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Abstract

Undergraduate students’ engagement with mathematical discourse when defining geometric
solids is analysed and compared with what their lecturers expect them to do. The theory of
commoghnition is adopted as the theoretical framework, which permits the characterisation and
comparison of their discursive activities, and may lead to the identification of potential
commoghnitive conflicts. The participants were forty-five undergraduate students (primary pre-
service teachers) and their lecturers. A worksheet with questions about defining geometric solids
was used as a data collection instrument. The students, in small groups, had to discuss and write
their answers, and the lecturers were asked what they expected from their students. Results show
three main areas of mismatch between students’ engagement in mathematical discourse and
what their lecturers expected from them. There is no clear consensus across the students on how
to define or on what a definition is or on which criterion to use when selecting a definition.
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INTRODUCTION

In the last years, research at university level in the
field of mathematics education has been the focus of
interest of many studies and it has increased its presence
in specific journals like the International Journal of
Research in  Undergraduate Mathematics Education
(JRUME) and the journal Problems, Resources, and Issues
in  Mathematics Undergraduate  Studies (PRIMUS).
Moreover, this research area has also been the focus of
several specific conferences like the Research in
Undergraduate Mathematics Education Conference in the
United States (RUME) and the International Network for
Didactic Research in University Mathematics (INDRUM),
and it has gained an important presence in general
mathematics education conferences (Biza et al., 2016).

In particular, research in mathematical practices,
such as proving, conjecturing, defining, modelling, etc.,
has been a relevant topic in undergraduate mathematics
education research (Viirman & Nardi, 2019; Weber &
Mejia-Ramos, 2013). In this paper, the focus is on the
practice of defining, whose importance has been

highlighted by several authors. For instance,
Freudenthal (1973) stated that defining “can be an
essential feat, more essential than finding a proposition
or a proof” (p. 134) and de Villiers (1998) pointed out that

The construction of definitions (defining) is a
mathematical activity of no less importance than
other processes such as solving problems, making
conjectures, generalizing, specializing, proving,
etc., and it is therefore strange that it has been
neglected in most mathematics teaching. (p. 249)

In recent years, there have been several authors that
have studied the mathematical practice of defining at
university level. Among others, Ouvrier-Buffet (2011)
characterised the process of construction of a
mathematical definition that is linked to the
mathematical practice of proving. Furthermore, Zandieh
and Rasmussen (2010) created a framework called
defining as a mathematical activity (DMA) in order to
explain how students learn to create and use
mathematical definitions in class. Other authors like
Tabach and Nachlieli (2015) focused on how
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Contribution to the literature

e This paper shows how to employ the theory of commognition to characterise students” discursive
activity when defining and what their lecturers expect from them. This allows their comparison in order

to identify similarities and differences.

e The participants of the study were 45 undergraduate students, pre-service teachers enrolled in an
undergraduate degree in Primary Education, and two of their mathematics lecturers. Qualitative
methods were employed to study their discursive activity.

e Results show that, when describing the solids, defining them and selecting the best definition, there are
differences between students’ engagement in mathematical discourse and what their lecturers expected

from them.

undergraduate students use the mathematical definition
of a function. Moreover, Martin-Molina et al. (2018)
characterised how  professional = mathematicians
construct new definitions by generalizing other existing
ones.

According to Rasmussen et al. (2005), symbolising,
algorithmatising, and defining activities (among others)
are social or cultural practices. Following this
characterization of defining as a sociocultural practice, a
sociocultural approach is adopted in this work when
studying how undergraduate students construct
definitions: Sfard’s (2008) theory of commognition. This
theory (also called commognitive framework) considers the
discourse as the principal object of attention, which “sets
this approach apart from other types of participationists’
research” (Sfard, 2008, p. 275). This framework has
shown its relevance to research at university level (for
instance, Heyd-Metzuyanim et al., 2015; loannou, 2018;
Nardi et al., 2014; Toscano et al., 2019) and has been used
to compare students’ and lecturers’ engagement in
discursive activities (Guigler, 2013; Stadler, 2011; Thoma
& Nardi, 2016, 2018). There have also been several
studies that focus on the practice of defining among
undergraduate students (Fernandez-Leén et al., 2019;
Gavilan-Izquierdo et al., 2019; Sanchez & Garcia, 2014).
It is less common to study the differences between
undergraduate students’ discursive activity when
defining and what their lectures expect to see in their
students” responses.

