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2. Prehmlnarles ?(Q ) ( ’ )@(£1a£27”'a£n)€H€17€25"'7€n€H§0€Cl,Lip(Rn)l
CiLip(R")g

(@) —(y)| <CA+ 2™ +[y|™)|x —ylforz,y € R,

C>0meNyp
DEFINITION 2.1. A sublinear expectation B on H is a functional E:H—R satisfying
the following properties: for all £, € H,
(i) Monotonicity: if £ >, then E[¢] >E[¢];

(ii) Constant preserving: Elc]=c;

(ili) Sub-additivity: E[¢ + (] <E[¢]+E[(];

(iv) Positive homogeneity: K[\ = AE[¢] for A>0.
The triple (Q}l,fE) 1s called a sublinear expectation space.
DEFINITION 2.2. A set function C on F is called a capacity if it satisfies

(i) C(B)=0, C(Q)=
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A capacity C is said to be sub-additive if it satisfies C(AUB) <C(A)+C(B).

DEFINITION 2.3. Given a capacity C, a set A€ F is said to be polar if C(A)=0. A
property is said to hold quasi-surely (q.s.) if it holds outside a polar set.

(Q,H,E)C(A):=E(I4)VAe FC?Ep: H—-RPecP

E[U]Z;LGII;]EP[U],UEH. (2.1)
IO X)(FBO)X] L= fue L (9, X) :Elful] < 0N = fue L&, X)
Elllull] =0} (9, X) := £2/N2LE (2, X)lull 12, := (E[|[ull%])>

(72)222(QLH,E, F) (L H,E, F, F) X = LZ((Q,H,E, F); X ) = {¢| pisF-measurableandE[[| ¢[| %] <[]
oo }R2 :={(t,tg) ER%:t >t}
DEFINITION 2.4. A family of mappings ® ={®(t,t0,&): (t,t0) €RZ} on nonlinear ex-
pectation space is called a G-mean square random dynamical system over (Q,H,E,f),
if the mapping ®(t,to,"): X =X, (t,to) ERZ satisfies:
(i) Initial value property: ®(to,ty,60)=E&o for any & € X and to ER;
(ii) Two-parameter semigroup property: ®(ts,to,&0) =P (t2,t1,P(t1,t0,&0)) for
every & € X and (ta,t1),(t1,t0) ERE;
(iii) Continuity property: (t,to,&o) > ®(t,to,&0) is continuous in the space RZ x
x

DEFINITION 2.5. A family K ={K(t)}icr of nonempty subsets of X for each t€R is
said to be ®-invariant if

(I)(tat()vK(tO)):K(t)? fOT all (tvto)eRév
and P-positively invariant if
D(t,to, K (to)) CK(t), for all (t,tg) €RZ.

D={D(t)CX:tcR}IA>0
dim M| D) |3 =0, (2.2)
——00

ID@)I% = S%I?t)E[HUII%]-DTE[IIU(U %] <rteRu(t)eD(t) €D
ue

D={D={D(t) CX:D(t) #0bounded,t € R} : Dsatisfies(?7)}.

DEFINITION 2.6. A family K ={K(t)}+cr €D is called a D-pullback absorbing family
for @ if for each t eR and D €D, there exists T'=T'(t,D) >0 such that

d(t,t—s,D(t—s))CK(t), s>T'.

REMARK 2.1. Compared with [2, 2], in this paper, the absorbing family for G-mean
random dynamical system ® is not required to be uniformly bounded. Obviously, D is
uniformly bounded, which implies that it satisfies (?7). This shows that a uniformly
bounded family of nonempty closed subsets D={D(t)}1cr belongs to D. Therefore, the
requirement conditions of absorbing set are weaker than those literature [2, 2].
DEFINITION 2.7. A family A={A(t)}1er is called a D-pullback G-mean random at-
tractor for ® in X if the following conditions are fulfilled:

(i).A(t) is a nonempty compact subset of X for each t e R;

(ii)A is ®-invariant, i.e., ®(t,to, A(ty)) =A(t), for all (t,to) ERZ;
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sgrfwd@(t,t— s,D(t—s)),A(t))=0,

where d(A,B):=sup ing |z —yllx is the Hausdorff semi-distance, for any A,BCX.
rEAYE

D
LEMMA 2.1 ( [?] Gagliardo-Nirenberg’s inequality). Let ue€ L1(R) and its derivatives

of order m, D™ue L"(R), 1<q,r <oo. For the derivatives Diu, 1< j <m, there exists
c=c(m,j,q,1,0) such that

ID7ull 1oy < e D™l gy el L (s

where %:j—i—ﬁ(% -—m)+(1— ) for all 0 in the interval L <0<1.
LEMMA 2.2 ( [?]). For any —1<pu<+o0 and x,y €C, the followmg mequality holds

I (z =) (|z[*2— |y[*y)| < Re(z —g)(|z|"z— |y[*y).

