Stochastic fractional diffusion equations containing
finite and infinite delays with multiplicative noise

Nguyen Huy Tuan 12, Toméas Caraballo ®, Tran Ngoc Thach **

! Division of Applied Mathematics, Science and Technology Advanced Institute,
Van Lang University, Ho Chi Minh City, Vietnam
2 Faculty of Applied Technology, School of Engineering and Technology |,

Van Lang University, Ho Chi Minh City, Vietnam

3 Dpto. Ecuaciones Diferenciales y An4lisis Numérico,

Facultad de Matemdticas, Universidad de Sevilla, C/ Tarfia s/n, 41012 - Sevilla, Spain
4 Applied Analysis Research Group, Faculty of Mathematics and Statistics,
Ton Duc Thang University, Ho Chi Minh City, Vietnam

October 4, 2022

Abstract

In this work, we investigate stochastic fractional diffusion equations with Caputo-Fabrizio
fractional derivatives and multiplicative noise, involving finite and infinite delays. Initially,
the existence and uniqueness of the mild solution in the spaces CP([—a,b]; LY(€2, H"))) and
C%((—00,b]; L9(Q, H"))) are established. Next, besides investigating the regularity properties,
we show the continuity of mild solutions with respect to the initial functions and the order of the
fractional derivative for both cases of delay separately.
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1 Introduction

Let X be a bounded domain of R", n € N*. Assume that the boundary of X, namely 90X, is
smooth enough. In this paper, we aim at investigating the existence, uniqueness, regularity and
continuity results for two problems for stochastic fractional diffusion equations containing delays
with Caputo-Fabrizio derivatives and multiplicative noise.

e The first problem we are interested in involves a finite or bounded delay:

("D} 4+ (—2))a(t) = A(t, 21) + B(t,xp)in, € J:=[0,b],
z(t)ox =0, teJ=]0,b], (1)
z(s) =x(s), sé€Jy:=[-a,0, a>0.

*Correspondence: tranngocthach@tdtu.edu.vn (Tran Ngoc Thach)



e The second model is concerned with an infinite (or unbounded) delay:

("Df 4 (—2))a(t) = A(t, 1) + B(t,x)an, te€.J=0,0],
z(t)|ox =0, teJ:=][0,b] (2)
Z(S) = X(S)a s € JOO = (—O0,0],

where we notice that the condition x = x on Jy = [—a,0] is now replaced by =z = x on

Joo = (—00,0].

In the above models, « is a positive number, b > 0 is the final time of observations, ¢¥' Dtﬁ is the
Caputo-Fabrizio fractional derivative [14] of order 0 < 5 < 1

CEDJf(t) = E5(t) * f(t), >0,

where E5(t) = /\1/[_(? exp <—%t>, with M(B) is a normalization function satisfying M(0) =

M) =1 ([14, 18], f(t) == %f(t) is the classical derivative of f, and % denotes the convolution,
wp = %wt (called white noise) stands for the generalized derivative of w;, which is the standard Brow-
nian motion (also called Wiener process) defined on a completed probability space (2, F,{F;},P).
The initial function x € C(Jo; L3(2, L?(X))). The fractional operator (—A)?, the function z;, the
non-linear source A, and the non-linear space-time-noise B will be specified later.

Initially, let us mention about the classical diffusion equations, the paramount importance of
the Caputo-Fabrizio operator, and some related studies on time fractional diffusion equations in
the deterministic case. It should be noted that if the fractional derivative ¥ Dtﬁ is replaced by
the integer order derivative 0; then the equations we consider turn to be the primitive diffusion
models (also called typical heat equations and classical parabolic equations), which are traditional
and have been much studied previously due to their theoretical interest and essential applications
in various fields of science such as heat transfer and image processing [3, 28], 35, [37]. Regarding the
fractional derivative ¢¥ ’Dtﬁ , the presence of this derivative plays the role of modeling several practical
phenomena in physics, control systems, biology, fluid dynamics and material science [3] [0}, [7, 24]. The
readers can refer to impressive studies [I, [36] for more details about its physical interpretation and
an application in mass—spring—damper motion. It is worth mentioning that such derivative possesses
the advantage of not having singular kernel [14] [38]. We can list here some recent studies on useful
properties of the Caputo-Fabrizio derivative [2| [7, [14] and fractional differential equations containing
such operator [II, 22, 38, [40]. For some other recent results on deterministic fractional diffusion
equations, the readers can refer to [10] 1T} 23, 34], where fundamental solutions are constructed, and
the existence and behaviors of solutions are investigated.

Next, let us explain the description of our stochastic model with delays in details. Since uncon-
trollable sources in natural generate distinct random noises, it is essential to consider our problems
containing stochastic perturbations. In our models, we would like to deal with a usual stochastic
term that is a standard Brownian motion w;, which is the classical and well-known noise studied
in various papers recently [8, 9] [16] 26, 27, (43, 47, [48]. Additionally, due to the fact that, in some
practical situations, the current behavior is affected by the previous states, it is required to include
some delays and external forces depending on history state in our models. In the last decades, the
number of articles dealing with delay partial differential equations (DPDEs) has increased signifi-
cantly. Some DPDEs with finite delay can be found in [I3] 17, 20, 21], 30} 31, 41]. As regards the
infinite delay case, we can list here several considerable results [12} 25] 32, [33] [39] 42} [44) [45] [46].

Despite of the importance of the appearances of stochastic perturbations and delays mentioned
above, to the best of our knowledge, fractional diffusion equations with Caputo-Fabrizio derivative
containing delays and multiplicative noise have not been studied in the literature until now. There-
fore, the present paper is concerned with problems and , being our main goals as follows.



e Firstly, the existence and uniqueness of mild solutions will be proved. The results are inspired
in some previous papers [17, 45| 46] but constructed in the subspaces C?([—a, b]; L4(Q, H")))
and Cs((—o0, b]; LY(Q, H"))), with r > 0,¢ > 2, p € (0, %], 0 > 0, instead of the two usual spaces
C([~a,b]; L*(Q, L*(X)))) and Cs((—o0, b]; L?(Q, L*(X)))) respectively (notice that if ¢ = 2 and
r = 0 then LI(Q, H") becomes L?(R2, L?(X))), under more generalized assumptions for the non-
linear source A and space-time-noise B. From our perception, this is one of positive points of
the present paper.

e Secondly, we aim at describing some regularity properties for mild solutions.

e Lastly, for each problem, besides verifying the continuity of the mild solution with respect to
initial functions, we are strongly interested in investigating the continuity with respect to the
order of the fractional derivative. As far as we know, until now, no one dealt with this type of
continuity for mild solutions to stochastic fractional differential equations involving delays.

