
0
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Lemma 2.2 (see [25]). For a € (0,1) and X > 0, there holds
O (t* TEQ(—M?)) = t* 2 Eqa-1(—AtY).

For some further details about the fractional calculus, the readers can refer to [22}25]48].

2.2. Functional spaces and Sobolev embeddings. We now collect the definitions of functional
spaces used in this work and introduce some Sobolev embeddings. We start by the Hilbert scale
space and the fractional Sobolev space. For a given number v > 0, we denote H, the Hilbert scale
space

H, = {ue’H |lullg, = (Zx\Ql’uqﬁk ) <oo}

where (-, ) is the usual inner product in H = L?(D). Denote by H_, the dual space of H,,, provided
that the dual space of H is itself [43]. Then, H_, is a Hilbert space endowed with the norm

1
lullp_, = ( 1 )\EQV(U,¢1€)2,V7V>2, where (-,-)_,, is the dual product between H_, and #,,
which possesses the property

(w1, u2)—pp = (u1,u2), for (ui,uz) € H x H,.

The fractional operator (—A)” : H_, — H,, can be defined as (—A)"u = 72| A (u, dr)Pr.
For | € Z* and q > 1, we denote by W4(D) the standard Sobolev space [1]. In the case, I € [0, 1],
the fractional Sobolev-type space [39] can be defined as follows

Wh(D) = {w € LI(D) s.t. M € LI(D x ID))} ,
€1 — &)™

which is known as an intermediary Banach space between L4(D) and W'4(D), endowed with the

norms
_ w(&) — w(e)
Pollioe = ( [ luivae + [ [ 00 )

If ¢ = 2 then W"9(D) turns to be a Hilbert space and we denote H; = W2(D) for short. For more
details about this fractional Sobolev space, the readers can refer to [3}39].
We collect some needed properties for this space [39] in the following lemmas:

Lemma 2.3. Let v be a non-negative number. The following Sobolev embeddings hold
i My — H, =W"(D),
p,q € [1,00),
. WYP(D) — Whi(D), if v,p,1,q satisfy { 0 <1 < v < oo,
v — d >1— 7
iii. if0<l<%andl<m< d%gl, orl=14 andm > 1, then H; = WH2(D) — L™(D).

/

w. if =% <1 <0 andm' > ;2% then L™ (D) — W"2(D) = Hy.
Lemma 2.4. Let 0 < v <1V < 2. The following Sobolev embedding hold
Hyp = Hypp o Hy > HoHoy = Hoy o= Hopyo.

Next, we continue to introduce some solution spaces, which will be used when investigating the
existence and regularity of mild solutions to the four problems in the present paper.
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Let B be an arbitrary Banach space. We denote by C([a, b]; B) the space of all continuous functions
from [a, b] into B endowed with the sup norm. Additionally, for x> 0, we define the two spaces

Cu((=00,0: B) i= {u € C((~00, 01, B) : [ule, (oo 0ym) = sup e u(r)ls < o},
TE(—00,

Cu((=00, T); B) i= {u € C((—00, TI; B) : ulle, (—o0.118) = sup e hu(r)le < ).
TE(—00,
For fixed v € C([—r,0]; LP(Q, Wh4(D))) (res. v € C,((—o0,0]; LP(Q, Wh4(D)))), with (p,l,q) €
x[2,00) x [0,1] x [1,00), we define the following Banach spaces

Cprq =1z €C([-r,T]; LP(R, Wha(D))) : z(t) = v(t) forte[—r,O]},

V”U

Y g i {1: € Cu((—00, T]; LP(Q, WH(D))) : 2(t) = v(t) for t € (—o0, 0]}.

2.3. Fractional Brownian motion and stochastic integral. In this section, we recall the frac-
tional Brownian motion (fBm), the Wiener integral with respect to fBm, and some related results.

Definition 2.4. The one-dimensional fractional Brownian motion o' (t), with Hurst parameter H €
(0,1), is a continuous centered Gaussian process with covariance function

E[o"(t)o" ()] =

IftH = % then this motion becomes the one-dimensional standard Brownian motion o(¢). Further-
more, it is known from [45] that o (t) = fg K(t,7)do(T), where

W2H 4 ’T‘QH _ ’t _ T‘QH
2

t
K(t,T):cHT%—H/ (s—r)H-3si-3ds, He(tn),
T

1
which satisfies that O,K (t,7) = cn (%)H_E (t — T)Hi%, where

H(2H —1
CH = \/3(2 _ (2}[7 I _) 1/2)’ with B being the Beta function.

For v € L2([0,T]), the Wiener integral of ¢ with respect to o (see [6,/11,45]) can be defined as

/w ) /KHw )do(s),

where K3(s) = [ (1), K (, 5)dr.

Now, we aim at introducing an fBm taking values in the Hilbert space H as well as the stochastic
integral with respect to it. Let L(#,?H,) be the space of all bounded linear operators from H to
H,. Let Q € L(H,H) be a non-negative self-adjoint operator such that Q¢ = Ardr and Tr(Q) =
> poq Ay is finite. The infinite dimensional fBm on H with covariance @ (see [6,|11]) is defined as
follows

=> oi( Q2¢k—2\/7¢k9k
k=1

where Qf (t) are one-dimensional fractional Brownian motions. To define the Wiener integral with
respect to above fBm, we introduce the space L2 v = L2(Q%(H),”H”) of all @ -Hilbert—Schmidt

1
operators ¥ from Ql( H) to H,, endowed with the norm ||\IJHL%2 = (Zzil H\IIQ%qSkH%_[V)Z

v = 0, we denote L2 instead of L2 o for short.
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Definition 2.5. (see ) Let ¥ :[0,7] — LQQ such that Y 72, ||K}}(‘I/Q%¢k)”L2([0,T];H) < 00. The
Wiener integral with respect to the fBm Bg is defined as

/Ot‘I’( 7)dBg (7 Z/ 7)Q2 ¢rdof! (7 Z/ (K3 (UQ2 ) (7)on(7),

where o (1) and g (7) are one-dimensional fBms and standard Brownian motions respectively.

It should be noted that the It6 isometry can not be applied to the Wiener integral with respect
to fBm. Fortunately, to overcome this difficulty, we can use the following property:
Lemma 2.5. (see ) For ¥ : [0,T] — Lé satisfying fo | W (s HLZ ds <ooand 0 <a<b<T,
there holds

IEH/ s)dBY (s H2 gcHH(QH—1)(b—a)QH_l/abH‘I’(S)H%édS-

The last lemma of this subsection is devoted to the Kahane-Khintchine inequality, which is a
well-known tool used to pass from order p to order ¢ when estimating stochastic terms, see [69H71]
for example.

Lemma 2.6 (see Theorem 5.3 in [73], Theorem 3.12 and Corollary 4.13 in [74]). Let X be a normed
space, (gr)k>1 be a sequence of independent standard Gaussian random variables. Then, for any
finite family x1,...,z, € X and 1 < p,q < co we have

n n

1 1

(BN D wrgell%)? < cpa (Bl Y wrge%)
k=1 k=1

where ¢, 4 is the Kahane-Khintchine constant. Consequently, for any X -valued Gaussian variable X

there holds

-1:\»—‘

(XI5 7 < cpg(BIX]%) 7.

2.4. Mild solutions.

Definition 2.6. A stochastic process x is called a mild solution of Problem (res. Problem )
if it satisfies

u(t), t € [-r,0], (res. v(t), t € (—oo,O]),

Ea( ( )WAt&)v0+

+ it = 8)  Ea( = (~A)A(t — 5)°) Af (5, 25)ds+

+ [t = ) Eo( = (~AVA(t — 5)*) Aa(s)dBE (s), t € [0,T],P - as.,

where vg = v(0), A = (I — BA)~! and
Ea( = (A)At%) = /OOO Mo (r)exp (= (—A)TAt*r)dr

z(t) =

Ea( - (—A)WAta) _ /OOO or Moy () exp ( _ (_A)'Y.AtaT)dT

Definition 2.7. A stochastic process z is called a mild solution of Problem (P2) (res. Problem (P4]))
if it satisfies

u(t), t ], (res v(t € (— oo,O]),
Eo( - ’Y.Ata)v +

+fo ( (-A)A
+ oy Ba( = (-4)

2(t) = )2V AS (s, ws)ds+

(t—s
TA(t — s)*) Ao(s )dBQ( s), t€[0,T],P —a.s.,
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In what follows, we aim at explaining the way of establishing the mild formulations as in above. For
short, we only consider Problem . The representations of mild solutions to Problems —
can be constructed similarly.

Out strategy here is to represent the solution to Problem in the form x(t) = > 72, (x(t), o) Pk
for t € [0,T]. By taking the inner product of the first equation of Problem with ¢p, we have

by 1

D7 (w(0),00) + 1y (#(0), 60) = 1y (60, 00) +2f 165, 61) 81 (1))

The above differential equation can be solved by applying the method of Laplace transforms [26] as
(‘T(t)a ¢k) = Ea (_)"]Z(l + ﬁ)‘k)_lta) ($(O)a ¢k)+
t
+ / (t =) " Ea (AL + BAR) Tt —9)) (14 BA) " (f(5525), ok ) dst
0

+ /0 (t—s)* 1By (=N (14 BXe) Tt —5)) (14 BA,) Z VA (o(s)ej, er) Qf(s)ds.
j=1

Replacing the above formula into x(t) = > 7 (z(t), #x )Pk, we directly obtain the following explicit
formulation for z(¢) in the form of a Fourier series with ¢ € [0, 7]

=37 Ea (“AL(1+ BA) 1) (2(0), 6k) bt

k=1

/Ot . 1E ( )\Z(l‘f‘ﬁ)\k)ilta) (1_|_5/\k)’1(f(8,335),¢k)d5>¢k+

NE

+

T

+Z(/ — $)° By (= AY(L 4 BAk) M) (1+ BAk) 1Z\F s)ejen)of (s)ds) o (2)

7j=1

By the definition A = (I — 8A)~! and the following two representations

Eo (= (—A)7(At%)( ZE AL+ BA) ) (-, dr) o,

Eo( — (A At)( ZE P14 BAL) ) (5 0r) Brs

and noting that x(0) = vy, we can rewrite in a short expression as follows

z(t) = Eo( — (—A)VAtO‘)voJr

+ / (t — s)o‘_lﬁa( — (=A)VA(t — 8)*) Af (s, x5)ds+
0

+ /0 (t—8)* TEq(— (A)TA(t - s)o‘)Aa(s)ng(s). (3)

On the other hand, remember that z(t) = v(t) for t € [—r,0]. By the two latter observations, the
mild solution to Problem can be defined as in Definition

In the following lemma, we represent several useful properties of the operators appearing in the
above mild formulations.

