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1. Introduction R{
∂u
∂t = (λ+ iα)∆u−ρu−(κ+ iβ)|u|2u+f(x,t),x∈R,t>τ,
u(x,τ) =uτ (x),x∈R, (1.1)

τ ∈Ruτ ∈L2
G(Ω,L2(R))u(x,t)iλ,α,ρ,κ,βλ,ρ,κ>0fL2

loc(R,L2(R))
???????
???
?????????????????
???????
?????????
?O
?????(??)??(??)
???R
?L2

G(Ω,L2(R))(Ω,H,Ê,F)(Ω,H,Ê,F ,Ft)f??

(??)L2
G(Ω,L2

σ(R))????L2
G(Ω,L2(R))L2

G(Ω,L2
σ(R))σ> 1

2L
2
G(Ω,L2

σ(R))f(x,t)L2
G(Ω,L2

σ(R))

L2
G(Ω,L2(R))

????(??)L2
G(Ω,L2(R))(??)L2

G(Ω,L2(R))L2
G(Ω,L2

σ(R))????
‖·‖Lp(R)〈·, ·〉Lp(R)Lp(R)p= 2Lp(R)

2. Preliminaries ?(Ω,F)H(Ω,F)ϕ(ξ1,ξ2,·· · ,ξn)∈Hξ1,ξ2, ·· · ,ξn∈Hϕ∈Cl,Lip(Rn)
Cl,Lip(Rn)ϕ

|ϕ(x)−ϕ(y)|≤C(1+ |x|m+ |y|m)|x−y|forx,y∈Rn,

C >0m∈Nϕ
Definition 2.1. A sublinear expectation Ê on H is a functional Ê :H→R satisfying
the following properties: for all ξ,ζ ∈H,

(i) Monotonicity: if ξ≥ ζ, then Ê[ξ]≥ Ê[ζ];

(ii) Constant preserving: Ê[c] = c;

(iii) Sub-additivity: Ê[ξ+ζ]≤ Ê[ξ]+ Ê[ζ];

(iv) Positive homogeneity: Ê[λξ] =λÊ[ξ] for λ≥0.

The triple (Ω,H,Ê) is called a sublinear expectation space.
Definition 2.2. A set function C on F is called a capacity if it satisfies

(i) C(∅) = 0, C(Ω) = 1;
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2G-MEAN RANDOM ATTRACTORS FOR COMPLEX GINZBURG-LANDAU EQUATON(ii) C(A)≤C(B), A⊂B, A,B∈F .
A capacity C is said to be sub-additive if it satisfies C(A∪B)≤C(A)+C(B).
Definition 2.3. Given a capacity C, a set A∈F is said to be polar if C(A) = 0. A
property is said to hold quasi-surely (q.s.) if it holds outside a polar set.

(Ω,H,Ê)C(A) := Ê(IA)∀A∈FC?EP :H→RP ∈P

Ê[u] = sup
P∈P

EP [u],u∈H. (2.1)

L0
G(Ω,X)(F ,B(X))X‖·‖XL2 :={u∈L0

G(Ω,X) : Ê[‖u‖2X ]<∞}N 2 :={u∈L0
G(Ω,X) :

Ê[‖u‖2X ] = 0}L2
G(Ω,X) :=L2/N 2L2

G(Ω,X)‖u‖L2
G

:= (Ê[‖u‖2X ])
1
2

(??)???(Ω,H,Ê,F)(Ω,H,Ê,F ,Ft)X :=L2
G((Ω,H,Ê,F);X) ={φ|φisF-measurableandÊ[‖φ‖2X ]<

∞}R2
≥ :={(t,t0)∈R2 : t≥ t0}

Definition 2.4. A family of mappings Φ ={Φ(t,t0,ξ0) : (t,t0)∈R2
≥} on nonlinear ex-

pectation space is called a G-mean square random dynamical system over (Ω,H,Ê,F),
if the mapping Φ(t,t0, ·) :X→X, (t,t0)∈R2

≥ satisfies:

(i)Initial value property: Φ(t0,t0,ξ0) = ξ0 for any ξ0∈X and t0∈R;
(ii)Two-parameter semigroup property: Φ(t2,t0,ξ0) = Φ(t2,t1,Φ(t1,t0,ξ0)) for

every ξ0∈X and (t2,t1),(t1,t0)∈R2
≥;

(iii)Continuity property: (t,t0,ξ0) 7→Φ(t,t0,ξ0) is continuous in the space R2
≥×

X.
Definition 2.5. A family K={K(t)}t∈R of nonempty subsets of X for each t∈R is
said to be Φ-invariant if

Φ(t,t0,K(t0)) =K(t), for all (t,t0)∈R2
≥,

and Φ-positively invariant if

Φ(t,t0,K(t0))⊆K(t), for all (t,t0)∈R2
≥.

D={D(t)⊆X : t∈R}λ>0
lim

t→−∞
eλt‖D(t)‖2X = 0, (2.2)

‖D(t)‖2X = sup
u∈D(t)

Ê[‖u‖2X ].DrÊ[‖u(t)‖2X ]≤ rt∈Ru(t)∈D(t)∈D

D={D={D(t)⊆X :D(t) 6=∅bounded,t∈R} :Dsatisfies(??)} .

Definition 2.6. A family K={K(t)}t∈R∈D is called a D-pullback absorbing family
for Φ if for each t∈R and D∈D, there exists T ′=T ′(t,D)>0 such that

Φ(t,t−s,D(t−s))⊆K(t), s≥T ′.

Remark 2.1. Compared with [?, ?], in this paper, the absorbing family for G-mean
random dynamical system Φ is not required to be uniformly bounded. Obviously, D is
uniformly bounded, which implies that it satisfies (??). This shows that a uniformly
bounded family of nonempty closed subsets D={D(t)}t∈R belongs to D. Therefore, the
requirement conditions of absorbing set are weaker than those literature [?,?].
Definition 2.7. A family A={A(t)}t∈R is called a D-pullback G-mean random at-
tractor for Φ in X if the following conditions are fulfilled:

(i)A(t) is a nonempty compact subset of X for each t∈R;
(ii)A is Φ-invariant, i.e., Φ(t,t0,A(t0)) =A(t), for all (t,t0)∈R2

≥;



Tomás Caraballo, Zhang Chen, and Dandan Yang 3(iii)A pullback attracts every D∈D, that is, for every t∈R,

lim
s→+∞

d(Φ(t,t−s,D(t−s)),A(t)) = 0,

where d(A,B) := sup
x∈A

inf
y∈B
‖x−y‖X is the Hausdorff semi-distance, for any A,B⊆X.

