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1 | INTRODUCTION

In the decade of 70s of the last century, Keller and Segel'? described chemotaxis phenomena for a biological species

density “u” and a chemical substance concentration “v” using systems of partial differential equations. The Keller-Segel
model presents a second order chemotaxis term with a linear dependence of the chemical flux “Vv” in the way

—div(yuVvv)

where y is a given constant. After the model was proposed, many authors have studied such systems from a mathemat-
ical point of view, see for instance Horstmann®* and Hillen and Painter® for details concerning mathematical results of
chemotaxis models with linear flux.
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Rivero et al® proposed a chemotaxis term with nonlinear dependence of the chemical flux, given in the form

—i (F(u@» F<u,@)=arctan[ u @]
ox ox ox 1+ uox

in a one-dimensional spatial domain.
Saragosti et al” considered a flux limitation model of integral type in the form

—div(u[v]), for u[v] = —L/f(vVv)dv,
V1Jy

where V denotes the set of possible velocities v; see also Perthame et al.?
Chertock et al® consider the parabolic-parabolic system with a flux limitation defined by

Vv

Vit Vo

Bianchi et al'®!!' use such a nonlinear dependence to obtain a biomedical model. Bellomo and Winkler!'?!? study the
parabolic-elliptic system for a chemotaxis term of the form

F(Vv) =

—div(uf(|Vv])Vv)

for
X

fAV) = ——=
V14 |Vy|?

and a diffusive term

. uvVu
—div| ———
Vu? + |Vul?
to describe the evolution of the biological species u. For more information about this model, see also Chiyoda et al'* and

Mizukami et al.!?
In Bellomo and Winkler,!? for y < 1and N > 2, the solutions are global and bounded if the initial mass is smaller than

(x> - 1), *. Using an energy method, Winkler'® has obtained blow up of solutions for

f=fawh = —=4—
1+ |Vv]?)2
and N > 2 when
N-2
Q@< —.
2(N - 1)

More blow up results can be found in Marras et al.'”

In this article, we consider a bounded N-dimensional domain, Q, with regular boundary 0Q and denote by # the outward
pointing normal vector on the boundary 0€2.

The equation for v is restricted to the elliptic case, for simplicity, we assume that v satisfies the Poisson equation and
the system studied reads as follows:

u; — Au = —div(yu|Vv[P2Vv) + pu(l — u) XEQ, t>0, (1.1)
—Av+v=u xeQ, t>0, (1.2)
a—Lf=a—f=0 X €0Q, t>0, (1.3)
on on

u(0,x) = uy(x) X € Q. (1.4)
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In Negreanu and Tello,'8 the system is considered for u = 0, that is, the logistic term does not appear and p satisfies
. N .
peE(@,0), f N=1and pe <1ﬁ) if N>2,

to obtain uniform bounds in L*(Q).

The complementary case, for p € (N/(N — 1),2), for N > 2 and Q defined as the unit ball, presents blow up for some
initial data when u = 0; see Tello.!® The stationary case with flux limitation has been studied in Boccardo and Tello?; see
also Boccardo and Orsina?! for the stationary case for the case p = 2.

Parabolic-elliptic systems of chemotaxis with logistic terms have been already studied in the literature. In Tello and
Winkler,?? a comparison method is applied to proof the converge of the solution to the homogeneous steady state (see
also Galakhov et al?? and references therein).

In this article, we study the global existence of solutions in (0, T') for any T < oo under the following assumptions:

Q is an open and bounded domain with regular boundary 0Q, (1.5)

p <2, N=2,
{p €(1,3/2, N23, (1.6)
and the initial data u, satisfy

Uy € C2(Q), % =0, x € 0Q, (1.7)
n

for some a € (0,1).
In this article, we prove the existence of weak solutions to problems (1.1)-(1.4) in the sense of the following definition.

Definition 1.1. We say that (u,v) € [L?(0, T : H'(Q)) n H'(0, T : (H'(Q))")]? is a weak solution to (1.1)-(1.4) if uVv €
[LY(Q)IV and for any @,y € L2(0, T : HY(Q)) n H'(0, T : L*(Q)), (u, v) satisfies

T T T T
/ /(putdxdt+/ /VuV(pdxdt=/ /gulelp‘1VvV<pdxdt+/ /uu(l—u)(pdxdt, (1.8)
0o Ja 0o Ja o Ja 0o Ja
T T
/ /Vvadxdt:/ /(u—v)y/dxdt. (1.9
0 Jo 0o Ja

The existence of weak solutions given in the previous definition is enclosed in the following theorem.
Theorem 1.1. Under assumptions (1.5)-(1.7), there exists at least a weak solution to (1.1) in (0, T) forany T < oo, in
the sense of Definition 1.1. Moreover, there exists a constant ¢ independent of T such that the solution satisfies

lu(®)|| =) < ¢, forany t € (0, T).