Lemma 2.7. Let a € (0,1), v € [0,1], p > 2, § be a positive number small enough and ' be a
non-positive number satisfying V' < 0 < v < v/ + 1. Then, the following properties hold true:
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(E1) Fort € [0,T), the operators Eo(— (—A)VAtY) and Eq(— (—A)VAt™) are linear and bounded
[Ba (= (=AY A) vl 1o 90, S lllLr@0),
[Ea( - (_A)WAta)uHLP(Q,H,,) S lullze@p,)-

(E2) Fort € [0,T), the operators Eq(— (—A)YAt*) and Eq( — (—A)VAt™) are Hélder continuous
of exponent a

|(Ea( = (—A)7A t—l—éa)
Ea(— (=
[(Ba(= (-4 7At+5“)
( ( A)WAta))uHLp(Q'HU) 5 éuHuHLP(Q,HV)-
(E3) The operator A is linear, bounded and ||Aulrrn,) S llullrn,,), where the hidden con-

stant is B~V
(E4) Fort € (0,T], the following continuity hold

(B~ (A7 A+ 57)-
— " Ea (= (= A)TAL)) Aul| 6 50,y S 100 Null oo, ).

where 8 > 0 is sufficiently small such that 0 < 8 <1 — «.

A)TAE) Jull oo 1,y S O Nullirre,),

The proof of Lemma [2.7] can be found in Appendix.

3. EXISTENCE, UNIQUENESS, AND REGULARITY RESULTS FOR PROBLEM (P1)) AND PROBLEM (P2)

In this section, we shall investigate the existence, uniqueness, and regularity results for Problem
(P1)) and Problem (P2|) (which contain finite delays) under the following assumption

(H1) f(t,0) = 0 for t € [0,T], and there exists Ly > 0 such that, for any X,Y belonging to
C([-r,T]; LP(Q, Wh4(D))) and t € [0, T7], there holds

t
/ Hf s, Xs) (s,Y5) HLp QWw.a(D ))dsgﬁf/_THX(s) HLP(Qqu

Our main results in this section are stated as follows:

Theorem 3.1. Let a € (3,1). Let d > 1, v € C([—r,0]; LP(Q, W"4(D))), and |(H1) hold for some
(d,p,q,1,1) satisfying

1+d@—%)zaqu

I'<o<i<2—dt-—1+0 @
cotisaodi-yer
and 2 < p < 1= . Assume further that
o€ L™0,T; L2(Q,Lé’y,)), for some m > p(a_’ﬁ, v e v, 0], 5)
vg € LP(Q,H,), for some v € (v, 1].
Here, v, and v, are defined by
Vy 1= V*(d7Q7l) = %(l + d‘ ‘X{q>2}( )) (6)
vl = vi(d,q,1) = 3 (U = | = S |xien @),

where x is the mdz’cator function. Then, we have

(1) Problem (P1) has a unique solution x € C,
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(2) the following regularity property holds

2l e((=ra;Lr @ Wha (D))
S lvollzr@n) +llollimori2 @z ) + 10lleq-rosr@wiamy), (7)

where the hidden constant depends on 3.
(3) the following Holder continuity result holds for t € [0,T] and 6 > 0 small enough

|2 (t +6) — x(t)HLP(Q,Wl’q(D))
6ol o) + ol eorza@z y + Iolleg-ropzr@wiamy):
for some n >0 small enough such that n < (1 —a) A (o — 1+ “2E).

Theorem 3.2. Let a € (0,1). Let d > 1, v € C([-r,0]; LP(Q, Wh(D))), and hold for some
(d,p,q,1,1") satisfying and p > 2. Assume further that

o€ LP(0,T; L*(Q, Lé ), for some V' € [V,0],
vo € LP(,H,), for some v € [vy, 1].

(8)

Then, we have

(1) Problem ) has a unique solution x € C?
(2) the followmg reqularity property holds

p,l,q’

2 lle((=r17: L0 (@, Wha D))
S lvollzea,) +llollerz@.rz, ) + 10lleqroLr@wamy),

(3) the following Holder continuity result holds for t € [0,T] and 6 > 0 small enough

[t + 6) — a(t) HLP(Q,WZ»‘I(]D)))

< (ool ooy + Nl rarass, o + Iollegroparowiamy) )

7= 1
where 7= a A (H — ).

Remark 3.1. It is quite usual when dealing with stochastic differential equations containing bounded
delay that the non-linear term is often assumed to satisfy the following integral Lipschitz condition
[12,57]

t t
50 = 5V s < £7 [ 1¥G) =Y (9] g

Then, by applying a similar technique as in Caraballo et al. [12] and Xu et al. [57], the existence
and uniqueness of the solution can be established in the usual space C([—r,T]; L*(Q,H)). However,
inspired from [12,/57], in this section, we consider the condition for f in a different point of view,
in which L?(Q,H) is replaced by LP(Q, Wh4(D)) (or LP(Q, W'4(D))), which generates some new
difficulties. It is now worth clarifying the points mentioned above as follows.

e (i) Considering LP type spaces is more difficult than considering L? ones, mainly because
several integrals with singular kernels appearing when establishing the existence results are
not easy to handle (they could not converge if we do not design flexible estimates) and Lemma
could not be applied directly;

e (ii) It is useful that we are fortunate to have some connections between the Hilbert space H
and the fractional Sobolev space Wh4(ID), W' ¢(ID) (designed in Lemma [3.1/and Lemma ,

which help us overcome the challenges.
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Remark 3.2. To the best of our knowledge, in the studies reported on the topic of bounded delay
stochastic partial (and fractional) differential equations, the Holder continuity result has not been
investigated. Hence, such result can be considered as one of our new outcomes.

Remark 3.3. e It can be seen the main advantage of Model is that we can extend the existence,
uniqueness, and regularity results obtained in Theorem for Model when « € (%, 1) to Model
for a belonging to the whole interval (0,1). Additionally, the condition for the parameter p
can be extended from 2 < p < ﬁ to p > 2. This leads to consider the additional problem (P2) to
complete our study on the delay case.

e Another difference between the two models is that the results in Theoremfor Model are ob-
tained when o € LP(0, T’; L*(1, Lg?,v/» instead of the more strict condition o € L™ (0, T’; L*(1, Lé,y/))7
for some m > p(a_’ﬁ, as in Theorem The main reason is that the mild formulation in Problem
contains the singular kernel (¢ — s)®~1.

e Due to the two different expressions of the two mild solutions to Problems and and their
two distinct assumptions, there will rise some different estimates. Hence, in the proof of the result
for Problem , we just focus on essential differences and omit similar parts as in the first problem
1.

Remark 3.4. It is unfortunate that Ea( — (—A)'V.Ata) only satisfy the Holder continuous property
instead of the desired form

| (Ba(—(=2)1 At +6)7)
~ Ea( = (~A)A))ul

< 5
LP(Q,HV) ~ HUHLP(Q,HU_)’

where v_ < v and the hidden constant does not depend on ¢. This is the main reason why we require

the additional condition vy € LP(2,H,) to guarantee the existence result on the continuous space
C([=r, T]; LP(Q, WH(D))).

Before proving the two previoius theorems, we first prepare some useful materials, including prop-
erties of the two parameters vy, v}, and two Sobolev embeddings.

Lemma 3.1. Let (d,q,l,l') satisfy and vy, V. be defined as in @ Then, there holds
V<0<, <V +1. (9)
Furthermore, the following Sobolev embeddings hold true
My, = Hay, = WD) = WH(D),
WD) s W2+2(D) = Hy,r < H,r.

Proof of Lemma([3.1]. Initially, we shall prove property @[) From the definitions of v, and v/ in (6)),
it is obvious that v, < 0 < v,. Therefore, we only need to verify that v, < v, + 1. Indeed, due to (6
and the last condition in , we have

1 1 1 1
Ay — ) =11 +d‘5 — 5| (a2 (@) + xggery (@) = 1=V + d‘g -3l=2

which implies that v, < v + 1.
Next, we continue to verify the two Sobolev embeddings. Thanks to Lemma [2.4] one can see
H,, — Ha,, = W?"+2(D). On the other hand, due to the definition of v, it is clear that 0 < [ < 2w,

and
1 1 d 1 1 d d
2w, — &= d‘f—f‘ —Sziwd(5 o) -5 =1-5
ve— g =lHdly 5| Xa221 (@) — 5 2 1+ d(5 )73 ;
Applying Lemma it is obvious that W?2"+2(D) < W4(D) holds true. The embedding can

be proved by a similar way as above. Therefore, we omit the details here. O

d
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Proof of part[(1) of Theorem[3.1 For y : (—oo,T] — LP(Q, W'4(D)), we define the operator N as
follows

v(t), t € [=r0],

Ea( ( )7./4756“)1)04-

+f0 *-1E, ( (—A)YA(t — S)Q)Af(s,ys)ds+

+ fo (t—s)* TEq(— (—A)TA(t - s)O‘)AU(s)ng(s), t€[0,77.

