
Received: 22 July 2022 Revised: 23 March 2023 Accepted: 5 April 2023

DOI: 10.1002/rnc.6712

R E S E A R C H A R T I C L E

Linear matrix inequality relaxations and its application to
data-driven control design for switched affine systems

Alexandre Seuret Carolina Albea Francesco Gordillo

Dpto de Ingeniería de Sistemas y
Automática, Universidad de Sevilla,
Sevilla, Spain

Correspondence
Alexandre Seuret, Dpto de Ingeniería de
Sistemas y Automática, Universidad de
Sevilla, Camino de los Descubrimientos,
s/n 41092, Sevilla, Spain.
Email: aseuret@us.es

Funding information
MCIN/AEI and FEDER, Grant/Award
Numbers: PID2019-109071RB-I00,
PID2019-105890RJ-I00; Agence Nationale
de la Recherche (ANR)-France,
Grant/Award Number:
ANR-18-CE40-0022-01

Abstract
The problem of data-driven control is addressed here in the context of switched
affine systems. This class of nonlinear systems is of particular importance when
controlling many types of applications in electronic, biology, medicine and so
forth. Still in the view of practical applications, providing an accurate model
for this class of systems can be a hard task, and it might be more relevant to
work on data issued from some trajectories obtained from experiments and to
deploy a new branch of tools to stabilize the systems that are compatible with
the processed data. Following the recent concept of data-driven control design,
this paper first presents a generic equivalence lemma that shows a matrix con-
straint based on data, instead of the system parameter. Then, following the
concept of robust hybrid limit cycles for uncertain switched affine systems,
robust model-based and then data-driven control laws are designed based on a
Lyapunov approach. The proposed results are then illustrated and evaluated on
an academic example.
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1 INTRODUCTION

Over the past decades, robust control theory has been developed to solve analysis and control problems for a wide class of
dynamical systems.1-3 The main advantages of this method rely on the possibility to derive stability and stabilization tests
as to evaluate and measure the robustness of systems as to control these uncertain systems. These tests are often written
in the form of linear matrix inequalities (LMIs) that can be easily and efficiently solved using semi-definite program-
ming. Generally, this direction of research has a common requirement, namely knowledge of a model, even though some
parameters in the model might be subject to uncertainties modeled as norm-bounded or polytopic uncertainties. Recently,
due to the emergence of artificial intelligence and the possibility of storing numerous data, the area of data-based identi-
fication has been enhanced. The main motivation for this new paradigm is to avoid or limit the modeling phase to some
extents and to better rely on a set of several experiments providing data in order to compensate for the lack of knowledge
on the model. These methods have been developed to eliminate the common feature described above.

In this direction, reinforcement learning methods have been developed in the literature; see, for instance,4,5 to cite
only a few of them. They mainly deal with system identification, estimation of the model, but rarely address closed-loop
guarantees, and only few papers provide non-conservative constructive stabilization conditions for the closed-loop system
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2 SEURET et al.

using noisy data of finite length, which remains an open problem, even if the data are generated by a linear time-invariant
(LTI) system.

Indeed, the automatic control community has recently shown a growing interest in the problem of data-driven control
design for various classical control problems (see, for instance6-8), enhancing the tools arising from robust control theory.
In this context, the problem can be summarized as follows: How to translate a model-based stability or stabilization criteria
into a data-driven ones, without introducing conservatism?

A catalog of formulas has been provided recently in Reference 9, where several problems related to the design of
state/output feedback controllers for linear systems have been considered. It is notably shown therein that in the case
of exact data experiments arising from linear time-invariant systems, that is, without noise or uncertainties, equivalent
formulations between model-based and data-based criteria have been obtained. More recently, another elegant solution
to the data-driven design problem for linear systems has been provided in References 10 and 11.

In this paper, an extension of the S-procedure has been proposed to eliminate in an LMI condition the uncertainties
arising, for instance, from the model matrices. The underlying idea is to embed the uncertainties brought by the data
experiments into an LMI constraint, which is considered an assumption in the design method. The authors have inter-
estingly demonstrated that this assumption allows eliminating the model matrices at the price of introducing a single
decision variable to the initial conditions for stability or stabilization. A similar assumption was also made in References 6
and 12. To the best of our knowledge, this trend of research has mainly been considered for linear systems. For the non-
linear cases, the reader may look at the case of bilinear input-affine systems,13 referring to many relevant applications in
engineering, medicine, or ecology.14 The authors demonstrate therein how their formulas provided in Reference 9 for the
linear case can be efficiently adapted to this class of nonlinear systems.

In this paper, the objective is to demonstrate that data-driven methods can also be applied to a particular class of
nonlinear systems, namely switched affine systems. This class of systems represents a highly relevant theoretical and
practical area of research. From a practical point of view, they have been employed to model numerous applications
such as embedded systems, electronic power converters, mixing fluids, damping of vibrating structures, mobile sensor
networks,15 characterizing these complex systems and not intuitive behaviors. From a theoretical point of view, they
represent a particular class of hybrid dynamical systems.16,17 A particularity of switched affine systems arises from the
fact that, in general, it is not possible to stabilize their solution to a single equilibrium point but rather to a (hybrid) limit
cycle, as shown in Reference 18 and later refined in Reference 19.

In the context of data-driven methods for switched systems (affine or not), the authors of References 20 and 21 pro-
vided the first attempts on switched systems (without affine terms). However, there are only a few works considering
data-driven control design for switched affine systems, which is the objective of this paper. To the best of our knowl-
edge, the only contribution in this direction has been presented in Reference 22, where the authors consider the stability
analysis of this class of systems, when the switching signal is assumed to be an arbitrary exogenous input. The authors
of Reference 23 use machine learning algorithms, especially regression trees and random forests to model a switched
affine system using only historical data. The model is later used to establish a model predictive control or more precisely
a Data Predictive Control (DPC) to obtain optimal control system trajectories. In this paper, the model under considera-
tion is of the form x+ = A𝜎x + B𝜎u + F𝜎 , where x is the state (and x+ the forward value of x), u the control law and 𝜎 the
switching signal. This system refers to a different class of switched affine systems since it is composed of a switched linear
controlled systems (A𝜎x + B𝜎u) with affine switching terms (f𝜎) where 𝜎 is an exogenous signal.

In contrast to these works, here we consider a data-driven control design method for switched affine systems, where
the control variable is the switching signal. Following the framework provided in Reference 24 dealing with an uncertain
model-based method, this paper will present a robust data-driven control design for this class of systems. To do so the
following objectives will be addressed in the paper

• Provide a technical generic tool that allows transforming a model-based criteria for discrete-time systems into a
data-driven one.

• Solve a problem of model-based design of a stabilizing switching state-feedback control law for switched affine systems
subject to an external disturbance.

• Illustrate the potential of the preliminary technical tool though the data-driven design of switching control laws for
switched affine systems.

The structure of the paper is the following. Section 2 introduces a novel matrix-constraint relaxation, its relationship
with the existing literature and a short discussion about its potential on the data-driven stabilization of linear systems.
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SEURET et al. 3

Then, Section 3 deals with the model-based stabilization of switched affine systems subject to a bounded external distur-
bance. Then, thanks to the results in the two previous sections, the main contribution of the paper is presented in Section 4
addressing the data-driven stabilization of switched affine systems. These results are then illustrated in Section 5, where
a numerical application of the theoretical contributions is treated.

Notations: Throughout the article, N denotes the set of natural numbers, R the real numbers, Rn the n-dimensional
Euclidean space, Rn×m the set of all real n ×m matrices and Sn the set of symmetric matrices in Rn×n. For all scalars 0 <
a < b, notation [a, b]N stands for [a, b]

⋂
N, which represents the set of integers included in [a, b]. For any n and m in N,

matrices In and 0n,m (0n = 0n,n) denote the identity matrix of Rn×n and the null matrix of Rn×m, respectively. For any integer
n, 1n stands for the vector in Rn, whose entries are all equal to 1. When no confusion is possible, the subscripts of these
matrices that precise the dimension will be omitted. For any matrix M of Rn×n, the notation M ≻ 0, (M ≺ 0) means that
M is symmetric positive (negative) definite and det(M) represents its determinant. For any matrices A = A⊤

,B,C = C⊤ of

appropriate dimensions, matrix
[

A B
∗ C

]

denotes the symmetric matrix
[

A B
B⊤ C

]

. ||x||denotes the Euclidean norm of x. For

a matrix M ∈ Sn, M ≻ 0 and a vector h ∈ Rn, we denote the shifted ellipsoid (M, h) =
{

x ∈ Rn
, (x − h)⊤M(x − h) ≤ 1

}
.