D
Lemma 2.1 ( [?] Gagliardo-Nirenberg’s inequality). Let u∈Lq(R) and its derivatives
of order m, Dmu∈Lr(R), 1≤ q,r≤∞. For the derivatives Dju, 1≤ j <m, there exists
c= c(m,j,q,r,θ) such that

‖Dju‖Lp(R)≤ c‖Dmu‖θLr(R)‖u‖
1−θ
Lq(R),

where 1
p = j+θ( 1

r −m)+(1−θ) 1
q , for all θ in the interval j

m ≤θ≤1.

Lemma 2.2 ( [?]). For any −1<µ<+∞ and x,y∈C, the following inequality holds

|Im(x̄− ȳ)(|x|µx−|y|µy)|≤ µ

2
√
µ+1

Re(x̄− ȳ)(|x|µx−|y|µy).

3. Existence and uniqueness of solutions for system (??) (??)(Ω,H,Ê)(??)
(??)

Definition 3.1. Let τ ∈R and uτ ∈L2
G(Ω,L2(R)). A continuous mapping u(·) .=

u(·,τ,uτ ) : [τ,∞)→L2
G(Ω,L2(R)) is called a solution of system (??) if

u(·,τ,uτ )∈C
(
[τ,∞),L2

G

(
Ω,L2(R)

))⋂
L2
G

(
Ω,L2

loc

(
(τ,∞),H1(R)

))⋂
L4
G

(
Ω,L4

loc

(
(τ,∞),L4(R)

))
ut>τξ∈H1(R)∩L4(R)

〈u(t),ξ〉=〈uτ ,ξ〉−(λ+ iα)

∫ t

τ

〈∇u,∇ξ〉ds−ρ
∫ t

τ

〈u,ξ〉ds

−(κ+ iβ)

∫ t

τ

〈|u|2u,ξ〉ds+

∫ t

τ

〈f(s),ξ〉ds,q.s.,

f(·) :R→L2(R)〈f(s),ξ〉=
∫
Rf(x,s)ξ(x)dx

(??)??
Theorem 3.1. For every τ ∈R and uτ ∈L2

G(Ω,L2(R)), system (??) has a unique solu-
tion u(·,τ,uτ ) in the sense of Definition ??. Furthermore, this solution is F-measurable
with respect to ω∈Ω.

ProofOk ={x∈R, |x|<k}k∈NOk

∂uk
∂t

= (λ+ iα)∆uk−ρuk−(κ+ iβ)|uk|2u+f(x,t),t>τ,x∈Ok, (3.1)

uk(x,t) = 0,t>τ,|x|=k, (3.2)

uk(x,τ) =uτ (x),x∈Ok. (3.3)

k>0?(??)(??)uk??ROkt≥ τuk(t,ω)Fω∈Ω
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d

dt
‖uk‖2 =−2λ‖∇uk‖2−2ρ‖uk‖2−2κ‖uk‖4L4(Ok)

+2Re

∫
Ok

f(t,x)ukdx

≤−2λ‖∇uk‖2−ρ‖uk‖2−2κ‖uk‖4L4(Ok)
+

1

ρ
‖f(t)‖2. (3.4)

t≥ τω∈Ω

‖uk(t,ω)‖2 +2λ

∫ t

τ

e−ρ(t−s)‖∇uk(s,ω)‖2ds+2κ

∫ t

τ

e−ρ(t−s)‖uk(s,ω)‖4L4(Ok)
ds

≤e−ρ(t−τ)‖uτ (ω)‖2 +
1

ρ

∫ t

τ

e−ρ(t−s)‖f(s)‖2ds.

τ ∈Rω∈ΩT >0

‖uk(t,ω)‖2≤‖uτ (ω)‖2 +
1

ρ

∫ τ+T

τ

‖f(s)‖2ds,t∈ [τ,τ+T ], (3.5)

∫ τ+T

τ

‖∇uk(s,ω)‖2ds≤ e
ρT

2λ

(
‖uτ (ω)‖2 +

1

ρ

∫ τ+T

τ

‖f(s)‖2ds
)
, (3.6)

∫ τ+T

τ

‖uk(s,ω)‖4L4(Ok)
ds≤ e

ρT

2κ

(
‖uτ (ω)‖2 +

1

ρ

∫ τ+T

τ

‖f(s)‖2ds
)
. (3.7)

(??)(??)τ ∈Rω∈ΩT >0

{uk(·,ω)}∞k=1is bounded inL∞
(
(τ,τ+T ),L2(Ok)

)⋂
L2
(
(τ,τ+T ),H1

0 (Ok)
)⋂

L4
(
(τ,τ+T ),L4(Ok)

)
(3.8)

{|uk|2uk}∞k=1is bounded inL
4
3

(
(τ,τ+T ),L

4
3 (Ok)

)
. (3.9)

{
duk
dt

}∞
k=1

is bounded inL
4
3

(
(τ,τ+T ),L

4
3 (Ok)

)
+L2

(
(τ,τ+T ),H−1(Ok)

)
. (3.10)

{uk(·,ω)}∞k=1is compact inL2
(
(τ,τ+T ),L2(Ok)

)
. (3.11)

ukRuk(x,t) = 0|x|>kt∈ [τ,τ+T ]t′∈ (τ,τ+T ](??)(??){ukl}∞l=1{uk}∞k=1

ukl(·,ω)→u(·,ω)weak star inL∞
(
(τ,τ+T ),L2(R)

)
,

ukl(·,ω)→u(·,ω)weakly inL2
(
(τ,τ+T ),H1(R)

)
,

ukl(·,ω)→u(·,ω)weakly inL4
(
(τ,τ+T ),L4(R)

)
,

d

dt
ukl(·,ω)→ d

dt
u(·,ω)weakly inL

4
3

(
(τ,τ+T ),L

4
3 (R)

)
+L2

(
(τ,τ+T ),H−1(R)