Ny)(t) =

It what follows, we shall show that A/(CY
fixed point.
Step 1: Firstly, we verify that Ny € C, ify € C);
Sobolev embedding

il q) - (C;’% q and then prove this operator has a unique

g For t and ¢ satisfying 0 <t <t+6 <T, the

Hy = Hy, = Hay, = WD) — WH(D), (10)
and Property m (E2)| of Lemma [2.7] ﬁ directly yield
A7 (A A
H( A)VA(E+0)7) = Ba = (~A)7AL ))U()’ Lp(Q,Wha(D))
< H(Ea — (AVA(t+8)) = Ea( — (—A)A) Jug s
S 0%vollr @20,y S 6% 1voll Le(o,m,) - (11)

For the sake of convenience, we define the operator M and function M, as follows
t
(M)(t) = [ (=5 B = (ZA) Al = 5)°) Af (5. 30)ds. (12

Mo (t) = /0 (t— 8)* Bl — (~A)VA(t — 5)) Ao (s)dBE (s). (13)

We shall verify the continuity of the two above terms. It should be noted that, due to conditions
pE2 a) m > ﬁ, there always exists n > 0, small enough, such that

77<(1—a)/\<a—1+u).
pm
Since 7 satisfies the above condition, it can be seen that
1 1 m — 1 - 2)m+ 1
nea—til oggmop_ 1 _@=2mip 1
p D pm p pm p

With the help of the Sobolev embedding H,, < Ha,, = W#+2(D) — Wh4(D), and the triangle
inequality, we obtain

[(Ms)(t+8) = (M) O pramy S NMen)E+8) = M) O 00,
5 EH /0 ((t + 46— s)a—lﬁa( _ (_A)WA(t 46— S)a)_

— (t—8)""Eo(— (—A)TA(t - s)a)>Af(s, ys)ds‘ i

_l’_

VUx

t+0 p
+EH/t (t+6—s)°"1Ea(—(—A)”A(tJré—s)a)Af(s,ys)ds‘

Vx

< M, 6) + Mi(t,9),
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where, as above, for the sake of brevity and readability, we are denoting

W@aﬁwzﬁléﬂKa+a—ea1E4—«—AwAa+a_@o—

—(t— )" Ea(— (“A)A(t — s)a))A F.)||,, ds] (14)

and

45 .
E /t (145 = ) [Ba — (- AG 45— 9)7) Af (s,

Miy(t,6) = - ds] (15)

Let us first estimate the term M}(t, 6) as in (14). Applying the property |(E4){with § = 5, the Holder
inequality, the Sobolev embedding

WD) — W2+2(D) = Hy,r < H,, (16)

and Assumption [(H1), we can estimate the first term as
i t ! g
Mj(t.8) SB[ [ (0= 978 1.0y,
t pla=i-m) \p-1 f?
som( [e—" i) [ Bl d
0 0 -
t

< spnpla—n)— / Il f(s,ys HLP QW a(D ))ds ngﬁf/ Hy(S)”ip(valvq(D))dS

-

ST +r) sup |y , 17
T+7) s WO ) ()

1
P’

The next purpose is to obtain an upper bound for the second component M (t 0) defined in the
expression . This term can be estimated by the properties |(E1) )b the Holder inequality, the
Sobolev embeddmg , and Assumption |(H1)| as

where we have used the fact that p(a —n) > 1, which follows from n < o —

; t+6 1 4
MG (t, ) SE[/t (t+8 = )77 £(5,) |, ds]
46 pla—1 1 [tHo
< (/t (46— 5) "5 ds)" /t B £(s. ), ds

L t+6
< jpo—
S A V{CTA T

t+d
S 5pa_1£f /_r lly(s )H QWha( ))ds S 6pa_1(T +7) teTEPT} ||y(t)||ip(Q7Wl,q(]D)))ﬂ (18)

where we note that pa — 1 > 0, which follows from p > 2 > L.

«
From the three latter estimates and noting that n < a — %, it is obvious that

(M) (t+6) — (Msy)(t) HLp(Q,Wz,q(D)) S 0Mylle—r 11200, whe D)) (19)
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With the help of the Sobolev embedding , the triangle inequality, and the Kahane—Khintchine
inequality, we can see that

HM (t+90) - H Q,Wha(D)) NHM (t+9) - HLPQHV*

S EH /0 (t+9— s)a*IEa( — (A A(t 46— 5)¥)—

~ (¢ =5 B~ (-AVA(t - 5)%) ) Ac(s)BY )| +
t+6 o p ;
B [ 5= 9 Bu(— (A AC - ) doaBg o)
< [g /O (t+6—8) Eo( — (~A)A(t+6 — 5)%)—
—(t—3)*"Eo(— (—A)VA(t — 3)”))./40(8)6135(8)‘ j{,, ]§+
t+6 9 *2
]| [ s 90 B (- oy - o) aasd o)), ]
—: ML (t,6) + ME(, 0). (20)

where the hidden constant only depend on the parameter q.
By applying Lemma with ¢ = 0 and b = ¢, and the Holder inequality, the first term ML(t, J)
can be estimated as

My e.5) s e[ [ B (-0 (¢4 6 - )" B~ (AP At 45— 5)7) -

[S4S)

(t— 8 B~ (~A)A(t s)a))Aa(s)H; ds|

Q
= ¢2(2H- 1>t/ H t+5 $)* TEo(— (AT At +6 — 5)¥)—
—(t—8) " B — (- A)u(t—s)a))Aa(s)];(QLQ) s
Q

On account of property and the Sobolev embedding H,» < H,,, we deduce
t
M(t,6) < tpH1/O (t— S)I’(Ol*l*’?)éan(—A)V*U(S)Hi2(g7ljé)ds

t
< tpH=1gen / (t — syPle=1=mlg(s) ds
0

Hi%g L2

t mplo 7 2
s ( [ (e- ™55 / o Fezz )
0 !

where we note that
mp(a —1—1n)
m—=p

> -1, pH—1>2H 1> 0.

It follows that

M (t,8) < tpH-1gpngpla— oz (21)

p
HO’”[/“(OT[P(Q L2 /)) 5 5p77HUHL’"(O,T;LQ(Q,LQQ,V,))'



16 TUAN, T. CARABALLO, AND T.N. THACH

By applying Lemma with ¢ = ¢t and b = t + §, the Holder inequality, properties and
the Sobolev embedding H,» < H,,, the second term M (t, ) can be estimated as

» t+0
ME(t,6) < 52(2H—1)E[/ H(_A)V* (t+6 —s)* !x
t

P
2 5

x Bl = (~AYA(t+06 — s)a)Aa(s))

"]

» b2 t+6
<92 H-D§5" / (t+6— s (-a ds
t

§ HZQ(Q,LQQ)

" - p ts . I
S(Sle(/t (t+5_8) 177717p1 dS) (/t\ HU(S)HLQ(Q’LEZ V/)d8> )

where we note that %_pl) > —1, pH — 1 > 0. This leads to

Mi(t,8) < gpH-1Hpla)+

(0T LA QLY ) (22)

Combining (20))-(22)), and noting that n < o — 1 + % < %(pH — 14 pla—1)+ =), we deduce
that

[ Mo (t+6) = Mqg(t) (23)

HLP(Q,WZ"?(]D))) S 577HJHLW(O,T;L2(Q,L2 )
Now, from , , , we conclude that Ny is Holder continuous of exponent 7, namely
H(Ny) (H’d) - (Ny)(t)HLp(Q’Wl,Q(ID)))
S 8 (lollzr@en) + 1ol im0 2@,z ) T Wlleqrarir@mwramy)-

Hence, we conclude that N(C}, ) C C}, .
Step 2: Next, we aim at verifying that Ny
y,yr€Cp,  and t € [0, 77, we have

Ny)(t) = Ny () = My)(t) — (Msy™)(D). (24)

The term on the right hand side can be estimated by the properties (E3)|, the Holder inequality,
and the two Sobolev embeddings (|10 E m, as follows

(M) (t) = My )OI wramy) S TMp)(E) = My )OI,

SB[ [ 6= 0 [Bal - a7 ) AU ) - 765,000

vlqg (C;;l q has a unique fixed point. Indeed, for

P
ds]
Ho

SB[ =900 - S50 8]

s ( /Ot@ _ s>”fil“ds)p_1 /OtEHf(s,ys) =[55I, ds

t
5 tpoz—l/o ”f(sv ys) - f(sa y:)”iy(QJ/Vl/,q(D))ds'

By using Assumption [(H1)| y(¢) = y*(¢) = v(t) on [—r, 0], and noting that pa — 1 > 0, we obtain

M50 = MOy S L5 [ 1966) =576 gppnn o (25)
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Combining —, we deduce that there exists a constant C' > 0 independent of ¢ such that

t
[(Ny)(t) - (Ny*)(t)nip(ng,q(p)) < C/O Hy(s) - y*(S)HIzp(QWm(D))dS

t

<C [ sup [jy(r) -
0 7€]0,s]

y* (T) ||ip(Q7wl,q(D))d5a

which shows that the following inequality holds for £ =1

sup [|(V*) (1) = VR ) (I ooy < CERD T sup ly(r) -
rel0,t] ' T€[0,17]

Assume that holds true for k& > 1, we shall show that it also holds for k + 1. Indeed
¢

[N ) (0~ Ny )OI g iay < C | sup TAVEE) = VYO, g sy s

( )HLP(Q wt q ]D))) (26)

0 7€[0,s]
t
k) | 1 k) _ * p
= C/o TS s M) =y @y
< O+ DY sup ly(r) = " (DI g wtamy)-
T7€[0,T

Inequality (26| leads to the following result, which is of importance in showing the contraction
property of the operator N
sup [[(WV*y)(7) = Wy ) (DI quwray < CEE)TTE sup [[y(7) = 4" (D0 wiamy-
T7€[0,T 7€[0,T]

With the help of the above inequality and noting that C*(k!)™'T* tends to zero as k — oo, we
deduce that there exists k > 1 such that N* is a contraction in (Cz L which implies N*z = z has a
Consequently, it holds N*(Nz) = N(N*z) = Nz. Hence, we conclude
O

unique solution x € (Cp La

that Mz = z has a unique solution x € Cp La

Proof of part of Theorem . By a similar way as in the Proof of part of Theorem one
can easily verify that, for ¢t € [0, 7], there holds

IO qincon < ol [ 16 apraion®s = Nolmoasziass
It follows that there exists a positive constant C independent of ¢t and £ such that

Sug’t]Hx H awtao) < Cllvollie ) +C”“”p 0L (QWha(D)) T

t

+C sup HZL‘

ds—l—CHcer
0 7€l0,s]

HLP(Q Wha( (O EA(QLE, )

The Gronwall inequality allows us to obtain

p
7561[101;] HiU(T)HLp(Q,WW(D))

Ct p
< Ce (HUOHLP an,) T HvHZ(}T,O];LP(Q,WUI(ID))) + HUHLm(o,T;B(Q,Lg2 V,)))'
Since et < €T and z = v € C([—r,0]; LP(Q, Wh4(D))) on [—r,0], there holds

"xHZ(H,T];LP(Q,WM(D)) = TESEPT] Hl’(T)HiP(Q,WW(D))
[

p
S lvollZo,) + 10l r oo @wramy + HGHLM(O,T;LQ(Q,Lé Pk
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which implies that the regularity @ holds. O

Proof of part|(3) of Theorem 3.1 This property can be proved easily by arguing similarly to the
Proof of part |(1)| of Theorem In this way, one arrives at

[2(t+0) = 2O Loy

0

< 0" (ol e @) + 12lleq—rmyer@wramy) + 101 o 1020012

Qv

This together with property leads to
[2(t +6) = 2| Lo wramy)
S 5n(||U0HLP(Q,HV) + ”U||C([—7‘,O];LP(Q,leq(D))) + HUHL’"(O,T;LQ(Q,LQQ /)))
The proof is therefore complete. O
Proof of part of Theorem . For y : (—o00,T] — LP(Q2, W54(D)), we define the operator N as
follows

U(t)a te [—’I”, 0]7
<7 o Ea( - (—A)WAta)Uo—F
Ny)#) = S Bo( — (A)TA(t — 8)*) Af (s, ys)ds+
+ [y Ba( — (A A(t — 5)%) Ao(s)dBE (s), t € [0, T7.