In this paper, undergraduate students’ discursive
activity when defining geometric solids is analysed in
order to compare it with what their lecturers expect them
to do.

THEORETICAL FRAMEWORK

The theory of commognition (combination of the
terms communication and cognition) is not a mere
replacement of cognition with another different theory
because “commognitive research differs from both its
predecessors, behaviourism and cognitivism, in its
epistemology, ontology, and methods” (Sfard, 2008, p.
275). The discourse becomes the main object of interest,
which makes this approach different from other types of
sociocultural approaches. Sfard (2008) defines a
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discourse as a particular way of communication that can
be characterised through certain properties (the objects
and visual mediators that are used and the rules that the
participants follow in their communication).

Since Sfard (2008) also states that the different
discourses can be distinguished by the specification of
the particular objects present in them, the mathematical
discourse will be the discourse that deals with the
mathematical objects such as arithmetic operations,
equations, groups, or prisms. Furthermore, Sfard (2008)
also distinguishes between object-level discourse, which
is a discourse about objects, and meta-level discourse,
which is a discourse about another discourse. For
example, discussions about what a geometric solid is
would be at object level and discussions about what a
definition is or how to construct a definition that fits a
geometric solid is at meta level.

In order to characterise the mathematical discourse,
Sfard (2008) proposes four properties: word use, visual
mediators, narratives and routines. Word wuse is
important because one of the distinctive characteristics
of discourses is the keywords that they use. These words
include both mathematical terms like polygon and
ordinary words used with a mathematical meaning, like
leaning to mean oblique. Furthermore, “visual mediators
are means with which participants of discourses identify
the object of their talk and coordinate their
communication” (Sfard, 2007, p. 571). Therefore, visual
mediators are objects such as graphs of functions,
algebraic expressions in equations or in functions,
images of geometric figures, figures in dynamic
mathematics software, etc.

Narratives are defined as “any sequence of
utterances, spoken or written, framed as a description of
objects, of relations between objects, or of activities with
or by objects” (Sfard, 2008, p. 223). Narratives can be
accepted or rejected by the discursants; those narratives
that are accepted are called endorsed narratives.
Examples of endorsed narratives in the mathematical
discourse are definitions, axioms or theorems. Finally,
for Sfard (2008), routines are repetitive patterns that
characterise the activities of the discursants, for instance,
how they define mathematical objects, prove
propositions and theorems, solve equations, etc.
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Moreover, Sfard (2008) considers learning
mathematics as a change in the discourse, which can be
seen as a change in any of the four properties mentioned
above. A possible source of learning is the resolution of
a commognitive conflict, which “is defined as the
phenomenon that occurs when seemingly conflicting
narratives come from different discourses—from
discourses that differ in their use of words, in the rules
of substantiation, and so on” (Sfard, 2007, p. 575).

Several authors point out that routines can play an
important role in characterising learning (Lavie et al.,
2019). Furthermore, Cooper and Karsenty (2018) state
that these four discursive properties permit them to
compare the patterns of communication of different
communities (in their study, lecturers and
mathematicians). In this paper, those properties are used
in the characterisation of students’ discursive activity
when defining geometric solids, and in the discursive
activity that their lecturers expect from them. This
permits their comparison in order to identify similarities
and differences, which could indicate potential
commognitive conflicts.

METHODOLOGY

This section contains the participants and context, the
data collection instrument and how the data collection
and analysis were carried out. A qualitative method was
employed.