The organization of the present paper is as follows. In Section [2] we recall some notations includ-
ing the fractional operator, the expression of the standard Brownian motion, and some necessary
functional spaces. Furthermore, the definition of mild solutions to our problems and some properties
of resolvent operators are presented in this section. In Section [3] the first results on the existence,
uniqueness, regularity properties, and the continuity of mild solutions with respect to the initial
function and the order of the fractional derivative in the case of finite delay are stated. In Section
[ we continue to investigate the behaviors of mild solutions in the case of infinite delay including
the existence, uniqueness, regularity and continuity properties, but in different spaces and under
different conditions for the initial function, source term, and space-time-noise.

2 Preliminaries

2.1 Notations

To make easier the reading of the paper, in this section, we introduce some notations and
functional spaces.

Let us first consider the negative Laplacian operator L := —A defined on Hg(X)N H?(X) as well
as recall the definition of fractional operators. Denote by (Ax, &) an eigenpair of L satisfying that
(A\k) is a positive non-decreasing sequence, which tends to infinity, and () form an orthonormal
basis in L?(X). We also recall H", r > 0, the subspace of L?(X) satisfying

£l = (30 A10.61)7 < ox.

keN+

where (-,-) is the usual inner product in L?(X). Identifying the dual space (LQ(X))* = L*(X), it
can be set H™" = (H")* and the fractional operator L, := (=A)" : H™" — H" can be defined by

Ly = Yens Nl €)€k (see [19], [29]).
Next, we describe some functional spaces necessary for our main results. Let Q € £ (LQ(X)) be

the linear operator defined by Q& = Ag&k, with Tr(Q) := >, o+ A finite, and let the L?(X)-valued
Brownian motion defined by

keNT



(k)

where w;"’ are one-dimensional standard Brownian motions. Let LQQ .= LQ(Q% (L%(X)), H") be the

space of all Hilbert-Schmidt operators T : Q%(L2(X)) — H" satisfying

1
1 .
IT, = (Y ITQi&3, )" < oo

keNt

For short, we denote L2Q = LQQ’T if r=0.
Let U be an arbitrary Banach space. We denote by L4(92,U) the space of U-valued random
variables o such that

Q=

loll a0y = (Ellellf;) * < oo.
Additionally, we denote by C(Z;U) the space of continuous functions y from Z C R into U with the
sup norm, and let CP(Z; U) be the subspace of C(Z;U) equipped with the norm

ly(t1) — y(t2)llu
Yy ) *= sup < 00
|| ”CP(I,U) tytneT |t1 — tQ‘p

If x € C([—a, b]; L?(Q2, L*(X))), then for ¢ € J we denote by x; the function on [—a, 0] as
zi(s) =x(t+s), s€[—a,0]
where a stands for the finite delay if a < co or the infinite delay if a = co.

Let us now introduce the Burkholder-Davis-Gundy-type inequality [I8], which is of paramount
importance in estimating the stochastic term appearing in the expression of solutions.

Proposition 2.1. Let ¢ > 2, tg,t € J and ¢ : J — L2 satzsny[Lft llp(C H } < o0. Then, the
following inequality holds

? / PG| < el o) 12 dc]

—2
where ¢(q) = \/Q(QQ—U (qiil)q .

2.2 Mild solutions and properties of resolvent operator

Our goal in this subsection is to construct a mild formulation for solutions to Problem , which
is of the form 2(t) = Y cnr (2(t), §k)&x for t € J. For the sake of convenience, let us first consider
the following problem

=F(t), telJ:=][0,b],
[ o], (3)

By taking the inner product of the first equation in Problem and then taking the Laplace
transform, one arrives at

CL{(=(8), &)} (<) — (x(0), &)
¢+801-0)

= —ALL{(x(t), &) HQ) + L{UEF (1), &) H(O),



which implies
(14221 = B)) e{{z(t), &) H(C)
¢+8(1-9)

1
= a5 (2(0),&) + a5 L{{F (1), &) }(C)-
C‘F% * <+1+>\>\0‘7(1,8)

Now, with the help of the inverse Laplace transform and the condition x(0) = x(, one obtains the
following expression for the Fourier coefficients

BACt

(1 +Ar(1 - 5))@(07&@) = exp ( - WM) (0, Ek)+

p ! BAR(C—1)
+ 14-)\‘;3(1—5)/0 exp ( - Hf\%(l_ﬁ))W(C)’EwdC-

For the sake of convenience, we set mq g(Ag) 1= 1+>\+21—,8) and gq 5(t, \y) as follows
k

BACt

Gap(t, M) == (1 + A¢(1 — B)) texp ( S E)]

» te JkeNt. (4)
Then, the following expression of solutions to Problem is obtained
¢
= > Gaslt M) w0 &0 + D (mas() / Go st = G A(F(Q),€0)dC )&k, L€ .
0

keNt keN+

Inspired by the above formulation of solutions to Problem , we give the following definition
of the mild solution to Problem .

Definition 2.1. An X-valued process {z(t)} is said to be a mild solution of Problem (resp.

Problem (2)) if
(i) = € C([~a,b]; L*(Q, L*(X))) (resp. z € C((—o0,b]; L*(Q, L*(X)))),
(i) z(s) = x(s), for s € Jy (resp. s € J),

(iii) For t € J, x(t) satisfies

£(t) = Ga (1) / Gt — AW, 2)dC + Zap(t), P—ac, (5)

where the two operators G (t) : L*(X) — L2(X), Ga.(t) : L*(X) — L*(X) and the stochastic
term Z, g(t) are defined by

Ga g (D)) = Y 9ot M) (&0 Gap () () = D ma,8(Mk)ga st M) (5 k)R
keN+ keNT
/ ga,ﬁ t - C,.’L‘C)d&)c, teJ, (6)

where the coefficients m,, g(A;) and go g(t, A\r) are defined in (4]).
In the following propositions, some properties of the aforementioned operator are presented.