First, we verify that Ny € Chi, ity e Cy, . For the sake of convenience, for ¢ € [0, 7], we define

the two operator M and M, as follows

4"

/ E, AV A(t — s)“ )Af(s,ys)ds
/ Eq A)YTA(t — s)” )Aa(s)ng(s).

To verify the Holer continuity of the two above terms, one can use a similar technique as in
Step 1 in the proof of part of Theorem but the properties |[(E2)I(E3), and Assumption

o€ LP(0,T; L?(9, LQQJ/,)) are used instead of the [(E4)| and Assumption o € L™(0,T; L*(1, L2Ql/,)).
In this way, for ¢t and § satisfying 0 <t < t+ 4 < T, one has the following estimate for the first term

| (Mypy) (t+6) — (Myy)(t HLP(Q wiamy S M)t +8) = M) )} 00,
SE / [(Ba(~ -aya@+5 - 5%)-
— Ba(— (—A) At = 9)%) ) AfGs.)|

ds]p+

Vs

+E[/t+6HE —A)A(E+0 - )7 Af(s,)||

ds} 8

Ux

t+6
5510%?1/ E| f(s.ys)|[5, ,d8+5”1/t B f(s,ys)|3, , ds

e - )
<o [ W r® S [ O gt 7

-r
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where we set 1 := a A (1 - %) On the other hand, the second term can be estimated as

Mo (t48) = Mo (0)[[7 0wy < 1Mot +8) =

EH/O Bl — (“A)A(t + 5 — 8)%)—

Ol @20,.)

_Ea<—<—Awat—s>>)*ﬂ$dBQ“W¢i} -
t+6 Ay Heal? 1%
H/ —A)VA(t — 5)*) Ao (s)dBY (S)‘HV*]
t+9
<ol / LRy M LG
¢ U
<5p’7||UHLp0TL2(QL2 Dk .

where we set 77 := a A (H — 5), which is less than 77;. Combining (11)), (27), (28)), and noting that

t+9
| W oy s < (T4 DI vy

we conclude that Ay is Holder continuous of exponent 7 = a A (H — 1)

[Vy)(t+ ) — (Ny)(t)

HLP(Q,WZ«‘I(ID)))
< 0" (llvoll e,y + Nlle(erryzr@wramy) + ol 2o o,7:02(0222 )
which leads to N'(Cy; ) C Cp, .
Next, by a similar technique as in Step 2 in the proof of part of Theorem but Assumption
o € LP(0,T; L*(Q, L% 1)) is used instead of o € L™(0,T; LQ(Q,Lévy,)), one can easily verify that
N:C,, =T,

Proof of parts and of Theorem . By applying the Gronwall inequality and the two follow-
ing Sobolev embeddings

has a unique fixed point. Therefore, we omit the details here. O

Hy, = Hyy, = WH2(D) — WH(D)
and

WD) — W2+2(D) = Hy,r s H,,
and using a similar argument as in the proof of part of Theorem one can easily verify
properties |(2) . Therefore, we omit the details. O

4. EXISTENCE, UNIQUENESS, AND REGULARITY RESULTS FOR PROBLEM (P3)) AND PROBLEM (P4))
UNDER GLOBALLY LIPSCHITZ CONDITION

In this section, we shall investigate the existence, uniqueness, and regularity results for Problem
(P3]) and Problem (P4]) (which contain infinite delays) under the following globally Lipschitz condition
(H2) f(t,0) = 0 for ¢t € [0,T], and there exists £} > 0 such that, for any u,v belonging to
C.((—00,0]; LP(Q, Wh4(D))) and ¢ € [0, 7], there holds
Hf(t7 u) - f<t7 U)HLP(QJ/VZIJZ(]]]))) < E}”U’ - U”Cu((—oo,ﬂ];LP(Q,WZ"I(]D))))'
Our main results in this section are clearly stated in the following two theorems
Theorem 4.1. Let a € (3,1). Let d > 1, v € Cyu((—00,0]; LP(Q, Wh4(D))), and let |(H2) hold for

some (d,p,q,l,1') satisfying , 2<p< ﬁ, and p > 0. Assume further that o,vy satisfy .
Then,
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(1) Problem has a unique solution x € V) , .
(2) the following regularity property holds
1%, ((—o0,11:LP(QWha(DY))

S lvollzeom,) +llollimorizz@.z, ) + 10lle, (oo oiLr@wiam)), (29)

(3) the following Hélder continuity result holds for t € [0,T] and 6 > 0 small enough

[2(t +6) = 2O o, wra(my)
< 6 (llvoll o3 + Il o rszacazz |y + Il ((-oo0zr@wramy) )
for some n > 0 small enough such thatn < (1 —a) A (e — 1+ %).

Theorem 4.2. Let a € (0,1). Let d > 1, v € C,((—o0,0]; LP(Q, Wh(D))), and le hold for
some (d,p,q,1,l") satisfying , p>2, and p > 0. Assume further that o,vy satisfy (8). Then,
(1) Problem has a unique solution x € V7, | .
(2) the following regularity property holds

Hx"Cu((—oo,T];LP(Q,Wl«q(]D))))
S lvollze@m,) +llolleriz@.r2, ) + 10lle, (—oooiLr@wiam)),
(3) the following Hélder continuity result holds for t € [0,T] and § > 0 small enough

|2t +0) = 2®)]| Loy
N 5ﬁ<HUO||Lp(Q,HV) + HO'HLP(O,T;L?(Q,Lé’V,)) + HU”Cu((foo,O};LP(Q,leq(ID)))))7
where T = a A (H— %)
Remark 4.1. Notice that Assumption [(H2)[ used in the unbounded delay case is simple global
Lipschitz condition, while Assumption |(H1)[imposed for bounded delay models is an integral Lipschitz

condition. This reason justifying this difference comes from the fact that the following inequality
holds in the infinite delay case

sup 7 ||ys (7| ooy < € sup Ty (7| ooy, for s <t
7<0 7<0

which is not guaranteed in the finite delay case.

Due to the previous difference and the two different Lipschitz assumptions adopted in both cases,
the estimates and the solution space we work on in the infinite delay case are significantly different
from the finite delay one, and it is therefore necessary to analyze the infinite delay case to complete
our study.

Remark 4.2. To our knowledge, as in the bounded delay case, the Hélder continuity has not
been investigated for stochastic partial (and fractional) differential equations with unbounded delay,.
Hence, such result can be considered as one of our new outcomes.

Remark 4.3. Let us now briefly discuss some comments similar to those in Remark It is
quite usual when dealing with stochastic differential equations containing unbounded delay that the
non-linear term is often assumed to satisfy the following Lipschitz condition [32.[34},56./57]

Hf(ta U) - f(tvv)HLQ(Q”H) < £?Hu - UHC#((foo,O];LZ(Q,’H))'

Then, by applying a similar technique as in [32,34,56./57], the existence and uniqueness of the solution
can be established on the usual space C,((—oc,T]; L*(2, H)). However, inspired from [32}34,56,57],
we make some differences, namely L?(, M) is replaced by LP(€, Wh4(D)) (or LP(, W'4(D))), see
Remark again for some discussions and relations between those spaces.
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Remark 4.4. Like Model , the main benefit of Model is that the results obtained in

Theorem for Model (P3)) when o € (%, 1) can be extended to Model (P4]) for o belonging to

the whole interval (0,1). Furthermore, the condition for the parameter p can be extended from
2<p< ﬁ top > 2.

Proof of part|[(1) of Theorem[{. For y : (—oo,T] — LP(Q, W'4(D)), we define the operator N'* as
follows

. ~Jw(t), t € (—o0,0],
(N y)(t) = { Eo( — (A At vy + (Mpy)(t) + My (t), t € [0,T],

where My and M, are defined in —.