Participants and Context

There were two sets of participants: undergraduate
students and their lecturers. The student participants
were 45 pre-service teachers that were enrolled in an
undergraduate degree in Primary Education in a big
public university of Spain. These students (18-19 years
old) had a compulsory subject on mathematics on their
first year of their undergraduate degree. Once a week,
they worked for an hour in mixed-gender groups of
three to four students while they tried to solve a
variation of mathematical problems and tasks.
Specifically, 12 groups of students participated in this
study, called G1,..., G12. The students of each group
were called S1, 52, S3 and S4, without specifying their
group in the notation, since the group is always
mentioned when referring to them. Groups G1, ..., G6
had a lecturer that was different from that of groups G7,
..., G12, but all of them had been taught the same topics
using the same slides and problem worksheets because
both lecturers had agreed on what to teach and how to
do it. Both lecturers had a Ph.D. in mathematics and
more than five years of experience in teaching
mathematics and mathematics education at university
level. They were members of a department of
mathematics education.

Data Collection Instrument

A specific mathematics field (geometry, analysis,
statistics, etc.) was needed in order to study the process
of defining among undergraduate students. The choice
was made to focus on 3D geometry because it provides
a very rich field in which defining and definition plays
an important role and it is a continuation of previous
studies on how students define in 2D geometry
(Escudero et al., 2014; Sanchez & Garcia, 2014).
Moreover, students are not as familiar with 3D geometry
as with 2D geometry, which forces them to discuss how
to construct definitions instead of reciting the definitions
they already know.

The data collection instrument had to facilitate or
promote the generation of discussion because, in the
theory of commognition, the data are “human talk,
either vocal or written” (Sfard, 2008, p. 277). This can
mean the inclusion of open questions that promote
discussion.

Taking into account all these ideas, a worksheet was
designed by adapting one that had been used in
previous studies (Escudero et al, 2014; Sénchez &
Garcia, 2014, which were in turn based on Gavilan et al.,
2002). The aim of the worksheet was to characterise how
undergraduate students construct definitions that fit
given solids (3D geometric objects with certain
properties). This worksheet has been validated as a data
collection instrument in previous publications
(Fernandez-Leén et al., 2019; Gavilan-Izquierdo et al.,
2019).

A discussion of why each of the questions of the
worksheet was created (and why they were ordered as
they were) is included below, mentioning the influence
of previous work in the design. Since the original
research was conducted in Spanish, both the worksheet
and the participants’ responses have been translated into
English.

The previous worksheet, in Escudero et al. (2014) and
Sanchez and Garcia (2014), contained pictures of three
quadrilaterals: a square, a rectangle and a rhombus.
These quadrilaterals were chosen because they had some
common properties (four sides, parallel sides) and some
properties that differentiated each one from the others
(the square was the only regular quadrilateral, the
rectangle was the only one that did not have four equal
sides and the rhombus was the only one that did not
have four equal angles). The current worksheet contains
pictures of three prisms: a cube, a parallelepiped that is
not a cube, and a prism with a concave base (see Figure
1). Three solids (instead of only one) appear in order to
promote the presence of repetitive patterns when
students engage in mathematical discourse. Moreover,
these particular solids were also chosen because all three
of them have some properties in common (they are
prisms with a four-sided base, for example) and other
properties that differentiate them from the other solids
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Figure 1. The picture of the solids that appear in the worksheet (Gavilan-Izquierdo et al., 2019)

(the first solid is the only regular prism, the second solid
is the only one that is an oblique parallelepiped and the
third one is the only one which is concave). The pictures
were designed using the dynamic geometry software
GeoGebra (Hohenwarter et al., 2018).

In order to design the questions of the worksheet, it
was taken into account that, for us, the process of
defining is the one that begins with the identification and
description of the characteristics of objects and ends with
the construction of a formal mathematical definition.
Therefore, as in the previous worksheet (Escudero et al.,
2014; Sanchez & Garcia, 2014), the first four questions
concern the identification and study of properties of the
solids:

common (question 3) and which properties differentiate
one solid from the other two (question 4).