2 MATRIX- CONSTRAINED RELAXATION

2.1 New lemma for data-driven analysis

The following lemma, which is the first contribution of the paper, presents a generic method to transform a problem
of a particular matrix inequality depending on parameters that verify a quadratic constraint into a formulation that is
independent of these parameters. Several solutions to this problem, also known as Quadratic Matrix Inequality, are stated
below.

Lemma 1. For given positive integers n,m, q, consider matrices (1,2,1,2) in Sq × Sn ×Rq×n ×Rq×m

and a symmetric matrix Ψ =
[
Ψ1 Ψ2
∗ Ψ3

]

∈ Sn+p such that Ψ3 ≺ 0.

Then, the following statements are equivalent.

(i) Inequality

() =

[
1 1 +2

⊤

∗ 2

]

≻ 0, ∀ ∈ Σ(Ψ) (1)

holds. Σ(Ψ) represents the nonempty set of allowable uncertain matrices characterized by a quadratic constraint
defined as follows,

Σ(Ψ) ∶=
⎧
⎪
⎨
⎪
⎩

 ∈ R
n×m s.t.

[
In


⊤

]⊤ [
Ψ1 Ψ2

∗ Ψ3

][
In


⊤

]

≽ 0
⎫
⎪
⎬
⎪
⎭

. (2)

(ii) There exist matrices (, ) ∈ Sn ×Rq×n and a positive scalar 𝜂 > 0 such that

⎡
⎢
⎢
⎢
⎢
⎢
⎣

1  1 − 2

∗ 2 − 0 0
∗ ∗  − 𝜂Ψ1 −𝜂Ψ2

∗ ∗ ∗ −𝜂Ψ3

⎤
⎥
⎥
⎥
⎥
⎥
⎦

≻ 0. (3)

(iii) There exists a positive scalar 𝜂 > 0 such that

⎡
⎢
⎢
⎢
⎣

1 1 2

∗ 2 − 𝜂Ψ1 −𝜂Ψ2

∗ ∗ −𝜂Ψ3

⎤
⎥
⎥
⎥
⎦

≻ 0. (4)
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4 SEURET et al.

Proof. The proof is divided into three steps.
(i)⇒(ii): The first step of the proof is to find an appropriate expression of matrices that belong to Σ(Ψ). For
any matrix in Σ(Ψ), it holds

0 ⪯

[
In


⊤

]⊤ [
Ψ1 Ψ2

∗ Ψ3

][
In


⊤

]

= ̃ −

[
In


⊤

]⊤ [
̃ − Ψ1 −Ψ2

∗ −Ψ3

][
In


⊤

]

,

where ̃ is any matrix in Sn. In addition, condition Ψ3 ≺ 0 ensures that there exists a matrix ̃ such that[
̃ − Ψ1 −Ψ2
∗ −Ψ3

]

is positive definite, which allows applying the Schur complement as follows

⎡
⎢
⎢
⎢
⎣

[
̃ − Ψ1 −Ψ2

∗ −Ψ3

]−1 [
In


⊤

]

∗ ̃

⎤
⎥
⎥
⎥
⎦

≻ 0.

Note that it is not the usual way to apply the Schur complement, but this dual way has been considered to keep

block (1, 2) (resp. (2, 1)) with
[

In

⊤

]

(resp. its transpose). Next, pre- and post-multiply the previous inequality

by
[
̃
 0
0 I

]

and its transpose, respectively, where ̃
 is any matrix in Rp×(n+m). Then, having ∈ Σ(Ψ) implies

⎡
⎢
⎢
⎢
⎣

̃


[
̃ − Ψ1 −Ψ2

∗ −Ψ3

]−1

̃


⊤
̃


[
In


⊤

]

∗ ̃

⎤
⎥
⎥
⎥
⎦

≻ 0. (5)

The previous calculations ensure that inequality (1) can be rewritten as () ≻ 0, for all  so that
(5) holds. Using an S-procedure, this statement is equivalent to the existence of a positive scalar 𝜂 > 0
such that

[
1 1 +2

⊤

∗ 3

]

− 𝜂
⎡
⎢
⎢
⎢
⎣

̃


[
̃ − Ψ1 −Ψ2

∗ −Ψ3

]−1

̃


⊤
̃


[
In


⊤

]

∗ ̃

⎤
⎥
⎥
⎥
⎦

≻ 0,

which, together with the Schur complement, writes

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1

([
1 2

]
− 𝜂 ̃

)
[

In


⊤

]

𝜂
̃


∗ 2 − 𝜂 ̃ 0

∗ ∗

[
𝜂
̃ − 𝜂Ψ1 −𝜂Ψ2

∗ −𝜂Ψ3

]

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

≻ 0.

Selecting 𝜂 ̃ =  and 𝜂 ̃ =
[
1 − 2

]
so that

([
1 2

]
− 𝜂 ̃

)
[

In


⊤

]

=
[
 0

]
[

In


⊤

]

= ,
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SEURET et al. 5

makes disappear the dependence of the condition on the uncertain matrix  and concludes the first part of
the proof.

(ii)⇒(iii): Pre- and post-multiplying inequality (3) by

[In 0 0 0
0 In In 0
0 0 0 In

]

and its transpose, respectively, leads

to (4), where matrices and have been eliminated.

(iii)⇒(i): Pre- and post-multiplying inequality (4) by
[

In 0 0
0 In 

]

and its transpose, respectively, leads to

0 ≺

[
1 1 +2

⊤

∗ 2

]

− 𝜂
⎡
⎢
⎢
⎢
⎣

0 0

∗

[
In


⊤

]⊤ [
Ψ1 Ψ2

∗ Ψ3

][
In


⊤

]
⎤
⎥
⎥
⎥
⎦

.

This inequality proves that inequality (1) holds for all matrices that belong to Σ(Ψ), since the second term
is negative semi-definite. ▪

2.2 Comparison with the S-Lemma

Lemma 1 provides an alternative formulation in robust analysis for uncertain matrices subject to quadratic constraints of
the form (2) compared to the one presented in References 10 and 11. For the sake of consistency, the S-Lemma provided
in Reference 10 is recalled in the following lemma.

Lemma 2 (10, Th.9). Let s,Ψs ∈ R(ns+ms)×(ns+ms) be symmetric matrices and assume that there exists

some matrixs ∈ Rns×ms such that
[ Ins


⊤

s

]⊤

Ψs

[ Ins


⊤

s

]

≻ 0. Then the following statements are equivalent:

(i)
[ Ins


⊤

s

]⊤

s

[ Ins


⊤

s

]

≻ 0, ∀s ∈ Σ(Ψs) ⊂ Rns×ms , where set Σ(Ψs) has the same definition as in (2) but replacing Ψ

by Ψs.
(ii) There exists a scalar 𝜂 > 0 such thats − 𝜂Ψs ≻ 0.

The main similarities and differences with respect to this formulation are described here. Let us first note that both
lemmas address the same problem, consisting of the satisfaction of a matrix inequality subject to uncertain matrices
characterized by a quadratic constraint. The main interest of both lemmas is to derive equivalent inequalities that are
independent of the uncertain matrix (ors). Finally, both lemmas can be seen as application of the usual manipulations
on LMI such as Schur Complement, Finsler’s lemma and S-procedure.

Apart from presenting these similarities, both lemmas have substantial differences. First, Lemma 2 requires that
matrix s has the same size as Ψs, that characterizes the quadratic constraint on . Lemma 1 is more flexible in
this sense, as there is no relationship between matrices 1 and Ψ, which are independent. This flexibility has the
benefit of reducing the initial manipulations to derive, from usual stability or control problems, the appropriate expres-
sion of  and Ψ to fit the framework of Lemma 2. In fact, the relationship between both lemmas can be seen by
selecting

ns = q + n, ms = m, 
⊤

s =
[
0m×q 

⊤

]
, s =

⎡
⎢
⎢
⎢
⎣

1 1 2

∗ 2 0
∗ ∗ 0

⎤
⎥
⎥
⎥
⎦

, Ψs =
⎡
⎢
⎢
⎢
⎣

0 0 0
∗ Ψ1 Ψ2

∗ ∗ Ψ3

⎤
⎥
⎥
⎥
⎦

.

From this selection, it is clear that item (ii) of Lemma 2 is equivalent to item (iii) of Lemma 1, showing that Lemma 1 is a
particular case of Lemma 2. Therefore, it is important to understand the advantages of Lemma 1 with respect to Lemma 2,
since they can be used for the same purpose. The first one is related to the structure of matrix(), which appears in
many constructive LMI problems for the stabilization of discrete-time systems. As a first illustration, consider the problem
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6 SEURET et al.

of stabilization of a discrete-time linear system x+ = Ax + Bu using a state-feedback controller u = Kx, where we adopted
the following notation x+ = xk+1 and x = xk. Using a quadratic Lyapunov function, with a positive definite matrix P, the
condition for the stabilization of this system writes

(A + BK)⊤P(A + BK) − P ≤ 0.