)
,



Tomás Caraballo, Zhang Chen, and Dandan Yang 5ukl(t
′,ω)→vweakly inL2(R),

u∈L∞
(
(τ,τ+T ),L2(R)

)
∩L2

(
(τ,τ+T ),H1(R)

)
∩L4

(
(τ,τ+T ),L4(R)

)
v∈L2(R)?

|ukl(·,ω)|2ukl(·,ω)→|u(·,ω)|2u(·,ω)weakly inL
4
3

(
(τ,τ+T ),L

4
3 (R)

)
.

l→∞ξ∈H1(R)∩L4(R)

d

dt
〈u,ξ〉=−(λ+ iα)〈∇u,∇ξ〉−ρ〈u,ξ〉−(κ+ iβ)〈|u|2u,ξ〉+〈f(t),ξ〉, (3.12)

(τ,τ+T )u(·,ω)∈C([τ,τ+T ],L2(R))u(τ,ω) =uτ (ω)u(t′,ω) =v

1

2

d

dt
‖u(t,ω)‖2 =−λ‖∇u(t,ω)‖2−ρ‖u(t,ω)‖2−κ‖u(t,ω)‖2L4(R) +〈f(t),u(t,ω)〉. (3.13)

t′∈ (τ,τ+T ]
ukl(t

′,ω)→u(t′,ω)weakly inL2(R), (3.14)

u(·,ω)(??)uτ (ω)ω∈Ω
τ ∈Rω∈ΩT >0

‖u(t,ω)‖2≤‖uτ (ω)‖2 +
1

ρ

∫ τ+T

τ

‖f(s)‖2ds,t∈ [τ,τ+T ], (3.15)

∫ τ+T

τ

‖∇u(s,ω)‖2ds≤ e
ρT

2λ

(
‖uτ (ω)‖2 +

1

ρ

∫ τ+T

τ

‖f(s)‖2ds
)
, (3.16)

∫ τ+T

τ

‖u(s,ω)‖4L4(R)ds≤
eρT

2κ

(
‖uτ (ω)‖2 +

1

ρ

∫ τ+T

τ

‖f(s)‖2ds
)
. (3.17)

uτ ∈L2
G(Ω,L2(R))(??)u∈L∞loc

(
(τ,∞),L2

G(Ω,L2(R))
)
(??)(??)

L2
G

(
Ω,L2

loc

(
(τ,∞),H1(R)

))⋂
L4
G

(
Ω,L4

loc

(
(τ,∞),L4(R)

))
.

C
(
[τ,∞),L2

G

(
Ω,L2(R)

))
(??)

Ê[‖u(t)‖2−‖u(s)‖2]≤ 1

ρ

∫ t

s

‖f(r)‖2dr. (3.18)

t,s≥ τ

Ê[‖u(t)−u(s)‖2] = Ê[‖u(t)‖2 +‖u(s)‖2−2〈u(t),u(s)〉]. (3.19)

L2
G(Ω,H1(R))∩L2

G(Ω,L4(R))L2
G(Ω,L2(R)){un(s)}∞n=1∈L2

G(Ω,H1(R))∩L2
G(Ω,L4(R))

Ê[‖u(s)−un(s)‖2]→0,asn→∞. (3.20)
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Ê[‖u(t)−u(s)‖2]

=Ê[‖u(t)‖2 +‖u(s)‖2−2〈u(t),un(s)+u(s)−un(s)〉]
≤Ê[‖u(t)‖2 +‖u(s)‖2−2〈u(t),un(s)〉]+2Ê[〈u(t),un(s)−u(s)〉]

≤Ê
[
2‖u(s)‖2−2〈u(t),un(s)〉+ 1

ρ

∫ t

s

‖f(r)‖2dr
]

+2Ê[〈u(t),un(s)−u(s)〉].

(??)

〈u(t,ω),un(s,ω)〉

=〈u(s,ω),un(s,ω)〉−
∫ t

s

(λ+ iα)〈∇u(r,ω),∇un(r,ω)〉dr−
∫ t

s

ρ〈u(r,ω),un(s,ω)〉dr

−
∫ t

s

(κ+ iβ)〈|u(r,ω)|2u(r,ω),un(s,ω)〉dr+

∫ t

s

〈f(r),un(s,ω)〉dr.

t≥s

Ê[‖u(t)−u(s)‖2]

≤Ê
[
2‖u(s)‖2−2〈u(s),un(s)〉−

∫ t

s

(λ+ iα)〈∇u(r),∇un(s)〉dr

−
∫ t

s

ρ〈u(r),un(s)〉dr−
∫ t

s

(κ+ iβ)〈|u(r)|2u(r),un(s)〉dr

+

∫ t

s

〈f(r),un(s)〉dr+
1

ρ

∫ t

s

‖f(r)‖2dr
]

+2Ê[〈u(t),un(s)−u(s)〉]

≤Ê[2〈u(s),u(s)−un(s)〉]+CÊ
[∫ t

s

‖∇u(r)‖‖∇un(s)‖dr
]

+CÊ
[∫ t

s

‖u(r)‖‖un(s)‖ds
]

+CÊ
[∫ t

s

‖u(r)‖3L4(R)‖un(s)‖L4(R)dr

]
(3.21)

+ Ê
[∫ t

s

‖f(r)‖‖un(s)‖dr
]

+
1

ρ

∫ t

s

‖f(r)‖2dr+2Ê[〈u(t),un(s)−u(s)〉].

(??)

2Ê[〈u(s),u(s)−un(s)〉]+2Ê[〈u(t),un(s)−u(s)〉]
≤2(Ê[‖u(s)‖2])

1
2 (Ê[‖u(s)−un(s)‖2])

1
2 +2(Ê[‖u(t)‖2])

1
2 (Ê[‖un(s)−u(s)‖2])

1
2 . (3.22)

(??)(??)