All the previous questions prepare the students for
the next two, which are similar to the ones that appeared
in the previous worksheet (Escudero et al., 2014; Sdnchez
& Garcia, 2014):

5. Define each of these solids.

6. Can you give another definition of any of the solids?

1. In the 3 previous solids you can identify basic elements
like faces, vertices, edges, etc. What properties or
characteristics of these elements can you observe in each
solid?

2. Among the above properties or characteristics, can
you identify the ones that only two solids have in
common?

3. Among the properties or characteristics of question 1,
can you identify any property that the three solids have
in common?

4. Is there any property of any of the solids that
differentiates it from the other two?

In question 5, the students should construct a
definition of each of the solids, in order to see which of
the previous properties appear and/or are deemed
important and which ones are discarded. This may
generate a discussion among students about what a
definition is. Question 6 is intended to promote
discussion about how to construct more than one
definition for a particular solid. This will lead the
students to handle more than one definition (and to
discuss if they are equivalent or not), which is useful for
the next questions:

7. Is one of your definitions valid for another solid too?
For example, is the definition of solid 1 also valid for
solids 2 or 3?

8. Could you give a definition that is valid for two of the
solids? And for 3?

In the first question, the students should talk about
the properties of the solids, like the regularity, convexity
or parallelism of the faces, how many faces, vertices or
edges there are, etc. In the wording of the question, the
words properties and characteristics are used as
synonyms. The reason for giving both words is that the
students came from different backgrounds, so it was not
known which one they had used previously.

In questions 2 to 4, the students have to compare and
contrast the properties of the solids that they identified
previously. In order to do that, they are asked to identify
the properties that only two solids have in common
(question 2), the ones that all three solids have in
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Questions 7 and 8 were included to generate a
discussion about inclusive and exclusive definitions and
how to construct them. Exclusive definitions are those
that define a partition, that is, a classification of
geometric objects into categories such that each object
belongs to only one category. Inclusive definitions
permit an object to belong to more than one category. For
instance, when working with quadrilaterals, an inclusive
definition of rectangle would regard a square as a
rectangle, whereas an exclusive definition would not. In
the current worksheet, questions 7 and 8 were designed
to enquire into the ideas that the students have about the
appropriateness of a definition, since some of them think
that a definition that is valid for two solids is not really
correct.
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Table 1. Analysis of the part of the first question concerning the second solid

Expected narratives when describing the
second solid in question 1

Groups which gave that answer

All the opposite faces are equal, and parallel G1(1.38, W), G4(1.34), G7(1.83-85,W)

Some angles are acute and some obtuse
Opposite faces are equal

Opposite faces/Bases are equal

It has 6 faces, 12 edges and 8 vertices

G7(1.110,135,W), G8(1.25,W)

G1(1.36), G5(1.29,W)

G8(1.69), G11(1.92,W), G12(1.117,121, W)

G1(1.53-54-only edges, W-vertices and edges), G2(1.4, W), G3(1.15-20, W), G4(1.8-

22, W), G5(1.27, W), G6(1.13-17, faces and edges, W-all), G7(1.19,88-89,103-104,W),
G8(1.14-16,W), G9(1.44,61-faces and edges, W-all), G10(1.30,32,37,W), G11(1.67,84-
85,88,W), G12(1.117,128-131,133-134,W)

It is oblique/not right G7(1.86), G8(1.18)
It is a prism

It is a parallelepiped None

It is a convex polyhedron None

It is a hexahedron None

Unexpected narratives
It is a parallelogram

G1(1.27,W), G4(1.7), G8(1.2-3), G12(1.86,W)

G1(1.28-30,W), G3(1.13), G8(1.17)

Finally, in question 9, which was not included in the
previous worksheet (Escudero et al., 2014; Sanchez &
Garcia, 2014), the students have to make explicit their
criteria for choosing between the two definitions that
they gave in questions 5 and 6:

9. Of the two definitions that you have given for each
solid in questions 5 and 6, which one would you choose?
Why?

Data Collection

The 45 student participants (divided in groups G1,...,
G12) were observed during a one-hour session. All the
groups of students were provided with a copy of the
worksheet and were instructed to answer the questions
in it, verbalizing their answers as much as possible and
writing them down. Their discussion was audio
recorded and their written answers collected.