Then, as usual in this context, the design of the control gain is obtained by introducing W = P−1 and applying the Schur
complement to the first term of the previous inequality, leading to the equivalent problem

0 ≺(A,B) =

[
W WA⊤ +WK⊤B⊤

∗ W

]

=
⎡
⎢
⎢
⎢
⎣

W
[

W WK⊤

]
[

A⊤

B⊤

]

∗ W

⎤
⎥
⎥
⎥
⎦

.

This usual manipulation drives naturally to the formulation of item (i) in Lemma 1 and, it is easy to identify that for this
very simple example

1 =2 = W , 1 = 0, 2 =
[

W WK⊤

]
,  =

[
A B

]
.

Then Lemma 1 leads to the following equivalent formulation

0 ≺
⎡
⎢
⎢
⎢
⎣

W 0
[

W WK⊤

]

∗ W − 𝜂Ψ1 −𝜂Ψ2

∗ ∗ −𝜂Ψ3

⎤
⎥
⎥
⎥
⎦

,

which can be rewritten as an LMI by introducing a new decision variable Y = KW .
Keeping the same example and following the development presented in Reference 10 or Reference 6, the LMI stabi-

lization problem cannot be treated directly. First, a manipulation is required to solve the problem, that is, to consider the
dual or transpose problem that is

(A + BK)P(A + BK)⊤ − P ≤ 0.

Then, it is possible to apply the equivalence formulation proposed in Lemma 2. This manipulation is the key step in
the developments provided in Reference 10. Note that this manipulation is correct when considering this simple linear
time-invariant example, since both LMIs are necessary and sufficient conditions for matrix A + BK to be Schur stable and
consequently for the transpose matrix (A + BK)⊤ to be Schur stable as well. However, this manipulation is not permitted
any more, or at least has to be studied carefully when other classes of systems are considered such as systems subject to
nonlinearities, saturations, etc.

In order to avoid working on the transpose matrix, one may apply the Schur complement and work on the same
inequality s(A,B) =(A,B). However, by doing this, the problem fits exactly to the structure of the inequality
presented in item (i) of Lemma 1, for which no additional manipulations are further needed.

Even though this example may seem too simple, a more complicated stabilization problem will be considered in the
next section on switched affine systems. In this situation, one can better understand the potential and simplicity of the
proposed formulation. This is the main motivation to use Lemma 1.

Another important issue is related to item (ii) in Lemma 1, which introduces two slack variables, namely 
and  . In light of item (iii), these slack variables are not needed, in general. However, there exist at least two sit-
uations in which these additional degrees of freedom could be useful. The first refers to the case where matrices
in () are subject to uncertainties. A second case of interest appears in the context of an optimization problem,
where these slack variables may ease the search for the optimal solution, as we will show in the latter example
section.
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SEURET et al. 7

3 ROBUST HYBRID CYCLES FOR PERTURBED SWITCHED AFFINE
SYSTEMS

In this section, the objective is to present constructive stabilization conditions for switched affine systems subject to a
bounded external disturbance. After formulating the problem under consideration, several preliminaries on robust hybrid
cycles and cycles for this class of systems will be documented. Then, the first contribution of this paper on the robust
model-based stabilization of switched affine systems will be presented.

3.1 System data

Consider the discrete-time switched affine system governed by the following dynamics.

⎧
⎪
⎨
⎪
⎩

x+ = A𝜎x + B𝜎 + w,
𝜎 ∈ u(x) ⊂ K,

x0 ∈ Rn
,

(6)

where x ∈ Rn is the state vector. At any time instant k ∈ N, x, and x+ stand for x(k) and x(k + 1), respectively. In (6), the
time argument k ∈ N is omitted for the sake of simplicity. Likewise, 𝜎 ∈ K ∶= {1, 2, ..,K} characterizes the active mode.
The dynamics of the system is affected by an external disturbance vector w ∈ Rn that verifies

w⊤w ≤ 𝜆2
, (7)

for some given positive real number 𝜆. Finally, Aj ∈ Rn×n and Bj ∈ Rn×1 are the matrices of mode j ∈ K, which are not
necessarily constant and known but it is assumed that they possibly belong to a polytopic set of uncertainties. The partic-
ularity of this class of systems relies on its control action, which is only performed by selecting the active mode 𝜎, which
requires particular attention.

The objective here is to design a suitable set-valued map u in system (6) that ensures the convergence of the state
trajectories to a set to be characterized accurately. Note that the property of u of being a set-value map comes from the
fact that u ∈ K. A model-driven solution to this problem was provided in Reference 24 and will be summarized hereafter.
Interestingly, this paper provides a solution for robust stabilization of switched affine systems, which consists of proving
that the solutions to the closed-loop system converge to a robust limit cycle which is composed of the union of shifted
ellipsoid. This solution will be recalled in the next section.

This formulation paves the way for the problem of the data-driven design of stabilizing controllers for switched affine
systems. Let us first formulate the problem of data-driven control.

3.2 Cycles and robust limit cycles
Following the ideas developed in Reference 24, the notion of limit cycles25,26 is adapted to the problem under considera-
tion. Before presenting the concept of robust limit cycles, let us first introduce the following definitions.

Definition 1 (Cycle). A cycle, denoted as 𝜈, is a periodic function from N to K. More precisely, this means
that there exists N in N ⧵ {0}, such that

𝜈(i + N) = 𝜈(i), ∀i ∈ N.

For any cycle 𝜈, notations N𝜈 and D𝜈 stand for the minimum period and the minimum domain of 𝜈,
respectively. More formally, they are defined as follows

N𝜈 ∶= min N ∈ N ⧵ {0} s.t. 𝜈(i + N) = 𝜈(i) ∈ K, ∀i ∈ N,

D𝜈 ∶= {1, 2, … ,N𝜈}.

Definition 2 (Set of cycles). Denote the set of cycles from N to K by

 ∶= {𝜈 ∶ N → K, s.t. ∃N ∈ N ⧵ {0}, ∀i ∈ N, 𝜈(i + N) = 𝜈(i)} .
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8 SEURET et al.

F I G U R E 1 Illustration of a robust limit cycle composed of three subsets and associated to the cycle 𝜈 = {1, 1, 2}. Inclusions (8) impose
the invariance of the trajectories inside the robust limit cycle.

To ease readability, we introduce the following modulo notation: ⌊i⌋𝜈 = ((i − 1) mod N𝜈) + 1, for any i ∈ N ⧵ {0}. In
particular, ⌊i⌋𝜈 = i, for any i = 1, … ,N𝜈 and ⌊N𝜈 + 1⌋𝜈 = 1. The notion of robust limit cycles, which extends the definition
of limit cycles in References 25 and 26, is adapted to discrete-time systems and is defined below.

Definition 3 (Robust Limit Cycles). System (6) admits a robust limit cycle associated with a cycle 𝜈 ∈  if
there exist possibly disjoint subsets i ⊂ Rn, for i ∈ D𝜈 such that

A𝜈(i)i + B𝜈(i) ⊂ ⌊i+1⌋
𝜈

, ∀i ∈ D𝜈. (8)

In inclusion (8), the left-hand side of the inclusion means, with a light abuse of notation, that, for any i ∈ D𝜈 and for all
x ∈ i, vector A𝜈(i)x + B𝜈(i) belongs to ⌊i+1⌋

𝜈

. In the sequel, Figure 1 illustrates this set of inclusions and the relationship
with the cycle. If, in some cases, the subsets composing the robust limit cycles are reduced to singletons, that is,i = {𝜌i},
for all i ∈ D𝜈 , then inclusion (8) is rewritten as a set of equalities given by

𝜌⌊i+1⌋
𝜈

= A𝜈(i)𝜌i + B𝜈(i), ∀i ∈ D𝜈, (9)

illustrating then that inclusions (8) are the natural extension of (9).
Note that the idea of studying limit cycles for switched affine systems has been considered in Reference 18 for the case

of constant and known matrices Aj and Bj. In this case, necessary and sufficient constructive conditions for the existence
of {𝜌i}i∈D

𝜈

, for a given cycle 𝜈, have been provided in Reference 24, while it was only an assumption in Reference 18. It
is also worth noting that the structure of the control law provided in Reference 18 complicates the study of robust limit
cycles since their control law requires exact knowledge of the system matrices.

