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1 Introduction

Stability of stochastic differential equations (SDEs) has become a very prevalent theme of recent
research in Mathematics and its applications. Stochastic systems are used to model problems
from the real world in which some kind or randomness or noise must be taken into account.
Some stochastic models cannot be proved to fulfill stability properties with respect to all the
unknown variables of the system. However, it is very interesting in some situations to analyze
if it is still possible to prove some stability properties with respect to some of the variables
in the problem. It is worth mentioning that, recently considerable attention has been paid to
the concept of stability with respect to a part of the system states. Such concept arises from
the study of combustion systems [1], vibrations in rotating machinery [14], biocenology [24],
inertial navigation systems [29], electro-magnetics [35], and spacecraft stabilization via gimballed
gyroscopes and/or flywheels [31].

The method of Lyapunov functions is one of the most powerful tool to study the stability of
stochastic dynamical systems. Lyapunov stability of stochastic dynamical systems has attracted
the attention of several authors, we would like to mention here the references [4, 5, 10, 19], among
others.

With the emergence of the second method of Lyapunov as an essential means in science,
engineering, and applied mathematics, numerous exciting and important variants to Lyapunov’s
original concept stability were proposed. One of these involves the notion of stability with re-
spect to a part of the variables, Peiffer and Rouche [21], Rouche et al. [24], Rumyantsev [25],
Rumyantsev and Oziraner [26], Savchenko and Ignatyev [30], Vorotnikov [31], Vorotnikov and
Rumyantsev [32]. This type of stability has been used in investigating the qualitative proper-
ties of equilibria and boundedness properties of motions of dynamical systems determined by
ordinary differential equations, difference equations, functional differential equations, stochastic
differential equations driven by standard Brownian motion, etc. It involves a notion of stability
with respect to only a prespecified subset of the state variables characterizing the motions of the
system under investigation.

For the dormant applications in risk measures, and superhedging in finance, considerable
attention has been paid to the theory of nonlinear expectation. Notably, Peng [22] built the
fundamental theory of time-consistent G-expectation and G-conditional expectation, where G is
the infinitesimal generator of a nonlinear heat equation. Under the G-framework, Peng [20, 22]
introduced the notion of G-normal disribution, G-Brownian motion and he also established the
corresponding stochastic calculus of [to’s type. Since then, many researches have been carried
out on the stochastic analysis with respect to the G-Brownian motion. On that basis, Gao [9]
and Peng [20] studied the existence and uniqueness of the solution of G-SDE under a standard
Lipschitz condition. Moreover, Lin [17] obtained the existence and uniqueness of the solution of
G-SDE with reflecting boundary. The G-Brownian motion has a very rich and interesting new
structure which non-trivially, for a recent account and development of this theory we refer the
reader to see [2],[16], and [15].

Stability analysis of G-SDEs became increasingly significant since it has been extensively used



in many branches of science. The corresponding study of the stability properties of solutions has
received much attention during the last decades, see [28, 33, 34].

Several works concentrated on the study of stability with respect to a part of variables of
stochastic differential equations driven by standard Brownian motion. However, to the best of
our knowledge, no work has been brought about stability with respect to a part of variables of
stochastic differential equations driven by G-Brownian motion (GSDEs, in short). Consequently,
this paper is devoted to establishing some criteria for the pth moment exponential stability and
the quasi sure exponential stability with respect to a part of the variables of GSDEs by using
the method of Lyapunov’s functions and recently developed Ito’s calculus for SDEs driven by
G-Brownian motion as well as Gronwall inequalities.

The content of this paper is organized as follows: In Section 2, we recall some necessary
preliminaries and results in G-framework. In Section 3, we establish sufficient conditions to ensure
pth moment exponential stability and quasi sure exponential stability with respect to a part of
the variables of stochastic differential equations driven by G-Brownian motion by using the G-
Lyapunov techniques. In Section 4, we give sufficient conditions of quasi sure exponential stability
with respect to a part of the variables of G-stochastic perturbed systems based on Gronwall’s
inequalities and recently developed It6’s calculus for GSDEs. In Section 5, the obtained results
are used to analyze the stability with respect to a part of the variables of G-stochastic systems
and spring-mass-damper system. Finally, in Section 6, some conclusions are included.

2 Preliminaries

In this section, we briefly recall some notations and preliminaries about sublinear expectations
and G-Brownian motion. For more details, one can refer to see [13, 20, 22, 23].

Notations on G-stochastic calculus

e R" : the space of n—dimensional real column vectors.

e (x,y) : the scalar product of two vectors x,y € R™.

If x € R™, |z| denotes its Euclidean norm.
e B(Q) : the Borel o—algebra of .
e Cp riprn) : the space of all bounded real-valued Lipschitz continuous functions.

IL° : the space of all B(Q2)—measurable real functions.

e By(w) : all bounded elements in L%(w).

L7.(€2) : Banach space under the natural norm ||X||P = IE(|X|”)%



o MEY(0,T) = {¢ = (w) = 00 Gl (®), VN >0,
0= to < ... < tN = T, C] < Lg(wtj), ] = O, 1,2,..,N — 1}

T
e MZ%(0,T) : the completion of M%" under ] aez, = \/ E[|77(t)|p]dt|%.
0

o Or :={w,r:wen}

Let €2 be a given set and let H be a linear space of real valued functions defined on 2. We
further suppose that # satisfies @ € H for each constant a and | X| € H if X € H.