Proposition 2.2. Leta>0,0< <1, and g > 2. Then



(G1) The two operators G, g(t), Qaﬁ(t) are linear, bounded and satisfies the following property for
any 0 <n <«

Ly Gas ()l (za(a.r2(x)) < Cila, Bym),  with Ci(a, B,n) = (1 — B)~"/®
LG (Ol c(ra(o.r2x)) < Cila, B,m),  with Ci(a, B,n) = B(1 — B) "V,

(G2) The two operators Go, 5(t), Ga,5(t) satisfies the following Holder continuity of exponent y € (0,1]
forany0 <t <ty <band 0 <n<a

1L (G (t2) = Gap(t1)) |l (oo, r2x)) < Cal, B,m,7) (k2 — t1)7,
1Ly (G (t2) = G (1))l no@ 229 < Calev, By, 3) (2 = 1)

with Co(av, B,m,y) = B7(1 — ﬁ)*(n/a)*“y and C’g(a,ﬁ,n,v) =B (1 - ﬁ)*(fi/a)*v

Remark 2.1. Assume that n = 0 in Proposition [2.3, then the following properties hold

1Ga.8(O | £(La(.L2(x))) < M1( ,B), fortel,

1Ga,8(t1) = Gas(ta) | cira,r2cxy)) < Ma(a, B,7)(t2 — t1)7,  for 0 <ty <ty <b,
1Gas()lc(za(.r2cx)) < Mi(e,B), forte J,

1Ga.(t1) — Ga B2 £(na.r2x))) Ma(er, B,7)(t2 — t1)?,  for 0 <ty <ty <b,

Ii)h@?"@ the exponent Y€ (Qv 1]7 Ml(a75) = Cl(a7570)7 MQ(O‘7677) - CQ<O‘767’)/70)7 Ml(a716> -
Ci(a, 8,0), Ma(e, B,7) = Ca(a, 8,7, 0).

Proof. To prove two above properties, we first estimate the coefficients g, g(t, A\;) defined in . It
is obvious that for any k € NT

190,68 A0)] < (L+AF(L = 5)) 7 = (L+AR(L = B) V(L + A (1 = )~ (/e
Since 0 < n < a, it is clear that
L4+ ML= B) " <AL= A7 and (143 (1— )@/ <1, (")
which allow us to estimate the coefficients g, g(t, Ar) as
|Ga,5(t, AR)| < AT(1— B)~e, for any k € N*. (8)

Let x € L9(9, L*(X)), the above estimate directly yields that

q
2

ELyGous(t)2l ) = E( D2 A lgas(t, M) Pl €0 2)
keN+
q
2

<= E( Y P (9)

keN+t

/2
Since IEH:UH‘ILQ(X) = E(Ek€N+ ](m,§k>\2>q , (9) shows that the property |(G1)| holds, which implies

that the resolvent operator G, s(t) is linear and bounded. Similarly, the operator G, g(t) is linear
and bounded as in the property [(G1)]




Next, we continue to verify property |(G2)| by taking into account
9a,8(t2, Ak) = ga,p(t1, Ak)
At Aty — t
(1A e (- ey (- S0y

L+ A1 = 5) L+ A (1-8
A (ty —
= 9a.5(t1, Ar) {eXp ( - %) = 1}.

Using property again and the inequality 1 —e ¥ < y?, v € (0,1], for y > 0, it follows, for
0 <ty <ty <T, that

ﬁ)\%(ﬁg — tl) "Y
L+ A1 -p)

< B = B)MOTINT(ty — 1),
For x € L(Q, L*(X)), the above estimate directly implies

|9a8(t2, ) — ga,a(t1, Ae)| < A7(1 - gy~

E|[Ly(Ga,5(t2) = Gap(t1)) 2l ]2y = E( > At Ak) = ga st M), 5’“>|2) '
keNt
q

< 71— BTV (1 — 1) TE( D (w6 2)

keNt
whence property holds and the resolvent operator Ga,p(t) is Holder continuous of exponent
v € (0,1]. Similarly, the resolvent operator G, g(t) is Holder continuous of exponent v € (0,1]. O

Proposition 2.3. Let o > 0 and ¢ > 2. Then, the two operators Go 5(t) and G, 5(t) are continuous
with respect to the order 8. Namely, for 3, € [Bo, f1] € (0,1), 0 <n < «, and t € J, there ewists
two positive constants Cs(a, B1,b, A\1,m), C3(a, B1,b, A\1,m) > 0 such that

1Ly (Ga,8(t) = Gapr (1)) | c(ra(e,r20x))) < Csle, B1, b, A1,m)[8 — B'],
1Ly (G5 (t) — Gapr ()l ra(, 2(x))) < Csla, B, b, A1, m) |6 — . (10)
Proof. For 3,0 € (0,1), it can be seen from that
‘ga,ﬁ (tv >\k’) — Ya,8 (tv Ak)’
_ a1 -1 < _ ﬁ)\%t
=laa-mten (- i
BNt Y L
TS _5)) eXp( 112l —5f)>‘+
a -1 @ Y\ —1 /B,A]C;t
+ ‘(1"')%(1—5)) -1+ (1-5) ‘GXP<—1+)\?(1_B,))
=: (I) + (11).

Bt > ‘

)= (A=) exp (- T+ (1= B)

< (142201 = 8) " exo

By using the inequality |e™¢ — e~¢| < |c — d| for ¢,d € RY, one directly obtain
Bt BIACt Bt Bt
I ey R T ey R | _
’eXp< 1+Ag(1_5)) eXp( 1+Ag(1-5/)>‘ SITrxea =8 1+x-p)
_ ‘B)\gt + B(1 = BNt — B¢t — B/(1 — BNt
(T+22(1=8) 1+ (1-p))
‘ (8 = B)AF + A3t
(1=8)(1—=pB)xe

<

)




which together with (1 +A%(1 — )2 < A\.7(1 — B1)~"/, for n € [0,a], and A\,® < A\T®, implies
that

ALY +1
()< G2 - A
On the other hand, one can verify that
a1 -1 a1 p\\-1] /\?(5_5,)
0+ X =87 = W+ M=) = | e sy T e a )
18 =4

T (A=) =gy’
ﬁl/\gtﬂ,)> < 1 yields

TFAS(1—
B-B1
(1 — Bp)itn/a k-

which together with exp ( —

(1) <

From all the above observations, one deduces that there exist Cs(a, 81,b, A1,17) > 0 such that

190,8(t; \e) = oz (t, Ar)| < (e, B1, b, A, m)|B = B[N,
Let # € L(Q, L?(X)), with the help of the above estimate, one obtains

N

E Ly (G (t) = Ga () 2l%aary = E( 30 A3t M) = G (6, M) 6 2)

keNt

< [Cala, B, b M8 - B1E( Y &) (1)

keN+

which implies property holds. The operator Qa,g(t) can be estimated similarly; therefore, we
omit the detail here. O

3 Existence, uniqueness, and regularity results in the case of finite
delay

In this section, we aim at studying Problem ( . which is included in the finite delay case. For
r>0,q>2,p€ (0, ] let us define the following Banach space

BRAT = {x € CP([~a,b; LY, H")) : 2(s) = x(s),for s € JO} )

endowed with the norm

ot +0) = 2(®)] o1
Iellggar = sup - |
—a<t<t+0<b
Our goal now is to establish existence, uniqueness and regularity results for Problem , provided
that x € CP(Jo; LY1(Q2, H")), for r > 0,9 > 2,p € (0, %] Suppose that the non-linear source A and
the non-linear space-time-noise B satisfy the following assumptions for p,v € [r — a,r]:
(A1) There exists K4 > 0 such that for any z, 2" € CP([—a;b]; LY(Q, H")) and t € J

t

) BIAC )~ A 2D < Ka [ BI(O) ~ Ol

—a

8



(A2) There exists K 4 > 0 such that \|A(-,O)||LQ(J,LQ(Q finy) < Ka,

(B1) There exists K4 > 0 such that for any z,z! € CP([—a;b]; LY(Q, H")) and t € J

t

t
| BIBC.20) ~ Blc.ablly e < K [ Bla(O) - 2Ol dc.