Step 1: In this step, we aim at verifying that N*y € VZplq if y € VZplq‘ As we have proved in

Step 1 in the proof of part of Theorem for any t € [0,T] and n < (1 —a) A (@ — 1+ mmp)
there holds

N Y)(E+0) = N YOI wramy S TN Y(E+) = (N )( e,
S "ol e,y + NMpY)(E +8) — (Mpy)OIT0n,. )
+ Mo (t+06) — Ma(t + s,
< Moy 90,y + ME(E,0) + M (£ 8) + 67| ||}

(30)

mOTLA(QL, ) (31)

Next, we only need to bound the two terms ./\/lT (t,6) and M 7(t,0) under the new condition |(H2)
Recalling that in ., we have shown

t
_/\/l}(t, 5) < gpngpla—n)—1 /O Hf(sa yS)Hip(Q’Wﬂ,q(D))ds’

t+5
T a—1
Mi(t,6) < o7 /0 1 (s, yS)HLP(Q wia(oy) &S

By Assumption [(H2), the Sobolev embedding W' ¢(D) < W?2?(D) = Hy, < H,/, and the
property

1Yslle,, (=001 r (@ wra@))) < NYlle, (—oo,11:Lr (2 Wha (D))

and noting that p(a« —n) —1 >0, n < 1 — a < «, we obtain the following estimate

t
MU, 6) + Miy(t,6) < 67| CF[P /0 15118 (o000 o (W 0(my) 45+

t+d
a—1| px
A VoL /t 1512, ((—o0.01;Lo(, Wia())) 48
< (0T + 67 L3P llyig,
S MNLHPIlylIE,

(=00, THLP(Q,Whe(D)))

(=00, T};LP (2,Wha(D)))" (32)

Combining (31)) and . and using the inequality ZJ 1 J < (Z?:1 aj) for a; > 0, we deduce that
for ¢t € [0, T] there holds

INV*y)(t+6) = NV ) DI}

Lo @wramy)
< P ([lvoll Lo,y + HUHLm(QT;LZ(Q,Lé 0T 1Ylle,. (—oo, L0 (0, Wha(m))) -
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On the other hand, one can verify easily that
sup e [|(N*y)(T)ll Lo (o, wta(y)
T€[0,T

S et

loll ez + ol mozirz@,a2 ) + IWleuoomiir@wiamy))-

!
N2

From the two latter estimates and N*y = v on (—o0, 0], we conclude N* (Vprd) C Vi La-

Step 2: Our purpose in this step is to show that N* is a contraction. Let us take any y, y* € V“ piag”
As in Step 2 in the proof of part - (1) of Theorem [3.1] n one has the following inequality for ¢ € [0, T]

IN* O =N Y)Y O wramy S 1/ 1F(s:9s) = F (8GO 0 .oy 95

Assumption [(H2)| and the fact that pa — 1 > 0 allows us to obtain

t
”(N*y)(t)_(‘/\/*y*)(t)||§p(Q’Wl,q(]D))) S /0 llys — y:||Zu((_OO,Q];LP(Q,WZ,(I(]D)))dS7

where the hidden constant depends on T, o, p and [,}. Multiplying both sides by eP#? | with 6 € (—t,0],
and replacing t by t 4 0, we obtain

PN y)(t + ) — (N7y*)(t +96)

”Lp QW 4(D))

0 t+6
p
S et / lys — || ' ((—00,0];LP (Q,Wha(D ))ds
/ R (33)

Since (M*y)(t+0) — (N*y*)(t+0) = 0 for all § € (—oo, —t], it is obvious that holds true for all
0 € (—o0,0]. it follows that for all § € (—o0,0] there holds

ep'ugH(N*y) (0)—(N"y")u(0 )HLP(Q Wha (D)) / lys — ys”c 1 ((—00,0;LP (9, qu(]m))ds'

Since the right-hand side does not depend on 6, it is clear that

O S AR P P
which shows that the following result holds true for k =1

*\ k *\k, *
O T N Lo

< PN =97l (—ooiro@ o B

where ¥ is a positive constant independent of . By the principle of mathematical induction, one can
verify that it also hold for all k£ > 1. This together with the property

eIly(t)]

Lp(QWha(D)) = GMIWHyt(O)HL;I)“LW,’Z,(](D)) <etT sup M| |yi(7)| Lr(@wha(my)s for t € (0,717,

TE(—00,0]
allows us to obtain the following bound
*\k, *\k,  *||P
Ny = Nyl

By a similar argument as in Step 2 in the proof of part of Theorem one concludes that the
operator N* between VZ,N, g and thp’l’ q is a contraction. Hence, Problem (P3| has a unique mild

.. "
solution in Vu,nl,q' O

k —1k T *
(oo tpzr@wiamy) S U ER)TT y =yl (oo rripo@,wiaoy)-
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Proof of pcmf of Theorem . For t € [0,T], by a similar way as in the proof of part of
Theorem one arrives at

p p
th||Cu((_oo70];Lp(Q,Wl,q( D))) ~ ||U0||LP QH,) + [lo| m(O:T?LQ(Q»LéVV/))_F

+/O HxsHIC)#((,OQ(]};Lp(Q’Wl,q(]D))))dS; te [O,T]

Denote by ¥ the hidden constant in the above inequality. The Gronwall inequality yields
p 9t p
||xt|’CH((_OO’O};LP(Q,Wl,q(]D)))) < Je (HUO”LP (QH) + o]l m(0,T5L2(Q,L 1/)))
SE (”UOHLP QM) + ”0—||pm(07T;L2(Q7L2Q V/)))'

As a consequence, it can be observed that, for all ¢ € [0, 7], there holds

(n+9)T

M|z (t) | 1o, wrtamy) < Ve (llvoll o,y + Nl Lm0 7,120, 2, ,)))

On the other hand, eMtHI(t)||Lp(Q7Wl,q(D)) S HU||c#((700’0];Lp(ﬂ’wl,q(ﬂ)))) for all ¢ € (—OO, O] By the two
latter inequalities, one concludes that the regularity (29)) holds. O

Proof of part of Theorem . Part can be proved easily by arguing as in Step 1 in the proof
of part of Theorem and using the regularity . Therefore, we omit the details here. O

Proof of three parts of Theorem[{.3 Theorem can be proved by using a similar way as in the
proof Theorem associated with the new techniques in the proof of Theorem (which are used
to deal with the unbounded delay case under Assumption |(H2)|). Therefore, we omit the details
here. O

5. GLOBAL EXISTENCE RESULTS FOR PROBLEM ([P3) AND PROBLEM ([P4) UNDER LOCALLY
LIPSCHITZ CONDITIONS

In this section, we continue to investigate existence results for Problem (P3)) and Problem (P4)),
but under the following locally Lipschitz condition

(H3) f(t,0) = 0 for t € [0,7], and there exists Z; > 0 such that, for any u,v belonging to
C((—00,0]; LP(Q, Wh4(D))) and t € [0, T], there holds
Hf(t7 u) - f(tv U)HLP(Q7WV7‘1(D))
oF [ [V
< Ly (lllle, (oo zr@wramyy T 101, (—oo.0szr@mwra@m) It = vl (-0 osLr @ wrom)).

where ¥ > 0.
The main results are clearly stated in the following theorems:

Theorem 5.1. Let o € (%, 1). Assume that d > 1, v is reasonably small in the space
C“((—OO, 0]7 LP(Q7 Wl7q(]D))))7

and |(H3) hold for some (d,p,q,l,l") satisfying ,2 <p< ﬁ, and p,9 > 0. Assume further
that vo and o are reasonably small in LP(Q2,H,) and L™(0,T; L2(Q,Lé7y,)), for some v € [vy, 1],

m > V' € [VL,0], respectively. Then, Problem (P3)) has a global mild solution in the space

P
pla—1)+1’

WZ,;,l,q {$ € fe((_oo,T]; LP(Q, leq(]D)))) cx(t) =wv(t) fort e (—oo,O]}.
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Theorem 5.2. Let o € (0,1). Assume that d > 1, v is reasonably small in the space
CH((ioo’ 0]7 LP(Q’ WLQ(]D)))?

(md hold for some (d,p,q,l,l") satisfying , p > 2, and p, 9 > 0. Assume further that vg
and o are reasonably small in LP(Q,H,) and LP(0,T; L*($), L2 )5 for some v € [vy, 1], v/ € [V, 0],

respectively. Then, Problem (P4)) has a global mild solution x € WZ:;J#I'

Remark 5.1. Some challenges appearing when establishing the above global results can be briefly
described as follows. If we still apply the usual techniques used in the proofs of Theorem and
the contraction property could not be obtained mainly because the hidden constant in the estimate
IN*y — N*y*|| < |ly — y*|| is not necessarily less than 1. Hence, to achieve the global results, we
have to handle some challenging points that are finding the right space to guarantee the contraction
property and designing flexible estimates to ensure the aforementioned constant is less than 1. Due
to this reason and the fact that no global result under the locally Lipschitz condition has been
reported until now, we are strongly interested in dealing with our problems in this section.

Remark 5.2. Our goal now is to focus on the natural question: “whether the mild solutions of
Problems — exist locally or globally under the two above assumptions?” In this section, we
shall not mention the regularity and Holder continuity results since they can be handled by a similar
argument as in Section [4

Remark 5.3. Unlike the existence results obtained under globally Lipschitz conditions in Section
the global existence results for mild solutions cannot be guaranteed in the space Vﬁnl’ q under locally
Lipschitz condition |(H3)l To overcome this challenge, we consider a new weighted space defined as
follows

Fill=00 ) B) = {u € Cl(-o, THB)  [ull iy = s we(r)et )l < oo}
TE(—00,
where we(t) = 7~ if t € (0,7] and w.(t) = e ' if t € (—00,0], and B := LP(Q, Whi(D)). The

reason we work with this space is that it possesses the following useful property. The weighted
function w. is continuous and non-decreasing on (—oo,7T]. Furthermore, since the function z
2 — 2e7% — 7z is increasing on (0,log2), it can be seen that w.(t) < 2e ! ife < %.