On the other hand, there was a meeting between the
research team and the two lecturers that were the
instructors of the above-mentioned students. The
lecturers were asked what responses they expected from
their students. Researchers took detailed notes of the
lecturers’ expected answers to each question and the
lecturers also wrote down the answers they expected in
a copy of the worksheet.

Analysis

Once all the audio recordings of the students were
transcribed, the answers expected by the lecturers and
the students’ discussion and written responses were
analysed in order to compare them. This analysis was
carried out by first identifying the properties of the
mathematical discourse (Sfard, 2008). Each of the
authors of this paper analysed the data individually in
order to identify these properties, later compared those
in pairs and finally the whole group discussed the results
until a consensus was reached. Neither the lecturers nor
the students mentioned explicitly the words narratives or

routines in their discussions or written responses, but
they were inferred by the researchers from those
discussions and responses.

For each group of students, if the narratives, visual
mediators or mathematical words that the lecturers
expected appeared, it was noted if there were in the
transcripts (including the transcript line), in the written
answers or in both. Moreover, it was written down if the
groups’ narratives were completely or only partially
identical to the expected narratives. If the narratives
were not the expected ones, they were gathered in order
to be classified, and it was checked if they appeared in
the discursive activity of other groups. Once all those
properties were identified, a search for patterns in the
discussions and responses (from which routines can be
inferred) was performed.

An example of the analysis of part of the first question
appears in Table 1. The left column has the narratives
that the lecturers expected and, at the bottom, one they
did not expect, but which appeared more than once in
the students’ discussions or written responses. The
narratives that are partially crossed out mean that, when
analysing the students’ answers, there appeared
narratives without that part. The right column has the
groups in which the narratives have been identified
(with the transcript line numbers in parentheses and a W
if the answer appears in the written document too). In
the narrative “it has 6 faces, 12 edges and 8 vertices”,
some groups did not quantify all the elements, only one
or two. This information is included in parentheses.

In question 1, when describing the three solids, the
narrative “it has 6 faces, 12 edges and 8 vertices” often
appeared at the beginning of the description of all three
solids, thus leading to the inference of a routine which
consists in quantifying the elements of a solid when
asked to describe them. This routine coincides with one
of the routines that the lecturers expected.
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RESULTS

In this section, some of the students’ discussion and
written responses are described and compared with the
answers that their lecturers had expected. Since, for us,
the process of defining is the one that begins with the
identification and description of the characteristics of
objects, continues with the construction of several
preliminary definitions and ends with the selection of
one of them, which will become the formal mathematical
definition, the results have been organized around three
themes: how students describe the solids, how they
construct definitions for them and how they choose what
they consider the best definition. Students” and lecturers’
discursive activity around these three themes is
described in terms of the discursive properties of Sfard’s
(2008) commognitive framework: word use, narratives
and routines. No visual mediators are mentioned
because almost none appeared apart from those in the
worksheet (Figure 1). Students’ discursive activity was
at meta level when students discussed what a definition
is or how to choose the best definition but was at object
level when they discussed the characteristics of a
particular solid, for example.

Some Characteristics of How Students Describe

When asked to describe the elements of the solids, the
lecturers expected narratives related to their number (“it
has 6 faces, 12 edges and 8 vertices”) or to their other
properties (“all the faces are squares (and equal)”, “all
the faces are equal”, “all its edges are equal”, “all its
angles are right”). Moreover, although the first four
questions ask about the elements of the solids, the
lecturers also expected that some students would
describe the solids themselves, by giving them a label or
naming one of their properties (“it is regular”, “it is a
cube”, “it is a hexahedron”, “it is a prism”, “it is
convex”).