—a

=

(B2) There exists Kp > 0 such that ||B(-,O)HLq(J;Lq(Q’LzQYU)) < Kp.

Remark 3.1. The above conditions for A and B are inspired on assumptions (H1), (H2) in [45].
The novel point here is that subspaces H", H”, H" are considered instead of the usual Hilbert space
L3(X). Furthermore, a generalized version of the expectation E|| - ||?, that is, E| - ||9, ¢ > 2 is
considered.

The following theorem states the existence and uniqueness result in the space BY?".

Theorem 3.1. Let x € CP(Jo; LY(Q, H")), forr > 0,q > 2,p € (0, 1]. Assume that|(A1), |(A2)
hold. Then, Problem has a unique mild solution in the space BY"". Furthermore,
the following reqularity properties hold for —a <t <t+o <b

i) Elzt)||%,. < Ms(a, 8)(1+ supge., Elx(0)[%,).

i) E|z(t+o)—z(t)]f, < Mi(a, B)o?(1+[|x|

q ) )
cr(Jo;La(Q,HT))/’
where M3(c, ), My(a, B) depend on a, B,7, p,v,q,a,b, Ko, Kg, KA, Kp.

Corollary 3.1 (The existence and uniqueness results on the usual space B,). Notice that if As-
sumptions|(A1), |(A2), |(B1), |(B2) hold for r = p=v =0, ¢ = 2, and the initial condition x belongs
to C(Jo; L*(Q, L*(X))), then Problem has a unique mild solution in the usual space

By = {z € C([—a,b]; L*(Q, L*(X))) : 2(s) = x(s), for s € Jo}.
Furthermore, the following reqularity properties hold for —a <t <t+o <b

E||2(8)|[7) < Mo, B)(1+ sup Elx(0)l720x))

Ellz(t+0) - l’(t)H;(X) < Miy(or, B0 (1 + ||X||(22(J0;L2(Q,L2(X))))
where M3(a, 8), M4(a, B) depend on o, B,a,b, Ka, Kp, KA, Kp.
Proof. Let us define the operator ¥ on BY?" by
Y(z)(s) = x(s), forallse Jy, (12)

and for allt € J
W()(t) = Gas ()X (0) + /0 Gt — OVA(C ) + Zaop(1). (13)

It is obvious that to show the existence of a mild solution to Problem is equivalent to find a
fixed point of the operator W. To do this end, we aim to use a well-known method that is Banach
fixed point theorem. Our strategy here is to prove that V is well-defined, i.e. Y(BY?") c BY?", and
then verify that ¥ is a contraction.

Claim 1. Y(z) € BY?", for all x € BY?".



For x € BY'*", we shall show that ¢ — Y(z)(¢) is Holder continuous on J. Indeed, for ¢t € J and
o > 0 small enough, it can be seen that

E[¥(@)(t+0) = ¥@)®)|,, < 37 Bl (Gaslt +0) ~ GapH)X(O),+

+3g]| [ TGt + 7 — QA )~ / Guplt — OAC e, +

+ 37 E| Zas(t +0) = Zap(t),

= Ji(t,0) + Ja(t,0) + J3(t,0). (14)
Thanks to one can estimate the first term in the right hand side as follows
Ji(t,0) = 37 ElLy (Gays(t + 0) = Ga,g())X(O)[172() < 377 [Ma(ar, B,7) |70 E[Lrx (0) 172 )

where v € (0, 1]. Since E]]er(O)H%Q(X) =E[Ix(0)%,. < supges, E[X(0)]%,, it is easy to see that

Ji(t,0) <397 My(a, B,7)|%07 sup || x(0)||%, — 0, as o — 0. (15)
oeJo

For the second term, let us split it into J1(¢,0) and Jo2(t, o) defined as follows

To(t,0) < 6‘1‘1EH /O Ly (Gas(t +0 — ) = Gaalt — () A(C,

t+o B
460 1E]| [ LGt +0 - QA
t
=: JQ,l(t, 0’) + J272(t, U).

In order to show Jy (¢, 0) tends to zero as ¢ — 0, we first use the Hélder inequality and property

(G2)|in turns
t ~ ~
J2,1(t> U) < 6q_1E) /0 HLMLT—M (ga,ﬁ(t +o— C) - ga,b’(t - C))A(Cv x()“LQ(X)dC‘q
t ~ ~
<l /0 L (Ges + 7 = €) = Gt = O) A 20) [y ¢

t
<6117 Cya, By — u,'y)\qo”q/o E||LuA(C ¢) 72504

where we have used r — < . On the other hand, it follows from Assumption that
¢
[ A0 e
¢
<2071 / E[ Ly (A(¢ 2¢) = A(G 0))|[F 250y dC +2°7 /0 E[[Lu A 0)]|7 2504

t
<20 1KA/ Ell(¢ \-rd<+2“/ E[|A(¢,0)[|%,.d¢
0

< 2971 K 4 (a sup E||x(0)|1%,, + tsup E[|x(0)]%,,) + 207" K. (16)
ocJo oeJ

(1

From two latter observations, one deduces that there exists x
such that

)ﬁ depending on a’ /37 T’ /’L7 fYa q’ a/’ b’ KA

Ja(t,0) < w107 (sup Bllx(0)[%, +supE|lx(8)], + K%), (17)
0eJo oeJ

10



which implies that J21(t,0) tends to zero as o — 0. We continue to estimate Jy2(t,0) by using
property [(G1)| and a similar technique as above. In this way, one arrives at

t+o 5
Taalt.) < 6E] [ LGt + 7 = OAC ) liace
t

t+o ~
< 6q710.q71E‘ / ”LMLT—Mga,ﬁ(t +o— C)A(€7 xC)HqLQ(X)dC‘
t
R t+o
<60t Cua B =) [ BILLAG ) ]y
t

Reasoning similarly to estimate , one can verify that

t+o
| B0 s eyic
< 297 Ky (a sup E|x(9)II%, + bsupE[lz(0)[%, ) + 277 A(0
oeJ

0cJo )”Lq J;La(Q,H#))

Hence, there exists HS/)B depending on «, 8,7, i, q, a,b, K4 such that

Jaa(t o) < miﬁ%oq—l( sup E[|x(0)[|%, + supE[lz(0)[|%, + K%), (18)
ocJo ocJ

which implies that Js2(t,0) tends to zero as o — 0.
We now estimate the last term on the right hand side of as

Ja(t, ) = 317 'E| Za,5(t + 0) — Za,p(t)]|%,.
t+o t
_ 3q—1EH /O Goslt + 0 — O)B(C, ¢)dwe — /0 G s(t — C)B(C,azg)dwCH;T.

