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Abstract. In this paper, we establish spectral inequalities on measurable sets of positive
Lebesgue measure for the Stokes operator, as well as observability inequalities on space-time mea-
surable sets of positive measure for nonstationary Stokes system. The latter extends the result
established recently by Wang and Zhang [SIAM J. Control Optim., 55 (2017), pp. 1862-1886] to the
case of observations from subsets of positive measure in both time and space variables. Furthermore,
we present their applications in the shape optimization problem, as well as the time optimal control
problem for the Stokes system. In particular, we give a positive answer to an open question raised
by Privat, Trélat, and Zuazua [Arch. Rational Mech. Anal., 216 (2015), pp. 921-981].
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1. Introduction and main results. Let 7> 0, and let Q C RV, N > 2, be a
bounded connected open set with a smooth boundary 9. We will use the notation
Q=0x(0,T), X=00x(0,T), and we will denote by v = v(x) the outward unit
normal vector to © at x € 9€2. Throughout the paper spaces of RY-valued functions,
as well as their elements, are represented by boldface letters.

The present paper deals with an observability inequality on measurable sets of
positive measure for the Stokes system

z; —Az+Vqg=0 in Q,

(1.1) divz=20 in @,
z=0 on X,
z(-,0) = zg in Q.

System (1.1) is a linearization of the Navier-Stokes system for a homogeneous vis-
cous incompressible fluid (with unit density and unit kinematic viscosity) subject to
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homogeneous Dirichlet boundary conditions. Here, z is the RV -valued velocity field
and ¢ stands for the scalar pressure.

Our motivation to obtain an observability inequality on measurable sets for the
Stokes system (1.1) comes from the well-known fact that observability inequalities
are equivalent to controllability properties. In the case we are dealing with, this
will be equivalent to the null controllability of system (1.1) with bounded controls
acting on measurable sets with positive measure and will have important applications
in shape optimization problems, in the study of the bang-bang property for time
optimal control problems, and also distributed control problems for system (1.1) (see
section 3).

Observability inequalities for (1.1) from a cylinder w x (0,T), with w C €2 being a
nonempty open set, have been proved in different ways by several authors in the past
few years. For instance, in [11], the observability inequality for the Stokes system
is obtained by means of global Carleman inequalities for parabolic equations with
zero Dirichlet boundary conditions (see also [6] and [10]). Another proof is given in
[12] by means of Carleman inequalities for parabolic equations with nonhomogeneous
Dirichlet boundary conditions applied to the system satisfied by the vorticity curl z.
More recently, in [5], a new proof was established based on a spectral inequality in
terms of finite sums of eigenfunctions of the Stokes operator.

Concerning observability inequalities over general Lebesgue measurable sets in
space and time variables, as far as we know, the first result was obtained in [2] for the
heat equation in a bounded and locally star-shaped domain, and later extended in [7]
and [8] to the case of parabolic systems with time-independent analytic coeflicients
associated to possibly non—self-adjoint elliptic differential operators and higher order
parabolic evolutions with the analytic coefficients depending on space and time vari-
ables, respectively, when the boundary of the bounded domain in which the equation
evolves is analytic. We also refer the interested reader to [1, 18, 21] for some earlier
and closely related results on this subject.

For the Stokes system, the only result we know is the one in [22], which shows an
observability inequality from a measurable subset with positive measure in the time
variable. The argument in [22] is mainly based on the theory of analytic semigroups.
In this paper, however, we can extend the result in [22] to the case of observations
from sets of positive measure in both time and space variables, by using also the
spatial analyticity of solutions to the Stokes operators.

Before presenting our main results, we first introduce the usual spaces in the
context of fluid mechanics:

V = {y e Hy()"; divy =0},

H={ycL>Q)"; divy=0, y-v =0 on 90Q}.

In what follows, the following notation will be used frequently: Br(zp) denotes a ball
in RY of radius R > 0 and with center 2o € Q; |w| is the Lebesgue measure of a subset
w C 2, and C(...) stands for a positive constant depending only on the parameters
within the brackets, and it may vary from line to line in the context.

The first main result is a L'-observability inequality from measurable sets with
positive measure for system (1.1).