3.3 Robust model-based stabilization of switched affine systems

A solution to the stabilization of switched affine systems subject to external disturbances to a robust limit cycle
is presented here following the idea and concept borrowed from Reference 24. The main difference with respect
to Reference 24 is the addition of the bounded external disturbance in (6). The robust stabilization problem is formalized
as follows.
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SEURET et al. 9

Theorem 1. For a given cycle 𝜈 in  and for a parameter 𝜇 ∈ (0, 1), consider the solution {(Wi, 𝜁i, 𝛿i)}i∈D
𝜈

in
Sn ×Rn ×R to the following problem.

Φi(A𝜈(i),B𝜈(i)) ≻ 0, Wi ≻ 0, 𝛿i > 0, ∀i ∈ D𝜈 ,
(10)

where matricesΦi are defined for all i in D𝜈 as follows.

Φi(A𝜈(i),B𝜈(i)) =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

(1 − 𝜇)Wi 0 0 WiA⊤

𝜈(i)

∗ 𝜇 − 𝛿i𝜆
2 0 𝜁

⊤

i A⊤

𝜈(i) + B⊤
𝜈(i) − 𝜁

⊤

⌊i+1⌋
𝜈

∗ ∗ 𝛿iI I
∗ ∗ ∗ W⌊i+1⌋

𝜈

⎤
⎥
⎥
⎥
⎥
⎥
⎦

. (11)

Then, attractor

𝜈 ∶=
⋃

i∈D
𝜈

(W−1
i , 𝜁i) (12)

with

(W−1
i , 𝜁i) =

{
x ∈ R

n
, i ∈ D𝜈

|
|
|
(x − 𝜁i)⊤W−1

i (x − 𝜁i) ≤ 1
}
,

is robustly globally exponentially stable for system (6) with the disturbance signal (7) and with the switching
control law

u(x) =

{

𝜈 (𝜃) , 𝜃 ∈ argmin
i∈D

𝜈

(x − 𝜁i)⊤W−1
i (x − 𝜁i)

}

⊂ K. (13)

Proof. The proof of this theorem is largely inspired by Serieye et al..24 This theorem is demonstrated thanks
to the Lyapunov function built with matrices W−1

i ≻ 0 and vectors 𝜁i’s that are the decision variables of (11)
and given by

V(x) = min
i∈D

𝜈

(x − 𝜁i)⊤W−1
i (x − 𝜁i). (14)

The forward increment of the Lyapunov function writes

ΔV(x) = min
i∈D

𝜈

(x+ − 𝜁i)⊤W−1
i (x+ − 𝜁i) −min

𝜄∈D
𝜈

(x − 𝜁𝜄)⊤W−1
𝜄
(x − 𝜁𝜄)

= min
i∈D

𝜈

(x+ − 𝜁i)⊤W−1
i (x+ − 𝜁i) − (x − 𝜁𝜃)⊤W−1

𝜃
(x − 𝜁𝜃). (15)

The last equation holds since 𝜃 is the value of D𝜈 that minimizes (x − 𝜁𝜄)⊤W−1
𝜄
(x − 𝜁𝜄) according to the

control law (13). Furthermore, we have

min
i∈D

𝜈

(x+ − 𝜁i)⊤W−1
i (x+ − 𝜁i) ≤ (x+ − 𝜁⌊𝜃+1⌋

𝜈

)⊤W−1
⌊𝜃+1⌋

𝜈

(x+ − 𝜁⌊𝜃+1⌋
𝜈

)

since the minimum is always lower than or equal to any other term. This expression only considers a particular
case, which is i = ⌊𝜃 + 1⌋𝜈 . All together, an upper bound of the increment of the Lyapunov function is derived
as follows

ΔV(x) ≤ (x+ − 𝜁⌊𝜃+1⌋
𝜈

)⊤W−1
⌊𝜃+1⌋

𝜈

(x+ − 𝜁⌊𝜃+1⌋
𝜈

) − (x − 𝜁𝜃)⊤W−1
𝜃
(x − 𝜁𝜃). (16)

Next, we note that

x+ − 𝜁⌊𝜃+1⌋
𝜈

= A𝜈(𝜃)(x − 𝜁𝜃) + A𝜈(𝜃)𝜁𝜃 + B𝜈(𝜃) − 𝜁⌊𝜃+1⌋
𝜈

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟


𝜈(𝜃)

+ w,
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10 SEURET et al.

where 𝜈(𝜃) is not necessarily zero. Let us now introduce 𝜒⊤
𝜃
= [(W−1

𝜃
(x − 𝜁𝜃))⊤ 1 𝜔⊤], so that

x − 𝜁𝜃 = [W𝜃 0 0]𝜒𝜃
x+ − 𝜁⌊𝜃+1⌋

𝜈

= [A𝜈(𝜃)W𝜃 𝜈(𝜃) I]𝜒𝜃.

Using this notation, the increment of the Lyapunov function can be expressed as follows:

ΔV(x) ≤ 𝜒⊤
𝜃

⎛
⎜
⎜
⎜
⎜
⎝

⎡
⎢
⎢
⎢
⎣

W𝜃A⊤

𝜈(𝜃)


⊤

𝜈(𝜃)

I

⎤
⎥
⎥
⎥
⎦

W−1
⌊𝜃+1⌋

𝜈

⎡
⎢
⎢
⎢
⎣

W𝜃A⊤

𝜈(𝜃)


⊤

𝜈(𝜃)

I

⎤
⎥
⎥
⎥
⎦

⊤

−
⎡
⎢
⎢
⎢
⎣

W𝜃

0
0

⎤
⎥
⎥
⎥
⎦

W−1
𝜃

⎡
⎢
⎢
⎢
⎣

W𝜃

0
0

⎤
⎥
⎥
⎥
⎦

⊤⎞
⎟
⎟
⎟
⎟
⎠

𝜒𝜃. (17)

In addition to the previous inequality, we need to include the constraint on the external disturbance (7) as
well as the fact that we will require convergence to the attractor 𝜈 , that is, for all x ∈ Rn such that V(x) ≤ 1.
Using two S-procedures, this means that there exist two positive scalars 𝜇 > 0 and 𝛿 > 0, such that

ΔV(x) ≤ 𝜒
⊤

𝜃

⎛
⎜
⎜
⎜
⎜
⎝

⎡
⎢
⎢
⎢
⎣

W𝜃A⊤

𝜈(𝜃)


⊤

𝜈(𝜃)

I

⎤
⎥
⎥
⎥
⎦

W−1
⌊𝜃+1⌋

𝜈

⎡
⎢
⎢
⎢
⎣

W𝜃A⊤

𝜈(𝜃)


⊤

𝜈(𝜃)

I

⎤
⎥
⎥
⎥
⎦

⊤

−
⎡
⎢
⎢
⎢
⎣

W𝜃

0
0

⎤
⎥
⎥
⎥
⎦

W−1
𝜃

⎡
⎢
⎢
⎢
⎣

W𝜃

0
0

⎤
⎥
⎥
⎥
⎦

⊤⎞
⎟
⎟
⎟
⎟
⎠

𝜒𝜃 − 𝜇(V(x) − 1) − 𝛿(𝜆2 − w⊤w)

= 𝜒
⊤

𝜃

⎛
⎜
⎜
⎜
⎜
⎝

⎡
⎢
⎢
⎢
⎣

W𝜃A⊤

𝜈(𝜃)


⊤

𝜈(𝜃)

I

⎤
⎥
⎥
⎥
⎦

W−1
⌊𝜃+1⌋

𝜈

⎡
⎢
⎢
⎢
⎣

W𝜃A⊤

𝜈(𝜃)


⊤

𝜈(𝜃)

I

⎤
⎥
⎥
⎥
⎦

⊤

−
⎡
⎢
⎢
⎢
⎣

(1 − 𝜇)W𝜃 0 0
∗ 𝜇 − 𝛿𝜆2 0
∗ ∗ 𝛿I

⎤
⎥
⎥
⎥
⎦

⎞
⎟
⎟
⎟
⎟
⎠

𝜒𝜃.

(18)

Applying the Schur complement leads to the expression of Φi(A𝜈(i),B𝜈(i)). If all matrices Φi(A𝜈(i),B𝜈(i)) in
(11) are positive definite, then the increment of the Lyapunov function is negative definite outside of 𝜈 .

To show that 𝜈 is also an invariant set of the closed-loop system (6), it suffices to write V(x+) = V(x) +
Δ V(x). Then, enforcing the introduction of the terms employed in the S-procedure during the first step of the
proof, we get

V(x+) = V(x) − (𝜇(V(x) − 1) + 𝛿(𝜆2 − w⊤w)) + ΔV(x) + (𝜇(V(x) − 1) + 𝛿(𝜆2 − w⊤w)).