It can be seen that J5(t,0) < J31(t,0) + J32(t,0), where two new non-linear terms Js (¢, 0) and
J32(t,0) are defined by

t ~ ~
Jaa(t o) = 67| /0 Ly (Gast 4+ = ) = Gaalt = ) B, wo)duc |

2(X

t+o B q
J32(t,0) == 6‘1—1]EH /t LG gt + 0 — Q)B((, xc)dwg‘ .

Using the Burkholder-Davis-Gundy-type inequality, the Holder inequality, and property [(G2)| one
can arrive at

t ~ ~ %
Ja(t,0) < 69 e(g)B( /0 1L (Gap(t + 7 =€) = Gaslt = Q) B w13 dC )
t ~
< 61 Le(q)t /0 ELuLry (Gop(t + 0 = ) = Gas(t = ) B(C 2o dC
2 t 5 5
<6 [ ILems (Gt 0 = ) = Gl = O 0 BIL BC 0l dC

t
B _2
< 6ol Cofo, 8,7~ v o7t [ EILL Bzl e

11



where we note that r — v < a and v € (0, 1]. In addition, Assumption allows us to obtain
t
/ E||Ly B(C, )| d¢
0 Q
t t
< 2071 /0 E|[L, (B(¢,z¢) = B(C,0) |72 dC + 277 /0 E||L, B(¢, 0|72 d¢

t t
gzq—lKB/ E\\x(()]]q~rdc+2q_1/0 E||B(¢,0)|[%, d¢

< 27 K asup E[x(@)[}, + tswpE@)]%,) + 2By oy (19)
0eJo oeJ ’ Q.

From two latter observations, one deduces that there exists KS’)B depending on o, 8,7, v,7,q,a,b, Kp

such that

J31(t,0) < HS’,)MW( sup E[|x(0)[|%, +supE[lz(0)|%, + Kp), (20)
0cJdo ocJ

which implies that J31(¢,0) tends to zero as 0 — 0. We continue to estimate J3 (¢, o) by using the
property [(G1)| and a similar technique as in above. In this way, we have

9
2

t+o ~
Tsa(t:0) < 6 e@B( [ ILeosuslt+ 0 = OB(C.c) 3, 4C)
t+o ~
<6 et [ B Lot + 7~ OBy 4

t+o -
< 67 e(q)os ! /t L —vGa,s(t + 0 = Oz p2 oy EIMLw B(G @)l dC

~ t+o
<6 le(g)|Cr(on for =)ot [ EILLB(C o dc
t

By using a similar way as in the estimate ((19), one can verify that

t+o
| EIL B,

q—1 q q g—1 . q
<207 K (a sup E|(O) I, + bswB@)1},) + 2 I1BC O sy,

Hence, there exists KW depending on «, 8,7, v,q, a,b, K such that
a?ﬁ

Ts2(t,0) < k(o (sup E|x(0)])%, +supE[(0)]%, + K%), (21)
’ 0cJo ocJ

which implies that J32(f,0) tends to zero as o — 0. Therefore, we conclude that J3(t,0) — 0 as
o— 0.

Since Ji(t,0), Jo(t,0), and J3(t,0) tend to zero as o — 0, the map t — W(x)(¢) is continuous
on J in LI(Q, H") sense. Furthermore, results (15)-(21) imply that the terms Ji(t,0), Ja(t, o), and
J3(t, o) are of order o®, with p € (0, 3]. From this together with it follows that W(BY?") c BYT".
Claim 2. Operator V¥ is a contraction in BY?".

The present claim can be verified by showing that for z, z! € BY?" there exists a positive constant
I1, g depending on a, 8,7, 1, v, q,a,b, K 4, Kp such that, for t € J,

sup E[[Y™(x)(0) —¥"(")(0)]|F, < Mept” Elx(6) — 2" (9)]

(22)
0<6<t m: 0<6<b

q

12



for any m € NT, which leads to

sup B[ () (0) — w04, < Tt sup Bllz(t) = 2 (O]}, (23)
!
0<t<b m.oo<i<

Indeed, it can be seen from equation that, for t € J,

E[[W() (1)~ ¥(h)(0)]

t ¥ g
% < 2‘1_1EH/0 Gos(1 = O (A(C.2e) = AC. )|, +
+2071E|| 20 () — Zap(B)]|%
=: Il +I2- (24)

The first term can be estimated by using the Holder inequality and property
T <20 'E| /0 LGl — O (A 20) — A, 2) lzeodd|
< 200118 [ Lyt~ QAW ) = AT
<20 o B =l [ B (A ) = A
Now, Assumption allows us to obtain

t
I < 207N Co (e, By — M)!qKA/ E|lz(¢) — 2" (¢)II%,d¢. (25)

—a

The second term can be estimated by using the Burkholder-Davis-Gundy-type inequality, the Holder
inequality, and property |(G1)| as follows:

L2(X)

I, < 207 'E| /Ot LoLyGas(t = (B, 2) = B(C,af))duc|
< 207 1¢(g)E /t Iy Ly Ga,5(t — Q) (B(C,2¢) — B¢, x))) ||§2ng)%
< 2q—1c(q)t1‘/0 E|[LyLy—Ga,p(t — O) (B(C, 2¢) —B<<w2>>”‘igd<
<20 le(g)t Ot LG 0 = ONzqznca ey BNw (B ) = BIC 27 C
< 20 1e()t |G (o, B, v — 7)1 /Ot E[[Ly (B(C ) = B xD))If d¢

This together with Assumption [(B2)| yields

t

7, < 2 le(g! "4 Cala B = 1)K [ Bla() ~ o Q) dc. (26)

—a

Combining (24), (25), ([26), and noting z(s) = zf(s) = x(s) for s € Jo, one concludes that

q

E[¥(2)(t) - ¥(")(®)|.

