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A simple model based on the potential parameters used to describe metallic bonding is extended to solid solu-
tions. A figure of merit (an effective temperature, Ty) is proposed using a simple average over the potential
coefficients to discern whether a homogeneous solid solution is expected to be stable or not in high entropy alloy
compositions. T is calculated as the ratio between the solid solution excess in bonding energy over the average

mixture divided by the configurational entropy. Application to the sexinary AlCrCuFeNiCo system stablishes a
stability threshold for T,y < 500 K. The model can successfully describe both the deviations from Vegard’s law
observed in binary alloys and the differences in this parameter between B2 ordered and bcc disordered phases
considering average potential coefficients over the different possible atomic couples.

Compositional tuning needed to optimize the feasibility, stability,
microstructure, phase transitions and functional properties of new alloys
generally yields multicomponent alloys (MCAs) with four or more ele-
ments [1]. This line of research led to the discovery and development of
the so-called high entropy alloys (HEA) proposed by Cantor [2] and Yeh
et al. [3] in 2004. These HEA systems are MCAs with close to equiatomic
compositions with enhanced configurational entropy. This configura-
tional entropy, AScoyy, is expected to facilitate the formation of simple
metallic phases (monoatomic bce, fcc and hep structures, or even
amorphous systems) [4-6].

The interest in HEA opened a vast compositional range for alloy
design, which phase diagram extension is huge in comparison with those
corresponding to the conventional explored regions (close to corners
and edges of the multicomponent phase diagrams). In order to clarify
this vast compositional region, simulations and theoretical studies
[7-11] are very useful to optimize the experimental research time, and
helped to point for the most interesting regions of the vast phase dia-
gram depending on the property or functionality of interest. Citing the
words of D. B. Miracle (2019) «...exploring the enormous number of HEA
and CCA [complex, concentrated alloys] compositions and their micro-
structures is currently the biggest challenge.” [12]. This author poses the
development of HEA as a new reinforcement in the alloys design activity
but shows the tremendous effort needed to explore the compositional
range.

Despite the accepted main role of AS.yy, this is not the only
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parameter to consider for single phase formation in MCAs. The present
situation is still far from being clear [4,13], although several phenom-
enological rules have been proposed. These rules are based on different
parameters such as mixing enthalpy [8,9,14], valence electron concen-
tration [15], size factor [16,17] and structural misfit [18]. These pa-
rameters are generally based on reasoning followed to understand
binary alloys [14,15,19] and summarized in the empirical Hume-R-
othery’s rules [20] and semiempirical Miedema’s model [21]. More
recently, King et al. [19,22] have developed a software (Alloy Search
and Predict, ASAP [23]) for a rapid estimation of the single phase HEA
systems based on the Miedema’s values of enthalpy of mixing. In these
papers the authors define a parameter ¢ = — AGgs/|AGmax|, Where AGgs
is the Gibbs free energy for the solid solution and AGp is the extreme
value of any binary system among the constituents (negative and min-
imum for intermetallic, positive and maximum for segregation). The use
of the absolute value considers both destabilization ways of the solid
solution: the affinity to form an intermetallic phase as well as the pos-
itive enthalpy of mixing between the elements leading to segregation.
King et al. [19] proposed a value of ¢ > 1 as indicative of stable solid
solution. On the other hand, Gorban et al. [15] proposed the electron
concentration per atom, Cy, as the main factor to classify the micro-
structures of HEA compositions: bec solid solution (4.2 < Cy < 7.2), fcc
solid solution (Cyq > 7.5), two-phase solid solutions (7.2 < Cy < 8.0),
Laves phase (4.4 < Cy < 8.1), o phase (6.3 <Cy <7.2), p phase
(Csd ~ 7-3)-
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Fig. 1. Estimated bonding energy from Eq. (3) as a function of melting tem-
perature for different pure metals as a function of their crystalline structure.

In this work, we develop a simple model from the potential energy
for metallic bonding and extend it to alloys by assuming a near neigh-
bors approximation. The proposed approach is able to describe the de-
viation of lattice parameter from linearity of Vegard’s law as well as the
differences between ordered and disordered phases. Moreover, a figure
of merit is proposed as an effective temperature that can distinguish
between HEA compositions leading to multiphase systems or single
phase ones.