The article is organized as follows. In Section 2, we obtain some a priori estimates that are used in Section 3 to proof
Theorem 1.1. We use an iterative method based in the Moser—Alikakos iteration that allows us to obtain explicit L9 esti-
mates of the solutions. Then, we pass to the limit to get the boundedness of the solutions in L* norm. Finally, using an
approximated problem, we pass to the limit in the weak formulation to obtain the existence of weak solutions.

2 | APRIORI ESTIMATES FOR THE AUXILIARY PROBLEM

We introduce the following auxiliary problem:

| Vv, [P72 Vv,

Unt — AUy = —div | yup———
1+ ;Ian|P—1

> + puu,(1 — uy,) xXeQ, t>0, 2.1)

—Av, +v, = u, xeQ, t>0, (2.2)
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Jn _ W _, x€a, t>0, (2.3)
on on

un(0,X) = ug(x)

(2.4)

In this section, we give some estimates that will be useful to prove the existence of solution of (2.1)-(2.4). In particular,

we obtain uniform bounds in L*(Q) for u,, and v,.
In the following result, we obtain an upper bound of the total mass of u,,.

Lemma 2.1. The total mass of the component u,, of the solution to (2.1) is bounded, /Qun dx < ¢y, with

c =: max{/uodx, |Q|}.
Q

Since the proof of this lemma is the same as in the case p = 2, we omit the details.
In the following result, we prove that u, is nonnegative if the initial data u, is nonnegative.

Lemma 2.2. The solution u, to (2.1)—(2.4) with uy > 0 satisfies u,, > 0.
Proof. We first consider the auxiliary equation

| Vv, [P~2V,

Up — Au,, = —div XUn—F ———
1+ a |Vl)n |p—1

> + pun (1 — (Up)s)
and define T}, as follows

0, if s> 0.
We denote the primitive of T, by @;, which is given by

—h, if s<-h,
Tw(s) = s, if —h<s<0,

o
—hs—;, if s<-h,

Dp(s) = %if—h<s<a
0, if s>0,

and satisfies q);l = Ty. We multiply (2.5) by Ty(u,) and integrate by parts to obtain
d 23 |Vv, P2V, Vu,
E[/QQh(u”)dx + /—h<un<olvu"| dx = }{/—h<un<0unw
+M/9Th(un)un(1 = (up)4)dx
< ;(n/_h<un<0un|Vun|dx + 1 o, T (un)updx

and apply Hélder inequality, and after some computations, we get

2
d / D) + 1 / VunPdx < Ln / 2+ 2p / ),
dt Q 2 —h<u,<0 2 —h<u, <0 Q

which implies

dt
We divide by h and take limits when h — 0 to get

4 / (—un)adx < 2u / (=it x.
tJa Q

i/@mmw+1/' |Vwmugdf+m/¢mmw.
Q 2 —h<u,<0 Q

(2.5)
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We apply Gronwall's lemma, and it results

/(—un)+dx < ezﬂt/(—un(O))+dx.
Q Q

Since (—ug)+ = 0, we get

u, > 0.

Since u,, > 0, we have that (u,), = u, and u, satisfies (2.1).

The following estimate will be useful to obtain L? estimates for u,.

Lemma 2.3. Letp < % N > 3 and q satisfying assumptions

then

and

t
/ /uiqﬂdxds < oyt +c3,
o Ja

where c; = ¢1(q), ¢2 = c2(q) and c; = c3(q) are independent of t.

Proof. We multiply Equation (2.1) by |u,|*4~2u,, and after integration over Q, we get

2q-1 2q -1 Vv, [PV
ii/uiqu+ q—2/|VuZ|2dx= (29 )){/uz | v;" Un Vu?ldx+y/uiq(1—un)dx.
dt2q /o q* Ja q o 14 —|Vy,lp~! Q

Notice that

2q—1 Vv, |P72V 2g -1 2q — 1) y?
(2q )x/uz I vfl Vn Vuld < (2q a )/IVuZIde+( q—-Dy /lvvn|2p—2uiqu
q o 1+ —|Vyylpt 2q Q 2 Q

and thanks to Holder inequality

1 2
fQufl‘Ilvvan—de < [/levn|2(p—1)(2q+1)dx] 2q+1 [/Qu;2q+1)dx] 2q+1

2(p-1) 2q
S || an ||L2(p71)(2q+1)(9) || ul’l ”quﬂ(g) .