Ê[〈u(s),u(s)−un(s)〉]+2Ê[〈u(t),un(s)−u(s)〉]→0,asn→∞. (3.23)

(??)ö

CÊ
[∫ t

s

‖∇u(r)‖‖∇un(s)‖dr
]

≤CÊ

[(∫ t

s

‖∇u(r)‖2dr
) 1

2
(∫ t

s

‖∇un(s)‖2dr
) 1

2

]
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≤C

(
Ê
[∫ t

s

‖∇u(r)‖2dr
]) 1

2

(Ê[‖∇un(s)‖2])
1
2 |t−s| 12 . (3.24)

CÊ
[∫ t

s

‖u(r)‖‖un(s)‖ds
]
≤C

(
Ê
[∫ t

s

‖u(r)‖2dr
]) 1

2

(Ê[‖un(s)‖2])
1
2 |t−s| 12 , (3.25)

CÊ
[∫ t

s

‖u(r)‖3L4(R)‖un(s)‖L4(R)dr

]
≤C

(
Ê
[∫ t

s

‖u(r)‖4L4(R)dr
]) 4

3

(Ê[‖un(s)‖4L4(R)])
1
4 |t−s| 14 , (3.26)

Ê
[∫ t

s

‖f(r)‖‖un(s)‖dr
]
≤C

(
Ê
[∫ t

s

‖f(r)‖2dr
]) 1

2

(Ê[‖un(s)‖2])
1
2 |t−s| 12 . (3.27)

(??)(??)

Ê[‖u(t)−u(s)‖2]→0,ast→s,

u∈C([τ,∞),L2
G(Ω,L2(R))). (3.28)

u(??)??
u1u2(??)v=u1−u2

d

dt
‖v‖2 =−2λ‖∇v‖2−2ρ‖v‖2−2Re(κ+ iβ)

∫
R
(|u1|2u1−|u2|2u2)v̄dx

≤−2λ‖∇v‖2 +2

∣∣∣∣Re(κ+ iβ)

∫
R

(|u1|2u1−|u2|2u2)v̄dx

∣∣∣∣ .
?? ∣∣∣∣Re(κ+ iβ)

∫
R
(|u1|2u1−|u2|2u2)v̄dx

∣∣∣∣
=

∣∣∣∣Re(κ+ iβ)

∫
R

[
|u1|2(u1−u2)+(|u1|2−|u2|2)u2

]
v̄dx

∣∣∣∣
≤κ
∫
R
|u1|2|v|2dx+

∣∣∣∣Re(κ+ iβ)

∫
R
(|u1|2−|u2|2)u2v̄dx

∣∣∣∣
≤3
√
κ2 +β2

∫
R
(|u1|2 + |u2|2)|v|2dx

≤3
√

2(κ2 +β2)
(∫

R
(|u1|4 + |u2|4)dx

) 1
2 ‖v‖2L4(R)

≤3c
√

2(κ2 +β2)
(
‖u1‖2L4(R) +‖u2‖2L4(R)

)
‖∇v‖ 1

2 ‖v‖ 3
2

≤3c
√

2(κ2 +β2)

[
ε‖∇v‖2 +

3

4
(2ε)−

1
3

(
‖u1‖

8
3

L4(R) +‖u2‖
8
3

L4(R)
)
‖v‖2

]
,
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3c
√

2(κ2+β2)

d

dt
‖v‖2≤9

√
2c

4

√
κ2 +β2(2ε)−

1
3

(
‖u1‖

8
3

L4(R) +‖u2‖
8
3

L4(R)
)
‖v‖2.

‖u1(t,ω)−u2(t,ω)‖2≤‖uτ,1(ω)−uτ,2(ω)‖2e
9
√

2c
4

√
κ2+β2(2ε)−

1
3
∫ t
τ
(‖u1‖

8
3
L4(R)

+‖u2‖
8
3
L4(R)

)ds

≤‖uτ,1(ω)−uτ,2(ω)‖2eC[(
∫ t
τ
‖u1‖4L4(R)ds)

2
3 +(

∫ t
τ
‖u2‖4L4(R)ds)

2
3 ]
, (3.29)

C= 9
√
2c
4

√
κ2 +β2( t−τ2ε )

1
3

(??)uk(t,ω)→u(t,ω)L2(R)uk(t,ω)ωu(t,ω)
Remark 3.1. In classical probability space, the continuity of the solution with respect
to time in the mean sense can be proved by the dominated convergence theorem, see,
e.g., [?,?,?]. Nevertheless, different from the classical probability space, the dominated
convergence theorem usually does not hold in the framework of nonlinear expectation.
This gives rise to some difficulties in proving u∈C([τ,∞),L2

G(Ω,L2(R))), which is nec-
essary to establish the G-mean square dynamical system associated with (??) in the next
section.
Remark 3.2. Inequality (??) shows the uniqueness of the solution. However, it does
not indicate the continuity of solutions with respect to initial conditions, which will be
proved in Lemma ??.

4. G-mean random attractors for (??) in L2
G(Ω,L2(R)) (??)L2

G(Ω,L2(R))

|β|≤
√

3κ, (4.1)∫ τ

−∞
eρs‖f(s)‖2ds<∞,∀τ ∈R. (4.2)

4.1. G-mean random dynamical systems. (??)
ΦR2
≥×L2

G(Ω,L2(R))

Φ(t,τ,uτ ) =u(t,τ,uτ ),t≥ τ,

uτ ∈L2
G(Ω,L2(R))u(??)uτΦ

Ê[‖Φ(t,τ,uτ )‖2] = Ê[‖u(t,τ,uτ )‖2]<∞,

Φ(t,τ,uτ )Fu(t)FΦR2
≥×L2

G(Ω,L2(R))L2
G(Ω,L2(R))

Φ(t,τ,uτ ) = Φ(t,s,Φ(s,τ,uτ )), (4.3)

(t,s)(s,τ)∈R2
≥uτ ∈L2

G(Ω,L2(R))

Φ(τ,τ,uτ ) =uτ .

??(??)ΦR2
≥×L2

G(Ω,L2(R))

Lemma 4.1. Assume (??) holds. Then, the mapping Φ is uniformly strictly contracting,
i.e., for the different initial values uτ,1, uτ,2∈L2

G(Ω,L2(R)), we have

Ê[‖Φ(t,τ,uτ,1)−Φ(t,τ,uτ,2)‖2]≤Ê[‖uτ,1−uτ,2‖2]e−2ρ(t−τ), (4.4)

for all t≥ τ .
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G(Ω,L2(R))τΦ

Ê[‖Φ(t,τ,uτ,1)−Φ(t,τ,uτ,2)‖2] = Ê[‖u1(t,τ,uτ,1)−u2(t,τ,uτ,2)‖2].

d

dt
‖u1−u2‖2

=−2λ‖∇(u1−u2)‖2−2ρ‖u1−u2‖2−2Re(κ+ iβ)〈|u1|2u1−|u2|2u2,u1−u2〉
≤−2ρ‖u1−u2‖2−2Re(κ+ iβ)〈|u1|2u1−|u2|2u2,u1−u2〉. (4.5)

??(??)(??)