Remark 5.4. When dealing with delay stochastic partial (and fractional) differential equations,
the non-linear term f is often assumed to satisfy a global Lipschitz assumption as we mentioned in
Section 4l However, there are several terms that do not satisfy such global form. For instance, we
will make the following remark to show that there exists f satisfying the local assumption but
does not fulfill the global condition

For simplicity and the convenience of the reader, we consider here a simple case when d > 2 and
p=q=2. Let [,I',m,V satisfy the following condition

0<i<4d,

H<r<0, L<v<0 (34)
d d

L<m< g5, m2 d—2('—1)

Consider the non-linear term f of the polynomial form
f(t,u) = |ulP~ta, with p > 2,
where & = e/Tu, for 7 € (—00,0], i > p. Then, f,o satisfy the following locally form

[£(t,u) = £ )| oo oy

—1 -1
/S ("UHZN((fQO,O];LQ(Q,I/I/”IQ(D))) + HUHZ“((700,0];LQ(SZ,W’L?(]D))))) HLL - /UHC#((700,0];L2(Q,W”-2(]D))))'
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Indeed, thanks to the inequality (3.27) in page 136 of [72 ﬂ namely,
|f(t,u) = f(t,0)] = [[a)~ e — [0~ < (falP~! + [0 ~t) | -3,
we find that
Hf(t,u) 7f(t,v HL2 Lm(]D) < H|a|p_1|ai®/|HL2 Lm( + H|5‘p_1‘ﬂ75|HLZ(Q Lm( ))

([ g - i) "]+ [e( [ o - ara) "]

The Holder inequality and the Kahane-Khintchine inequality allow us to obtain
2 L 1
E(/ ‘mm(fo—l)‘ﬁ_mmdg)m SJE / ‘m2m(l)—l)d€ m / ’a_m?mdg) m}
D
2.1
([ rarrea)™) [o( [ a-opra) "]’

E
Bk HM ool
|

s

I S

A

A

EHW*MHL%(D)

N

llE =

2
L2 QO L2'm(p 1) UHL2(Q,L2"”(]D)))’

where the hidden constant only depend on m and p. By exactly the same way, one arrives at

/Ivlm” Vla — \mdf) < 11 At mto- o 1 = 22 0,5 oy

From the three above estimates, we deduce that

[/t w) = f(2, HL2 Q,Lm (D)) < (laf|72 LZ(Q r2me-v()) T [9]|72 L2( QL2W(P 1)(D)) )H“ “HL? (Q,127 (D))"
Since the condition is satisfied, by the properties iii) and iv) of Lemmam we can see that the
three Sobolev _WW(ID)) — L*™(D), Wh2(D) — L>™P=D)(D) and L"™(D) < W"2(D) hold
true. As a consequence, we obtain

[t ) = FE ) 2w ey S (H HL2(Q wizmy TP HL2 QWi 2(@))) 1@ = 3| L2, w2y
With the help of the relationship
[all L2 wremy) = € lull 2@umremy < ulle, (oo r2@mwtam));
for all 7 € (—o0,0], it is obvious that f satisfies (3F).

Proof of Theorem [5.1, Consider operator N* defined as in (30)). Let us set the ball in W
radius R > 0 as follows

Lpia with
B(R) = {y € W, 1yll 7 ((—oorpir@wray) < R}

By a similar way as in Step 2 in the proof of part - (1) of Theorem 4.1 -, but Assumption is
used instead of Assumption [(H2)| one can easily verify that, for ¢ € (0, 7], there holds

N y) () = (NTy)(2)

“LP Q,Wha(D))

t
a—1|p* 9 * 1110 p
SR /O (1901, ooz @avio@ny + 11, s pari@amian)

X |lys — y:|’ZH((_OO’O];LP(Q,Wl,q(]D))))dsa
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where the hidden constant does not depend on ¢. Noting that w.(-) is a non-decreasing function on
(—00,T]. Hence, the following inequality holds for all 7 € (—o0, 0]

Ny () o mramy = € w (E 4+ T)we(t + 7)e [yt + )| Lo, wram))

<e e sup  we(0)e"|ly(O)]| Lo(wram))
0€(—o0,T

which 1mphes that ”yt"cM((_0070};Lp(Q’Wl,q(D))) S 6HyH_FE((_OO7T};LP(Q’Wl,q(]D)))). By this inequality, we
deduce that

I b 1
IV E) = WY Olloamramy S T Ly /O 2Pe P g ) PP

0 * (|0 *
X <HyH‘Fﬁ((fooyT];Lp(Qle,Q(]D)))) + [ly ‘|]—‘ﬁ((fho];Lp(Q’WLQ(D)))> ly =y "]—'ﬁ((—oo,T];LP(Q,Wla‘?(]D))))'

By multiplying both sides by e**w,(t) and noting that e P#*("+) < 1, for s > 0, and y,y* € B(R),

we can see the following estimate holds if € < 1°g2

Hawe (I N y)(t) = Ny ) (O] Log@,wra oy
S wo (DT Lpe" RO \ly — v || 2 ((—oopizr@wtam))

—* *
S e TTLie" ROy — 4[| 72 (—oo o W ha (D))

where we have used the fact that w.(t) <2e7!if e < 10%2. On the other hand, recalling N*y =
N*y* = v on (—o0,0]. Hence, we conclude that there exists a positive constant C' independent of T
and ¢ such that

[N*y — Ny |’Fﬁ((—oo,T];LP(Q,leq(D))) < C’e“TTO‘Z;EﬁRﬂﬂy - ?J*||f;((—oo,T];Lp(Q,Wl,q(D)))~
Taking any y € B(R), we also find that
V3l ooyt < [ Wolleu—ooyzn@mtamm) A
A e e (luollm@an) + lollmoras@iz ) +CHTTLi R,
To ensure that HJ\/*y|]fﬁ((_oo,T];Lp(QWz,q(D))) < R and N* : B(R) — B(R) is a contraction, we

need v, o, v are sufficiently small in LP(Q,H,,), Cu((—00,0}; LP(Q, H,))), L™(0,T; L*(2, Ly ),
respectively, such that

lvoll Lo (2,24,) + HUHLW(O,T;LQ(Q,Léyy,)) < Mo, |[vlle, (—co,01:Lr(@1,))) < M

with My, M7 are positive numbers chosen later. We shall choose R, My, M7, and € small enough such
that the right hand side of the latter estimate is less than R and € < 10%2. Our choice is as follows

1

My < [21”10“16(“1)@@2*}7, M, < 2Ce#T My,

CTerT My, e = % Then, is can be observed that € < logQ and

i

2 )

which follows that H/\/'*yH;ﬁ((,M,T];Lp(ﬂywz,q(]@))) < R and HN*y - N*y*||fﬁ((,oo’T];Lp(Q7Wl,q(D))) <

and R > log2

R —x
e M, <R, Ce et M, = 2 Ce“TTO‘EfaﬂR’?H <

Hly — y*Hfﬁ((_oo7T];Lp(Q7Wz,q(D))). Thanks to the Banach fixed point theorem, Problem (P3) has a
unique solution in B(R). O

Proof of Theorem[5.2 Theorem can be proved by a similar way as in the proof of Theorem
Therefore, we omit the details here. O
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6. THE CONNECTION BETWEEN FRACTIONAL PSEUDO-PARABOLIC EQUATIONS AND FRACTIONAL
PARABOLIC EQUATIONS

The main objective of this section is to investigate the relationship between the solutions of frac-
tional pseudo-parabolic equations and fractional parabolic equations. Indeed, we will investigate the
convergence of solutions of Problems when 8 — 0%,

It should be noted that if 5 =0 then fractlonal pseudo-parabolic equations ([P . ) turn to be
the following fractional traditional parabolic equations, respectively

Dy (x)(t) + (=A)x(t) = f(t,2:) + o()BH(t), te[0.T],

z(t)|lop =0, te€[0,T7, (P1)
z(t) =ov(t), te[-r0],
D (x)(t) + (—A)2(t) = T, f(t,z) + [T} o (t)| B (), t€[0,T],
z(t)|op =0, t€[0,T7, (P2")
z(t) =v(t), te[-r0],
and
D (z)(t) + (—A)z(t) = f(t,2:) + o(t)BE (), t€[0,T],
z(t)|op =0, t€[0,T], , (P3")
x(t

z)(t) + (A)(t) = T f(t,z) + [Z} %o ()| BE (1), tel0,T],
z(t)|op =0, te€][0,T], (P4)

Inspired from the mild formulation in [9], we introduce the definitions of mild solutions to the four
traditional problems, which can be established by a similar way employed to obtain (3]).

Definition 6.1. A stochastic process z is called a mild solution of Problem (res. Problem
(P37)) if it satisfies

u(t), t € [-r,0], (res. v(t), t € (—00,0]),

E. (- ( A)Vta)voJr

+f0 ) EG (= (=A)T(t — 5)*) f (s, 25)ds+

+f0 (t—s)* 1 Eo(— (—A)(t — s)o‘)a(s)ng(s), t€[0,7T],P— as..

Definition 6.2. A stochastic process x is called a mild solution of Problem (P2’) (res. Problem
(P4°)) if it satisfies

x(t) =

v(t), t € [-r,0], (res. v(t), t € (—00,0]),

Ea( - (—A)'yta)vo-i-

+ fot ( A (t — s)o‘)f(s, xs)ds+

Jrfo ( —A)Y(t — s)* ) (s)ng(s), te[0,T],P— as.,

For Problems --, the existence results for the mild solutions can be verified as in Sections
and [4 therefore, we do not mention here. In this section, we aim at investigating the connection
between the mild solutions of fractional pseudo-parabolic equations and fractional traditional par-
abolic equations. Denote by z%1, 22 273 5% the solutions of (P1)-(P4])), and X0 x@ x6)
X @ the solutions of (P1))-(P4’), respectively. Our goal is to find an answer for the natural question
rising:

x(t) =

“Does 7 converge to X9, j =T,4, in some appropriate sense as B tends to 0F”.
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Remark 6.1. e It is necessary to verify the above convergence because if this result is true then the
solution of the delay stochastic parabolic equations can be obtained as the limit of some sequence of
solutions of the corresponding pseudo-parabolic models to any null sequence for the coefficient 3. As
a result, the solutions of the classical parabolic models can be approximated well by the solutions of
- D).

e As we have mentioned in Introduction, when considering the seepage of inhomogeneous fluids
through a fissured rock, the decreasing “3 — 077 implies the less in block dimension and the more
in the degree of fissuring.

For the sake of estimating, we first define the following operators for ¢ € [0, T

Z5.0n(t) = Eo( = (~A)TALY) = By~ (-A)7t%), (36)
Zgyaﬁ(t) = Ea( — (—A)VAtO‘)A - Ea( — (—A)Vto‘), (37)
Z5.an(t) = Bo( — (~A)TAt*) A — Eq( — (—A)"t%), (38)

and prepare some useful properties for them.
Lemma 6.1. Let « € (0,1),v >0,p>2, >0 and V' € (v,v+1]. Then
(Z1) For allt € [0,T], there holds
Hzﬁvaﬁ(t)“HLr’(Q,m) < Bl e,
(Z2) For allt € (0,T], there holds
Hzﬁ,a,'y@)uHLp(Qﬂu) + ”Z/B,Ou'v(t)uHLp(Q,HU) 5 /85475_63&HUHLP(Q,HW(EW,M))a
where €3, €4 are positive numbers small enough such that 0 < e3 <1, 0 < €4 < €37.