Definition 2.1. A sublinear expectation E on H is a functional E : # — R satisfying the fol-
lowing properties: for all X,Y € H,

i) Monotonicity: if X > Y, then E[X] > E[Y].

i) Constant preserving: Ela] = a, V a € R.

iii) Sub-additivity: E[X + Y] < E[X] + E[Y].

iv) Positive homogeneity: IAE[)\X] = )\]E[X], A > 0.

The triple (2, H, IE) is called a sublinear expectation space. X € H is called a random variable
in (Q,H,E). Y =(Y1,...,Y,,), where Y; € H is called a n-dimensional random vector in (Q,H,E).

Definition 2.2. Weakly compact sets are defined by sets which are compact with respect to the
weak topology of a Banach space.

The representation of a sublinear expectation can be expressed as a supermum of linear
expectations.
Theorem 2.1. [22] There exists a weakly compact family P of probability measures defined on
(Q,B(2)), such that

E(X) =supE,(X), X €Ly(Q).
peEP

Definition 2.3. In a sublinear expectation space (Q,H,I@), an n-dimensional random vector
Y = (Y1,..,Y,) € H is said to be independent from an m-dimensional random vector X =
(X1, .., X;n) € H under the sublinear expectation E, if for any test function ¢ € Cp 1, (R™1")

A~ ~

E(¢(X,Y)) = E[E[p(z,Y)]|,-x].

Definition 2.4. Let X; and X, be two n-dimensional random vectors defined on sublinear expec-
tation spaces (1, Hi,Eq) and (Qg, Ho, Es), respectively. They are called identically distributed,

denoted by X; £ X, if
I/El [SO(XI)] = EQ[SO(X2)]7 Vo € Cb,Lz‘p(Rn)-

X is said to be an independent copy of X if X 2 X and X is independent from X.
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Definition 2.5. (G-Normal Distribution) A random variable X on a sublinear expectation
space (Q,H,E) is called G-normal distributed, denoted by X ~ N(0, [¢?,5?]), for a given pair

0<a<a,ifforany a,b >0
aX +bX L Va2 1 b2 X,
where X is an independent copy of X.

Let © be the space of all R?—valued continuous paths (wi)e>0 with wy = 0. We assume
moreover that {2 is a metric space equipped with the following distance:

N 2
22 (g et D A1),

and consider the canonical process By(w) = wy, t € [0,+00), for w € Q; then for each fixed
T € [0,400), we have

LY Q1) ={¢(Bi, By, ... Bi,) : n>1,0<t; < .. <t, <T, p € Ch1ip(RT*™) .

Definition 2.6. On the sublinear expectation space (Q, L) (Qr), E), the canonical process (Bt)e>0
is called a G-Brownian motion, if the following properties are satisfied:

(i) Bo = 0.

(i) for ¢, s > 0, the increment B, — By < V/sX, where X is G-normal distributed.

(iii) for t, s > 0, the increment B, — B is independent from (By,, By, ..., By,) for each n € N,
and 0 <t <ty <..<t¢, <t R

Moreover, the sublinear expectation E[.] is called G-expectation.

Remark 2.2. The standard Brownian motion is a particular case of G-Brownian motion. Then,
for 2 = 0% = 1 the G-Brownian motion is degenerate to the standard Brownian motion.

For simplicity, let (B;);>¢ be a 1-dimensional G-Brownian motion. The letter G denotes the
function

14 1
G(a) == §E[aBﬂ 2(52a+ —co%a7), a€R,

with o2 := —E[-B? < E[B?] := &2, 0
a” = —min{0,a}.

IN

o < 7 < oo. Recall that a* = max{0,a} and

Now, we introduce the natural choquet capacity.

Definition 2.7. Let B(2) the Borel oc—algebra and P be a weakly compact collection of prob-
ability measures P defined on (€2, B(2)), then the capacity C/(.) associated to P is defined by

C(A) :=sup P(A), AeB(Q).

Pep



Definition 2.8. A set A C B() is polar if C'(A) = 0. A property holds ”quasi-surely” (q.s.) if
it holds outside a polar set.

Now, we recall the following lemmas, which will be crucial in our stability analysis.
Lemma 2.3. /8] Let { Ay} C B(2) such that

D C(4) < .

oo
k=1

Then, lim sup Ay is polar.
k—o00

Lemma 2.4. [8] Let X € L(Q) satisfying E|X|P < 0o, for p > 0. Then, for each M > 0,

o E‘X‘p
C(IX| > M) < ===

Lemma 2.5. [9] For eachp > 1, n € ME(0,T), and 0 < s <t <T.

= “ a O(a+a a+a +O-af(z a—a P t’\
E [sup | nrd<BayBa>7“p:| < ( (a+a)+(ata)T (a—a)+( )T) |t _ S|p—1/ EHnu\p]du

s<u<t s 4

Lemma 2.6. [9] Let p > 2, n € ME(0,T) and 0 < s <t <T. Then, there exists some constant
C, depending only on p, such that

~

E [sup | umdBT]p} < Cylt — |57 /tﬁ[\nu]p]du.