The elliptic regularity of the problem gives the inequality,

IVl 20-vesn @y < clltn|lz2en (@)

provided
NQq+1)
—>2(p—-1)(2 1
N—30—1> 2P - DCa+D,
which is equivalent to
N
— >2(p-1).
N 212D

(2.6)

2.7
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We take g such that
N[2p-3
2p-1
to get
N-1 N
e <q.
2 4p-1)

Thanks to (2.7) and (2.8), we have that

1 N-1 N N-1
g € | max4{ =, - , .
( {2 2 4(p—1)} 2 )

Then, after some computations, we get

20-3)

2q -1 2q -1 -
M'/ufl|an|“"2anVudeS 29 > )/|Vu3|2dx+c[/uflq+1dx] ’
q Q 2q Q Q

we replace the previous inequality in Equation (2.6) to get

20-3)

20 —1 1+ 2g+1
ii/uftqu+ q—/IVuZIde <c /ufﬂ“dx - ﬁ/uiqﬂdx+c.
dt2q /g 29 Jg Q 2Jq

We apply Poincaré-Wirtinger inequality to the term

[1uilas
Q

2
/|u§q|dxsc/|Vu3|2dx+c[/|un|‘1dx]
Q Q Q

in the following way

then,
2g—1 2
A /|Vu3|2dxzc/|uiq|dx—c[/|u,,|qu] .
2 2
q Q Q Q
Since
2
[/lunlqu] < e/lunlzq“dx+c(e)
Q Q
and

20-3)

1+2qT
[/|un|2q“dx] < e/lunlzq“dx+c(e).
Q Q

d 1 2 2
Eﬁfﬁunqu +cfouy’dx < — <§ - 25) Jolunl®tdx + c(e).

Thanks to (2.9), we have

We take ¢ < u/4 and apply maximum principle for ODE to obtain

t
2 2q+1
/unqu <c, / /unq+ dxds < ¢yt + c3,
o o Jo

where ¢; = ¢1(q), ¢; = ¢2(q) and ¢; = c3(q) are positive constants and independent of .

WILEY——2

(2.8)

(2.9)

(2.10)
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Remark 2.1. In the previous lemma, the assumption p < % is used to obtain the estimate
(IVVallL2e-vesnq) < cffun|| L2 @)

for any N and any q < 1 by using the elliptic regularity of the problem.
In the result below, we give an L%4-estimate of u, for N = 2.

Lemma2.4. Let N =2,p <2and q € (1, ) then,

/uf,qu < ci(9).
Q
and v, € Wh*(Q), where c4(q) is independent of t.

Proof. We proceed as in Lemma 2.3 to obtain

2q -1
41 uddx + d /IVuZIzdx < c/uf,qulZ(P‘”dx— E/uiq+ldx+c.
dt2q /o 2¢* Jo Q 2/

Since
2 — 2(p-1 2
/ 1| Vv, PPV ebx < cl| Vvl E ) / Uy dx,
Q Q

and thanks to the elliptic regularity, we know that

IVVallzs@ < cllunll 2 o, -

and forg > 1,

””n||L2+§(Q) < cllunllr2are()

dl 2q 2q—1/ q,2
e dx+—— [ |V dx <
dtzq/Q”" * 2q2 Ql Un|dx < ¢

Thanks to Gagliardo-Nirenberg inequality, we know that

then

p-ltg

2
2gq+e
2q+
/ u,? edx]
Q

- E/uflq+1dx+c.
2/

1 a (1-a) -
= = —_— q
llunll2ore) = IIuﬁllzz+g(g) < | IVl g 1unll g, + Clluﬁllm)]

for a satisfying

1 1 1
- (=== 1-—
2+t (2 N)a+( .
which is equivalent to
2N(g +¢)

T 2grolN+)

For N = 2 and q = 1, we have that
1+e€
a= .
2+¢)

We replace g = 1 into (2.13), and thanks to Lemma 2.1, we get

2+€ 1+e€
”unl L-:‘fs(ﬂ) S cllvun”L-z'—(;) +cC.