Students did use all these three types of narratives in
their discussions and written responses, but there were
some differences in their word use and routines. Indeed,
students’” mathematical vocabulary was quite limited,
which led them to omit references to some properties of
the faces (like their convexity/concavity) or to use other
words from the colloquial discourse with mathematical
meaning when describing the solids or their elements
(like leaning instead of oblique). For instance, a student of
group G8 stated “that is why I say that I see it as leaning
a bit, so it is leaning”. The mismatch between the
students” word use and their lecturers’ expected word
use was especially noticeable in the case of the solids that
the students seemed to be less familiar with, that is, the
solids that were not prototypical.

Concerning students’ routines, it seems that the
students considered that they had to begin their
description of the elements of the solids by first counting
how many faces, edges and vertices there were. This is
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supported by the appearance of the narrative “it has 6
faces, 12 edges and 8 vertices” (or a variation of it) in the
discussions of all the groups when describing the
elements of the three solids. Moreover, when describing
the elements of the third solid, all the groups quantified
them, but two groups did not add any qualitative
properties (G6, G10) and other groups added very few
properties (groups G2 and G9 added “only the bases are
equal” and G3 said that “the edges are not equal”).

Finally, it is worth highlighting that some groups of
students decided to give a definition as an answer to
question 1, when they had been asked to merely describe
the elements of the solids. This led some students to state
that the answer to question 5 (in which they were asked
to construct definitions of the solids) should be the same
answer that they had given in question 1 (in which they
had been asked to describe the elements of the solids).
For instance, group G11 had the following discussion:

295: S4: And now to define.
296:
[...]

299:

53: [...] We already did it.

S1: What happens is that we have to define...
we have to define a solid with all the
characteristics that we said before. I think.

[..]

308: S4: Then... It is the same again.

309: S2: What?

310: S4: I mean, to write the same thing again.

After that, they decided to write as an answer to
question 5: “the definitions are in question 1”.

There is no Consensus across the Students of a Group
or across the Groups on How to Define

The lecturers expected the students to always use the
same routine when defining the solids in questions 5 and
6. Indeed, they expected the students to construct
definitions containing a label and some (or all) of the
properties that they had identified in previous questions.
Therefore, they expected definitions such as “solid 1 is a
solid that has all square faces” or “solid 2 is a prism with
6 faces that are parallelograms” and that the students
would merely add or change some of the properties of
their first definition when they needed another one.

Although ten groups (all except G3 and G4) used this
routine, the students also used two others. One of them,
used by seven of the twelve groups of students (G2, G3,
G4, G5, G6, G10, G11), consisted in defining the solids by
using narratives mentioning only properties, with no
label. For example, group G4 defined the first solid by
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writing “solid 1: all the faces are equal, squares. All
[solids] have 6 faces, 12 edges and 8 vertices” and G10 by
“solid 1: all its angles are right and its height is equal in
all its sides”. Moreover, group G2 defined the second
solid by writing “solid 2: it has 6 faces, 12 edges and 8
vertices with equal square bases and its 4 sides are equal,
rectangles”.

The other unpredicted by the lecturers’ routine
consisted in defining the solids by employing only a
label and, at most, an adjective (groups G4, G5, G9). For
instance, group G5 stated that solid 3 was an “irregular
prism”, without adding any more properties. During
their discussion, a student of G4 summed up their
response the following way: “solid 1 could be [a] cube,
solid 2 [is a] rectangular prism and solid 3 is an irregular
prism”.

Some of the groups did something surprising: they
employed more than one routine to construct a
definition. While there were four groups that always
defined by labelling and adding properties (G1, G7, G8,
G12) and there was another one that defined by only
properties (G3), the other seven groups employed more
than one routine. Indeed, six groups used two routines
when trying to define the solids and one group (G5)
employed the three routines mentioned above. For
example, G4 defined solid 1 in question 5 by giving a list
of properties (“All the faces are equal, squares. All
[solids] have 6 faces, 12 edges and 8 vertices”), while in
question 6 they wrote down simply “cube”. Three
groups, G2, G6, G10, gave definitions with labels and
properties in question 5, then decided to only use
properties in question 6. In the discussion of G11, they
mentioned definitions with only properties but they
decided to write down definitions with labels and
properties. Group G9, when discussing questions 5 and
6, employed both definitions with only a label (like one
student who said during their discussion “number one
is a cube”) and definitions with a label and properties:

195: S2: It is a cube with 6 faces, with...