3 P-th moment exponential stability of G-stochastic dif-
ferential equations with respect to a part of the vari-
ables

Several authors dealt with the problem of stability with respect to a part of variables of stochas-
tic differential equations driven by standard Brownian motion in the sense of Lyapunov, see for
instance [6, 11, 12, 31]. The novelty in our work is to tackle the problem of stability with respect
to a part of variables of stochastic differential equations driven by G-Brownian motion by using
the method of G-Lyapunov’s function and recently developed Ito’s calculus for SDE driven by
G-Brownian motion.

Consider the following SDE driven by an m-dimensional G-Brownian motion:

dr(t) = f(t, x(t))dt + h(t, z(£))d(B), + g(t, x(t))dB,, Yz €R", t>0, (3.1)
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where B, = (Bjy(t), ...., Bu(t))" is an m-dimensional G-Brownian motion, and ((B));>o is the
quadratic variation process of B.

For the well-posedness of system (3.1), we assume that f,h and g € MA(]0,T],R") satisfy the
following global Lipschitz condition:

lo(t,z) — o(t,7)] < K|z —Z|, Vtel0,T], zze€R"

¢ = f, h, g respectively, and K is a positive constant. For the purpose of stability, we further
assume that f(t,0) = h(t,0) = g(¢,0) =0, V¢ > 0.

Denote x = (1, 22)" where © = (21, ..., 1, )" € R™, 25 = (22, ..., 22,,))" € R™,
ny >0, ng >0, ny +ng =n;

[

21| = \/xfl +ootaf o [z = \/:Jc%l +otad o 2] = (Jz1]” + |22]?) 2 .
Under the precedent assumptions, there exists a unique global solution:

x(t, to, v0) = (21(t, to, zo), 2(t, Lo, o))

corresponding to the initial condition x(tg) = x¢ = (21,,22,) € R™, see [16, 20, 27]. In what
follows we use x(t, to, o) = (z1(t, to, xo), x2(t, o, o)), or simply z(t) = (x1(t), z2(t)) to denote a
solution of our system on some small interval.

Definition 3.1. The equilibrium point x = 0 of the G-SDE (3.1) is said to be
(7) Pth moment exponentially stable with respect to xy, if there exist positive constants Ay, Ag,
and p > 0 such that for all zy € R", the following inequalities are satisfied:

E (|1 (t to, 20)|P) < Ailzo[Pe2710) | Wt > ¢ > 0.

In particular, for p = 2 we said that the G-stochastic system (3.1) is exponentially stable in mean
square with respect to z;.
(17) Quasi surely exponentially stable with respect to zy, if

1
tlim sup — In (|1 (¢, to, x0)]) < 0, q.s., (3.2)
—00

for all o € R™.

Definition 3.2. The solution of the sub-system with respect to the variable x5 is said to be quasi
surely globally uniformly bounded, if for each a > 0, there exists ¢ = ¢(a) > 0 (independent of
to), such that

for every to > 0, and all zo, € R™ with |29 | < a, sup |za(t, to, x0)| < (@), q.s., (3.3)
t>to

where x9, = x2(to; to, To)-



Definition 3.3. Denote by C'?(R, xR", R) the family of all real-valued functions V (¢, z) defined
on R, x R™ which are twice continuously differentiable in x and once in ¢.

If Vv.e CYR, x R",R), we define an operator L (called as G-Lyapunov function) from
Ry x R" — R as follows:

LV (t,x) = Vi(t,z) + Vo f(t,x) + G((V}C(zﬁ, x),2h(t,x)) + (Vi (t, 2)g(t, ), g(t, x)>>,

ey o, oV PV
Viltsa) = Gy (003 Valt,0) = (G 0), (6005 Vaalto) = (Gr=(00)

By G-Ito’s formula [23], it follows
dV (t,x(t)) = LV (t,x(t))dt + V,(t,2(t))g(t, x(t))dB;.

Now, we aim to prove the pth moment exponential stability of SDEs driven by G-Brownian
motion (3.1) with respect to a part of the variables, via the G-Lyapunov functions.

Theorem 3.1. Assume that there exist V€ CY?(Ry. x R*,R,) and positive constants ¢; (i =
1,2,3), p such that for allt >ty > 0, and all x = (x1,25) € R",

c|lx|P S V(t,x) < el P, (3.4)

LV(t,x) < —cslz|P. (3.5)

Then, the trivial solution of the G-stochastic system (3.1) is pth moment exponentially stable
with respect to x1.

In order to prove the previous theorem, we need to recall an important lemma.

¢ ¢
Lemma 3.2. [18] Let n € M}(0,T) and M, = / n(s)d(B) —/ 2G(n(s))ds.
R 0 0
Then, for each t € [0,T], we have E(M;) < 0.