(2.11)

(2.12)

(2.13)
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Then,

2p

p a+e2p

< cllVunll 25, +e.

[/u2+€dx
o n

(14€)2p

¢ 2
IVunll 255, < 8 VunllZ, + c(8)

for € small enough, we get

for any 6 > 0. We replace into (2.12) to get

d
41 fadx+ (1 =8) folVualPlx <= & [ unPdx.

Standard computations show the uniform boundedness in time of

/uﬁdx.
Q

To end the proof, we take q € (1, 2) to obtain; thanks to Gagliardo-Nirenberg inequality that

L q
1_
nlle = N, . < c[||VuZ||zz@)||u?,|| © +elulline
L71(Q) La(Q)

for a satisfying

1 /1 1 q1-a
2+£_<2 N>a+ 2

q
that is,
q q (1 1 qa
zq+e_§_<§_ﬁ> 2
since N = 2, we have
q q qa
2+ 2 2

and then

<2(q—1)+€> B
2q+e€ -

then, for € small enough and q close to 1, and since p < 2, we have that

a(gﬂ) <
2g+e€

We replace into (2.12) to obtain

B
d1 2q 2q—-1 q,2 q,2 H 2q+1
aﬁéun dx+ 2—q2 leunl deC leunl dx - 5 Qun dx+C

for f < 2. We proceed as before to get

2
/unqu <c
o

(2.149)

for some g > 1. We apply elliptic regularity to second equation and get that v, € W (Q). Then, the term

/uquvnlz(p‘l) < c/uiq <c(e) + e/uqur1
Q o Q
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ii/u /IVu |2dx < c— / w dx,
dt2q Jo

which implies, for € < %

Since
/uzqu < /u2q+ldx+ |2,
Q Q
we get
2qg -1
ii/ufﬁdH c /|Vu:{|2dx+ ﬁ/ufﬂdx <c+Ql.
dt2q /o 2¢%2 Jo 4 Jo
Maximum principle ends the proof. O

In the following lemma, we obtain an estimate of u, and v,, for N > 3.

Lemma2.5. LetN > 3andp < %; then, for any s < oo, we have that

/uizﬁcs
Q

and v, € W*N*1(Q) n W1*(Q), where cs is independent of s and t.

Proof. Thanks to Lemma 2.3, we have that u, is uniformly bounded in L4(Q) for ¢ < N —1; then we have that, thanks
to the elliptic regularity, v, € W24(Q) for ¢ < N — 1, which implies

1. Na
v, € WhVi(Q)

for any g € (1, N — 1). In particular, we have that, for any p < 3/2, ¢ < N — 1 and close to N — 1, the inequality

2 1)(2 1 N
(b~ 12g+1) < =

is satisfied, and then, the term
” an ”L2(P—l)(2q+1)(g)

is bounded. Then we proceed as in the case N = 2 (see Lemma 2.4) to get that u, is uniformly bounded in L*(€2) for

any s < % —1.Sincep < % we get that u,, is uniformly bounded in L5(Q2) for any s < N(N — 1) — 1 and we deduce,
in view of N > 3 that u,, € LN*1(Q). Elliptic regularity implies that v, € W2N+(Q), which is included in W* () and
the proof ends. O

The following result gives a uniform bound of u, when N > 3 and p < 3/2.

Lemma2.6. LetN > 2andp < %; then, we have that
lttn]lL=@) < ¢6

where cg is independent of t.

Proof. Thanks to Lemmas 2.4 and 2.5, we have that v, € W'*(Q). We take uzq ! as test function in the weak
formulation of (2.1)-(2.4) to get, after some computations, that

1d 200-0 X" (29— 1) (2q 1) 2 29

2 un T12dx < ||an||L£(m qu+,u u ldx — I dx. (2.15)
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We split the term u fQuf,qu into two parts as follows:

y/uﬁqus ﬁ/uﬁ‘“lczxﬂum.
Q 2Ja

In the case N = 2, we apply Gagliardo-Nirenberg inequality to the term

/uflqu
Q

in the following way

(1-a) é
VL1, g 21y + el

”un”LZ‘I(Q) ||u “LZ(Q) < 4

for a defined by

N
T (N+2)

2 2g+1 _—
/unquSe:/unqu dx +ce™>
Q Q

Then, thanks to Young's inequality

for any € > 0. We take

2g-1 2 1 2
2 2(p-1 a2 2(p-1
47 Wl kg = 1) AT Vvl

we have that

2
-y x°(2q9—-1)
IVvnllidq) ——— A Wige < 2471 4q2 |Vu Zdx + c(1 + qV).