2 . t
< 2L (K Ab7 YOy (e, By pu — 1|7 + Kpe(q)b' ™ 4| Ch(ev, Byv — 1)[7) /0 Elz(¢) — 21(Q))%,d¢,
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which implies that there exists 11, g depending on «, 8,7, u,v,v,q,a,b, K4, Kp such that, for ¢t € J,

sup E[[W(x)(6) — ¥(a")(0)]
0<6<t

t
1 <L / sup B (8) — 1 (0) [} dC
0<o<

< Ha,gt?ell;EHw( ) =z (@), dc,

which implies that holds for m = 1. We now aim at showing that if it holds in the case
m = mg € NT then it also holds when m = mg + 1. Indeed, by using a similar technique as above,
one arrives at

q

sup E[¥™0 (x)(9) — o (@) ()|

0<6<t

t
<Ml / sup E[W™ (2)(6) — W™ (1) (0) | dc
0 0<6<¢

= o /|aﬂ<|mOSHPEHx() " (@), d¢

‘Ha6|mo+1
Pl supEllz(0) — 2T (0|2 dc.
< el supEa(0) — o10)1,

Hence, holds for any m € N and the inequality is true as desired. Since % tends to
zero as m — 0o, there exists m € NT such that W™ is a contraction. This procedure can be repeated
in order to obtain that ¥ is a contraction too. In other words, ¥(x) = x has a unique solution in
the space BY?".
Claim 3. The solution z satisfies regularity properties i) and ii).

Initially, we aim at proving that the solution x satisfies the regularity property i). Indeed, for
t € J, by using a similar argument as in the proof of Claim 1, one can easily arrive at

E||z ()|, <39 [Mi(a, 8)| Sup Efx ()%, +
0eJo

+ 697107 Cy (o, B — u)!q<KA/ Ellz(O)|%

¢+ /0 E||A(C, o)H‘I’-{udc)Jr

B t
+6771¢(q)|Cy (a, B, — v)| %0 (KB/ Ellz(¢ Hq~,,dC+/0EHB(QO)H']LQQWCZC),

which implies that there exists positive constants /ﬂif)ﬂ, gﬁ)ﬁ, Sz; depending on «, 3,7, u, v, q, a,b,

and K4, Kp, K g, Kp such that

sup IEHJ:(@)Hq-T

t
w0y + 10 sup B (@), + ) / sup El|z(6)[%, d.
0<6<t 0<6<¢

By using the Gronwall inequality, one obtains

E I ©) 4 6 E q (7)757
3 El[2@)f, < (as + oz 590 ElIXO)I,) exp (0 51)

which yields that

E q' < (5)+ (6) E MY IEA ()b
sup E{|(6) [ < (.5 + o, sup EIX(0), ) exp (0 5).

which implies that property i) holds true.
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Next, we shall employ the result we have proved above to show that the solution x satisfies the
following regularity property ii). By the same way as in Claim 1, one can check that there exists a

positive constant ,%SS/)B depending on «, 3,7, i1, v, q,a,b, K4, Kg, K o, K g such that

«a,

8
Ello(t+0) = 2(t)||t, < w550 (1+ sup BIx(O)]%, + supEllz(9)[%, ), pe (0,1/2.  (27)
0eJo oeJ
From and property i), it is clear that there exists a positive constant m&gg depending only
on a, 3,7, 1,v,q,a,b, Ko, Kg, K 5, K such that

E|z(t + o) — 2(t)||%, < ,i((z)ﬁgpq (1 + 03;1}) IE||X(0)||%”>, for0<t<t+o<b.
0

Furthermore, in the case —a <t <t + ¢ <0, we note that

Ellx(t +0) = 2(®)]|5 = Elx(t + o) = xO5 < o IXep 10, p0.rm)

Hence, it can be seen that property ii) holds. This completes the proof. O

In what follows, we are interested in considering the continuity of mild solutions in the case of
finite delay with respect to the initial function and the order of the fractional derivative separately.
Initially, the following theorem describes the continuity result in the first sense.

Theorem 3.2. Assume that[(A1), [(A2), [(BI), [(B2) hold. Then, the mild solution to Problem
is continuous with respect to the initial function. Namely, if x1,x2 € C(Jo; LY(Q, H™)), for r > 0
and q > 2, and x1,x9 are mild solutions to Problem with respect to the initial functions x1, x2
respectively. Then, there exists Ms(a, ) > 0 depending on «, 5,7, 1, v, q,a,b, Ka, Kp such that

Hxl(t) - xQ(t)HLq(Q,HT) < Ms(e, B)x1 — X2”c(J0;Lq(Q,Hr))a (28)
forallt e J.

Proof. By a similar argument to that one used to obtain the uniqueness result, we have

sup E||x1(0) — 22(0)||5, <377 [Mi(a, B)|* sup Eflx1(8) — x2(0)II%,+
0<0<t 0eJo

t

s [ sup Bl (0) — 22(0) [, dc.
0 0<6<C

By using the Gronwall inequality, we obtain

sup Elr1(60) — 22(6)][f < 39731, )1 sup B (6) = xa(6) [y, exp (Mo ).

0 0eJo

which implies that property holds. O

Next, the following theorem gives the continuity of mild solutions with respect to the order of
fractional derivative.

Theorem 3.3. Let x € C(Jo; LY(Q, H")), for r > 0,q > 2. Assume that|(A1), |(A2), |(B1), |(B2)
hold. Then, the mild solution to Problem 18 continuous with respect to the order of the frac-
tional deriwative. Namely, if 8,8 € [Bo,B1] € (0,1) and 2P 2B are mild solutions to Prob-
lem with respect to the orders 3, respectively. Then, there exists Mg(a) > 0 depending on
a, B1, T, A\, 1, v, q,a,b, Ka, KB, such that

2@ #) = 2| o 0, )

< Me(a)|8 - 5’!(;;1}) El[x(0)]%, + zlelgEHw(m(é’)H‘};r + Ky + Kp)7, (29)
0

Q=

forallt e J.
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Proof. For the sake of convenience, let us set Gapp(t) :=Gapt)—Gap(t) and g}mﬁ,(t) = Qa,lg (t)—
Ga,p(t). It can be seen from the integral equations @-@ that, for t € J,

Bl )~ 01, < 3 ElGasa OXOY, + 67| [ Gt — OGN, +
t~
vom) | ga,g/@—c)(A(c,xg )—A(C,acC >)déHm+

t
469 /0 G0 (t — OV B(C, 2

t 5 !
L 6IE /0 G (t — c)(B(c,xéﬁ ) - BW@B )>)d”<H2r'

It is obvious that the five previous terms can be estimated similarly as the estimates for Ji (¢, o),
Jo(t,0), J3(t,0) defined in , but one needs to use property and Proposition instead of
property Therefore, in what follows, we omit the details and show directly the results, which
can be verified easily

Ellz@(t) — 2 @))% <FY|8 - B'19( sup E|[x(8)]%, +supE[zP(0)|% + K% +Kp)
H ocdo oeJ H