Proof of Theorem 3.1. Applying G-Ito’s formula to e%tV(t, x(t)), we obtain

d(e="V (t,x(1)))
= 3 (LY (0) + Vilt 2(0) + (V0,000 S 1 (0) )

+es (Vo(t, x(t), h(t, x(£))d(B), + e (Vo (t, z(t)), g(t, 2(£)))dB,

+ 5B Vil )1, 2(0), 6 2(0) B



That is,
eV (t, 2(t))

—eE V(o a(t)) + [ e[V (s,9) + Vil 2(5) + Vel a(5). 5. 2(5)

C2

G
- /t e2°G ((Va(s,2(5)), 2h(s,2(5))) + (Vs (5, 2(5))g(s, 2(5)), g5, 2(5)))) ds

+/t eiﬁsm(s,x(s)),h(s,x<s))>d<3>s+/ e

to

(Va(s, z(s)), g(s, z(s)))dB;

+ % /to 6%8<‘/Ucz(8,$(8>)g<8,;C(S)),g(57x(8))>d<B>s

= AWt a(a) + [ (DV(s.(6) + IV (5006 ) ds M

to €2

+/t e (Vi(s,2(5)), g(s, 2(s)))dB,.

t.
N / e2*G ((Va(s,2(5)), 2h(s, 2())) + (Vau (5, 2(5))g (5, 2(5)), g5, 2(5)))) ds.
to
Taking, G-expectation on both sides, it yields that
BV (t,2(t))

C3

< eV (ty, x(ty)) + IE/ eas<§v(s, x(s)) + LV (s, x(s))>d5 +E(M)

to Ca

ks

t
+ ]E/ e<2”(Vy(s,2(s)), g(s,z(s)))dBs.
to
Since, V,(t, z) is uniformly continuous in ¢ uniformly Lipschitz in z on [0, T'] X Bo(2). Thus, based

upon Proposition 3.11 in [16], we observed that exp(£2())(Vi (-, z()), g(, z(-))) € ME(0,T), for
any p > 2. Then, we obtain

E/t e (Vy(s, 2(5)), g(s, 2(s)))dB, = 0.

9



Using Lemma 3.2, we have IAE(MfO) < 0. Consequently, we obtain

t C

B(e='V(t,x(t))) < 2"V (to, x(ty)) + B / o’ (C—?’V(s,m(s)) + LV(s,x(s))> ds.
to C2

This together with (3.4) and (3.5), implies

~, <

B(e='V(t,z(t) < €2V (ty, z(ty)) +1@:/ ees” (C—?’V(s,x(s)) - c:slfrl(s)lp) ds

to

< eV (o, 2(ty)) +1E/teiis (C—3V(s,x(s)) - 91/(5,9;(3))) ds

to C2 Co
< sV (ty, 2(to))

< 0263t0|x10|p.

Thus, we obtain
~ Y.
B(V(t,(1) < coe” =, "
Due to (3.4) again and the fact that |z, < |zo|, we deduce that

BV(t.2(0) _ 2 -ht0)

B(|z (.t Py <
(|1 (¢, to, o) |?) < ” .

Therefore, the G-stochastic system (3.1) is pth moment exponentially stable with respect to ;. O

Theorem 3.3. Assume that there exist V€ CY?(R,. x R",R,) and positive constants ¢; (i =
1,2,3), p, such that for allt >ty > 0, and all x = (x1,25) € R",

cilz [P SV 2) < e, (3.6)

LV(t,z) < (—cs + (b)) |21 /", (3.7)

where p(t) is a continuous nonnegative function, with

/+00 e(t)dt < M < +oc. (3.8)

Then, the trivial solution of the G-stochastic system (3.1) is pth moment exponentially stable
with respect to x1.

Proof of Theorem 3.3. By using similar reasoning as above, we obtain

c c o~ t c
E(e='V(t,2(t))) < e2"V(to, 2(ty)) + E / ees®

to

(C—3V(s, x(s)) + LV(S,$(3))> ds.

Co
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On account of (3.6) and (3.7), we obtain

BV (120) < 3Vt 10) + E [ o3 (2V(s.009) + (e + el o)l ) s
< AVt a(0) + B | ¢2(2V(s.0(9) - 2V(s.a()
+ %?V(s,x(s)))ds.
That is, t
E@J?vx@xu»>§<ﬁ?%/@mxu@)+ﬁil fgﬁegﬁ/ﬁgds»d& (3.9)

Applying now the Gronwall lemma [7], and condition (3.6), we obtain

A~ C;

E(e'V(t,2(t))) < €3V (to, z(ts))ess
< e%tOV(t079€(t0)) Cll e
S e%tOV(tOfx(t ))

i e(s)ds

Bt » M
< ee2 ¢yl |Pecr.

Hence, we see that
2 (- to)

E(V(t,2(t))) < caer
Due to the fact that |z1,] < |zo| and condition (3.6), we deduce from the last inequality that

E(|z1(£)]7) < Ze |aglre 2710,
C1

x1,[Pe e

cy M c
Setting A\; = Ze= and Ay = —, we conclude that the G-stochastic system (3.1) is pth moment
c c

1 2
exponentially stable with respect to . a

Mao [19] developed the condition under which the pth moment exponential stability implies
the almost sure exponential stability of stochastic differential equations driven by standard Brow-
nian motion. In what follows, our target is to involve conditions under which the pth moment
exponential stability with respect to a part of the variables of stochastic differential equations
driven by G-Brownian motion implies the quasi sure exponential stability with respect to a part
of the variables.