−2Re(κ+ iβ)〈|u1|2u1−|u2|2u2,u1−u2〉

=−2κ

∫
R

Re
(
ū1(x)− ū2(x)

)(
|u1(x)|2u1(x)−|u2(x)|2u2(x)

)
dx

+2β

∫
R

Im
(
ū1(x)− ū2(x)

)(
|u1(x)|2u1(x)−|u2(x)|2u2(x)

)
dx

≤2κ
(
−1+

|β|
κ
√

3

)∫
R

Re
(
ū1(x)− ū2(x)

)(
|u1(x)|2u1(x)−|u2(x)|2u2(x)

)
dx

≤0. (4.6)

d

dt
‖u1−u2‖2≤−2ρ‖u1−u2‖2.

Ê[‖u1(t,τ,uτ,1)−u2(t,τ,uτ,2)‖2]≤Ê[‖uτ,1−uτ,2‖2]e−2ρ(t−τ).

Remark 4.1. It follows from Lemma ?? that Φ(t,τ,·) maps L2
G(Ω,L2(R)) to

L2
G(Ω,L2(R)) continuously. Then combining u∈C([τ,∞),L2

G(Ω,L2(R))) with (??), we
can deduce that the mapping Φ is continuous in the space R2

≥×L2
G(Ω,L2(R)). Therefore,

Φ is a G-mean random dynamical system associated with problem (??).
4.2. Existence of G-mean random attractors. D(??)L2

G(Ω,L2(R))
Lemma 4.2. Let (??) and (??) hold. Then for every τ ∈R and D∈D, there exist
T =T (τ,D)>0 and R(τ)>0 such that for all t≥T ,

Ê[‖Φ(τ,τ− t,uτ−t)‖2]≤R(τ),

where uτ−t∈D(τ− t).
Proof

d

dt
‖u‖2 =−2λ‖∇u‖2−2ρ‖u‖2−2κ‖u‖4L4(R) +2Re〈f(t),u〉

≤−2λ‖∇u‖2−2ρ‖u‖2−2κ‖u‖4L4(R) +ρ‖u‖2 +
1

ρ
‖f(t)‖2

≤−ρ‖u‖2 +
1

ρ
‖f(t)‖2.

d

dt
eρt‖u‖2 =ρeρt‖u‖2 +eρt

d

dt
‖u‖2≤ 1

ρ
eρt‖f(t)‖2.
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‖u(τ,τ− t,uτ−t)‖2≤e−ρt‖uτ−t‖2 +
1

ρ
e−ρτ

∫ τ

τ−t
eρs‖f(s)‖2ds.

Ê[‖u(τ,τ− t,uτ−t)‖2]≤e−ρtÊ[‖uτ−t‖2]+
1

ρ
e−ρτ

∫ τ

−∞
eρs‖f(s)‖2ds, (4.7)

uτ−t∈D(τ− t)∈DT =T (τ,D)>0t≥T

Ê[‖Φ(τ,τ− t,uτ−t)‖2]≤R(τ),

R(τ) = 1+
1

ρ
e−ρτ

∫ τ

−∞
eρs‖f(s)‖2ds.

Remark 4.2. Define the family of sets B(τ) =Br(τ), where Br(τ) is the ball in

L2
G(Ω,L2(R)) centered on the origin with radius r(τ) specified by

r(τ) :=

√
1+

1

ρ
e−ρτ

∫ τ

−∞
eρs‖f(s)‖2ds.

It is not difficult to prove that the family B={B(τ) : τ ∈R} belongs to D. Indeed, choos-
ing λ=ρ in (??), we have

lim
τ→−∞

eρτ‖B(τ)‖2X = lim
τ→−∞

eρτ + lim
τ→−∞

eρτe−ρτ

ρ

∫ τ

−∞
eρs‖f(s)‖2ds,

which together with (??) implies

lim
τ→−∞

eρτ‖B(τ)‖2X = 0.

Therefore, B∈D. Further, by Lemma ??, we find that for every τ ∈R and D=
{D(t)}t∈R∈D, there exists T =T (τ,D)>0 such that for all t≥T , Φ(τ,τ− t,uτ−t)⊆
B(τ). Therefore, B is a D-pullback absorbing family for Φ.
Theorem 4.1. Assume (??) and (??) hold. Then, problem (??) has a unique D-
pullback G-mean random attractor A={A(τ) : τ ∈R} in L2

G(Ω,L2(R)). Furthermore,
if there exists a positive number $ such that f :R→L2(R) is $-periodic, then such
attractor A is also $-periodic; that is, A(τ+$) =A(τ) for all τ ∈R.

Proof??{B(τ) : τ ∈R}DΦ
{Φ(0,tn,xn)}n∈NL2

G(Ω,L2(R))B(0)xn∈D(tn)∈Dn∈N{tn}n∈N−∞t1 = 0tn− tn+1≥
T ∗(tn)T ∗(tn)m>n

Ê
[
‖Φ(0,tn,xn)−Φ(0,tm,xm)‖2

]
= Ê
[
‖Φ(0,tn,xn)−Φ(0,tn,Φ(tn,tm,xm))‖2

]
≤eρtn Ê

[
‖xn−Φ(tn,tm,xm)‖2

]
. (4.8)

Φ(tn,tm,xm)∈B(tn)

Ê
[
‖Φ(0,tn,xn)−Φ(0,tm,xm)‖2

]
≤4eρtn

(
1+

1

ρ
e−ρtn

∫ tn

−∞
eρs‖f(s)‖2ds

)
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=4eρtn +

4

ρ

∫ tn

−∞
eρs‖f(s)‖2ds, (4.9)

{Φ(0,tn,xn)}n∈Ntn→−∞n→∞
L2
G(Ω,L2(R))x∗(0)∈B(0)