I
2v/p+1

3. Existence and uniqueness of solutions for system (??) (??)(,H,E)(??)

(77)
DEFINITION 3.1. Let T€R and u, € L (Q,L*(R)). A continuous mapping u(-)=
u(e,7yur )i [1,00) = LE(Q, L*(R)) is called a solution of system (?7) if

u(e, ) €C([1,00), LE (@, LA(R))) (L& (2, L, ((,00), H' (R)))

ﬂLé‘ Qleoc((T’Oo)’L4(R)))

ut >71é&€ HY(R)NLA(R)

(u(t).€) =1, €) — (i) / (Vu, VE)ds — p / (,€)ds

~(ktif) / (P, ds + / (F(),€)ds.q.5.

FC) i R= L2(R)(f(s),€) = [ f(2,5)¢(x)dz

(?2)??
THEOREM 3.1. For every T €R and u, € L%(Q, L%(R)), system (??) has a unique solu-
tion u(-,7,u;) in the sense of Definition 7. Furthermore, this solution is F-measurable

with respect to w €.
ProofO, ={x €R,|z| < k}k eNOy

% = (A i) Auy, — pug, — (k+iB)|ug|*u+ f(x,t),t > 7,2 € O, (3.1
up(x,t)=0,t>7,|2| =k, (3.2)
ug(z,7) =u,(x),x € O. (3.3)

E>07(?7)(??)up??ROkt > Tug (t,w) Fw € Q
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d _
@Hukﬂ2 —2X\|Vag ||? = 2p)lugl® = 26 [[ur || 740,y +2Re | f(t,x)ugde
Oy

1
< =2\ Vurl* = pllur® — 26 ukl| 740, + ;||f(t)||2~ (34)

t>Twe

t

s () ||2+2/\/ (=) | Vi (s, w)|\2ds+2m/ &P i (5,) [ 4 0 05

T

1 t
<), @)+ L / P £ (s) [2ds.
pJ:

TERWeQT >0
1 T+T
||uk(t7w)|\2§HUT(W)HQJr;/ 1f(s)|ds,t € [r,7+T], (3.5)
" vt Pds <2 (lu@iP+ [ 1eIPs) (36)
Vug(s,w)|[“ds < —( ||u, (w +7/ S s, 3.6
/f * 22 pJs
T+T epT 1 T+T
/ ||uk(s,w)||i4(ok)ds§ﬁ(HuT(w)H?Jr;/ ||f(s)H2ds). (3.7)
NP TeRweQT >0

{ur(-,w) }32,is bounded inL> ((7,7+1T),L*(O)) [\ L*((r,7+T), Hy (Or))
(L*((r,7+1T),L*(Ox)) (3.8)

{|ugPug } 32, is bounded inL3 ((r,7+T), %(Ok)) (3.9)

{d;tk}:olis bounded inZ 3 (r,7+T), %(Ok)) 2((r,7+T), H-1(Ox)).  (3.10)

{ug(-,w)}22,is compact inL? ((T,T+T),L2(Ok)). (3.11)

upRug (z,t) =0|z| >kt € [r,7+ Tt € (1,7 +T](??)(?7) {wr, 172 {ur}2,

uy, (-,w) = u(-,w)weak star inL> ((r,7+71),L*(R)),
g, (-,w) = u(-,w)weakly inL?((r,7+T), H' (R)),
g, (-,w) = u(-,w)weakly inL*((r,7+T),L*(R)),
%ukl( w) — diu( ,w)weakly inL3 ((r,7+T),L3 (R)) + L?((r,7+T),H ' (R)),
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ue L>®((r,7+T),L2*(R))NL2((r,7+T),H" (R)) N L*((r,7+T),L*(R))v € L*(R)?