The system (3.1) might be regarded as the following form:
dry(t) = fi(t, z1(t), 22(t))dt + ha(t, 21(t), 22(1))d(B): + g1 (t, 21 (1), 22(t))d By

dea(t) = folt, a1 (t), 2o(8))dt + ha(t, 1(t), 22(£))d(B); + ga(t, 1 (t), 22())dB,.

11



with the same initial condition x(ty) = z¢ = (21, T2,), f = (f1, f2), h = (h1,h2), g :== (91, 92),
and

e fi,h1,91 : Ry x R™ x R"™ — R™.
o fg,hg,gg : R+ x R™ x R — R"2,

Theorem 3.4. Consider the G-stochastic system (3.1), assume that there exists a positive con-
stant 1 such that

B(1fi(t 2, @)l + bt 21, 22) [P+ gt 2, 22)) < nB(Jon]?), Vo € R™, Vo, € R™,VE > t,

(3.10)
Then, the pth moment exponential stability with respect to x1 of the G-stochastic system (3.1),
implies the quasi sure exponential stability.

Proof. By the definition of the pth moment exponential stability with respect to x1, there exist
a pair of positive constants A\; and Ag, such that

E(|z1(t: to, 20)[?) < Ai|zolPe207%) vt > ¢ > 0. (3.11)

Furthermore, we have

t+s t+s t+s
x1(t+s) = z1(t)+ t f1(u,x1(u),x2(u))du+/t h1(u7m1(u),x2(u))d<B>u+/t g1(u, z1(u), x2(u))dBy,

which implies,

t+s
1t + )" < 4p‘1(!w1(t)l” +1 t Si(u, w1 (u), w2 (u))dul”

t+s t+s
| [ man @ a)d B | [ o ).a)dbr).

Using the sub-additivity of G-expectation, we obtain

~

E( sup |z1(t+ s)[P)

0<s<t
o > R t+s p R t+s
< gpt [E]zl(t)lp +E (/ | f1(u, 21 (w), xg(u))\du) +E (Os<u£) ] g1(u, xq(u), :L’z(u))dBu\p>
- t+s ' - '
+R ( sup | [ hau, 21 (w), xg(u))d<B>u|p) |
0<s<t t
(3.12)
On account of (3.10), (3.11) and by Holder’s inequality [8], we obtain
R t+71 p t+71 R
B( [ 1htntelin) <o [ B w00
‘ ‘ (3.13)

< %n7p|x0|pe—>\2(t—to)‘

2

12



On the other side, based on (3.10), (3.11) and Lemma 2.6, we obtain

N t+7 v t+7 -
E(wm mmmwmmwm@qu*/ Blga (u, 1 (1), () Pde
t

Osssr Jt \ (3.14)
< /\_10p777-§|x0‘17€—>\2(t—t0)_
2
Likewise, by Lemma 2.5 we obtain
R t+1 t+1 .
E ( sup | hl(u,xl(u),a:g(u))d<B>u|p) < C’I’,Tp_l/ E|hq (u, x1(u), zo(u))[Pdu
OsssT Jt ! (3.15)

< %C]/Dm.p ’l’o |pef>\2(t*to) ,
2

where C} is a positive constant dependent only on p.
Then, we conclude from the above inequalities (3.13), (3.14), and (3.15) that

E( sup |z1(t + s)|P) < Re ™,

0<s<t
A p
with R = 4p_1)\—:|x0]p ()\2 +nrP(14+ Cpr72 + C]’D)).

Now, let ¢ € (0, A2) be arbitrary, then thanks to Lemma 2.4, we obtain

C < sup |zy(nT +s)P > e(’\Qe)”T>

0<s<rt

< e " E( sup |21 (nT + 5)|P)
0<s<t

< Re—E’fLT

By the Borel-Cantelli lemma for the capacity 2.3, we see that there exists ng := ng(w), such that
for almost all w € 2, n > ny(w),

sup |z (t + )P < e s,
0<s<t

where t € [n7, (n + 1)7]. Thus, we obtain

1 1 Ao —€)nT
Hog(lea (0] = L tog(le () <~ g
. 1 (Ag —-8)
Z < _
Hence, tgnoo sup log(|z:1(t)]) < o q.8.
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Since € > 0 is arbitrary, we obtain the desired result

1 A
lim sup - log(|z:(¢)) < =22, qs.
t—>00 t D

That is, the G-stochastic (3.1) system is quasi surely exponentially stable with respect to x;.
O

4 Exponential stability of G-stochastic perturbed differ-
ential equations with respect to a part of the variables

In this section, we consider the following linear stochastic system:
dr(t) = Az(t)dt, Yt >ty >0, (4.1)

where,

A:(%l /(1) ), x:= (x1,22) € R™ X R™ ny >0, ng >0, ny +ng =n.
2

e A, is a constant n; X n; matrix.
e A, is a constant ne X ne matrix.