+ RS /t E|lzP(¢) — 2" ()|, ¢,

—a

where /<;( ) and H&) depend on a, B1, A1, 7, 1, v, q,a,b, K4, K. Since 209 (¢) = m(ﬂl)(C) for ¢ € Jy,
the above inequality yields that

sup E|a(0) ~ 2 O)]t, <5015~ 719 sup EIx(O)]%, + spEle?0)]}, + T+ K)
0<0<t oeJo oeJ

t
+52 [ sup Ba(9) - @), dc.
0 0<0<(¢
With the help of the Gronwall inequality, one obtains
sup E||z(P(9) — 2P (0)[|%
0<6<t
<®|B - B’Iq(esg Efx (@)%, + zlelgEHx(ﬁ) O)%, + K% + Kp) exp(RP1),
0

which implies that property holds. ]

4 Existence, uniqueness, and regularity results in the case of infi-
nite delay

In this section, we continue to investigate stochastic fractional diffusion equations, but in the
case of infinite delay. Existence, uniqueness, and regularity results for Problem are verified from
now on, provided that x € Cs(Joo; LI(Q, H)), for r > 0,q > 2,p € (0, %], and § > 0.

To this end, let us prepare some materials including some notations of necessary functional spaces.
We first introduce the spaces Cs(Jo; LI(€2, HT)) and Cg((—o0, b]; L9(£2, HT)), which are subspaces of
C(Joo; LI(Q, H")) and C((—o0,b]; LI(Q, H")) endowed with the norms

1

I#leytrmitate,iny = ( 500 P E(O)]f,) " < oo,

o o]

1
Ielley-tianaiiny = (, 50| MBI, )" < o
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Additionally, let us introduce the following Banach space

S = {x € Cs((—o0, b]: LIS, HT)) : 2(s) = x(s), for s € Joo},
endowed with the norm of the space Cs((—o0, b]; LI(Q, H")).

Suppose that the non-linear source A and the non-linear space-time-noise B satisfy the following
assumptions for u,v € [r — a, |

(A3) A(-,0) = 0 and there exists ks : J — R such that for any =,z € Cs5(Joo; L9(Q, H")) and
teJ

E|A(t,x) — A(t, 2D, < ka(t)]e — 2"}

Hr = Cs(Joo; L4 (Q,HT))’
(B3) B(-,0) = 0 and there exists kp : J — R such that for any z,2" € Cs5(Jo; L9(Q, H")) and
teJ

B|B(t.) - Bt )}, < ka@lo =15, oy

The following theorem state the existence, uniqueness, and regularity results for Problem .

Theorem 4.1. Let x € Cs(Joo; LU(Q, HT)), forr > 0,q > 2, and § > 0. Assume that
hold and

b b
Ka ::/O ka(Q)d¢ < o0, Kp ::/0 kp(¢)d¢ < oo.

Then, Problem has a unique mild solution in the space Sz’g. Furthermore, the following regularity
property holds fort e J

< M7(Oé, /8

q
2, 1 inaiiny <

q
)HXHCE(JOO;L(](Q7HT))7 (30)

where Mr(a, B) depends on «, 8,7, i, v, q,a,b, K4, Kp.
Corollary 4.1. As a consequence, property implies

Ellz(t)]] < Mr(ev,

Lauir) = for allt € J,

which together with x(s) = x(s), for s € Jx, leads to the existence of Ms(a, 3), depending on
«, 57 TV, q,a, ba KA? KB7 such that

E||z(t)[|? < Mg(a, B for all t € (—o0, b,

q
Lo(QHT) = WXy, resao,myy

Corollary 4.2 (Existence and uniqueness results on the usual space PCP). If Assumptions
hold forr = p = v = 0, ¢ = 2, and the initial condition x belongs to Cs(Js; L*(Q, L*(X))),
then Problem has a unique mild solution in the usual space PC® (see [42, [46]) defined by

cl = {x € Cs((—o0,b]; L*(Q, L*(X))) : z(s) = x(s), for s € Joo} ,
Furthermore, the following regularity properties hold fort € J
thHc,;(Joo,L‘z(Q 2x) = < Mr(a, )HXHQC(;(JOO;B(Q,L?(X))’

where M7(cv, ) depends on o, B,a,b,Ka, Kp.



q7r
Proof. Let us define the operator ® on Sx, s by

O(x)(s) = x(s), forallse Jy, (31)

and for all t € J

() (t) = Gap(t) / G (t — QVA(C, 5)dC + Zop(t): (32)

where Z, g is defined by
/ gaﬁ t_ C,HTC)dWC

In what follows, we aim at proving that ¥ is well-defined, i.e. @(Si”g) C Sg:g, and then verify
that ® is a contraction.
Claim 1. ®(z) € Sq , for all x € Sgr

Let us verify the contlnulty of the map ¢t — ®(z)(t) firstly. For ¢t € J and o > 0 small enough,
by a similar argument as in the proof of Theorem [3.I] one arrives at

3971 | Ma(a, 8, V)|q0'”’qesup Elx (@)%, +
€Jo

E|o()(t +0) ~ 2@, <

+ 697100 Cola, B — )| 0™ / B[ Ly A 20) |2y IS+
0
~ t+o
o= [ B At
t
+6q‘lc(q)|éz(a,ﬁ,7“—Vﬁ)|q0’q7b1_§/ E”LVB(C@C)”qHQdCJV
0

F 0| Crlan by =Pt [ EIL BRI
=: Ni(t,0) + Na(t,0) + N3(t,0) + Nu(t, o) + N5(t,0).
Assumption allows us to obtain
No(t,0) < 6916971 Co(ar, B, — p, 7)| %07 /0 t ka(Ollwclle . page, iy 96
Ns(t,0) < 6971097 HCy (e, B, 7 — )| /tHU kA(OHxCHga(Joo,Lq(Q,HT))dC'
On the other hand, with the help of Assumption we have
Ni(t,o) < 697 e(q)|Calar, B, — 1, 7)[907b' 4 /Ot ka(Ollzcllé, e no,rmy @
Ns(t,0) < 67 e(q)|Ca (v, B,1 — 1)1~ / v k(Ollzclle, 1 oo,y 46
Eljz(6)

Noting that for 0 < ¢ < b, there holds HJ;CH?L; By all

(oo, La(Q, 1)) = SUPOE(~o00.(] ||Lq(g i)

the above observations, one can see that there exists KZS%) > 0 depending on «, 3, r, u, v, q,a,b and
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p € (0, 3] such that

IEH(I)(x)(t to)— @(w)(t)] ’

10
< w0lor( sup Elx(0)]1%, +
0€Joo

b [ a0+ k80) s BIROIL g

06(_007C]

t+o
[ @+ kn(0) s Bla®], g 0 C):

96(—OO7C]

Since K4 = féj ka(¢)d¢ < oo and Kp = fé’ kp(¢)d¢ < oo, one concludes that

EHCI)(x)(t +o) - @(:z)(w\ '

10
< k(9o ( sup B, + (Ka+Kp) swp Blo(O)]?

ar s€Joo 0 (—o0,b] Li(Q.H )

which implies that the map ¢ — ®(x)(t) is continuous on .J in L%(Q, H") sense.
( )

Similarly, one can verify there exists x,, 5 > 0 depending on «, 8,7, i1, v, q, a, b such that

sup e[| @) (1), <r(e 5b(s€3p Elx(@)]%, + (Ka+Kg) sup Elle@IIL, )

fe(—o0,b]
From two observations and noting that ®(z) = x on J, one concludes that the map ¢ — ®(x)(t)
belongs to the space Sq’g as desired.