We replace the previous inequality into (2.15) to get, in view of

2g+1

u? <2 41

and

c(2q - Dul < Zuzq + cq”.

For the case N > 3, we have that
zii u2qu+ /|v ul2dx + = / uldx < c(gV +1). (2.16)
Q

The previous inequality gives the following one

d/ uldx + £ /uiqu <cl@ +1),
dt o

for any t > 0. Maximum principle for O.D.E.s gives that

/uiqu < max{/un(O)zqu, Z ¥+ 1)),
Q Q H
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for any t > 0. We take square-roots in the previous inequality to obtain that
lunllio@ <c

where c is independent of q. We take limits when g — oo to end the proof. 1

Lemma 2.7. Let u, be the solution to (2.1)-(2.4) satisfying assumptions (1.5)-(1.7); then, for any T € (0, c0), we have
that u,, satisfies
T
/ /qu,,ldeds <¢;T +cs.
0o Ja

Proof. We denote by y the average of u,, that is,

1
) = — / Updx,
1 /o "
which satisfies
y = ﬂ/un(l — up)dx.
Q

We multiply Equation (2.1) by (1, — y) and integrate by parts to get,

[V, 1PV, Vu, dx + H/Qun(l — up)(u, — y)dx.

L+ |V, [Pt

L ol — yPPdx + [, Vun|2dx = y f[oun

Thanks to Lemma 2.6
/Mn(1 — Up)(Uy — y)dx <c
Q

and
Jou P2V Gy e < 2 [oI Vg 2dx + ¢ [ u2 | Vv, |2P~2dx
Q141 yy, o1 n = 2JQ n Qn n
" 1
< EfQ|Vun|2dx+c.
After integration, we get the wished result. O

Lemma 2.8. Let uy, the solution to (2.1)-(2.4) then, under assumptions (1.5)-(1.7), and for any T € (0, o), we have that

Uy € L*0, T : (HY(Q)).

Proof. For simplicity, we denote by X the space L>(0, T : H'(Q)) and by X’ its dual, which is equivalent to L2(0, T :
(H'(Q))).
Since

. Vv, [P~V
Up = Auy, — div ;(un|n|1—n + up(1 — uy),
1+ n |an|

and for any, w € L*(0, T : H'(Q)), we have that

T
//Vuandxdt
o Ja

/OT Jo Xt Vol V0 Gt

1
l+;|an|

|<w, —Au,>x x| = < lunllzzo.r:m @) Wl 20.7: H1(0))5 (2.17)

. |V, [PV,
1 —_— =
<W,dv<,{/un 1+§|an| >x X'

< cllunllzo@lIvnllzo,r: wrze—2@p Wl L20,7: 51 (@)
< clwllz20,7: 11 ()
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which implies
|Vv, [PV,

<w,div| yu, T
1+ ;|an|

) >xx| < cllwllzor:m @)

Finally,

T
|< W, un(l = u)>xx| = | [y Joun(d— un)wdx|
11 — tpllzo@ IWllz20,7: 2@ lUnll 20, 7: 12(2))

< cllwllzz,7: 11 (@)

IA

which gives
|< w, up(1 — un)>XX’| < clwllzz0,7: m1 ()

From (2.17), (2.18) and (2.19), we deduce the result.

3 | EXISTENCE OF SOLUTIONS

(2.18)

(2.19)

The proof of the existence of solutions is given into several steps. First, we prove the existence of weak solutions of the
approximated problems (2.1)-(2.4), and thanks to the parabolic regularity, we obtain the existence of a unique classical
solution of the approximated problem. Thanks to the estimates obtained in Section 2, we prove the convergence of the

solution of (2.1)-(2.4) to the weak solution of (1.1)-(1.4).

Lemma3.1. Letp < 3/2,a € (0,1)and T < oo, and then, under assumptions (1.5)-(1.7), there exists a classical solution

ue C;”’;CZM(QT), where Qr = (0,T) X Q,
of the approximated problems (2.1)-(2.4) satisfying
[lupllr=@ < €
where ¢ < o is independent of t and T.

Proof. We consider a fixed point argument and define the following set:

A:={weL*0,T : L*(Q)), w> 0 [[w|lt=@.1:L=) < c(T)}

where ¢(T) is the constant obtained in Lemma 2.4 for N = 2 and Lemma 2.5 for N > 3. Now, we consider the

function J
J:ACL*0,T : L3(Q) - L*0, T : L*(Q)).