Atomic bonding in solids is described taking into account two con-
tributions to the cohesion energy: an attractive term and a repulsive one.
In the case of metallic bonding, the attractive term is due to the inter-
action between the electron cloud dispersed in the solid and the lattice

Materialia 28 (2023) 101744

ions whereas the repulsive term is due to the increase in the energy of
the fermionic electron cloud when its volume is reduced (see Supple-
mental content). This leads to the following general expression for the
cohesion energy per atom [24]:
U A B

@

N R
where A and B are parameters of the solid and r is the distance between
first neighbors. In order to obtain those two parameters for each metal,
we can use the experimental values of the lattice parameter, a, and the
compressibility, x. The former is related to the equilibrium distance
between first neighbors (dU/ dr\,ﬂ =0):

rg = ZXB =oaa 2
Where a = \/§/ 2 for monoatomic body centered cubic (bcc), 1/ V2 for
monoatomic face centered cubic (fcc), and 1 for hexagonal close packed
(hep) structures (for simplification we have assumed perfect hep struc-
tures). Therefore, the cohesion energy per atom in a pure metal at
equilibrium distance is:

U A?
N~ B ®

The inverse of the compressibility (bulk modulus) is related to the
second derivative of the cohesion energy:

24 6B 1\’ 1 A’
=Npri| — S+ = 4
b ’“( rg+rg><31vﬁrg> 1445 B @

Where the volume of the solid has been used: V = Npr?, with g = 4/1/27
for bccand p =1/ V2 for fec and hcep. Taking into account Egs. (2) and
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Fig. 2. (left panels) Lattice parameter as a function of the composition for different binary solid solutions. Data taken from [26] are plotted as squares; broken lines
correspond to Vegard’s law; blue lines correspond to average model using (A) = xAy1 + (1 —x)Amz and (B) = xByi + (1 — x)Bwmg; red lines correspond to using Eq.
(8) taking Ay; and By from Table 1S (supplemental content) and fitting Ayiz and Byio. (Right panels) Fitted Ayi2 and By parameters vs. corresponding average
values (A) = xAm + (1 —x)Amz2 and (B) = xBy1 + (1 — x)Bmz. Red lines correspond to the identity Ayiz = (A) and Byiz = (B).
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(4), it is possible to obtain the values of A and B for each metal from the
experimental values of a and 1/« as:

4

A = 9pa*d 5)
K
and
5
B= g pa’L (6)

Table 1S (Supplemental content) collects the lattice parameter
(taken from [25,26]), bulk modulus [27] and A and B parameters for
different pure metals crystallizing in bec, fce, hep or double hep (Dhep)
structures. In the Supplemental content, simple models for A and B are
described to associate them with the valence electrons, as estimated by
Pauling [28] (See Fig. 1S in Supplemental content).

From the data of Table 1S and using Eq. (3) it is possible to estimate
the equilibrium energy of the bonding, Uy. Fig. 1 shows the absolute
value of this energy per mol as a function of the melting temperature,
T, for the different metallic elements grouped by their crystalline
structures. A general linear trend is observed validating the potential
used to describe the metallic bonding.

Eq. (2) relates the lattice parameter with the bonding coefficients A
and B in pure metals. This can be extended to binary systems assuming
average values of these interaction coefficients. Considering that in-
teractions are finally ascribed to couples of atoms, we can approach the
average value of bonding coefficients from averaging the possible pairs
of atoms, for a solid solution M1,M2;_,, with x the atomic fraction:

<A> = szMl + Z.X(l - )C)AMlz + (1 - X)ZAMZ

<B> = )CZBMl + 2X(1 - )C)BMlg + (1 - X)ZBMZ (7)

Where A,; and Byy; are the corresponding coefficients of the pure Mi
metal. Expressions reduce to (A) = xAyn + (1 —x)Ayz and (B) = xBun
+(1-x)Byz when Az =1 (A +Amz) and Byiz = 3(Bin + Bumz),
respectively.

Therefore, under this approach, the lattice parameter of a solid so-
lution is predicted to be:

2(B)  2(x*Bui +2x(1 — x)Byiz + (1 — x)°Bup)

=y = a (A +2x(1 = )Asa + (1 — x)* Ay ®

Leading to a nonlinear relationship between the lattice parameter
and the atomic fraction unlike the linear one predicted by Vegard’s law
which is based on the hard spheres approximation. The approximate
character of Vegard’s law [29] is long time known [30] and independent
of the metallic bonding character. In fact, deviations from Vegard’s law
are also reported for covalent [31,32] and ionic [33,34] bonding. Friedel
[30] ascribed these deviations in binary solid solutions to the difference
in the compressibility of the pure elements. Magadenov [35] recently
proposed a method for obtaining lattice parameter of binary alloys at
different pressures taking into account the differences in compressibility
and specific volume between pure systems. However, in general, con-
tinuum elasticity models [36] do not correctly predict the deviations
found due to the atomistic character of the problem [37]. King [38]
proposed that deviations from Vegard’s law are indicative of electron
transfer between the constituent atoms leading to changes in their
effective radii.