Following the previous developments, the previous expression writes

V(x+) = V(x) − (𝜇(V(x) − 1) + 𝛿(𝜆2 − w⊤w)) + 𝜒⊤
𝜃

⎛
⎜
⎜
⎜
⎜
⎝

⎡
⎢
⎢
⎢
⎣

W𝜃A⊤

𝜈(𝜃)


⊤

𝜈(𝜃)

I

⎤
⎥
⎥
⎥
⎦

W−1
⌊𝜃+1⌋

𝜈

⎡
⎢
⎢
⎢
⎣

W𝜃A⊤

𝜈(𝜃)


⊤

𝜈(𝜃)

I

⎤
⎥
⎥
⎥
⎦

⊤

−
⎡
⎢
⎢
⎢
⎣

(1 − 𝜇)W𝜃 0 0
∗ 𝜇 − 𝛿𝜆2 0
∗ ∗ 𝛿I

⎤
⎥
⎥
⎥
⎦

⎞
⎟
⎟
⎟
⎟
⎠

𝜒𝜃.

Since all matricesΦi(A𝜈(i),B𝜈(i)) in (11) are positive definite, the last term of the previous expression is negative
definite (by application of the Schur Complement). This implies that the following inequality holds

V(x+) ≤ V(x) − 𝜇(V(x) − 1) − 𝛿(𝜆2 − w⊤w) ≤ V(x) − 𝜇(V(x) − 1) = (1 − 𝜇)V(x) − 𝜇,

where the last inequality holds because w⊤w ≤ 𝜆2 holds by assumption. The proof is concluded by recalling
that V(x) ≤ 1 and 𝜇 ∈ (0, 1), which ensure V(x+) ≤ 1 − 𝜇 + 𝜇 ≤ 1. ▪

Before going further on the optimization procedure or the extension to the data-driven case, several comments should
be properly stated to highlight the contributions of Theorem 1 with respect to the existing literature on switched affine
systems.
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SEURET et al. 11

F I G U R E 2 Outer estimation of the robust limit cycle thanks to attractor 
𝜈

expressed as the union of shifted ellipsoids characterized
by {(Wi, 𝜁i)}i∈D

𝜈

, the solution to the LMI problem (10).

First, it should be noted that the LMI conditions presented in Theorem 1 are affine and consequently convex with
respect to the system matrices (Aj,Bj)j∈K. This structure allows for a direct extension to the case of uncertain mode matri-
ces. The previous theorem ensures that ellipsoids (W−1

i , 𝜁i) verify inclusions (8) that characterize robust limit cycles (as
shown in Figure 2), whenever matrices (Aj,Bj)j∈K are known and constant or not. When comparing the first and recent
paper on the convergence of switched affine systems to limit cycles,18 the control law proposed therein is a time-varying
state feedback that requires exact knowledge of the system matrices. Therefore, this method is not applicable to the
problem under consideration and, more generally, it is impossible to extend the solution provided in Reference 18 to the
case of uncertain systems. Furthermore, the added value of the present contribution with respect to Reference 24 refers
to the inclusion of an external disturbance w, which is assumed to be bounded but not vanishing as time increases. This
external noise affects the size of the ellipsoids composing the attractor in the sense that the larger the amplitude of the
noise, the larger the size of the attractor.

In addition, the authors of Reference 18 have also considered the situation of switched affine systems subjected to
an external disturbance. However, the disturbance function is assumed to be L2, so that an L2 performance analysis was
performed. This is a stronger assumption compared to the paper in hand. Indeed, having bounded but not vanishing
disturbances prevents stabilization to a limit cycle (i.e., the union of singletons) but allows it in a robust limit cycle (i.e.,
the union of ellipsoids). The case of L2 performance analysis can be easily processed using the usual LMI techniques and
is therefore not provided in this article.

It should be noted that if the matrices of all modes are constant and known, the decision variables 𝜁i’s can be replaced
by 𝜌i’ s, the solution to (9). Then, the off-diagonal block (2, 4) and (4, 2) ofΦ(A𝜈(i),B𝜈(i)) equal to zero, by definition, and sev-
eral simplifications of the conditions can be performed. Indeed, the application of the Schur complement twice, condition
Φ(A𝜈(i),B𝜈(i)) ≻ 0 is equivalent to

A𝜈(i)WiA⊤

𝜈(i) − (1 − 𝜇)W⌊i+1⌋
𝜈

+ 𝛿iI ≺ 0, 𝛿i >
(1 − 𝜇)𝜆2

𝜇

, ∀i ∈ D𝜈 ,

where 𝛿i is a new decision variable that stands for (1 − 𝜇)𝛿−1
i and where we recall that 𝜇 is a tuning parameter that must

be fixed a priori.
Finally, a deeper discussion of the stabilization to robust limit cycles conditions has been provided in Reference 24,

going beyond the results provided in Reference 18, such as, for instance, the necessary and sufficient conditions for the
existence of a limit cycle and the comparison between the time-varying state feedback controller and the pure state feed-
back law (13). In addition, as in Reference 18, a general optimization problem has been presented thanks to the definition
of a generic cost function, which aims to characterize the distance of the attractors to a desired reference, the amplitude
of the limit cycles, etc. This problem allows for selecting the optimal cycle among a set of possible cycles that minimizes
this cost function. This discussion is not presented in this paper to avoid repetition with Reference 24.
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12 SEURET et al.

Remark 1. The complexity of the LMI condition of Theorem 1 relies on the number of decisions variables
((n(n + 1)∕2 + n + 1)N𝜈) and on the dimension of the condition ((3n + 1)N𝜈). Noting that the length of the
limit cycle under consideration, N𝜈 , is limited to 10 in practice, the complexity of the LMI of Theorem 1 is
reasonable.

4 DATA-DRIVEN CONTROL FOR SWITCHED AFFINE SYSTEMS

4.1 Measurement noise and modelling of uncertainties

Unlike in Reference 24, the matrices that define the modes of (6) are not assumed to be known here. Only some experi-
mental data are available and will be used to design the control law. Following the method presented in References 6 and
11, we define the following matrices:

X+
j ∶=

[
x+j,1 x+j,2 … x+j,pj

]
, Xj ∶=

[
xj,1 xj,2 … xj,pj

]
. (19)

Matrices X+
j ∈ R

n×pj and Xj ∈ R
n×pj collect all the data from the experiments obtained for several initial conditions

xj,𝓁 . Subscripts “j” and “𝓁” in xj,𝓁 refer to the mode under consideration and the index of the experiment, respectively.
Notation 𝓁 does not necessarily refer to time here. In fact, experiments can be built using arbitrary vectors xj,𝓁 , or selecting
them such that x+j,𝓁 = xj,𝓁+1 for all 𝓁 = 1, … , pj − 1.
An experiment (x+j,𝓁 , xj,𝓁) verifies the following equation

x+j,𝓁 = Ajxj,𝓁 + Bj + wj,𝓁 , ∀𝓁 ∈ [1, pj]N, ∀j ∈ K.

Differently from the usual linear case,6,10-12 one has to differentiate the experiments performed for each mode j in K. In
the previous equation, the experiments have been corrupted by the measurement noise represented by the additional
vector wj,𝓁 , for all j,𝓁 in K × [1, pj]N that is also gathered in matrix 𝜔j defined as follows

𝜔j =
[

wj,1 wj,2 … wj,pj

]
∈ R

n×pj
.

Summing up all these ingredients, the experimental data verify the following equation.

X+
j = AjXj + Bj1⊤pj

+ 𝜔j, ∀j ∈ K. (20)

Again, several definitions inspired by Waarde et al.11 need to be stated to properly formulate the control problem.

Definition 4 (11). Consider the data matrix Yj associated to each mode defined as follows

Yj =
⎡
⎢
⎢
⎢
⎣

In X+
j

0 −Xj

0 −1⊤pj

⎤
⎥
⎥
⎥
⎦

, ∀j ∈ K. (21)

Matrices Yj are called data matrices and will be of fundamental interest throughout the paper. Its relevance is
demonstrated by noting that

[
In Aj Bj

]
Yj =

[
In 𝜔j

]
. (22)

Indeed it reflects the relationship between the uncertain matrices of the system, that is, Aj,Bj, and the measurement
noise associated with these experiments, that is, 𝜔j. Equation (22) also provides some information on the relevance of
the information. Essentially, matrices Yj need to include a sufficiently large number of experiments in order to be used
in the control design phase. This intuition is formalized in the next definition taken from References 10 and 11 on the
informative nature of matrices Yj.6,7

Definition 5. A matrix Yj given in (21) is said to be informative if YjY⊤

j is nonsingular (or equivalently
positive definite).
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SEURET et al. 13

Definition 6. Data {Xj}j∈K are called persistently exciting for the switched affine system (6) if matrices
[Xj

1⊤pj

]

have full row rank.