Wl

[uk, (',w)|2ukl (-,w) = |u(-,w) [Pu(-,w)weakly inL3 ((T,T+T),L (R))

I — oot € HY(R)NLA(R)
& 0.6) =~ (i) (Vi VE) — &) — (s +iB) P8+ (F(0.0), (312

(1,7 +T)u(-,w) € C([r,7+T),L*(R))u(r,w) = u, (w)u(t ,w) =v

1d
§£Ilu(lﬁw)ll2 “A[Vu(t,w)|* = pllu(t,w)l* = &llult,w) |71 + (), ult,w)). (3.13)
t'e(r,7+T)
ug, (t',w) = u(t',w)weakly inL?(R), (3.14)
u(w)(??)ur (w)w e N
TERWeNT >0
1 T+T
IIU(W)II2§IIUT(W)II2+;/ 1£(s)IPds,t € [r,7+T], (3.15)
T+T pT 1 T+T
[ IVutswPass G (lu@lE+2 [ r@ka). @)
T+T pT 1 T+T
/T ||u(s,w)||%4(R)ds§627<||u7(w)||2+;/7 ||f(5)||2ds>. (3.17)

ur € L3O L2(R))(22)u e LS, ((.00). L3 (. L2(R)) (22)(22)
L2(9,L,,((7,00), B (R))) ()L (. Lie((m.00). LA (R)) ).

O ([r,00), L& (2, L*(R))) (77)

B[l[ut) |2 — us) / £ Pdr. (3.18)

Elllu(t) —u(s)IP]=Elllu()|? + l[u(s)]* = 2{u(t), u(s))]. (3.19)

Lg(Q,H' (R)) N LE (2, LY (R)) L3 (2, L (R)){un () }o2y € LE(Q, H (R)) NLE (2, LY(R))

E[f|u(s) —un(s)]|?] = 0,asn — co. (3.20)
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]?[I\U(t) u(s)||?)
=E[|[u(®)[I* +[u(s)]|* = 2(u(t), un(s) +uls) —un(s))]
<E[llu(t)[I* + u(s)[1? —2(u(t), un(s)]+2E[(u(t),un(s) —u(s))]

<E 20l 2u(t)tn () + [ 0P| + 2B )0 (5) ()
(22)
(u(1.0) (5.6}

:<u(5,w),un(s,w)>f/ ()\Jrioz)<Vu(r,w),Vun(r,w)>dr7/ plu(r,w),un,(s,w))dr

- / (BT, 0) Pur o) () + / ) ()
t>s
Efllu(t) —u(s)|?)
<E[201u(3) I~ 2(u(s),un(s)) - / (i) (Vulr), Van ()dr

~ [ ptutr) (= [ i) utr) Putr). ()

# [ nnars L [ 1w 280,06 (o)
<EL2{u(e).ue) ~un(s)]+ OB | [ IVur) V(o)

+CEU u(r) ||||un(s)ds]+C]E[/ )11 gy i () ey dr] (3.21)

+E[/ TClNe M / 1A Pdr + 2B {(u(t),un(s) — u(s)].

(?7)

2B[((5), u(s) =t ()] + 2B [(u(t),un () — u(s))]
<2(B[[lu(s)12]) % (Elluls) = un()]2]) 2 +2(E]|u(t)]|*]) 2 (Elun(s) —u(s)|2])F.  (3.22)

(27)(27)
E[(u(s),u(s) — un(s))]+2E[(w(t), un(s) —u(s))] = 0,asn — oo. (3.23)

ce| | t IVu(r V(s
(/ t ||Vu<r>||2dr)é (/ t||wn<s>||2dr) j

(?7)6

<CE
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SCZE[ ||w<r>||2dr}3 (B[ Vun ()I%]) ¥t =51

1

& [ Tt o)es] < (B [ putlar] ) @il o1

t
CE U ||u(r)||i4(R)|un(s)L4(R)dr]

<o(s]f t||u<r>|§4®dr})3 (Bl (5) ) F 1t —51

E {/:Hf(r)””?ﬁn(s)ldr} SC(I@[/:f(r)||2eré(E[||un(3)||2])§|t_s|§_
)

(?7)(2?

E[Hu(t) —u(s)||*] = 0,ast — s,

ue C([r,00), LE(Q,L*(R))).

u(??)??