Lattice parameter of several binary solid solutions (data taken from
[26]) were fitted to Eq. (8) and shown in Fig. 2. This figure also shows
the Vegard’s law (dashed lines) and the non-free parameter curves ob-
tained using Api2 = %(AMl +Am2) and Bpna = %(BM] +Byz) (blue
curves); in the following named as average model. In general, it is worth
mentioning that non-free parameter curves correctly predict the sense of
deviation of the data from Vegard’s law. Concerning the magnitude of
the deviation, this can be overestimated (e.g. Pd-Au) or underestimated
(e.g. Ag-Au). The particular case of Ag-Au system is indicative of the
limitations of the average model as it cannot predict intermediate
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Fig. 3. Lattice parameter of ordered and disordered Fe; Al alloys. Experi-
mental data taken from [41] (black squares) and [40] (hollow triangles: red
corresponds to disordered bcc, orange to half lattice parameter of ordered DO3
phase, and purple to ordered B2 phase). Blue line corresponds to the calculated
curve using Amiz = (Aal +Are)/2 and Bmiz = (Bai+Bre)/2 and predicted
lattice parameters for ordered and disordered phases are indistinguishable.
Green curves correspond to calculated curves taken rga = Bmiz/Amiz =
(@) a(x = 0.5). Maximum ordered (dash-dotted lines) and fully disordered

(solid lines) phases are now distinguishable.

compositions beyond the lattice parameters of both pure metals. How-
ever, deviations from the average model in most cases are not as high as
left panels of Fig. 2 suggest. In fact, it must be taken into account that the
parameters used derive from experimental data of lattice parameter and
bulk modulus of pure metals. Particularly, the latter presents large errors
[27]. Fig. 2 also shows the comparison between fitted Ap2 and By
parameters and the corresponding average values
(A) = xAm + (1 —=x)Amz and (B) = xBpyn + (1 — x)Buyp. Values are
generally close to the identity line. However, Ag-Au and Cu-Ni systems
clearly deviate. In fact, average model would not be able to explain
differences in the lattice parameter between ordered and disordered
phases. However, although limited to first neighbors, the proposed
model can explain why lattice parameter differs between ordered and
disordered phases, considering that Ajn2 and Byn2 are not necessarily
equal to (A) and (B), respectively.

In the case of Fe(Al), ordered B2 phase appears in the compositional
range from 22 to 54 at.% Al for temperatures above 660 C and below
550 C a DOj structure appears [39] in a compositional range from 23 to
31 at.% [40]. Fig. 3 shows the value for the lattice parameter of Fej yAlx
alloys for B2 ordered and bcc disordered phases (data taken from [40,
411). When average values for Ay and Byy12 parameters are considered,
no change between the lattice parameter of ordered and disordered
phases is predicted (blue line in Fig. 3). In order to obtain the potential
coefficients, Byio /Asnz = I'sa ratio is taken from the experimental value
of the lattice parameter of Fe( 5Alg 5 alloy, using Eq. (2) and considering
a perfect order for this stoichiometric composition. To obtain individual
values for Apn2 and Byia, we took two choices: as a first choice we use
the average value for Ayna = (Ape +Aar)/2 and then calculate Bz =
rsaAmnz. Analogously, a second choice was using Byio = (Bre +Ba;)/2
and calculate Aynz = Baniz2/Tsa. Curves can be now calculated assuming
perfect disorder (continuous lines) and maximum order (dash-dotted
lines), i.e. Al is always in correct positions and Fe excess is placed in Al
sites. No significant differences are found whether the first or second
choice is taken. Despite the expected errors in lattice parameter, the
curves agree with the experimental data in the range of stability of
disordered bcc and ordered B2, whereas between 0.22 < x < 0.35, in
the range of DOg3 ordered structure (where half the lattice parameter of
the fcc phase is shown [40]), the lattice parameter is almost constant.
However, the model, using just first neighbors approach, is not expected
to represent this more complex system.