196: S1: A cube, a cube with 6 faces. I should put

the edges, shouldn’t I? How many?

199: S1: 8 vertices and 12 edges.

200: S3: The same in the other one.

203: S4: All of them have 6 faces, the same edges.

204: S1: And I should write what we wrote here,

four rectangular faces, two square faces.

205: S2: We have really written the same.

This excerpt shows that the students of this group,
who had begun by giving only a label to solid 1, decided
to construct a definition with a label (cube) and all the
properties that they had mentioned in the first question
of the worksheet. That is the definition that they wrote
as answer to question 5 (“solid 1 is a cube with 6 equal
faces, 8 vertices and 12 edges”) and they left question 6
unanswered.

Therefore, many groups did not seem to have a
regular pattern when constructing a definition and some
groups of students did not seem to have a clear idea of
what defining is. For example, in some of the groups, a
meta-level discussion about what a definition is and how
to define arose. This produced many interesting
narratives, like what a student of group G7 answered
when asked what he considered a definition to be: “the
name and... the characteristics... is the definition”.
Another student of the same group agreed with that
statement and a third one added “[the definition] has to
be only for that [solid]”. These discussions may have
been caused by a lack of explicit instruction about what
a definition is and how to construct it.

Finally, it is noticeable that, when asked to give
another definition for each solid, three of the groups (G1,
G7, G9) either explicitly said narratives of the type “we
do not know another definition” or did not answer the
question. Two other groups (G3, G8) gave an alternative
definition for one or two solids but not for all three.

There is no Consensus across the Groups on which
Definition is the Best Definition

In the last question, the students were asked which
definition they would choose among the two that they
had given in previous questions. The lecturers expected
that the groups of students would employ a routine that
consists in choosing the definition that had the highest
number of properties, i.e., the most complete. This would
mean that they would choose the definition that had
been constructed by including a label and all the
characteristics of the solid that they knew.

Four of the groups (G1, G3, G7, G9) did not answer
the last question of the worksheet (in the case of G1, G7
and G9, because they had not given two definitions in
the previous questions). Therefore, there is not enough
evidence to determine which criteria these groups would
employ when choosing a definition. Among the other
eight groups, one group of students, G8, gave two
definitions for the first solid, but not for the other two.
The students of this group chose the first definition they
had given because they said that it was “the one we
know and the one that we think defines the most [sic]”.
Four other groups (G2, G5, G10, G11) chose a definition
because it was the “most complete”. For example, the
students of group G10 had the following discussion
when answering question 9:

212: S3: The one in [question] 5 is better, isn’t it?
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213: S2: Yes, the first one, because here it speaks
of angles and here it speaks of angles, sides
and faces. And of the [definitions for solid]
two, the same, here we only speak of the
angles.

214: S1: And there of everything.

215: S2: No, and here we only speak of the faces.

I would choose the first one.

Whereas, students of G11 justified their choice of
definition in the same question by saying;:

455: S4: This definition [the one in question 5]
instead of the one we gave here [the one in

question 6].

456: S1: Because it is more complete.

457: S3: Huh, right, here [in question 5] we have

completed it more.

458: S4: We have chosen this definition because it

is the most complete.

There were also two groups (G6, G12) that chose the
first definition that they had given. Indeed, the students
of G12 wrote “we had a clearer idea at the beginning and
[the first definition] was much more elaborate, the
second one was more spontaneous and improvised”.
Finally, there was a group (G4) that had constructed two
definitions for each solid, one with only characteristics of
the solid and another one with only a label. This group
decided to employ an unexpected routine, they chose the
definition that only had a label because they considered
that it was the “most correct”. Indeed, student S3 stated
that they should choose the definition of question 6
because “we know it is the most correct, we know that it
is a cube and a prism, isn't it?”.