7?7

urua(??)v=1u1 —usg
d 2 2 2 . 2 2, N\~
e 1017 == 221Vl = 2pljv]|" = 2Re(k +3f) | (jur["u1 = [uz|"uz)vdz
R

<—2)\|Vo|*+2

Re(&—i—i,@’)/(\ul\Zul—\u2|2uQ)17dac
R

Re(ﬁ+iﬁ)/(|u1|2u1—|u2|2u2)17dx
R

Re(m—&—zﬂ)/ [ut]?(u1 —u2) + (Jur|* — Jus|*)us] vdz
R
§/~@/|u1|2|v|2d$—|—
R
§3\/m2+62/(\u1\2+|u2|2)|v\2dm
R

1
<3V [ (il +fual Vo) ol
R
1 3
<3e/20F B2 (a3 gy + a3 ) 1970 o
3 1 8 8
<Bey/Z0 37 <ol + 3 22) 7 (ol o) ol

Re(k+1ip) /R(|u1 \2 — |uQ|2)u217dx

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)
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3cq/2(k2+62)

9v/2¢

d 1 8 8
TIPS == V/62 4+ 32(2) 73 (lunl gy + a2l o y) 1011

9v2¢ -% H H
o1 () — 0 (6,0) |2 <l 1 () — r p (w) [P VP @D Ll o

SHUTJ(W)__uTg(uOHQeCKJfnuuﬁ4m¢u>%+aﬁHuﬂﬁAUmdw%1’ (3.29)

0= ()
(77 up (t,w) = u(t,w) L2 (R)ug (t,w)wu(t,w).

REMARK 3.1. In classical probability space, the continuity of the solution with respect
to time in the mean sense can be proved by the dominated convergence theorem, see,
e.g., [2, 2, 2]. Nevertheless, different from the classical probability space, the dominated
convergence theorem usually does not hold in the framework of nonlinear expectation.
This gives rise to some difficulties in proving u € C([1,00),L%,(Q,L*(R))), which is nec-
essary to establish the G-mean square dynamical system associated with (7?) in the next

section.
REMARK 3.2. Inequality (??) shows the uniqueness of the solution. However, it does

not indicate the continuity of solutions with respect to initial conditions, which will be
proved in Lemma 77.
4. G-mean random attractors for (??) in L%(Q,L*(R)) (??)L% (22, L*(R))

18] < V3, (4.1)
/ e%|| £ (s)||2ds < 00,V ER. (4.2)

4.1. G-mean random dynamical systems. (?7)
®R2 x L2(2,L2(R))
O(t, 7, ur) =ult,7ur),t >,

ur € LE(Q, L2(R)u(??)u, ®
Ef®(tmur) 2] =Elu(t,m,ur)|*] < oo,
q)(t,T,uT)J’-"u(15)5’-'<I>]R2Z x LZ(Q,L*(R)) L4 (9, L*(R))
O(t,7ur ) =D(t,s,P(s,7,u,)), (4.3)
(t,8)(s,7) € RzzuT € LL(Q,L*(R))
(7,7, ur) =ur.
77(??7)PRS x LE(Q, L*(R))
LEMMA 4.1. Assume (??) holds. Then, the mapping ® is uniformly strictly contracting,
i.e., for the different initial values ur 1, ur2 € L%(Q,L*(R)), we have
B[l @t 7 ur1) = ®(tmur2)|*] SElfury —ur ol *le 077, (4.4)

for allt>r.
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E[||¢)(ta7-7u7'71) - (I)(thvuT,Q)Hz] =E[||u1(t,7,u7,1) - Ug(t,T,U7—72)||2].

£\|UJ1—U2||2

=2\ V(u1 —u2)||” = 2plur —ua* — 2Re(k +iB){ur[*ur — [uz|*us, u1 —uz)
—2p||ur —us||? —2Re(k +iB) (Ju1 [Pur — Jua|*ug, up —uz). (4.5)

?2(22)(27)

—2Re(k +iB)(Ju1|Pur — |us|?ug,uy —us)

:—25/Re iy (z) — 2 () (Jur (z) [Pur (2) = Juz(z) [Pus(z)) do

+26/RIm(a1(:E) —t(2)) (Jur (2)|Pu (z) — Juz ()| Puz(z) ) da

<26~ 14+-5) [ Re(ma(0) - 12(0) (o) s (&) ~ (o) P 0)

<0. (4.6)
%Ilm —ug® < —2plluy —us .