Lemma 3. Matrices {Yj}j∈K are informative only if and only if {Xj}j∈K are persistently exciting for the switched
affine system (6).

Proof. Assume that matrices {Yj}j∈K are informative, this means that YjY⊤

j are non-singular. More par-

ticularly, the lowest (n + 1) × (n + 1) diagonal block are given by
[Xj

1⊤pj

] [Xj

1⊤pj

]⊤

, which are nonsingular as

well. Therefore, matrices {Xj}j∈K are persistently excited. The reverse implication is direct by noting that if
{Xj}j∈K are assumed to be persistently excited, then matrices Yj are full row rank because of the structure of
Yj in (21). ▪

Assumption 1. Matrices {Yj}j∈K are informative.

In the sequel, we will use the same lines as those that have been introduced in References 10 and 11, consisting of
imposing the following assumption on the data noise.

Assumption 2. For all j in K, there exists a symmetric matrixΨj =
[
Ψj1 Ψj2
∗ Ψj3

]

in S
n+pj such thatΨj3 ≺ 0 and

[
In

𝜔
⊤

j

]⊤

Ψj

[
In

𝜔
⊤

j

]

≽ 0, (23)

for the data noise 𝜔j satisfying (20).

Following the setup presented in Section 2, (23) in Assumption 2 is rewritten following the form given in (2), that is,
as an inequality expressed in terms of matrices Aj,Bj instead of 𝜔j. Therefore, we now define the set Σ(Ψj,Yj) as follows:

Σ(Ψj,Yj) ∶=

⎧
⎪
⎪
⎨
⎪
⎪
⎩

[Aj Bj] ∈ R
n×(n+1) s.t.

⎡
⎢
⎢
⎢
⎣

I
A⊤

j

B⊤j

⎤
⎥
⎥
⎥
⎦

⊤

YjΨjY⊤

j

⎡
⎢
⎢
⎢
⎣

I
A⊤

j

B⊤j

⎤
⎥
⎥
⎥
⎦

≽ 0

⎫
⎪
⎪
⎬
⎪
⎪
⎭

. (24)

As in Section 2, this set represents all the possible pairs of matrices Aj and Bj in Rn×n and Rn×1 that verify (20) and
where the data noises 𝜔j verify Assumption 2.

Summing up the previous ingredients, the problem can be formulated as follows.

Problem 1. Find decision variables {(Wi, 𝜁i)}i∈D
𝜈

in Sn ×Rn such that, for all i in D𝜈

Φi(A𝜈(i),B𝜈(i)) ≻ 0, ∀(A𝜈(i),B𝜈(i)) ∈ Σ(Ψ𝜈(i),Y𝜈(i)). (25)

This problem fits exactly in the framework presented in Section 2, and a solution is provided in the theorem below.
More precisely, if such a problem admits a solution, then it is possible to build a stabilizing control law such that the
closed-loop trajectories of the switched affine system (6) globally and asymptotically converge to an outer estimation of
the robust limit cycle 𝜈 , composed of the union of shifted ellipsoids, characterized by {(Wi, 𝜁i)}i∈D

𝜈

, solution to the LMI
problem (25).

It is also worth noting that the previous problem refers to a data-driven control design, since matrices Aj,Bj are not
involved in the previous problem, which only requires data experiments.

4.2 Main result

This section provides a new contribution to the data-based design of the stabilizing switching control law for switched
affine systems. In this situation, the lack of knowledge of the system matrices Aj,Bj prevents the use of the method
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14 SEURET et al.

provided in Reference 18, since, again, the control law developed therein depends explicitly on Aj,Bj. Furthermore, since
the data are corrupted by external disturbance𝜔 (if 𝜆 ≠ 0), it is not possible to find an exact expression of Aj,Bj based on the
data, as the data only provide a set of uncertain allowable matrices Aj,Bj. Therefore, the solution provided in Reference 18
is not applicable to solve this problem. However, we will demonstrate below how Theorem 1 can be easily adapted to
data-driven design thanks to the use of Lemma 1.

Theorem 2. For a selected cycle 𝜈 in  and for a given parameter 𝜇 ∈ (0, 1), under Assumptions 1 and 2 for
given matrices {Ψj}j∈K, consider {(Wi, 𝜁i, 𝜂i, 𝛿i)}i∈D

𝜈

in Sn ×Rn × (R>0)2, the solution to the following problem.

Φi(Y𝜈(i)) ≻ 0, Wi ≻ 0, 𝛿i > 0, 𝜂i > 0, ∀i ∈ D𝜈,
(26)

with

Φ̄i(Y𝜈(i))=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

(1−𝜇)Wi 0 0 0 Wi 0
∗ 𝜇−𝛿i𝜆

2 0 −𝜁⊤
⌊i+1⌋

𝜈

𝜁
⊤

i 1

∗ ∗ 𝛿iI I 0 0

∗ ∗ ∗
∗ ∗ ∗

[W⌊i+1⌋
𝜈

0
0 0

]
− 𝜂iY𝜈(i)Ψ𝜈(i)Y⊤

𝜈(i)

∗ ∗ ∗

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(27)

which depends only on the decision variables and on the data collected in the augmented vector data Yj. Then
attractor

𝜈 ∶=
⋃

i∈D
𝜈

(W−1
i , 𝜁i) (28)

where (W−1
i , 𝜁i) =

{
x ∈ Rn

, i ∈ D𝜈

|
|
|
(x − 𝜁i)⊤W−1

i (x − 𝜁i) ≤ 1
}
, is robustly globally exponentially stable for

system (6) with the disturbance signal (7) and with the switching control law

u(x) =

{

𝜈 (𝜃) , 𝜃 ∈ argmin
i∈D

𝜈

(x − 𝜁i)⊤W−1
i (x − 𝜁i)

}

⊂ K. (29)

Proof. The idea of the proof is to prove that conditions (27) and (25) are equivalent, thanks to the use of
Lemma 1 in this specific context. To do so, we need to understand how inequality (25) verifies the requirements
and assumptions of Lemma 1. In particular, the proof will be divided into the three following steps:

(i) Rewrite inequality Φi(A𝜈(i),B𝜈(i)) ≻ 0 as in (1).

(ii) Verify that conditions Ψj3 ∶=
[

0n,n+1
In+1

]
⊤

YjΨjY⊤

j

[
0n,n+1
In+1

]

⪯ 0, for all j ∈ K hold.

(iii) Apply Lemma 1.

Proof of (i): To do so, let us note that Φi(A𝜈(i),B𝜈(i)) from Theorem 1 can be rewritten as follows

Φi(A𝜈(i),B𝜈(i)) =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

⎡
⎢
⎢
⎢
⎣

(1−𝜇)Wi 0 0
∗ 𝜇−𝛿i𝜆

2 0
∗ ∗ 𝛿iI

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

WiA⊤

𝜈(i)

𝜁
⊤

i A⊤

𝜈(i) + B⊤
𝜈(i) − 𝜁

⊤

⌊i+1⌋
𝜈

I

⎤
⎥
⎥
⎥
⎦

∗ W⌊i+1⌋
𝜈

⎤
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎣

⎡
⎢
⎢
⎢
⎣

(1−𝜇)Wi 0 0
∗ 𝜇−𝛿i𝜆

2 0
∗ ∗ 𝛿iI

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

0
−𝜁⊤

⌊i+1⌋
𝜈

I

⎤
⎥
⎥
⎥
⎦

+
⎡
⎢
⎢
⎢
⎣

Wi 0
𝜁
⊤

i 1
0 0

⎤
⎥
⎥
⎥
⎦

[
A⊤

j

B⊤j

]

∗ W⌊i+1⌋
𝜈

⎤
⎥
⎥
⎥
⎥
⎥
⎦

.
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SEURET et al. 15

Therefore, we can identify that

1 =
⎡
⎢
⎢
⎢
⎣

(1 − 𝜇)Wi 0 0
∗ 𝜇 − 𝛿i𝜆

2 0
∗ ∗ 𝛿iI

⎤
⎥
⎥
⎥
⎦

, 2 = W⌊i+1⌋
𝜈

, 1 =
⎡
⎢
⎢
⎢
⎣

0
− 𝜁⊤

⌊i+1⌋
𝜈

I

⎤
⎥
⎥
⎥
⎦

,2 =
⎡
⎢
⎢
⎢
⎣

Wi 0
𝜁
⊤

i 1
0 0

⎤
⎥
⎥
⎥
⎦

, 
⊤ =

[
A⊤

j

B⊤j

]

.