To sum up, there does not seem to be a consensus
across groups about which criterion to use when
choosing a definition. Among the eight groups which
answered the question about the selection of a definition,
four groups decided to choose the most complete one and
the rest of the groups employed other routines.

CONCLUSIONS AND DISCUSSION

Our study has identified three main areas of
mismatch between how students engaged in discursive
activity when defining geometric solids and what their
lecturers expected from them, which could generate
commognitive conflicts. The first mismatch appeared
when the students described the properties of the solids:
while the lecturers expected the students to label or
name some properties, some students only quantified
elements of the solids. The second mismatch occurred
when the students defined the solids. Here, the lecturers
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expected the students to give a label followed by a list of
properties, but the students defined using three different
ways: labelling, giving a list of properties or doing both
of them. The third mismatch appeared when the
students selected the best definition. In this case, the
lecturers expected that students would choose the
definition that had the highest number of properties.
Nevertheless, some groups of students only gave one
definition of the solids and the rest of the groups did not
follow a consistent criterion. Thus, our research offers a
better insight into students” engagement with activities
such as the identification of properties and the
construction of definitions for solids. Moreover, this
study complements the article by Ferndndez-Leén et al.
(2019), where the authors show some commognitive
conflicts that occur because of differences among
students’ discursive activities. While in the previous
article the focus was on students’ engagement with
describing and defining activities, in this study there is
also a comparison between that engagement and what
their lecturers expect from them.

According to the theory of commognition, there is a
difference between object-level and meta-level discourse
(Sfard, 2008). At object level, the students managed to
describe and establish links between the solids that
appeared in the data collection instrument. However,
the words that they used were sometimes very informal,
not part of the literate discourse that they should be able
to use at university. At meta level, the students had some
problems when asked to construct a definition, compare
it with others and consider the existence of different
definitions for a solid. On the other hand, their lecturers
were mathematicians and, as Tabach and Nachlieli
(2015) highlight, “in the mathematical community,
mathematical definitions are precise definitions that
contain necessary and sufficient conditions to help us
determine whether or not a word applies to certain
examples” (p. 167). Therefore, the results have provided
information about how far or near the students’
discursive activity is from the discursive activity that
their lecturers expected from them. This could help their
lecturers to adapt their teaching in order to close the gap
between them. Moreover, since the student participants
of this study were prospective mathematics teachers,
this could help to improve teaching at both university
and schools.

The results of the study show that it is necessary to
make explicit in mathematics education the process of
defining, a process that sometimes seems to be
transparent. This would include discussing both the
optional and imperative features of definitions that
Zaslavsky and Shir (2005) mention (for example, it is
imperative that all definitions must be noncontradicting
and unambiguous). This instruction would also include
discussing the relations between  definitions
(equivalence, inclusivity, etc.). This explicit teaching
about the process of defining should be part of the
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mathematics instruction that every pre-service teacher
receives. Indeed, we believe that this should be part of
mathematics instruction at every level of mathematics
education. However, how to accomplish this is still an
ongoing debate and it is worth studying.

Therefore, the theory of commognition has permitted
the comparison of students” discursive activity and what
their lectures expect from them, which in turn has shown
that both students and lecturers differ in their use of
words and in how they decide if a narrative should be
endorsed when describing, defining and selecting
definitions. This is another argument for the need for
instruction about the process of defining and for the
need for research on how to do it properly.

Finally, we acknowledge some limitations of our
study. Firstly, the fact that the students” discussions were
audio recorded instead of video recorded means that
some information about students’” nonverbal
communication has been lost. Secondly, the way in
which the solids were constructed using GeoGebra
(Hohenwarter et al.,, 2018) made some vertices seem
bigger than others, and this may have generated
confusion among some the students (although there
does not seem to be any evidence of this confusion in our
data). Despite the limitations of our study and the
difficulties of making the commognitive framework
operative, this study has permitted us to identify
important issues that may have been overlooked
otherwise.
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