2]6—2/)(15—7').

E[|ur (6,7, ttr1) —ua (8,77 2) | *] <E[|[ur 1 —

REMARK 4.1. It follows from Lemma ?? that ®(t,7,-) maps L%L(Q,L*(R)) to
L%(,L3(R)) continuously. Then combining ue C([1,00),L%(Q,L*(R))) with (??), we
can deduce that the mapping ® is continuous in the space RQZ x L%(Q,L*(R)). Therefore,
® is a G-mean random dynamical system associated with problem (77).

4.2. Existence of G-mean random attractors. D(??)L%(Q,L*(R))

LEMMA 4.2. Let (??) and (??) hold. Then for every T€R and D €D, there exist
T=T(r,D)>0 and R(1) >0 such that for all t>T,

BJ[|® (7,7 = t,ur—)||*] <R(r),

where u,_s € D(T—1).
Proof

d
Sl ==2XIVull* =2p[ull® = 26 [[ull 1) + 2Re(f (1), u)

<=2 Vull* = 2pllull* - 26[|ul| Ls g) + pllul® + *Hf()IIQ

_ 2, 4 2
pllull +p|\f(t)|| :

d d 1
20 el =pe?*[[ull® + e — fJull* < ;eptl\f(t)llz-
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T

1
u(ry7 — tur )| <o o> + 2P /
p

T

te”sllf(S) *ds.

T

A A 1
Blju(r7 e O] e Ellur 4o [ WGP @7

Ur €D(r—t)eDT=T(1,D)>0t>T

E[|® (7,7 —t,ur—)|*] <R(7),

T

_ l —pT ps 2
R(r) =1+ ¢ /ooe 1f(5)|2ds.

REMARK 4.2. Define the family of sets B(T)= By(;), where By.(; is the ball in
L%(2,L3(R)) centered on the origin with radius v(T) specified by

r(r) = \/1+ %e—PT /OO 0| £(s)] 2.

It is not difficult to prove that the family B={B(7):7 € R} belongs to D. Indeed, choos-
ing A=p in (?7), we have

eLTePT [T
lim ¢ |B(r)|2= lim e+ lim / e £(s)||2ds,
T——00 T——00 T——00 P —o00

which together with (?7) implies

. pT 2
lim_e”[[B(r) |3 =0.

Therefore, B€D. Further, by Lemma 77, we find that for every T€R and D=
{D(t) }ter €D, there exists T=T(1,D)>0 such that for all t>T, ®(1,7 —t,ur—)C
B(71). Therefore, B is a D-pullback absorbing family for ®.
THEOREM 4.1. Assume (??) and (?7?) hold. Then, problem (?7?) has a unique D-
pullback G-mean random attractor A={A(7):7€R} in L%(Q,L*(R)). Furthermore,
if there exists a positive number w such that f:R— L?(R) is w-periodic, then such
attractor A is also w-periodic; that is, A(T+w)=.A(7) for all T €R.

Proof??{B(7): 7 e R}D®

{®(0,tp,7n) tnenLE(Q, L2(R)) B(0)z,, € D(t,) € Dn € N{t,, }nen—o0ot1 =0t,, —t, 11 >|
T*(tn)T* (tn)m>n

]]::[”q)(ovtnaxn) 7(1)(03tmwtm)”2] :E[“q)(oatnv‘rn) - (I)(()?tna(b(tnatm’xm))nz]
<P B[ 2n — B (tn,timszm)|?]- (4.8)

D (tp,tm,Tm) € B(ty)

R 1 tn
E[H(I)(O,tn,a:n)f<I>((),tm,:cm)||2] <4eftn <1+ept"/ 6”Sf(s)||2ds)
p —oo



11
(4.9)

Tomés Caraballo, Zhan§ C en,@anzggﬁf Haznf
ef e s

{@(O’tnaxn)}nENtn — —0O0Nn — 00
Lz(Q,L*(R))z*(0) € B(0)

E[||®(0,t,,2,) —2*(0)]|*] — Oasn — co.
z*(t) =®(¢,0,2*(0))t > 00—12*(—1) € B(—1)
E[|®(—1,tn,25) — 2" (= 1)[|*] = Oasn — co.
2*(0)=®(0,—1,2*(—1))
E[Jl" (0) = ®(0,~L,2" (=1))|]
—®(0,t,x0) +D(0,t,2) — (0, —1,2* (1))