In the frame of the proposed model, it is possible to discuss on the
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Fig. 4. Differences between the equilibrium energy of an equiatomic super-
saturated solid solution and that corresponding to the average of the pure
metals for different binary alloys with silver as a function of the maximum
solubility (taken from [39]) of the element in Ag fcc phase and vice versa.

stability of solid solutions. In fact, using Eq. (3), we can calculate the
difference between the energy of an equiatomic solid solution and that
of the corresponding mixture of pure components as:

AUy (A 1 A2 AL,
N 4B 2 4By 4Bun
:,MJ(,ALI 7@) ©
S(BMl + BMZ) 2 4BM1 4BM2

Fig. 4 shows the calculated AU, /N values using data from Table 1S as
a function of the maximum solubility (taken from [39]) of different el-
ements in Ag and vice versa. In the average model, calculated values are
always positive as Eq. (9) can be written as:

AUy 1 (AyiBuz — AyaBin)*

i >0 10)
N 8 ByuBua(Bui + Bun)

However, configurational entropy should lead to stable solid solu-
tions when available. As a general rule, solubility increases as AU, de-
creases and AU, > 20 kJ/mol can be used as a rule of thumb to predict
insolubility between different elements.

All these features pose a very simple way to predict stability for solid
solutions, which can be straightforwardly extended to more complex
systems such as HEAs. Once composition is known, AS.,,¢ (per mol) can
be calculated as:

AS.op = —RY _xilog(x:) an

Where R is the gas constant and x; is the atomic concentration of element
i with Y x; = 1. Thus AS,.y is enhanced in equiatomic systems and
i

furthermore by addition of new elements. However, this does not
necessarily lead to single phase systems. In fact, whereas CrCuFeNiy
shows a single fcc phase, addition of Al in AlyCrCuFeNiy (0.8<x<1.5)
leads to the formation of fcc and bec phases [42], despite AScons is
enhanced almost 20%. In the frame of the model described here, we can
calculate the energy difference per mol between the average over those
of pure element phases and the corresponding complete solid solution by
extending Eq. (9) to p number of elements:

AU, A & AL,
_ A 12
N, B Z’C’4BM (12

i

Applying this to the previous case, AU, increases from 0.6 kJ/mol for
CrCuFeNiy system to 13 kJ/mol for Al; sCrCuFeNis. The relative change
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Fig. 5. T for 53,130 AlyCryoCuysFeyxsNiyxsCo100.5xi compositions with in-
crements of Ax; = 5 at.%. Binary alloys (red symbols) as well as sexinary alloys
(blue circles) and Al-free quinary alloys (green circles) are distinguished in the
figure. Teg for 70 alloys from literature [42-58] are shown as large orange
circles for single phase systems (solid symbols) and multiphase systems:
fec+bece (hollow symbols) and bee+B2 (yellow filled symbols).

in AU clearly exceeds that of AS,s and can explain why a single solid
solution is not formed for the Al containing composition but the ele-
ments partition among three different solid solutions (a bcc and two fec
phases [42]). Energy dispersive X-ray analysis can be found in the
literature showing Cu-rich composition for the fcc phases and Fe-rich for
the bcc one [42-44]. However, the semiquantitative character of this
technique prevents the use of the reported composition data to appre-
ciate a decrease in the relative effect of AU, and AS.,,. This can be
parametrized in the figure of merit T,y = AUy/AScns, which is an
effective temperature at which excess energy and thermal contribution
of configurational entropy compensate each other. Singh et al. [45]
applied 3D atom probe analysis (compositional probe within atomic
scale) to AlICrCuFeCoNiCo equiatomic alloy and reported the presence of
40 nm sized regions with Al3CrsoCu;Fe3;NigCoig9 composition. The
average equiatomic composition should lead to AU, = 10 kJ/mol and
ASconp = 14.9 J/molK, whereas in the nanometric regions the corre-
sponding values are AU, = 2.3 kJ/mol and AS., = 11.4 J/molK.
Therefore, T,y reduces from 670 K in the average composition to 200 K
in the nanocrystalline phase.