The above system (4.1) might be regarded as the following system:

dl’l(t) = All‘l(t)dt

with initial condition z(tg) := xg := (1,, T2,) € R™ x R™2,

Assume that some parameters are excited or perturbed by G-Brownian motion, and the per-
turbed system has the form:

day(t) = Az (t)dt + g(t, 21(1), 22(t))d B (4.3)
d.’L‘Q(t) = AQ.CEQ(t)dt7 .
with the same initial conditions, where By = (Bi(t), ...., By, (t))T is an m-dimensional G-Brownian

motion, and g : R™ x R™ x R"2 — R™>™,

Assume that conditions of existence and uniqueness of solutions are satisfied, see [22], and
x(t, to, xo) = (1(t; o, x0), x2(t; to, o)) is the solution of system (4.3).

Suppose that the origin of the linear stochastic system (4.2) is quasi surely exponentially stable
with respect to z7. Further, we assume that the origin x = (0,0) is an equilibrium point of the
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G-stochastic perturbed system (4.3), that is g(¢,0,0) = 0 for all ¢ > 0.

The objective of this section is to state sufficient conditions under which the G-stochastic per-
turbed system (4.3) is still quasi surely exponentially stable with respect to x; by using recently
developed It0’s calculus for SDEs driven by G-Brownian motion and Gronwall inequalities.

Theorem 4.1. Let \; be the maximum of the real parts of all eigenvalues of —Aq, we suppose
that there ezist a constant ¢y > 0, and a polynomial pi(t) such that for all z;, € R™ x5 € R,
and sufficiently large t,

g(t, 21 (t), 22())|* < pi(t)e2Fet - gs, (4.4)
log |e41|?

Furthermore, we assume that lim sup < —co, where ¢y 1S a positive constant.
t

—00 t
Then, we have

log |I1(t, to, I0)|2
t

lim sup < —(c2 — 1), q-8.
t—>o00

for all ty > 0 and xq € R™.

In particular, if ca > 1, then the G-stochastic perturbed system (4.3) is said to be quasi surely
exponentially stable with respect to .

In order to prove this theorem, let us start by recalling an important Gronwall lemma [7],
which will be very useful later on.

Lemma 4.2. Let b(t), c(t), and u(t) be continuous functions fort >ty > 0, and b(t) be nonneg-
atiwve fort >ty >0, ¢ is a constant and suppose

u(t) < ¢+ /t [b(s)u(s) +c(s)]ds, t>ty>0.

to

u(t) < pexp ( /t: b(T)dT) + /t: c(s) exp ( / t b(T)dT) ds, t>ty>0.

We need to recall the following lemma, which is essential in our analysis.

Then,

Lemma 4.3. [20] Let B; be a one-dimensional G-Brownian motion, suppose that there exist
constants € > 0 and a > 0, such that

& (exp [%2(1 o) /OT gZ(s)d<B>sD < o0, Vge M2(0,T).

Then, for any T >0 and § > 0,

(s [ a5 [ FB)) > ) < ex(-ad),

0<t<T
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Now, we are in a position to prove our main result in this section.
Proof of Theorem 4.1. Fix ¢ > 0 arbitrarly, and there exists p = p(e) such that
e M2 < pe®MHIt (1) < pet, > 0.
Applying G-Ito’s formula, we obtain

d(e Mz (1)) = e Mg(t, 1 (L), 22(1))dB,.
Define W (t) = |e~ 'z (t)|?, based on the G-Itd’s formula again it yields that

W(t) =W(to) + 2/ :vlT(s)e_A?Se_Alsg(s,xl(s),xg(s))st

to

t
+ [ trace (¢ 0g(s.1(5). a(5)gl (5,1 (5), (o) ) (). (4.5)
to

From Lemma 4.3, it follows that for any o > 0, 5 > 0, and 7 > t,

t
~ - s, —A1s o
C((supperer | / ri (s)e M 2e Mg (s, 01(s), 2a(s))dB, — 5
to

[ e ey s, (9.l (s (), an(s))e o5 (9d(B).] > 5) < expl—a)

Choose an arbitrary € > 1, and let £ be an integer large enough so that k > t, and set
a=e % B=0e"%logk, T=%k.

Then, we obtain

t
C’( sup [/ 2T (s)e A5 M5 (s, 21(s), w9(s))dBy — ——
to

Applying the Borel-Cantelli lemma for the capacity 2.3, we see that for almost all w € €2, there
exists kg = ko(w), such that

t
/ o (s)e e Mg (s, 21(s), 72(s))dB,
to

2
+0eFlogk, forallk > ko, to <t <k.

quk t T T
= / w1 (s)e™Moe Mg (s, 1(s), wa(s))g" (5, 21(s), wa(s))e™ M e~y (s)d(B)
to

16



Using condition (4.4), it follows that

t
/ 2T (s)e Mo e 415 (s, 21 (s), 2o(s))dB,
to

2
+ 0e“* log k
<

e—ck ot T AT —Ars
< S [ g a(6), (6" (5,0, (s e A () B),
to

e—clk

2

t
p2/ W (s)e“*d(B)s + 0e** log k.
to
This together with (4.5), we obtain

t
W (t) < Wity) + e “Fp? / W (s)e™*d(B), + 20e“* log k
to
i

+ /t trace <6*Alsg(5,x1(s), 23(5))g7 (5,71 (5), 22(5) e~

to

) diB).