The proof of Lemma [6.1] can be found in Appendix.
The following theorem shall show the connection between the solutions of the pseudo-parabolic

equations (P1) and the parabolic equations (P1’)) respectively.

Theorem 6.1. Let a € (%, 1), p,m be two positive numbers satisfying

1 p
2<p< —o, m>————
=Ps17% pla—1)+1
and k1, K} be two positive numbers small enough such that
a—1 -1 m-
K1 < + b A p, Iill < K17. (39)

o po pmao
Let d > 1, v € C([-r,0]; LP(Q, Wh4(D))), and hold for some (d, q,1,1') satisfying
11
<0< 20my— k) —d|d - 3|+
Assume further that o, vy satisfy , where v — V' is small enough such that v —v' < k. Then, the
following convergence result holds
127 — XDl e oo @wtamy)
< 8% (ol oo + lollimorz@,z, ) + Ileq-rosi@wiamy) ) (41)

where 1 = (k) — (v — V) A (v — ).
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1

Remark 6.2. e Since p > 2 > é and %’;1) > —1, we know that O‘T_l > —P2—= and O‘T_l > TP

pa pma
Hence, there always exist a positive number x; > 0 satisfying .
e The two parameters vy, v, in Theorem satisfy that
Vv, <0<, <UL+ K1y — K} (42)
Indeed, due to their definitions and the last condition in , we have
1 1 1 1
2 =) = 1= 1| = 5| (v (@) F xpgear (@) = 1= 1 ] = 5] < 20my = ).

e Under condition , the following Sobolev embeddings also hold true

Hy, < Hay, = WD) = WH(D), (43)

WD) — W2*2(D) = Hy,r > H,r. (44)

Remark 6.3. It should be noted that the convergence result in Theorem is not guaranteed if [, I’
only satisfy condition as in Theorem To ensure this result holds, a more restrictive condition
for 1,1’, namely , needs to be imposed.

In the following theorem, we prove the convergence of solutions of the pseudo-parabolic equations
(P2) and the parabolic equation (P2’).

Theorem 6.2. Let « € (0,1), p > 2, and ko, £ be two positive numbers small enough such that

p— /
< —, < . 45
Ry <2 Kby < K2y (45)

Let d > 1, v € C([-r,0]; LP(Q, Wh4(D))), and hold for some (d,q,1,1") satisfying
1+d<%—%) >0, ¢>1,

/ / 1 1 ! (46)
V<0 <1< 2nay—wp) —d|t = 5|+

Assume further that o, vy satisfy (8), where v — ' is small enough such that v — v/ < r}. Then, the
following convergence result holds

272 = XOllerryoo@wramy)
< 8% (ool o) + ol iz, + I0leqropioowiamy) )
where 1y = (filg —(v— V/)> A (v =),

Proof of Theorem [6.1] From the Sobolev embedding (43)), Definition Definition and (36), it
is obvious that, for ¢ € [0, 7], there holds

272 (t) — XD )| o wramy S 1271 = XV Ollo@m,) S HZB,G,"/(t)UOHLP(Q’HV*)+
t
+| / (t = )2 (Bl = (-AVA® - 5)) Af (5,257 -
0

- Ea( — (=A)(t — s)o‘)f(s,Xs(l)))ds)

LP(©0)
+| /0 (t = )77 (Bal( ~ (A At - 5)%) Ao (s)—

~ Ba( = (-A)(t = 5)%)o(s) ) dBE (5)

LP(QH.,)
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By the definition of gg@ﬁ(t) as and the triangle inequality, it can be seen that
1 1
122 (t) — XD ()| oo wray)

t —
S 120 Ol + || [ 6= 97 2 (e = 10,02

Lp(QvHV* )

. H/ B (= (0= ) (o) — o X
a—17% H
= Hzﬁvaﬁ(t)UOHLP(Q7'HV*) + gl + 52 + 83. (47)

The first term on the right hand side above can be bounded easily by applying Property |(Z1)| of
Lemma [6.1] as

Hzﬁ,a,v(t)UOHLp 0 < B voll @) (48)
Now, we continue to estimate the last four terms in the right hand side of ( . We consider
component |&1|P first. Noting that the assertion allows that H,; — H,, i, x4 By applying

Property ((Z2) m of Lemma m the Holder mequahty, and the Sobolev embedding just mentioned in
the previous line, we have that

t
P SB[ [ 6= | Zsalt ~ 5oy 5]
0 *

¢
< o [ sl 220
0 vatrl —r1y
, t pla—i-rje) \p—1 [
< 8™ ( / (6= )" 5 ds) / Ellf (5,28, ,,, .48
0 0 Vktry =K1Y

t
g prrigpectomart [ g, o
0

ds] :

W,

where we have use the fact that > —1 which follows from (39). The Sobolev embedding
associated with Assumption and Plo—1-ma)tr—1 < prle—l-ma)+p—1 4lows us to obtain

t t
7 £ 7 [ 1N oy @s S 87 Ls [ 18 O 0010

/ p
S () sup ||:cﬁ»1<t>Hmwwm»)- "

te[—r,T)
Next, we look at the composition |€2|P. Due to the fact that
Ea( _ /\Zta) S (1 + )\”Zta)—l 5 )\];ifl’Yt—ma’

for all k > 1 and t € (0,T], it can be seen |[Eq( — (—A)t%)uln,, < 71 ullyy,, ., for all
u € Hy, —r1y- This together with the Sobolev embedding H,, — Hyi it~y = Hu—gyy allows us
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to estimate the second term as

2 SB[ [ (6= B = (A0 = ) (Fls.8) = 16 X))y, ]

t
,SE[/O (t — 8)° 1519 (s, 2B) f(s,X§D)HHV+, .
*TR)—K

t a—l—kja — t
< (/ (t—s)p( = )ds>p 1/ IEHf(s,:vf — f(s,x¢ Hp ds
0 0

u*-&-nll—nl'y

t
g wemtmert [ a80) — g KO (%0
0

ds} 8

where we have used Holder inequality in the above evaluation. By the Sobolev embedding ,
Assumption tpla—l—rie)+p—1 < ppla—l-re)+p—1  and using again the Holder inequality, we
deduce from (|50 that

S [ 172 = 55, XD
<1 [ 1046 = KOG o i

= 24 [ 15765) = XOW) 0oy (51)

The next aim is to estimate the component |E3/P. Applying the Kahane-Khintchine inequality,
Lemma and the Holder inequality, we can arrive at

[SIiS]

t PR
&P < +5(2H-1) [/0 (t — s)‘X*lEH(—A)V*Z@aW(t — s)a(s)Hi%ds]
t
S £5 Iyt /0 (t = )"V [(=A)" Zgan(t - 5) HL2 0,12 )ds

Since k1 satisfies , it is obvious that W —1. By using Property |(Z2)| of Lemma |6.1}

the Holder 1nequahty, the Sobolev embedding H,; — Hyit —rry = M1y and Assumption [(H2)}
we deduce that

t
H—1 opr! 1—
&P S 2P 5%1/0 (t—s)Pe- ma)”” HL2 QL2 ,)ds

, i i r
StPH_lﬁp%(/ (t— )5 / (O] ey QL2 )ds)’"
0 /

L2Q.L2, )

< prapH—ltplasl-ma)+5e pHU||pm0TL2(QL2 )’
/

Now, combining — and —, we deduce that

Sel[lopt]HxﬁJ(T) ( )HLP(Q qu /Bpl/ V* ||UOHLP Q’HV BIMlHUHpm OTLQ(Q LQ /))+
+ 57 (sup [|le" (@) )p+/t lo®L(r = XD ()7, d
sup x™’ 1 sup (|77(T — S.
te[orT] Lr(Q,Wha(D)) 0 704 Q,Wha(D))
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Denote by C the hidden constant in the above inequality, which does not depend on t. The Gronwall
inequality yields that

B0y _ x (D
relos e (7) = X)L o wramy)

Ct v ' P 1
< Cett| gy )||v0||ip(n,m) + g (”o-HLm(O,T;LQ(Q,LQQ'V,)) + |2 ||g([—r,T];LP(Q,Wl,Q(]D)))))}‘
Since ¢t < €T which independent of ¢, we deduce that
1271 = XD (o @ e o))
< /61/71/*

On the other hand, the property @ of Theorem implies

yt+ B (s Lo (@ e (D))

!

voll e (0,m,) + B HUHLM(O,T;LZ(Q,LZW

2% e ((er )o@ Wha (D)

< ol o) + B8~

UHL”"(O,T;LQ(Q,Léw/)) + ||v"C([fr,()];LP(Q,W“I(D)))7 (53)

where we note that the additional kernel 3~(*~*") appears since it is the hidden constant in
This addition is importance in describing that the right hand side of depends on 3 with a
negative exponent. From the last two observations, we conclude that
B, — !
27 = XVl rmpmr@mramyy S (877 + B5)|voll ooy, +
+ 8711+ 877) 0|

LrOrA@L?,)) T B [vlle((=r0);r (@, wha@)))-

By setting 7y := (k] — (v — v/)) A (v — v4) and noting that &} — (v — v/) > 0, the above assertion
leads to the convergence result . O

Proof of Theorem[6.3. The convergence result in Theorem can be proved in a similar way as in
the proof of Theorem where we note that the parameter ko only needs to satisfy (instead
of (39)) with @ € (0,1) and p > 2 mainly because the mild formulation of the solution to Problem
oes not contain the singular kernel (t — s)*~1. O

Next, we continue to state another couple of theorems, which describe the connection between the
solutions of the pseudo-parabolic equations (P3|)-(P4]) and the parabolic ones (P3’))-(P4’)), respectively.

Theorem 6.3. Let o € (%,1) and p,m, k1, K] be positive numbers satisfying Theorem |6.1. Let

d>1, v € Cyu((—00,0]; LP(Q, WH(D))), and|(H2) hold for some (d,q,1,I') satisfying and p > 0.
Assume further that o, vy satisfy . Then, the following convergence result holds

122 = XPle, (oo Lo@wram))
S B (ol o) + lollimornaz, ) + 0le,(—seoszo@miamy) )
where y = (k) — (v — V') A (v —1s).