THEOREM 1.1. Let Byg(xg) C 2. For any measurable subset M C Br(xq)x(0,T)
with positive measure, there exists a positive constant Cops = C(N, R,Q,M,T) such
that the observability inequality
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(12) I2(T, )5z < Cons /M 2, 1)] dxdt

holds for all zg € H.

Remark 1.2. When the observation set is M = Bgr(xg) x (0,T), one can see that
the observability constant C,ps has the form Ce/T with C' = C(N,Q, R) > 0. This
is in accordance with the very recent result [5, Theorem 1.1].

Remark 1.3. The above technical assumption imposed on the measurable set M
is just to simplify the statement of the main result. Without loss of generality, for any
measurable set M C  x (0,T) with positive measure, one can always assume that

(13) M C BR(X()) X (O,T) with B4R(X0) cQ

for some R > 0 and x¢ € RY. Indeed, by Lebesgue’s density theorem, one may choose
a new measurable set M C M such that (1.3) holds and |M| > ¢[M], for some constant
0<e<l.

The argument we shall use to prove Theorem 1.1 relies mainly on the telescoping
series method, the propagation of smallness for real-analytic functions on measurable
sets, as well as a spectral inequality for Stokes system.

We next start to introduce the spectral inequality: Let {e;};>1 be the sequence
of eigenfunctions of the Stokes system

—Aej + Vp; = )\jej in £,
(1.4) dive; =0 in Q,
e;=0 on 01,

with the sequence of eigenvalues {\;};>1 satisfying

0<A <A<+ and  lim \j; = 4o00.

Jj—o0o

The following was proved in [5].

THEOREM 1.4 (see [5, Theorem 3.1]). For any nonempty open subset O C ,
there exists a constant C' = C(N,Q,0) > 0 such that

2 2

(1.5) Z a; —/ Z aje;(x)| dx < CeCVA Z aje;(x)| dx
)

A <A A <A O |x<A

for any sequence of real numbers {a;};>1 € 02 and any positive number A1

We mention that the spectral inequality (1.5) allows one to control the low fre-
quencies of the Stokes system with a precise estimate on the cost of controllability with
respect to the frequency length which, combined with the exponential decay of solu-
tions of (1.1), thus implies the null controllability of Stokes system with L2-controls
applied to arbitrarily small open sets.

The second main result is an extension of the spectral inequality (1.5) from open
sets to measurable sets of positive measure.

!Recall that ¢2 £ {{a;};>1 Z;chl’ ? < o0}
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THEOREM 1.5. Let Byr(x0) C 2, and let w C Bgr(Xo) be a measurable set with
positive measure. Then, there exists a constant C = C(N, R, Q,|w|) > 0 such that

1/2

(1.6) Z a? < C’eC\/K/ Z aje;(x)|dx

A <A w X <A

for all A > 0 and any sequence of real numbers {a;};>1 € 02,

Remark 1.6. It is worth mentioning that the inequality (1.6) leads to a null con-
trollability result for the Stokes system with L*-controls (see Theorem 3.6 below),
which is a refined controllability result.

The proof of Theorem 1.5 strongly depends on quantitative estimates of the inte-
rior spatial analyticity for finite sums of eigenfunctions of the Stokes system (1.4). As
far as we know, for the Navier—Stokes equations, the qualitative analyticity has been
first analyzed in [13] and [14], where the authors consider a nonlinear elliptic system
satisfied by the velocity z and the vorticity curl z and show the interior analyticity for
the velocity z. However, since the boundary condition for the curl z is not prescribed,
the analyticity up to the boundary cannot be achieved by this method.

In this paper, in order to establish the spectral inequality (1.6), we adapt and
combine the arguments in [13] and [14] and [2, Theorem 5] to the low frequencies of
the Stokes system.

The rest of the paper is organized as follows. In section 2, we shall present the
proofs of Theorems 1.1 and 1.5, respectively. Section 3 deals with several applications
of main theorems for shape optimization and time optimal control problems of Stokes
system. Finally, in Appendix A, we prove real-analytic estimates for solutions of the
Poisson equation.

2. Proofs of main results.

2.1. Spectral inequality on measurable sets. This subsection is devoted to
the proof of Theorem 1.5. Compared with the proof of [2, Theorem 5] for the Laplace
operator, we here encounter the difficulty due to the pressure in the Stokes system.
To circumvent that, we instead consider the equation satisfied by the curl of the low
frequencies, which is an equation without pressure but with no boundary conditions.
This allows us recover and quantify the interior real-analytic estimates based on the
curl operator.