Ê
[
‖Φ(0,tn,xn)−x∗(0)‖2

]
→0asn→∞.

x∗(t)
.
= Φ(t,0,x∗(0))t≥00−1x∗(−1)∈B(−1)

Ê
[
‖Φ(−1,tn,xn)−x∗(−1)‖2

]
→0asn→∞.

x∗(0) = Φ(0,−1,x∗(−1))

Ê
[
‖x∗(0)−Φ(0,−1,x∗(−1))‖2

]
= Ê
[
‖x∗(0)−Φ(0,tn,xn)+Φ(0,tn,xn)−Φ(0,−1,x∗(−1))

+Φ(0,−1,Φ(−1,tn,xn))−Φ(0,−1,Φ(−1,tn,xn))‖2
]

= Ê
[
‖x∗(0)−Φ(0,tn,xn)−Φ(0,−1,x∗(−1))+Φ(0,−1,Φ(−1,tn,xn))‖2

]
≤ Ê
[
‖x∗(0)−Φ(0,tn,xn)‖2

]
+ Ê
[
‖Φ(0,−1,Φ(−1,tn,xn))−Φ(0,−1,x∗(−1))‖2

]
≤ Ê
[
‖x∗(0)−Φ(0,tn,xn)‖2

]
+e−ρÊ

[
‖Φ(−1,tn,xn)−x∗(−1)‖2

]
.

−n−n−1x∗(−n−1)∈B(−n−1)x∗(−n) = Φ(−n,−n−1,x∗(−n−1))x∗(t) = Φ(t,−n−1,x∗(−n−
1))−n−1<t<−nx∗(t)Φx∗(t) = Φ(t,s,x∗(s))(t,s)∈R2

≥
Φx∗(t)x∗(t)DΦA={x∗(t)}x̄∗(t)x̄∗(t)∈A(t)t∈RÊ

[
‖x∗(0)− x̄∗(0)‖2

]
≥ε>0

????

Ê
[
‖Φ(0,−t,x∗(−t))−Φ(0,−t,x̄∗(−t))‖2

]
≤eρtÊ

[
‖x∗(−t)− x̄∗(−t)‖2

]
≤4

(
1+

1

ρ
eρt
∫ −t
−∞

eρs‖f(s)‖2ds
)
e−ρt

≤4e−ρt+
4

ρ

∫ −t
−∞

eρs‖f(s)‖2ds

t≥0T >0t≥T

Ê
[
‖Φ(0,−t,x∗(−t))−Φ(0,−t,x̄∗(−t))‖2

]
≤ 1

2
ε.

x∗(0) = Φ(0,−t,x∗(−t))x̄∗(0) = Φ(0,−t,x̄∗(−t))

ε≤ Ê
[
‖x∗(0)− x̄∗(0)‖2

]
= Ê
[
‖Φ(0,−t,x∗(−t))−Φ(0,−t,x̄∗(−t))‖2

]
≤ 1

2
ε,

t≥T
ΦDA={x∗(t)}t∈R
x∗(t)t∈Rx∗(t+$) = Φ(t+$,t,x∗(t))f(x,t)$Φ$Φx∗(t) =x∗(t+$)A$

Remark 4.3. If f(x,t)≡0 for x∈R, we can obtain that 0 is the solution of system
(??). Then combining with Theorem ??, we have x∗(t)≡0.
Remark 4.4. In [?,?,?,?,?], the existence of mean random attractors has been inves-
tigated for mean random dynamical system in classical probability space, which cannot
be applied to the system with probability-uncertain initial data. However, Theorem ??
may be applied to prove the existence of pullback G-mean random attractors for G-mean
random dynamical system, so it can be applied to more cases.
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G(Ω,L2

σ(R)) (??)L2
G(Ω,L2

σ(R))
φ(x) = (1+ |x|2)−σx∈Rσ> 1

2L
2
σ(R)

L2
σ(R) =

{
u :R→Ris measurable,

∫
R

(1+ |x|2)−σ|u(x)|2dx<∞
}

‖u‖σ =
(∫

R
(1+ |x|2)−σ|u(x)|2dx

)1/2
.

(??)L2
G(Ω,L2

σ(R))ΦL2
G(Ω,L2(R))L2

G(Ω,L2
σ(R))L2

G(Ω,L2
σ(R))

L2
G(Ω,L2

σ(R))
Lemma 5.1. Suppose f1,f2∈L2

loc(R,L2(R)), uτ,1,uτ,2∈L2
G(Ω,L2(R)) and (??) hold.

Let u1,u2 be solutions of problem (??) with f replaced by f1 and f2, respectively. Then
for every τ ∈R, ω∈Ω and T >0, there exists a positive constant C=C(τ,T ) such that
for all t∈ [τ,τ+T ]:

Ê[‖u1(t,τ,uτ,1)−u2(t,τ,uτ,2)‖2σ]≤CÊ[‖uτ,1−uτ,2‖2σ]+C

∫ t

τ

‖f1(s)−f2(s)‖2σds. (5.1)

Proof(??)

∂(u1−u2)

∂t
=(λ+ iα)4(u1−u2)−ρ(u1−u2)

−(κ+ iβ)(|u1|2u1−|u2|2u2)+f1(t,x)−f2(t,x).

u1−u2L2
σ(R)

d

dt
‖u1−u2‖2σ =2Re(λ+ iα)

〈
4(u1−u2),(u1−u2)

〉
σ
−2ρ‖u1−u2‖2σ (5.2)

−2Re(κ+ iβ)
〈
|u1|2u1−|u2|2u2,u1−u2

〉
σ

+2Re
〈
f1(t)−f2(t),u1−u2〉σ.

(??)

2Re(λ+ iα)
〈
4(u1−u2),(u1−u2)

〉
σ

=−2λ
〈
∇(u1−u2),∇(u1−u2) ·φ(x)

〉
−2Re(λ+ iα)

〈
∇(u1−u2),∇φ(x) ·(u1−u2)

〉
.

|∇φ(x)|≤σφ(x),∀x∈R,

2Re(λ+ iα)
〈
4(u1−u2),(u1−u2)

〉
σ

≤−2λ‖∇(u1−u2)‖2σ+2σ
√
λ2 +α2

〈
∇(u1−u2),φ(x)(u1−u2)

〉
≤−2λ‖∇(u1−u2)‖2σ+λ‖∇(u1−u2)‖2σ+

σ2(λ2 +α2)

λ
‖u1−u2‖2σ

≤−λ‖∇(u1−u2)‖2σ+
σ2(λ2 +α2)

λ
‖u1−u2‖2σ. (5.3)

(??)??