¢ ¢
< Wi(ty) + e_clkp2/ W (s)e“*d(B), + 20e“* log k + bp2/ ed(B)s. (4.6)
to

to

By Peng [20, Chapter III], we have for each 0 < s <t < T,
(B); — (B)s < &%(t — s).
Based on this fact and the inequality (4.6), it follows that
t ¢
W(t) < Wi(ty) + e_clkp252/ W (s)e*ds + 20e* log k + bp262/ e“¥ds.
to to

Applying the Lemma 4.2, we obtain

t
W(t) < (W(to) + 29€Clk10g k) exp (eclkaEZ/ eclsd5>
to

t t
+ bp252/ exp (p2526_61k/ ec”"dr> e¥ds
to s

bp*5> ¢
< (W(to) + 20e“* log k + —eclk) exp (e_clkp262/ eclsds)
C]_ tO

b 2—2 2—=2
< (W(to) + 20e* log k + re eclk) exp (p c > , to<t<k, k=>ky qs.

1 &1

That is,

b5 252
W(t) < (W(to) + 20¢“* log k + —eclk) exp ( ) , to<t<k, k>ky qs. (4.7)

C1
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Wi o wi
ettlogt — ecrh=Dlog(k — 1)’

Since 6 > 1 is arbitrary, and k—1<t<k.

From (4.7), we see immediately that

252 p252
(W(to) + 20e* log k + bpc—l"eclk> exp ( )

lim s W (t) < lim s 1
im sup ————— im su
t—oo eatlog(t) T koo P ecth=Dlog(k — 1)
22
< 2exp (Cl+p ? ) q.s.
C1
Since,
1 t:t 2 1 At|2 ] —At (44 2
lim sup 0 |1 (f: o, 7o)| < lim sup—og|6 | + lim sup o e a1(t: to, 2o)| .
t—e0 3 t—00 t t—00 t

Consequently, we obtain

log |71 (t; o, o) |?

.
Jim sup =

< —co+c¢p=—(ca—c1), q.s.

Then, if the inequality co > c; is satisfied, we deduce that the G-stochastic perturbed system
(4.3) is quasi surely exponentially stable with respect to z;. a

5 Examples

Some illustrative examples are given to demonstrate the validity and accuracy of our results.

Example 5.1. To highlight the utility and the importance of our found out result, we consider
the example of spring-mass model with viscous damping (see Fig.1), whose equation is given by:

() + c(t)d(t) + ka(t) =0, >0, (5.1)

q(0) = qo, 4(0) = qo,

where c(t) is a time-varying damping coefficient. This damping corresponds to the type of re-
sistance to motion and enerqy dissipation that is encountered when a piston with perforations is
moved through a cylinder filled with a viscous fluid, for example oil, and k is the stiffness of the
spring coefficient.
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Figure 1: Spring-mass-damper system.

The spring-mass-damper system is an impressive system to analyze it, since the physical intuition
conducts one to surmise that if c(t) > > 0, t > 0, for that reason the zero solution (q(t),q(t)) =
(0,0) is asymptotically stable, due to the fact that the constant of energy dissipated. Nevertheless,
this is not the case, a simple counterexample (see [3]) is c(t) = 2+ €', k=1, ¢(0) =2 and
¢(0) = —1, which yields that q(t) =1+ e, t > 0. Thus, q(t) — 1 ast — oo. This is due to the
fact that damping increases so fast that the system arrests at ¢ = 1.

The system (5.1) can be equivalently written as

dz(t) = z(t)dt,  21(0) = o, £ >0
{d"?(t) (—kz1(t) — e(t)z2(t))dt,  2(0) = o, (5:2)

where z1 := q and z9 = q.
The solutions (z1(t), za(t)) to system (5.2) are equivalently characterized by the solution z1(t), t >
0, of the following system:

dry(t) = fi(wi(t), v2(t))dt, £1(0) = (q0,40), t >0 (5.3)
dzo(t) = 1dt, x2(0) =0, .

where 1 = (21,20) € R, 2o =t € Ry, and

() we=(E))e o= (0). aemen

Assume that some parameters of system (5.1) are excited or perturbed by a G-Brownian motion,
and the perturbed system has the following form.:

day (t) = fi(wa(t), 2a(t))dt + g(t, 21 (), 22(1))d By, 21(0) = (go,Go), =0 (5.4)
dzo(t) = 1dt, x2(0) =0, .

where B is a one-dimension G-Brownian motion, B = N(0 x [3,1]), and g(t,z) = ( Et x; ),
2\
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with
g1(t,x) = azy, a >0,

o -
ga(t,z) = E\/Cos(xg)zgzl — an/2sin(zy)21 22.

It is clear that the G-stochastic system (5.4) is unstable since the state xo, representing the time,
1s unbounded. Consequently, it is very interesting to analyze if it is still possible to prove some
stability properties with respect to some of the variables in the problem.