Lemma 1 ensures that having Φi(A𝜈(i),B𝜈(i)) ≻ 0 is equivalent to Φi(Y𝜈(i)) ≻ 0, for all i ∈ D𝜈 , which concludes
this part of the proof.

Proof of (ii): Comparing the definition of Σ(Ψ) in (2) and Σ(Ψj,Yj) in (24), it yields Ψ = YjΨjY⊤

j =
[
Ψj1 Ψj2
Ψ⊤j2 Ψj3

]

for any j in K. Therefore, to apply lemma 1, we need to verify that Ψj3 ≺ 0, for all j ∈ K. To do so, let us
recall that, in Assumption 2, conditions Ψj3 ≤ 0 ensure that there exist, for any j in K, a symmetric positive

definite matrix 0 ≺ Rj ∈ Sn and a scalar 𝜖j such that matrix Ψj −
[

Rj 0
0 0

]

≺ −𝜖jI. Pre- and post-multiplying

this inequality by Yj and its transpose, respectively, we have

Yj

(

Ψj −

[
Rj 0
0 0

])

Y⊤

j ≺ −𝜖jYjY⊤

j .

Since the data matrix Yj is assumed to be informative, that is, matrices YjY⊤

j are non-singular, there exists

𝜖j > 0 such that Yj

(

Ψj −
[

Rj 0
0 0

])

Y⊤

j ≺ −𝜖jI. Furthermore, recallingthe structure of the data matrix Yj that

makes
[

0n,n+1
In+1

]
⊤

Yj

[
Rj 0
0 0

]

Y⊤

j

[
0n,n+1
In+1

]
⊤

= 0, the following is finally gotten

[
0n,n+1

In+1

]⊤

YjΨjYj

[
0n,n+1

In+1

]

≺ −𝜖j

[
0

In+1

]⊤ [
0

In+1

]

= −𝜖jIn+1 ≺ 0,

which was to be proven. ▪

The previous theorem allows to design a control law that stabilizes system (6), to the attractor defined by set 𝜈 given
in (28), which is a union of shifted ellipsoids 𝜈 = ∪i∈D

𝜈

(W−1
i , 𝜁i).

Remark 2. The complexity of the LMI condition of Theorem 2 relies on the number of decisions variables
((n(n + 1)∕2 + n + 2)N𝜈) and on the dimension of the condition ((4n + 2)N𝜈). Both numbers are lightly higher
than the ones of Theorem 1. Again the length of the limit cycle under consideration, N𝜈 is limited to 10 in
practice, then the complexity of the LMI of Theorem 2 is reasonable.

5 OPTIMIZATION

Theorems 1 and 2 present a model-based and a data-based condition for the stabilization and the existence of an
attractor for the closed-loop system. Both conditions are expressed in terms of LMIs, whose solutions impact both the
control laws and the size of the attractors notably through the matrices Wi, i ∈ D𝜈 . It is then natural to ask for the
optimization of these solutions in order to minimize the size of the attractors, which can be achieved by “minimizing”
matrices Wi.

5.1 Optimization of the attractor

There are many ways to perform such minimization. One of them could be to introduce a cost function consisting in the
sum of the trace of these matrices. Here we rather consider the additional constraint Wi ≺ 𝜀In, for some positive scalar 𝜀.
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16 SEURET et al.

F I G U R E 3 Principles of the optimization of the attractor 
𝜈

thank to the minimization of the a decision variable 𝜀.

This additional inequality can be interpreted as constraining the ellipsoids (Wi, 𝜁i) to be all included in the ball of radius√
𝜀, centered at the same location (see Figure 3). In other words, we impose

(W−1
i , 𝜁i) ⊂ (𝜀−1In, 𝜁i), ∀i ∈ D𝜈. (30)

An additional feature can be added to reduce the “size” of this attractor by introducing an optimization problem, as
described below.

Optimization Problem 1. For a given 𝜇, the optimal solution to the condition of Theorem 1 that verifies
inclusion (30) with the smallest 𝜀 is obtained by solving the following optimization problem

𝜀
∗ = min

{(Wi,𝜁i,𝛿i)}i∈D
𝜈

𝜀

s.t.Φi(A𝜈(i),B𝜈(i)) ≻ 0, 𝜀I ≻ Wi ≻ 0, 𝛿i > 0, ∀i ∈ D𝜈, (31)

where Φi(A𝜈(i),B𝜈(i)) is given in (11).

Similarly, an optimization procedure can be added to the conditions of Theorem 2 as provided below.

Optimization Problem 2. For a given 𝜇, the optimal solution to the condition of Theorem 2, that verifies
inclusion (30) with the smallest 𝜀 is obtained by solving the following optimization problem

𝜀
∗ = min

{(Wi,𝜁i,𝜂i,𝛿i)}i∈D
𝜈

𝜀

s.t.Φi(Y𝜈(i)) ≻ 0, 𝜀I ≻ Wi ≻ 0, 𝛿i > 0, 𝜂i > 0, ∀i ∈ D𝜈 , (32)

where Φi(Y𝜈(i)) is given in (27).

Introducing constraints 𝜀I ≻ Wi and minimizing 𝜀 refer to a usual optimization to reduce the size of the components
of the attractors as for Theorem 1.

Apart from the usual causes associated with Lyapunov and LMI techniques, two reasons may explain this conservatism
in the numerical result. The first is related to the fact that the optimization problem presented in Theorem 1 requires the
use of two successive S-procedures. It is well known that this introduces conservatism compared to the situation where
only one is performed. Second, the optimal value 𝜀∗ strongly depends on parameter 𝜇, which has been fixed a priori. It
would be possible to refine the values obtained for 𝜀 by tuning this parameter, using a “line-search” algorithm on 𝜇.

5.2 Optimization selection of the cycle

Following the idea first presented in Reference 18, it is possible to introduce a cost function that aims at evaluating the per-
formance of a cycle. For instance, this cost function should reflect for each cycle the chattering effects, which means the
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SEURET et al. 17

amplitude of the trajectories within the (robust) limit cycle, or the distance of the (robust) limit cycle to a desired function-
ing point xd in Rn, selected by the designer. However, the solution proposed in Reference 18 relies on the exact knowledge
of the limit cycle, that is, {𝜌i}i∈D

𝜈

generated by a given cycle 𝜈 in the situation of system (6) without disturbances.
When considering robust limit cycles and its outer estimation using the attractor 𝜈 , such a procedure cannot be

employed directly, since the estimation of the robust limit cycle is provided by the solution of the LMI optimization
problems (31) and (32). Instead, the solution provided in Reference 24 allows formulating such a cost function based
on the decision variables of the LMI optimization problem. For the sake of readability and to avoid an overlap with this
contribution, such extension is not presented here but the reader can refer to Reference 24(Section 6).

6 NUMERICAL APPLICATIONS

6.1 System data

To illustrate the two results presented in this paper, here we will consider an example of switched affine systems (6)
borrowed from Reference 27, where the matrices Ai and Bi are defined as follows.

Ai = eFiT
, Bi =

T

∫

0

eFi𝜏d𝜏gi, ∀i ∈ {1, 2} , (33)

where T = 1 is the sampling period of the associated continuous-time system ẋ = Fjx + gj defined with matrices Fj and
gj, with j ∈ K = {1, 2} given by

F1 =
⎡
⎢
⎢
⎢
⎣

0 1 0
0 0 1
− 1 −1 −1

⎤
⎥
⎥
⎥
⎦

, F2 =
⎡
⎢
⎢
⎢
⎣

0 1 0
0 0 1
0 −1 −1

⎤
⎥
⎥
⎥
⎦

, g1 =
⎡
⎢
⎢
⎢
⎣

1
0
0

⎤
⎥
⎥
⎥
⎦

, g2 =
⎡
⎢
⎢
⎢
⎣

0
1
0

⎤
⎥
⎥
⎥
⎦

.

6.2 Model-based design: solution and simulations

First, let us consider a model-based solution. To do so, we will consider three cycles 𝜈1 = {1, 2}, 𝜈2 = {1, 2, 2, 2}, and
𝜈3 = {1, 1, 1, 1, 2, 2} to illustrate the potential of the result.

Solving the conditions of Theorem 1, for these three cycles and for three different values of 𝜆, the simulations of the
closed-loop systems are depicted in Figure 4. First, the figure shows that the attractor 𝜈 is indeed composed of the union
of ellipsoids. The number of ellipsoids in the attractor equals the length of the cycle. The state trajectories converge, in all
cases, to the attractor. In addition, it can also be seen that the control input u converges to a periodic trajectory, which is
a shifted version of the desired cycle. This characteristic has been demonstrated in Reference 24, but not in this paper, as
the proof is very similar. It is worth mentioning that this periodic behavior of the control input is only guaranteed when
the intersection of any pair of ellipsoids composing the attractor is empty. This figure also illustrates that the size of the
attractor increases with the amplitude of the disturbance 𝜆. Indeed, the effect of the disturbance on the state trajectory is
visible in this figure.