−2Re(κ+ iβ)
〈
|u1|2u1−|u2|2u2,u1−u2

〉
σ
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=−2Re(κ+ iβ)

∫
R
φ(x)(|u1|2u1−|u2|2u2)(ū1− ū2)dx

=−2κ

∫
R
φ(x)ReLdx+2β

∫
R
φ(x)ImLdx

≤2κ
(
−1+

|β|
κ
√

3

)∫
R
φ(x)ReLdx, (5.4)

L=
(
|u1(x)|2u1(x)−|u2(x)|2u2(x)

)(
ū1(x)− ū2(x)

)
(??)(??)(??)

d

dt
‖u1−u2‖2σ≤c‖u1−u2‖2σ+

1

ρ
‖f1(t)−f2(t)‖2σ, (5.5)

c= σ2(λ2+α2)
λ −ρτ ∈RT >0t∈ [τ,τ+T ]

Ê[‖u1(t,τ,uτ,1)−u2(t,τ,uτ,2)‖2σ]

≤Ê[‖uτ,1−uτ,2‖2σ]ec(t−τ) +
1

ρ

∫ t

τ

‖f1(s)−f2(s)‖2σec(t−s)ds.

ΦL2
G(Ω,L2(R))L2

G(Ω,L2
σ(R))(??)L2

G(Ω,L2
σ(R))

Theorem 5.1. Suppose f ∈L2
loc(R,L2

σ(R)) and (??) hold. Then one can associate
problem (??) with a continuous system Φ :R2

≥×L2
G(Ω,L2

σ(R))→L2
G(Ω,L2

σ(R)) such that

for every (τ,t)∈R2
≥ and uτ ∈L2

G(Ω,L2(R)), Φ(t,τ,uτ ) =u(t,τ,uτ ), where Φ(t,τ,uτ ) is

the solution of problem (??) with initial time τ and initial condition uτ .
ProofL2

G(Ω,L2(R))L2
G(Ω,L2

σ(R))∀u∈L2
G(Ω,L2

σ(R))un(x) =u(x)I{|x|<n}n∈N+n

Ê
[∫

R
|u(x)I{|x|<n}|2dx

]
=Ê
[∫
|x|<n

|u(x)|2dx
]

=(1+n2)σÊ
[∫
|x|<n

(1+n2)−σ|u(x)|2dx
]

≤(1+n2)σÊ
[∫
|x|<n

(1+x2)−σ|u(x)|2dx
]

≤(1+n2)σÊ
[∫

R
(1+x2)−σ|u(x)|2dx

]
<∞,

un∈L2
G(Ω,L2(R))

Ê
[
‖u(x)−un(x)‖2σ

]
= Ê
[∫
|x|≥n

(1+x2)−σ|u(x)|2dx
]
,

u∈L2
G(Ω,L2

σ(R))

Ê
[
‖u(x)−un(x)‖2σ

]
→0,asn→∞.

L2
G(Ω,L2(R))L2

G(Ω,L2
σ(R))L2

G(Ω,L2(R))×L2((τ,τ+T ),L2(R))L2
G(Ω,L2

σ(R))×L2((τ,τ+
T ),L2

σ(R))
(uτ ,f)∈L2

G(Ω,L2
σ(R))×L2((τ,τ+T ),L2

σ(R))(un,fn)∈L2
G(Ω,L2(R))×L2((τ,τ+T ),L2(R))

(un,fn)→ (uτ ,f)L2
G(Ω,L2

σ(R))×L2((τ,τ+T ),L2
σ(R))τ ∈RT >0??{u(·,τ,(un,fn))}∞n=1C([τ,τ+
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G(Ω,L2

σ(R))) lim
n→∞

u(·,τ,(un,fn))C([τ,τ+T ],L2
G(Ω,L2

σ(R)))(un,fn)Φ̃L2
G(Ω,L2

σ(R))×
L2((τ,τ+T ),L2

σ(R))C([τ,τ+T ],L2
G(Ω,L2

σ(R)))(uτ ,f)∈L2
G(Ω,L2

σ(R))×L2((τ,τ+T ),L2
σ(R))

(un,fn)∈L2
G(Ω,L2(R))×L2((τ,τ+T ),L2(R))

Φ̃(·,τ,(uτ ,f)) = lim
n→∞

u(·,τ,(un,fn)), (5.6)

(un,fn)→ (uτ ,f)L2
G(Ω,L2

σ(R))×L2((τ,τ+T ),L2
σ(R))??Φ̃(·,τ,(uτ ,f))(uτ ,f)L2

G(Ω,L2
σ(R))×

L2((τ,τ+T ),L2
σ(R))

t≥ τu(t,τ,ω,(un,fn))(F ,B(L2(R)))L2(R) ↪→L2
σ(R)u(t,τ,ω,(un,fn))(F ,B(L2

σ(R)))(??)

Φ̃(·,τ,(uτ ,f))(F ,B(L2
σ(R)))t≥ τ Φ̃R2

≥×L2
G(Ω,L2

σ(R))Φ̃ΦL2
G(Ω,L2

σ(R))ΦΦ̃

ΦL2
G(Ω,L2

σ(R))ΦL2
G(Ω,L2

σ(R))f∫ τ

−∞
eρs‖f(s)‖2σds<∞,∀τ ∈R, (5.7)

(??)
Remark 5.1. As we will see later, when studying the existence of pullback mean attrac-
tors of Φ in L2

G(Ω,L2
σ(R)), it is convenient to use an equivalent norm for L2

G(Ω,L2
σ(R))

which is defined by the weight function φδ(x) = (1+ |δx|2)−σ, x∈R, where

δ= min
{

1,

√
λρ√

(λ2 +α2)σ

}
. (5.8)

By simple calculations, we can obtain that

|∇φδ(x)|≤σδφδ(x), ∀ x∈R, (5.9)

and

Ê
[
‖u‖2σ

]
≤ Ê
[∫

R
φδ(x)|u(x)|2dx

]
≤ δ−2σÊ

[
‖u‖2σ

]
, ∀ u∈L2

G(Ω,L2
σ(R)), (5.10)

which shows that the weighted space L2
G(Ω,L2

σ(R)) has an equivalent norm which is given

by
(
Ê
[∫

Rφδ(x)|u(x)|2dx
]) 1

2

for u∈L2
G(Ω,L2

σ(R)).