In order to supply a more complete view, Fig. 5 shows T values for
the 53,130 compositions Aly;CrxoCuysFex4NixsCo100-3xi (Stepped by
Ax; =5 at.%). Al-free and Al-containing binary alloys as well as sexi-
nary alloys and Al-free quinary alloys are distinguished in the figure.
The plot exemplifies the formidable problem to be solved when
exploring the field for HEA compositions. It can be observed that the
presence of Al in sexinary compositions increases T with respect to Al-
free quinary alloys, explaining why destabilization of single phase solid
solutions occurs as it is experimentally observed.

Experimental data on Aly;CryoCuysFexsNix5C0100.5xi compositions
(70 alloys with around 50 different compositions taken from [42-58])
are also shown in Fig. 5. In this figure, it is indicated whether the alloy
appears as a single fcc solid solution (solid orange circles), as bcc plus B2
phases (yellow filled circles with orange border) or as a mixture of fcc
and bcc phases (hollow orange circles). It is worth mentioning that in
some papers a single bcc solid solution is reported (e.g. AlyCrFeNiCo
(x > 1.25) in [48,54]) but in those cases dendritic microstructure evi-
dences the presence of partitioning in two different phases [53] and the
presence of a mixture of B2 ordered phase and bcc disordered phase is
frequently reported [51,53]. Therefore, it can be clearly appreciated a
boundary between single phase systems and multiphase systems around
Te ~500 K. This value is reasonably comparable with room tempera-
ture. Moreover, experimental data show that research on HEAs is
focused mainly on those alloys with the highest AS, (see the
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Fig. 6. Ty for the quinary and sexinary alloys collected by Gorban et al. [15]
grouped by their microstructures. In the case of intermetallic phases, bcc or fcc
solid solutions may also appear.

experimental data covering the right extreme values in Fig. 5), which is
not always the correct route when single phase solid solutions are the
desired goal.

In order to test the model in a broader range of elements, the value of
Ty for the quinary and sexinary alloys collected by Gorban et al. [15]
are shown in Fig. 6, distinguishing between those compositions leading
to fce solid solutions, bec solid solutions, mixture of them or including
intermetallic compounds (Laves, sigma, or mu phases). 16 elements (Al,
Ti, V, Cr, Mn, Fe, Co, Ni, Cu, Zr, Nb, Mo, Hf, Ta, W, and Re) are combined
in the 46 alloys shown. We found that fcc solid solutions appear below
Tefr ~ 600 K (a limit roughly in agreement but above that found for
AlCrCuFeCoNiCo system). Moreover, only three exceptions are found:
two of them correspond to about 50% fcc plus 50% sigma phase
(equiatomic quinary VCrFeCoNi and sexinary VCrFeCoNiCu), and
ReMoWNbTa alloys with bec structure. Concerning the former excep-
tions, intermetallic phases are not considered in the proposed model.
Concerning the latter exception, it is interesting that B2 ordered struc-
ture can frequently appear in these systems to accommodate differences
in the atomic radii and ReMoWNbTa shows a small 2% value of the
parameter § = 2.1%, well below the limit predicted by Yang et al. (§
< 6.6%) [14] to develop an ordered phase. Moreover, this limit was
revised to be § < 4% [4,16]. The other alloys analyzed in our study and
exhibiting bec structures showed a higher value of § > 4% and an almost
linear correlation can be found between this parameter and Ty (see
Supplementary content, figure 3S). Supplemental content also shows a
comparison between the predicted and experimental lattice parameter
for compositions with bec and fee structures (Fig. 4S).

Conclusions

A model to describe the stability of homogeneous solid solutions in
high entropy alloys is developed from the potential parameters used to
describe metallic bonding. The model assumes a first neighbor approach
for solid solutions by averaging the potential coefficients over the con-
tributions of the different atomic couples in the alloy. In the simple
average model, the average potential coefficients can be obtained by
simply averaging over the values of the corresponding elements.

The model is able to describe the deviations of the lattice parameter
from the linear law due to Vegard. When potential coefficients are ob-
tained averaging over the different couples of atoms, a good agreement
with the experimental data can be obtained. Moreover, differences in the
lattice parameter between ordered and disordered phases can be well
reproduced.

Using the simple average model, a figure of merit is proposed as an
effective temperature defined by the increment in the solid solution
bonding energy over the mixture of pure phases divided by the config-
urational entropy (T = AUp/AScons). In the particular case of the Al-
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Cr-Cu-Fe-Ni-Co system, a value of T <500 K would lead to the for-
mation of single phase solid solutions, whereas T, >500 K would lead
to the partitioning of atoms in two or more different solid solutions.
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