For the first and second cycles 𝜈 = {1, 2} and 𝜈 = {1, 2, 2, 2}, the values of 𝜀∗ obtained by solving Theorem 1 are given
in Table 1. These solutions show that increasing 𝜆 naturally leads to an increase in 𝜀∗.

6.3 Data-based design: Generation of the data

In order to generate the data, the following procedure was employed. Matrix Xj0 has been selected as the solution to the
system with 𝜎 = j and an arbitrary initial condition xj,0 with magnitude less than 1. In other words, we have

x+j,𝓁 = xj,𝓁+1 = Ajxj,𝓁 + Bj + wj,𝓁 , ∀(j,𝓁) ∈ K × [1, pmax]N.
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18 SEURET et al.

F I G U R E 4 State and input trajectories of the closed-loop system for three different cycles obtained by solving Theorem 1 for 𝜆 = 0,
0.05 and 0.1 with 𝜇 = 0.1 with the initial condition x0 = [2 − 5 0]⊤, for all the cycles and bounds 𝜆, considered here.

T A B L E 1 Optimal values of 𝜀∗ obtained by solving problem (32) for various numbers of data pj = 10, 20, and 30, for cycle 𝜈 = {1, 2}.

Cycle 𝝂 = {1, 2} 𝝂 = {1, 2, 2, 2}

𝜀
∗ Data 𝜆j = 0 𝜆j = 0.05 𝜆j = 0.10 𝜆j = 0 𝜆j = 0.01 𝜆j = 0.02

Th.1 Aj,Bj 0.0005 1.1519 4.6078 0.0008 0.0709 0.2837

pj = 30 0.0063 2.4167 23.1562 0.0081 0.5751 2.8390

Th.2 pj = 20 0.0065 2.8790 26.3315 0.0084 0.6905 3.1607

pj = 10 0.0090 3.8825 43.3567 0.0107 0.6922 4.5794

with the corresponding matrices Xj and X+
j given in (19) and where the maximum number of data considered in this

example is 30. Three cases will be used, corresponding to pj = 10, 20, and 30 for all j in K. Note that these three cases use
the same set of data. This means that the 10 first data from case pj = 20 correspond to the data used when pj = 10 and the
20 first data from case pj = 30 are the same data as for case pj = 20.

In this setup, the measurement noise has been selected as an arbitrary vector, which corrupts the solution to the
noiseless system. The noise wj is shown in Figure 5, only for mode j = 1 but for three cases of 𝜆. The norm of the noise
vectors is bounded by 𝜆, and it is also assumed that the overall noise matrices 𝜔j verify 𝜔j𝜔

⊤

j ≤ 𝜅pj𝜆
2
j In, for all j ∈ K, with

𝜅 = 0.3. Such requirements ensure that inequality

[
In

𝜔
⊤

j

]⊤[
𝜅pj𝜆

2
j In 0

∗ −Ipj

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Ψj

[
In

𝜔
⊤

j

]

≽ 0 (34)

holds for all j ∈ K. Note that this assumption is related to the covariance matrix when 𝜔j is a random variable, as
mentioned in Reference 10.

6.4 Data-based design: Solution and simulations

Applying Theorem 2 and solving optimization problem 31, we have obtained the results that are resumed in
Table 1 for 𝜈1 = {1, 2} and the associated simulations are depicted in Figure 6. It can be seen from Table 1 that
augmenting 𝜆 imposes an increase of 𝜀∗, and that increasing the number of data leads to a decrease of the optimal
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SEURET et al. 19

F I G U R E 5 Measurement noise 𝜔1 = [𝜔11 𝜔12 𝜔13]⊤, affecting the data for mode 1. Similar noise affects the data of the other mode.

value 𝜀
∗. Compared to the model-based approach, the corresponding values of 𝜀∗ suffers from a notable increase.

For the case 𝜆 = 0, the large augmentation of the optimal value can be explained by the fact that Theorem 2
requires an additional S-procedure to obtain the stabilization conditions, which unavoidably introduces conservatism,
as commented earlier. Nevertheless, the resulting values of 𝜀∗ are still small and the attractors are already accurate
as shown in Figure 6. For the cases, where 𝜆 ≠ 0, the increase of the 𝜀

∗ compared to the model-based approach
can also be explained using the previous argument but also by the fact that the noise in the data also leads to
additional uncertainties to the system matrices, which need to be compensated by an increase of the size of the
attractor.

Finally, Figure 7 presents the variation of 𝜀∗ with respect to the number of data measurements for various values of
𝜆. First of all, this figure shows that optimization problem (32) has no solution when the number of data is less than
4 = n + 1. This is consistent with the assumption of informativity of the data matrices Yj in Definition 5. Moreover, as 𝜆
increases, the same optimization problem requires more than the minimal necessary order of data (n + 1 = 4) to obtain a
solution. The minimum number of data to obtain a solution, increases with the amplitude of the disturbance. The general
tendency is that the optimal solution decreases as the number of data increases. This figure also shows that the values of
𝜀
∗ tend to a constant as p increases.

The same example has been treated with a different cycle 𝜈2 = {1, 2, 2, 2}. Applying again Theorem 1 and 2
and solving the associated optimization problems, we have obtained the numerical results provided in Table 1. Note
that the data-driven conditions deliver attractors composed of larger ellipsoids compared to the previous case with
𝜈1. This explains why the amplitudes of the disturbance noise have been reduced to 𝜆 = 0, 0.01, and 0.02. Note that
the optimal value of 𝜀 obtained by solving the model-based optimization problem (31) with 𝜆 = 0.1 is 7.0, which is
already a very large value. Figure 8 presents the simulations resulting from the same initial condition as the one used
in Figure 4.

In this example, we have compared the numerical results obtained for two cycles, that is, one of short length, as 𝜈1
and another one with a larger length, as 𝜈2. Increasing the length of a cycle makes the attractor larger. Intuitively, this is
because the uncertainties in the model matrices propagate from one element of the cycle to the next one, to guarantee
the invariance of the attractor.

As a final comment on the numerical application of the data-driven design, it is worth noting that the numerical
solutions highly depend on the noise and are very sensitive to it.
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20 SEURET et al.

F I G U R E 6 Evolution of the state variables (blue dashed line) for cycle 𝜈1 = {1, 2} with their associated robust limit cycles. The red
crosses depict 𝜁i, which are the centers of the ellipsoids (W−1

i , 𝜁i). From top to bottom, the plot show the attractors when the number of data
available for the design are 30, 20, and 10, respectively. From left to right, the uncertainty bound in the data increases 𝜆 = 0, 0.05, and 0.1.

F I G U R E 7 Graph showing the optimal value 𝜀∗ of optimization problem (32) for cycle 𝜈 = {1, 2} and for various values of 𝜆 from 0 to 0.1.
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SEURET et al. 21

F I G U R E 8 Evolution of the state variables (blue dashed line) for cycle 𝜈2 = {1, 2, 2, 2} with their associated robust limit cycles. The red
crosses represent 𝜁i, which are the centers of the ellipsoids (W−1

i , 𝜁i). From top to bottom, the plot shows the attractors when the number of
data available for the design are 30, 20, and 10, respectively. From left to right, the uncertainty bound in the data increases 𝜆 = 0, 0.01, and 0.02.

7 CONCLUSION

In this paper, a first general result is presented that deals with the equivalence of LMIs, which can be seen as an alternative
solution to the S-Lemma presented in Reference 10, dedicated to the stabilization problem of linear systems. Then, to
demonstrate the potential of this alternative, the objective of the paper is to develop a data-based stabilization criterion
for the class of switched affine systems, which corresponds to a relevant class of nonlinear systems. First, a model-based
control design for switched affine systems subject to a bounded uncertainty is presented as an extension of Reference 24.
This method, based on the selection a priori of a particular sequence of modes, provides a pure state-feedback control law
that stabilizes the closed-loop systems to an attractor characterized by a level set of the Lyapunov function. The attractor
is made up of the union of possibly disjoint ellipsoids resulting from an optimization problem. Then, this contribution is
adapted to the data-driven control design, thanks to application of the first lemma. An academic example validates the
main result, showing that the desired attractor grows with larger noise and smaller amount of data. Future works would
aim at applying this contribution to power converters modelled as switched affine systems.
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