Lemma 5.2. Assume (??) holds. Then the G-mean random dynamical system Φ is
uniformly strictly contracting in L2

G(Ω,L2
σ(R)), i.e., for the different initial values uτ,1,

uτ,2∈L2
G(Ω,L2

σ(R)), there exists a constant M (which is independent of τ) such that

Ê[‖Φ(t,τ,uτ,1)−Φ(t,τ,uτ,2)‖2σ]≤M Ê[‖uτ,1−uτ,2‖2σ]e−ρ(t−τ), (5.11)

for all t≥ τ .
Proofu1(t,τ,uτ,1)u2(t,τ,uτ,2)(??)uτ,1uτ,2∈L2

G(Ω,L2
σ(R))τu1−u2φδ(u1−u2)L2(R)

d

dt

∫
R
φδ(x)|u1−u2|2dx=−2λ

∫
R
φδ(x)|∇(u1−u2)|2dx−2ρ

∫
R
|u1−u2|2φδ(x)dx

−2Re(λ+ iα)

∫
R
(ū1− ū2)∇(u1−u2) ·∇φδ(x)dx

−2Re(κ+ iβ)
〈
|u1|2u1−|u2|2u2,φδ(x)(u1−u2)

〉
. (5.12)
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−2Re(λ+ iα)

∫
R

(ū1− ū2)∇(u1−u2) ·∇φδ(x)dx

≤2σδ
√
λ2 +α2

∫
R

∣∣(ū1− ū2)∇(u1−u2)φδ(x)
∣∣dx

≤σ
2δ2(λ2 +α2)

λ

∫
R
|u1−u2|2φδ(x)dx+λ

∫
R
|∇(u1−u2)|2φδ(x)dx, (5.13)

(??)(??)??

d

dt

∫
R
φδ(x)|u1−u2|2dx≤−ρ

∫
R
|u1−u2|2φδ(x)dx (5.14)

Ê
[∫

R
φδ(x)|u1(t,τ,uτ,1)−u2(t,τ,uτ,2)|2dx

]
≤Ê
[∫

R
φδ(x)|uτ,1−uτ,2|2dx

]
e−ρ(t−τ), (5.15)

(??)Φ

Ê[‖Φ(t,τ,uτ,1)−Φ(t,τ,uτ,2)‖2σ]≤ δ−2σÊ
[
‖uτ,1−uτ,2‖2σ

]
e−ρ(t−τ). (5.16)

Lemma 5.3. Let (??) and (??) hold. Then for every τ ∈R and D∈D, there exist

T =T (τ,D)>0 and R̃(τ)>0 such that for all t≥T ,

Ê[‖Φ(τ,τ− t,uτ−t)‖2σ]≤R̃(τ), (5.17)

where uτ−t∈D(τ− t).
ProofuφδuL

2(R)

d

dt

∫
R
φδ(x)|u|2dx=−2λ

∫
R
φδ(x)|∇u|2dx−2Re(λ+ iα)

∫
R
ū∇u ·∇φδ(x)dx

−2ρ

∫
R
|u|2φδ(x)dx−2κ

∫
R
|u|4φδ(x)dx+2Re

∫
R
f(x,t)φδ(x)ūdx.

(??)

−2Re(λ+ iα)

∫
R
ū∇u ·∇φδ(x)dx≤2σδ

√
λ2 +α2

∫
R

∣∣ū∇u ·∇φδ(x)
∣∣dx

≤σ
2δ2(λ2 +α2)

λ

∫
R
|u|2φδ(x)dx+λ

∫
R
|∇u|2φδ(x)dx.

d

dt

∫
R
φδ(x)|u|2dx≤σ

2δ2(λ2 +α2)

λ

∫
R
|u|2φδ(x)dx−2ρ

∫
R
|u|2φδ(x)dx

+
2

ρ

∫
R
|f(x,t)|2φδ(x)dx+

ρ

2

∫
R
|u|2φδ(x)dx
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2

∫
R
|u|2φδ(x)dx+

2

ρ

∫
R
|f(x,t)|2φδ(x)dx. (5.18)

d

dt
e
ρt
2

∫
R
φδ(x)|u|2dx=

ρ

2
e
ρt
2 ‖u‖2 +e

ρt
2
d

dt
‖u‖2

≤2

ρ
e
ρt
2

∫
R
|f(x,t)|2φδ(x)dx.

(τ− t,τ)t≥0

Ê
[∫

R
φδ(x)|u(τ,τ− t,uτ−t)|2dx

]
≤e−

ρt
2 Ê
[∫

R
φδ(x)|uτ−t|2dx

]
+

2

ρ
e−

ρτ
2

∫ τ

τ−t

∫
R
eρs|f(x,s)|2φδ(x)dxds. (5.19)

(??)Φ

Ê[‖Φ(τ,τ− t,uτ−t)‖2σ]≤e−
ρt
2 δ−2σÊ[‖uτ−t‖2σ]+

1

ρδ2σ
e−ρτ

∫ τ

−∞
eρs‖f(s)‖2ds,

uτ−t∈D(τ− t)∈DT =T (τ,D)>0t≥T

Ê[‖Φ(τ,τ− t,uτ−t)‖2]≤R̃(τ),

R̃(τ) = 1+
1

ρδ2σ
e−ρτ

∫ τ

−∞
eρs‖f(s)‖2ds.

Theorem 5.2. Under assumptions (??) and (??), then the G-mean random dynamical
system Φ associated with problem (??) has a unique D-pullback G-mean random attrac-
tor A={A(τ) : τ ∈R} in L2

G(Ω,L2
σ(R)). Furthermore, if there exists a positive number

$ such that f :R→L2(R) is $-periodic, then such attractor A is also T -periodic; that
is, A(τ+$) =A(τ) for all τ ∈R.

Proof??????
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