Theorem 6.4. Let a € (0,1), and p, k2, k5 be positive numbers satisfying Theorem . Letd > 1,
v € Cyu((—00,0]; LP(Q, WH(D))), and hold for some (d,p,q,l,l') satisfying and > 0.
Assume further that o, vy satisfy . Then, the following convergence result holds

[ X(4)HCH((—oo,T];LP(Q,WL‘I(]D))))
S 5% <||v0“LP(Q,HV) + HUHLP(O,T;L2(Q,L2Q7V,)) + ”v"CH((—oo,O];LP(Q,leq(ID))))>7

where Ty = (K — (v — V') A(v —1s). .
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Proof of Theorems[6.3{6.4f The two theorems can be proved by using a similar way as in the proofs
of Theorems[6.1 associated with the new techniques used to deal with the unbounded delay case
(as in the proof of Theorem . Therefore, we omit the details here. O

Remark 6.4. Overall, by comparing Theorems|6.1}{6.4| (convergence results when 3 — 07) with The-
orems (existence results), one can see some differences as follows. The convergence
results are harder to be established than the existence results. To this end, we need to design sharp
estimates and adopt more strict conditions for the two parameters [,{’. Finding the right conditions
for 1,1’ to guarantee not only the convergence results but also the existence of [,!’ can be considered
as a challenging point of the study here.

7. CONCLUSION

In this paper, we have investigated several problems for stochastic fractional pseudo-parabolic
driven by fractional Brownian motion containing bounded or unbounded delays and the Caputo
operator. The global existence, uniqueness, regularity, and Holder continuity results have been
established for such models under some new Lipschitz conditions involving the space LP(Q, Wh4(DD)).
By designing some new techniques on Sobolev embeddings between the Hilbert space H = L?(ID) and
WhH4(D) and applying some fractional tools, we overcome difficulties rising when proving our results.
Additionally, we proved that the mild solution of the fractional pseudo-parabolic model converges to
the mild solution of the fractional parabolic one, in some sense, as 3 — 0.

APPENDIX
7.1. Proof of Lemma o Verify |(E1): For uw € LP(Q,H,), we have the following explicit
formulations

o0

Eo = (A At*)u = (u,¢p)Eal — AL(L+ BA) %) 1,

e
Il
—

hE

Eol = (—A)AtY)u = "(u, ) Ba(— N.(1+ BAk) ") ..

B
Il
—

By the fact that E,p(—2) < (1+2)7! for a € (0,1),b € R,z > 0 (see [23]), it is obvious to see that
Fa( = A1+ 0w 142) S 1, Bul = NJ(1+AA) 1) S 1.

Hence, we have an estimate for the operator Eq( — (—A)7AtY) as follows

1B (= (-8 A g,y = (Bl Ba(— (~2)A)ulff, |7

P
2

}i

= [E( D 1, @) PA 1 Ea (= AL(L+ B) %))
k=1

- o p_1
2420 2
S E(Z‘(% br)| /\ky> }p = ||U||LP(Q,HV)'
T k=1
By a similar technique as in above, it is easy to obtain

HEO‘( - (—A)’YAtO‘)uHLP(Q’HV) S HUHLP(Q,HV)'
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o Verify : By the first formulation in , the inequality |e™* — e™?2| < |z1 — 23| for 21,29 > 0,
it can be observed that

|Ba( = N1+ BX\e) Tt +6)%) — Ea(— A1+ BA) ')

< /oo MQ(T)‘ exp (= AL(1+ BAe)~L(t + 6)%r) — exp (— AJ(1 + BAx) " 1t°7) ]dT
0
< /OO Ma(T)AL(1+ BAe) (4 8)™ — t*¥|rdr
0
< )‘Z(l + BAk) 71+ /3)%)—(1—7)‘@ +6)* — ta‘ /Oo M (7)TdT.
0

Applying the Lemma for ¢ = 1 and noting that AJ(1 + SA\p) ™Y S 1, (1 + BAR) "0 < 1, we
directly obtain

|Ea( = A1+ BXe) ' (E+0)%) — Ea(— AL+ BA) )| S 6%
With the help of the above estimate, it is clear to see that
[Ba( = (=A)TA(t +6)") = Eal( = (=A) At )ul| 1y g5,

2
2

}é

_ [E(Z (s 61) PAZ [ B (= AL(1+ BA) "M+ 6)%) — Ea( = NL(1 + BAe) ") |2)
k=1

s [2(
Similarly, by the second property in (1)), the inequality |e™*! — e™?2| < |21 — 29| for 21,22 > 0, and
the property (12.1)), one can verify that
[Ea( = (A At +0)%) = Ba( = (=A)T A )t Ly 50,y S 0%l
o Verify|(E3): By using the fact that

(1 + 5)%)71 _ (1 _i_B)\k)zzfz/’fl(l _i_lB/\k)*(ufl/) < (1 _|_/3)\k)*(1/71/)§ ﬁ*(l/fz/))\;(l/—l/)

p

p_1
[y 80) A 0%)* | = 6l o,

NE

i
)

)

one can verify that ||Aul|rs(o,3,)< 8~ lull rp,,) easily.
o Verify|(E4): Applying Lemma with A = X)(1 + BAL) "t > 0, we arrive at

((t+8)* " Ea( = N1+ BX\e) 1t +6)%) =t TEq (= A1+ )1t

< /

t+9
< / 7'&_2‘Ea,a71(_>\Z(1 —|—,8)\k)_17'a)‘d7'.
t

O (To‘_lﬁa( -1+ ﬁ/\k)_lTO‘)) ‘d’l’

Using the property E,p(—2) < (1+2)7! for a € (0,1),b € R,z > 0 again, we deduce that
|(t40)* " Ea( = A1+ BAe) M (t+0)*) = t* T Eq (= AL(L+ BA) "1t

</t+57a2d7< R SR 2 ) et
— ~tlme (t4o)e tl=a(t +0)l-«
51—(1

< < a—1-—6 9.
S o oad =0
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By the above estimate and the Sobolev embedding H,» — H,_1, we deduce

(24 )2 Ba (= (~A) A +0)) =177 Fa (= (=A)7A)) Aull
= (D I(w o)A

k=1

QHy)

(t+6)*  Bo( = X1+ BA) " (t +6)*)—

}3@

b
2

—t B (= AL+ BAp) 1)

2

‘1 —,8)\]9‘72)
p
2

; {E(g (o) P22t 520) ]

=t 00l o, ) S 0Tl e, -

The proof is completed.

7.2. Proof of Lemma o Verify : By the property and the inequalities e™% < z7¢1,
1—e7% <292 for z > 0 and €1, €9 satisfying €1,e0 > 0, €5 — €7 > —1, it is clear to see that

[Ba (=AU + BA)T1E%) = Ea( = ALtY)|

< / MQ(T)‘ exp ( — )\Z,(l + B)\k)—ltaT) — exp ( — X]zt%-) ‘dT
0

:Uémﬁwawﬁexp(—-A20:+ﬁAk>1#%0[1—6XP(“1éiiik#%)}d7

o0 _ v e [ BN €2
< €17 €14—€10,_—€] k a
< /0 Mo (T)A (14 BAR) YT [1 +5)\kt T:| dr
= BN 1 gt [T (ryreaar, (54)
0

Applying the above inequality with ¢; = €3 = v/ — v € (0,1] and using Lemma we obtain

p
Ho

= [E( D 1, @) PA | Ba (= N1+ B0 7) = Eo(= Nt) )
k=1

3=

125,00 Ol a2,y = [EN 2Bl

[NJiS)

1
}p
P
2

< o' [B( Sl o032 ) ] = 87 ulsan
k=1

o Verify|(Z2): By the triangle inequality and a similar technique as in , it can be seen that,
for €1, €9 satisfying €1,e9 > 0, 1 4+ €5 — €1 > —1, there holds

[Ba (AL 4+ AM) ) L+ BA) ! = Ea (= A7)
< (14 BA) HEa( = AL(1+ BAe) 1Y) = Eo(— AJtY) |+

+ (14 BAe) TEQ (= Nt*) — Eo( = Nt%)|
< /662)\](:2761)7“”62(1 + ﬁ)\k)el_€2_1t(€2_€l)a><

00 B )\k o
X M, (T)rite—adr + 8 Eo( — X1t
/0 aMy ()T T 1+5Ak’ ( . )|
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On the other hand, since E,p(—2) < (14 2)7! for a € (0,1),b € R,z > 0, the following property

ho

lds true for €3, e4 € [0,1] and ¢ € (0,7
BM = Bk BN —e374—e;
)\775& < < < gea )TV p—esa
1+ B T4 g P JIs (14 BAp) =4 (1 + Nte)es ™~ (14 Nto)e BN

The two above observations and Lemma [2.1] yield

|Eo (= A1+ B8M) 1) (14 BA\e) = Eu — Mta)\
Beg)\ €2— 61)7+E2(1 + 6)\ )61—62 lt(eg €1) Be4>\64 63’Yt €30

By choosing €2 = €4,€1 = €2 + €3, with 0 < e3 < 1, 0 < €4 < €37, we have

[ Eo (= X1+ BA) ) (1 + BA) ™! = Ea — AJt%)]
5 564)\;637+64(1 + /8)‘k)63_1t_63a + /864)\24*637.[:—6306 5 564)\];(637_64)t_63a.

Hence, for v > 0 and ¢ € (0,77, the following estimate holds

Similarly, one can verify that || 23, (t)

Héﬂ,aﬁ(t)“HLp QH,)

- E (Z| ) PAZ [Ba (= AL+ B ™) (14 BA) ™! = B =A%) )

NI

1
}p
1

po1
< /864t*6304|: (Z| (u, ¢k 21/ 2(e3y— 64))2} P l@mt*ega|’uHLp(Q,HU+€4_€3,Y).

UHLP(Q,HV) < B€4t763aHUHLP(QvHerqfegv)' The two estimates

imply that |(Z2)[ holds true.
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