=E[||z*(0)

+0(0,—1,®(—1,tn,25)) — P(0,—1,®(—1,t,,2,)) ]
=E[[|l2*(0) = @(0,tn,20) = 2(0,— 1, (=1)) + (0, =1, B(—1,t, x))[|]
<E[[|27(0) = @(0,tn, ) [*] + E[|®(0,—1,8(= 1, t,x)) = @(0,— L," (—1))?]
<E[[|27(0) = @(0,tn,z0)|?] + e PE[|@(~1,tp,2,) —2*(~1)]?].

—n—n—1laz*(—n—-1)e B(—n—1)z*(—n)=(—n,—n—1,2*(—n—1))z*(t) =2(t,—n—1,2* (—n —|

1))—n—1<t<—nz*(t)z*(t) = (t,s,2*(s))(t,s) ERZ
Dx*(t)a* (1) DPA= {x*(t)}7* (t)T*(t) € A(t)t € RE[||z* (0) — 7*(0)]?] > e >0

777

E[||®(0,~t,2* (—)) — ®(0,~t,z"(—))||?]
SeﬂtE[nx( t)—z*(—t)|?]

—t
§4( + - ept/ eps|f(s)||2ds>e_pt
— o0
—pt 4 - s 2
<de” - [ e[| f(s)lI"ds
P -o

t>0T>0t>T

2*(0) = ®(0, —t,2"(=1))7"(0) = (0, ¢, 7" (1))

<E[[le"(0) =2 (0)|]*] =E[|®(0,~t,2" (—t)) — (0, —t,2" (=1)) ] < %s,

t>T

ODA={z*(t)}+er

()t eRe* (t+w)=P(t+w,t,z*(t)) f(z,t)wPwPa*(t) =2* (t + w) Aw.
REMARK 4.3. If f(z,t)=0 for x €R, we can obtain that 0 is the solution of system
(7?). Then combining with Theorem 77, we have z*(t) =0.
REMARK 4.4. In [?,2,2, 2, 2] the existence of mean random attractors has been inves-
tigated for mean random dynamical system in classical probability space, which cannot
be applied to the system with probability-uncertain initial data. However, Theorem 77
may be applied to prove the existence of pullback G-mean random attractors for G-mean
random dynamical system, so it can be applied to more cases.
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¢(z)=(1+|z|?)""z€Ro> 1 L2(R)
Li(R):{u:R—)RiS measurable,/(1+|x2)_”|u(x)2d:1:<oo}
R

fulla = ( [ (122 luo) i) "

(?7)LE(Q, L7 (R))PLE(Q, L*(R)) LE(Q, L2 (R)) LE (2, L2 (R))
LE(Q, L (R))
LEMMA 5.1. Suppose fi,f2€ L} (R,L*(R)), ur1,ur2€ L% (Q,L*(R)) and (??) hold.

loc

Let uy,us be solutions of problem (?7?) with f replaced by f1 and fa, respectively. Then
for every TeR, weQ and T >0, there exists a positive constant C=C(7,T) such that

for allte[r,7+T):
R . t
Efflur (t,7,ur1) —ua(t, 7 ur2) 5] SCE[||UT,1—UT,2||§]+0/ 1£1(s) = fa(s)ll5ds. (5.1)

Proof(??)

8(u1 — ’ILQ)
ot

=(At+ia)A(ug —ug) — p(ug —usz)

— (k+iB) (Jur [Pur — [ua[Puz) + f1(t,z) — fo(t,z).
U1 7U2L§(R)
%Hul —uy|? :2Re()\+ia)<A(u1 —ug), (ug —uQ)>a —2pjuy —uz|? (5.2)
—2Re(/<;+zﬂ)<\u1\2u1 — Jug[Pug,uy _U2>0_+2Re<f1(t) — fa(t),u1 —u2),.

(77)

2Re(A+iar) (A(uy —ug), (ug —ug))
==2XMV(u1 —u2),V(u1 —u2) - ¢(x)) — 2Re(A+ia)(V(u1 — u2), V() - (ug — u2)).

IVo(z)| <od(z),Vr R,

2Re()\+ia)<A(U1 —uz),(u1 *u2)>a

< —2X||V(uy —u2)||2 420V A2+ a2(V(ug —uz),¢() (u1 —uz2))
o?2(A\?+a?)