Let i, € L*(0, T : L?(Q)) and define J(ii,) = u, as the solution to the problem

Vv, |[P~2Vv,

Up; — Ay = —div | yuy| T
1+ ;Ian|

> + ﬂun(l - an)

where v, is the solution to

—Av, +v, =iy

We first notice that J is a continuous function, and thanks to the estimates obtained in Section 2, we have that

(i) J(A)is a precompact set in A;
(ii) JA) C A;
(iii) J(A)is a bounded setin HY(0, T : (HY(Q))) N L*(0, T : HY(Q)).
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Thanks to Aubin-Lions lemma, we get the result for any T < oco.
Moreover, we have that

e L®0, T : W>4(Q)nHY0,T : H\(Q)),

for any q¢ < co. Then, we have that u,; — Au,, € L4(0, T : L4(Q)). Thanks to the parabolic regularity (see, for instance,
Quittner and Souplet,?* Remark 48.3 (ii), p. 439), we obtain

u, € WH(, T : LYQ)NLI0, T : W>9(Q))

for any q < oo. Let Q7 be defined as follows:

Qr =(0,T) X Q,

then,

w0, T : LYQ)NLI0,T : W*(Q)) c C**(Qr)
for any a < 1, which implies that u, € C®*(Qr). Thanks to the elliptic regularity, we have that
vy € CO%(0, T : W*(Q)) N 127 (Qr)

see, for instance, Gilbart and Trudinger,?> Theorem 6.2, p. 90. We write the equation of u,, as

ou
—Au, + Y b=—==f,
n Z axl
where ,
_ . [Vv,[P~* Vv,
b=(by---by) := ZWIW
. . |Vv,|P2Vv,
f&,x) 1= pup(1 — up(8,X)) — yundiv(u,(t, x)m)
and satisfy

be[C* @I, f € C*Qr).
We apply Theorem 10, p. 72 in Friedman?® to obtain that the solution
un € C12H(Qr)

for any a € (0, 1), which implies that the solution of the approximated problem is a classical solution. Uniqueness of
solutions to the approximated problem is obtained by following the standard procedure. O
Lemma 3.2. Let p < 3/2; then, under assumptions (1.5)—(1.7), the weak solution of (2.1)-(2.4) converges to the weak
solution of (1.1)-(1.4).

Proof. We reproduce the steps given in Section 2 to obtain that

fQ|Vun|2dx
[tn ]l L)

<C,
<C,
IV llw2a) <cC for any q < oo,
ltnell 20,1 yyy < C(T +1).

Since u, € H'(0, T : (H'(Q))"), we have the v, € H'(0, T : H'(Q)). We consider the inclusions of spaces

W2NLH(Q) ¢ Wh(Q) c HY(Q).
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Since

e L®0,T : W*N*(Q)nHY 0, T : H(Q)),
we apply Aubin-Lions lemma to deduce that there exists a subsequence vy, such that
Vp, = V*

strong in

C(0,T] : WhH®(Q)).
Moreover,

_r
1
1+ n—/lenjl

— 1, strong in L(0, T : LI(Q)), for any g < oo,
[ Vo, P72V, — [VV* P72V, strong in C([0, T] : L*(R)).

Moreover, there exists u* and a subsequence u, such that
J

u,; — u*, strongin L*(0, T : L*(Q)).
uy, = u*, weak in L*(0, T : H'(Q)),

and since ||u, ||z < C, we have that
Up, = u*, weak in L0, T : LI(Q)), for any q < oo,
and thanks to Banach-Alaoglu theorem,
Up, = u*, weak*inL®(0, T : L®(Q)),

which implies, in particular, that u* € L*([0, T] : L*(Q)). Thanks to Lemma 2.6, we have that ||u, ||~ < c, then
we obtain that ||u|| =) < cg. Since (u,, v,) satisfies

|an |p Vv, '
um(pdxdt + VunV(pdde = ——— Vedxdt + ui, (1 — (uy) ) edxdt, 3.1
1 + = |an| o Jo

T T
/ /anVw(s,x)dxdt = / / (Un — Vi) W (s, x)dxdt, 3.2)
0o Ja 0o Ja

forany @,y € L?(0, T : H'(Q) n H'(0, T : L*(Q)).
We take limits when n — oo in (3.1) to obtain that (u*, v*) satisfies Definition 1.1 and proves the existence of weak
solutions. O
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