Let ¢(t) = 4+ cos(t), k =2, and consider the following Lyapunov-like function:

V(t,x1,29) = aclTP(xQ)xl,

where P(y) = ( 6+C(1)s(x2) 1 ) ‘

It is clear that, xT Pixy < V(t, 21, 22) < 2T Pyxy, where

51 71
ne(T1) n=(11)

Note that P, and P, have the eigenvalues 0.76,5.24 and 0.84,7.16, respectively.
Therefore,
0.76|z1* < V(t, 21, 22) < 7.16|21 |

Applying the G-Ité formula to V', one has

LV (t, 21, 29) = — sin(xy)2? — 427 — 2cos(wy)z5 — 625 + G (120223 + 20 cos(x2)23)
< 327 — 423 + G(120°2)) + G(2a” cos(w) 25)
< =327 — 425 + 60’25 + o’z
< =327 — 422 + Ta’22.

For a = we then obtain

1
VT
LV (t,21,75) < =327 — 423 + 23
< 322 — 323

= —3|5L’1|2.

Thus, constants in Theorem 3.1 become c¢; = 0.76, co = 7.16, c3 = 3, p = 2, and we conclude
that the G-stochastic system (5.4) is exponentially stable in mean square with respect to ;.
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Example 5.2. Consider the following G-stochastic system:

1
dzi(t) = —2x1dt — §sin2(x2)e_2tx1d(B>t + (14 e *sin(xs)|)z1d By
dxo(t) = 2 cos(t)xadt,

(5.5)

where x = (x1,22)7 € R* | B is a one-dimension G-Brownian motion and B = N(0 x [3,1]),
with initial value xo = (x1,, Ta, ).

The solution of the sub-system with respect to the variable x4 is quasi surely globally uniformly
bounded. In fact, for allt >ty > 0, and all x5, € R with |zo,| < 5, we have |z5(t)| < pe2sn) s,

Denote V = a2, then we obtain

LV (t,x) = Vo(t,x) f1(t, 2) + G2V, (t, 2)h (t, ) + Viugi(t, 2))
= —4da} + G (27 sin®(z2)e” " 4 2(1 + ¢! sin(2)])*z7)
= —4a7 + G (227 + 4e | sin(zz)|x7) .

By the sub-additivity of the function G, we obtain

LV (t,z) < —42% + G(223) + G(de | sin(zo)|27])
—42? 4 22 + 2e7| sin(xy) |22

—3x7 + 2e"a3.

VAN VANRVAN

Thus,
LV(t,x) < (=3 + p(t))a7,

where p(t) = 2e~", which satisfies condition (3.8) of Theorem 3.3.

Hence, all conditions of Theorem 3.3 are fulfilled with p = 2 and then the G-stochastic system
(5.5) is exponentially stable in mean square with respect to x;.

Furthermore, we have

1| fi(t,2)|? = 4]z,

2. |hi(t, x)]* = |[isin®(zo)e x> < |z |2,

3. gt 2))? = |(1 + e Y sin(xs))z1]|* < 2(1 + 72 sin(x2)|?) |21 |* < 4]21]?.
Then, we obtain

E(|fi(t ) + [ (t.2) + g (1, 2) ) < 9 (jma]?).

Hence, based on Theorem 3.4, with p =2 and n =9, one can deduce that the G-stochastic system
(5.5) is quasi sure exponentially stable with respect to x.
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Remark 5.3. Note that, we cannot establish the exponential stability in all variables for the
above example because the solution of the sub-system with respect to the variable x5 is quasi
surely globally uniformly bounded but not attractive.

Remark 5.4. The sub-system with respect to the variable x5 can be taken in such a way that
all trajectories are quasi surely globally uniformly bounded but not attractive.

Example 5.5. Consider the following G-stochastic system

dry (t) = —22, (t)dt + (1 + tz)(ﬂ“'“%d& (5.6)

d(L’g (t) = AQIQ (t)dt,

where ¥ = (z1,79) € R®, 15 = (21, 20) € R? and B is a one-dimensional G-Brownian motion,

0 -1
W (V7))
With initial value xo = (T1,, T2, ), and Ty = (214, 22,)-

By simple resolution, we obtain

o(t) — < 21, (8, w) cos(t) — 2z, (t, w) sin(tg ) |

21, (t, w) sin(t) + 2o, (t, w) cos(t
Using the Euclidean norm, we deduce
|2(t)] = [23,].

The solution of the sub-system with respect to the variable x5 is quasi surely globally uniformly
bounded. In fact, for allt > to > 0, and all 9, € R? with |z9,| < o/, we have |z3(t)| < o' ¢.s.,
and the constants of Theorem 4.1 are ¢y = 0.5, and ¢y = 2.

lo t,t 2
Hence, by Theorem 4.1 we deduce that lim sup gl (t, to, zo)|

t—o00 t

zo € R?. Indeed, the G-stochastic perturbed system (5.6) is quasi sure exponentially stable with
respect to x1.

< —1.5 q.s. for all ty > 0 and

6 Conclusion

In this paper, we dealt with the analysis problem of stability of stochastic differential equations
driven by G-Brownian motion. Some stability criteria for the pth moment exponential stability
and quasi sure exponential stability with respect to a part of the variables are established.
The main technical tools for deriving stability results are G-Lyapunov functions and recently
developed Itd’s calculus for G-SDEs. Some examples have been investigated to validate the
developed methods.
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