<AV (s )2+ ANV 1 )2+ Ty a2
a?(\2+a?
<NV =) 3+ T iy 2 (59

(?7)2?

—2Re(k+iB){Ju1|Pur — |uz|*uz,uy — ug)
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:72/1/(;5 x ReLderQﬂ/gb x)ImLdx
R

g%( 1+ﬂ /qs )ReLdz, (5.4)

L= (o () P () a2 Pz () (3 ) — () (22)(27)(72)
Gl =l <clus —ua -+ 2 A (O~ RO, (55)

= 20Y) o e RT > 0t e[, 7+ T]

E[||u1<ta7—vu‘r,1) _u2(t77—7u‘r,2) ”12;}

~ (b 1 t s
<Bluea —urall e+ [~ R

OLE(Q, L (R))LE(Q, L (R))(?2) LE(Q, L7 (R))
THEOREM 5.1. Suppose fELloc(]R,L?T(R)) and (?7?) hold. Then one can associate
problem (??) with a continuous system ® :R% x LZ(Q, L2(R)) — LZ,(2, L2(R)) such that
for every (1,t) €R% and u, GL%,(Q,L2(R)),_ O(t,7,ur) =u(t,m,ur), where ®(t,7,u;) is
the solution of problem (7?) with initial time T and initial condition ..

ProofLg, (2, L*(R)) LE (2, L7 (R))Vu € Lg, (Q, L3 (R) Jun (2) = w(2) I{jzj<nyn €NTn

B [ W@ g ] B [t

=(14+n?) [/ (14+n?)"7 |u(x )|2dﬂ;‘}
|z|<n
<(14n?) ”E[/ll (1+2%) 7 |u(z )|2dx]
z|<n
<(14n?) "E[/ (1422 " |u(zx \d:r]
<00, :

un € L% (Q,L*(R))

B [|lu(z) - un ()]12] = M

z|>n

(1+22) 77 u(x)|?dz],

ue LE(9, L3 (R))
I@[Hu(x) fun(x)H?,} —0,asn — o0.

%G(Lflz,(ﬁ;)()IRi))Lé(Q,L?,(R))L%(Q,L?(R)) x L*((r,7+T),L*(R))Lg(92, L2 (R)) x L*((1, 7+
(e, f) € LH(QL2(R)) x L2((1,7+T), L2 (R)) (un, fn) € Lg, (2, L*(R)) x L*((1,7+T), L*(R)l
(Unafn) - (u.,.,f)Lé(Q,Lg(R)) X LQ((T7T+T>7L§(R)>T ERT> O??{u('ﬂ—, (umfn))}zozlc([ﬂT—"l
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L*((r,7+1),L2(R))C([r,7 + T],LE(Q, L (R))) (ur, f) € LE(Q, L2 (R)) x L2((7, 7+ T), L7 (R))H
(tn, fn) € LE (R, L*(R)) x L2((7,7+T), L*(R))

®(,7 s(ur, f)) = Hm (-7, (un, fn)), (5.6)

(tn, fn) = (ur, [)LG(Q, L (R)) x L2((1,7+T), L2 (R))22® (-, 7, (ur, ) (ur, /) LG (2, L2 (R)) <

L*((r,7+T),L2(R))
2(R))L*(R) = L (R)ult, 7w, (un, o)) (F.B(LZ(R))(??)

o t>Tult,Tw, (un, fo) ) (F,B(L R
B(er. (ur /) (F BLE(R )t >TORE x L (9, L7 (R)) PRLE(Q, L7 (R)) 2.
S(R)f

OLE(Q, L3 (R))PLE (L,
/ ePs|| £(s)||?ds < 00, ¥T ER, (5.7)

(??