Claim 2. The operator ® is a contraction in Sq’
For ¢t € J, by arguing as in Theorem [3.1] one arrives at

E[|®(2)(t) — 2N (®)];

H"
~ t
<2 Gy for = " [ BILL (A7) = A D)y 0+
9 t
2l Gl B =) EHLV(B@,xg)—B<c,w}>)uiédc. (33)

Setting m( ) = 29~ 1(bq 1\01(04 Byr — )7+ c(q)bl_%]él(a,ﬁ,u - r)\q), Assumption |[(A3)| and As-
sumption (B3)| yield that

E[|®(x)(t) — ®(2) (1)

t <8 [0+ ROl = 5L ey 6

Multiplying both sides of the above inequality by e®” and replacing ¢ by t + h, with h € (—t,0], one
obtains

ME||®(x)(t + h) — B(a")(t + h)||%,

t+h
2
< e [ a0 + kOl =l e
(34)
On the other hand, it should be noted that
®(z)(t+h) = (=) (t+h) = x(t+h), forall he (—oco,—t].

Hence, one deduces that for all h € J, there holds

4 <02

MR (@(x)),(h) — (@(=1)),(0)]|F, < K45 /0 (ka(Q) + kp(O)llze =2, gy 4
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which implies that

t
1(@@), = @@, 1 paiiy S P |, B4+ kpOliac = 21, 1aeiry B

Now, by using a similar method as in the proof of Claim 2 of Theorem one can obtain that
®(z) = x has a unique solution in the space Sq’
Claim 3. The solution x satisfies the regularlty property .

By using a similar way employed to obtain , one arrives at for t € J

E[[2(8)]|%, < 37 Mi(a, B)IE[Lrx (0)[172 5+

e KOTSRS EL e

Multiplying both sides of the above inequality by e’ and replacing ¢ by ¢ + h, with h € (—t,0],

(¢ + 1|, < 371D (o, B) B Lx(0) [y

t+h
(12) ,sh
e [ Q)+ EaOlael ey

S 3q_1‘M1(a76 +

q
)’qHXHC(S(JOOqu(Q,HT))
t
12
s || a4 En(Oclly ) pao, iy @
In addition, for h € (—oo, —t], it is obvious that

e‘ShEHx(t +h) i]

_ =3t 5(t+h a
e e ( )EHX(t‘i‘h)H T S HXHqC(S(JOO;Lq(Q7HT))'

( )

Hence, for all h € J, there exists x5 > 0 depending on «, 8,7, i, v, q,a, b such that

13 12
@l oy < KOG, o agiimy T Fod / (ka(Q) + kpOcl, oy

With the help of the Gronwall inequality, we obtain

t
12 iy < ST ey 5 (503 [ (a0) + hacc)

< (B) exp( ((lﬁ)(KA—FKB))”XHq (Joo3 L4(Q,HT))’

which implies that the regularity property holds. ]

In the following couple of theorems, we shall investigate the continuity of mild solutions in the
case of infinite delay with respect to the initial function and the order of the fractional derivative
separately.

Theorem 4.2. Assume thatm m hold. Then, the mild solution to Problem 18 continuous
with respect to the initial function. Namely, let Xl,XQ € Cs(Joo; LU(Q, HT)), f07“ r>0,q>2,
0 >0, and let x1,x2 be the mild solutions to Problem with respect to the initial functions x1, x2
respectively. Then, there exists Mg(a, 3) depending on a,ﬁ,r,u, v,q,b, K4, Kp such that

J21() = 22| Lo,y < Ms(es B)lIxa = Xelle, (gsna () (35)
forallt e J.
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Proof. The proof follows by the similar technique as for Claim 2 of Theorem [{.1] Therefore, we skip
here. O

Theorem 4.3. Let x € Cs(Jo; LY, H")), for r > 0,q > 2 and § > 0. Assume that
hold. Then, the mild solution to Problem is continuous with respect to the order of the frac-
tional derivative. Namely, if 8,3 € [Bo, 51] C (0,1) and P, 25 are the mild solutions to Prob-
lem with respect to the orders (3,3 respectively. Then, there exists Mg(c,3) depending on
a, B1, A1, 1, v, q, 0, Ka, Kp such that

Hx(ﬂ)(t) - l‘(ﬁ/)(t)HLq(Q7Hr) < My(ev, B)|B — ﬁ,|||X||C6(JOO;LQ(Q’[—'[7‘))?
forallt e J.

Proof. By a similar technique to the one in Theorem and using Proposition instead of
property [(G2) one can easily arrive at

let” = ey szoimy S FLIB = 81U, ) oy + 2 Bl O)l]q )+

t !
+ 7 / (ka(Q) + ksl =L L i 4

where Eg’) and Egl) depend on «, 81, A1, 7, 14, v, q,a,b, K4, Kg. With the help of the Gronwall in-

equality, one obtains

B B’
12?2 e, (g zoorry

S ngg)|/8 - /Bl|q(HXHqC(S(JOO;Lq(Q7Hr)) + OG(SHEO b] EHJ:(Q)H%(](Q,HT)) eXp(E(()jl) (KA + KB));

which implies that property holds. ]

5 Conclusion

In the present paper, two problems for stochastic fractional differential equations are considered,
one involving finite delay and another with infinite delay. The main contributions here are to
establish the existence, uniqueness, regularity properties of the mild solution to such problems. In
the case of finite delay, the existence result is obtained on the space C?([—a, b]; L4(Q, H")), which is a
subspace of the usual one C([—a, b]; L?(Q2, L?(X)). In the case of infinite delay, we show the existence
of the mild solution on the space Cs((—ooc,b]; L9(Q, H")), which is a subspace of the usual one
Cs((—o0,b]; L?(Q, L?(X)). Besides of constructing the continuity with respect to the initial function,
we investigated a novel result for stochastic fractional differential equations involving delays that is
the continuity with respect to the order of the fractional derivative.
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