REMARK 5.1. As we will see later, when studying the existence of pullback mean attrac-
tors of ® in L% (2, LZ(R)), it is convenient to use an equivalent norm for LZ,(2,L2(R))
which is defined by the weight function ¢s(x)=(1+|6x|*)~7, x €R, where

(5:min{1,()\\2/fpaz)a}. (5.8)

By simple calculations, we can obtain that
Vs ()| <odgs(x), ¥ z€R, (5.9)

and
B[lul2] <E[ [ dst@lu()Pde] <5 BulE], Y e IHQIER),  (5.10)

which shows that the weighted space L%(Q, L2(R)) has an equivalent norm which is given

1
by (fE [fR¢5(x)|u(x)|2de * for ue L2, (Q, L2(R)).
LEMMA 5.2. Assume (??) holds. Then the G-mean random dynamical system @ is
uniformly strictly contracting in L%,(Q,L2(R)), i.e., for the different initial values u, 1,
ur2 € L% (Q,L2(R)), there exists a constant M (which is independent of T) such that

]E[H(I)(tﬂﬂuﬂl) - (I)(thﬂuT,Q) Hi] SJM’IAE[||’U'T,1 —Ur2 ||§]e—p(t—7—)7 (5'11)

for all t>r.
Proofus (t,7,ur1)u2(t, 7,07 2)(??)ur 1Ur 2 € L2G(Q,L(2,(R))Tu1 —ugs(ur —ug) L2(R)

%/R%(x)\ul—u2|2d;y:—2/\/R¢5(x)|v(u1_UQ)|2dx_2p/R|ul_u2|2¢5(m)dx

—2Re(A +ia) /R(ﬂl —Ug)V(u1 —ug) - Vos(x)dx

—2Re(k+4B) (Ju1[Pur — |uz|?uz, ¢5(z) (u1 —uz2)).  (5.12)
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—2Re(A+ia) /R(ﬂl —Ug)V(u1 —ug) - Vos(xr)dx

<200/ A2 +a2/ (i1 — U2) V (u1 — u2) s () |da

252 )\2_|_
_70‘/@1—1@\ bs(x da:+/\/|V w1 —up) s (2)dar, (5.13)
(?7)(?7)??
d
%/¢5($)|u1—u2|2dx§—p/|u1—u2\2¢5(x)dm (5.14)
R R
1) [/ ¢5(x)|u1(t,7,u7,1)—ug(m,uﬂz)ﬁdm}
R
<Rk [ / ¢5(x)|u7,1uf722dx] e Pt (5.15)
R
(?7)®
H:Z[H(I)(t,num) —q)(t,T,’U,T)g)H?T] < SR [||u7,1 —uT’gH[Q,] e~ Pl=T) (5.16)

LEMMA 5.3. Let (??) and (??) hold. Then for every T€R and D€ED, there exist
T=T(r,D)>0 and R(T) >0 such that for all t>T,

E[|@(r,7 —tur—)| 5] <R(7), (5.17)

where u;_y € D(T—1).
Proofupsul?(R)

%/qug(x)\uﬁdx:—2)\/R¢5(sc)|Vu|2dx—2Re()\+ia)/RﬁVu-ngg(a:)dx
—2p/]R|u\2q§5(x)da?—2/1/]]{|u\4¢5(x)dx+QRG/Rf(x,t)(b(;(x)ﬂdac.
(?7)
aVu-Vos(x)de <205\ N2+ az/ |uVu-Vos(x)|de
R

252()\2 2
<TEUED) [ uPostadod [ [Fupos(e)ds

_9Re(A+ia) /

R

d 252 )\2 2
dt/R(b(;(xHuFdeU(AM/R|u|2¢5(x)dm—2p/Ru|2¢5(x)dx

+2 [\ 0Postyn+5 [ juPos(a)da
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e [[osludo=et Jul? +e% L ul?

2.4 / (1) 25 () e
R

(t—t,7)t>0

i [ [ estolutrr =t Pe]

“5E [/¢5 ¢ dm}—i— 6_7/ /e’”|f z,8)|>ps(x)dxds. (5.19)

(27)®

> g, s 1 —pT ’
B0~ )2 <e %52 Ellur B+ e [ el p(o)lPas
—00

Ut €D(r—t)e DT =T(1,D)>0t>T

E[|@(r,7 —t,ur—)|*] <R(7),

P 1 —pT " s 2
R(r) =1+ e /_Ooep 1£(s)|2ds.

THEOREM 5.2. Under assumptions (??) and (??), then the G-mean random dynamical
system @ associated with problem (??) has a unique D-pullback G-mean random attrac-
tor A={A(7):7€R} in LZ(Q,L2(R)). Furthermore, if there exists a positive number
w such that f:R— L?(R) is w-periodic, then such attractor A is also T-periodic; that

is, A(T+w)=A(r) for all T€R.
Proof???77?

.......
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