We begin with an estimate of the propagation of smallness for real-analytic func-
tions on measurable sets with positive measure, which plays a core ingredient in the
proof of Theorem 1.5.

LEMMA 2.1. Assume that f : Bog(xo) C RY — RY s real-analytic and verifies

M|a|!
|0Sf(x)| < (,.J%|)Lé| for x € Bar(xo), a € NV,

with some M > 0 and 0 < p < 1. For any measurable set w C Br(xo) with positive
measure, there are positive constants C = C(R, N, p,|w|) and 8 = 8(R, N, p, |w|), with
6 € (0,1), such that

%
€1l (Br(x0)) SC(/ If(X)IdX> M.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/25/23 to 150.214.182.233 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

2192 FELIPE W. CHAVES-SILVA, DIEGO A. SOUZA, AND CAN ZHANG

The above-mentioned local observability inequality for real-analytic functions
was first established in [20]. The interested reader can also find a simpler proof
of Lemma 2.1 in [1, section 3] and a more general extension in [7, Lemma 2].

Such a kind of stability estimate is called as the Hadamand three spheres theorem
when w is a nonempty open ball. The fact that the smallest set w is allowed to be
Lebesgue measurable while the constants depend only on its measure are particularly
useful in our proof below.

Proof of Theorem 1.5. For each real number A > 0 and each sequence {a;};>1 €
22, we define

up (x) = Z ajej(x), x €,

;<A

and
va(x,s) = Y ae'VVdej(x),  (x,5) € Qx (~1,1),

A <A
where d denotes the curl operator.?
Because va(+,0) = duy and divk upy = 0, we have

(2.1) Axup(x) = d*va(x,0), x € Q,

where d* is the adjoint of d.

Let us now obtain an estimate of the propagation of smallness for uy on measur-
able sets with positive measure. According to Lemma 2.1, it is sufficient to quantify
the analytic estimates of higher-order derivatives of uy.

Since v (-, -) satisfies

_azst(X7 S) - AXVA(X7 8) =0, (X7 S) € Qx (_17 1)a
we have that d*v, verifies
—02,d*va(x,8) — Axd*va(x,8) =0, (x,5) € Qx(—1,1),

and, using Lemma A.1 in Appendix with f = 0, d*v, is real-analytic in Byr(xg,0) C
RN*1, and the following estimate holds

1/2
+ 9)!
0298 d* v p ||~ < clel+ 5! ][ dr 2dxd
(0% 05 d*VAllLoe By (x0,0)) < (R)IT5 Bm(xo’l) va(x, s)|2dxds

Vo e NV, 3 >0,
where the positive constants p and C' only depend on the dimension N. Note that

here we are assuming that Byr(xp,0) C Q x (=1, 1), which is always possible because
Byr(x0) C © and Remark 1.3.

2In fact, d is the differential which maps 1-forms into 2-forms. When a vector field w is identified
with a 1-form, then dw can be identified with a %N(N — 1)-dimensional vector. We can also see d

as an operator d : D'(Q)N — ‘D’(Q)N2 whose entries are given by
(du),j = Ox;u; — Oz;u; (1 <4,5 <N),

and d* is its adjoint operator.
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Taking 5 = 0 in the previous estimate, we readily obtain

1/2
al!
(2.2) 105 d*VA(+, 0)||Loe (Bar(x0)) < C% ][ |d*va(x, s)|>dxds
(pR) Bar(x0,0)

Vo € NV,
To bound the right-hand side in (2.2), we set
wa(x,s) = Z ajes\/rjej(x), (x,8) € Q2 x(—1,1),
A <A

and then the following estimate holds

VA2 (Ban(xo.0) < CIWAIZ2((11)12(0)

1
<c / | Awa (- 5)|% ds,
1

where we have used the fact that there exists C' = C(N, Q) > 0 such that

1
5||Y||H2<Q) < ||Aylla < Cllylla2@) Yy € D(A),

with A being the Stokes operator.?
Since {e;};>1 is an orthonormal basis of H, the last estimate yields

* 2 CVA 2
23) | VAl 2 (Ban o) < CeEE Y a3
<A

for some C > 0.
Therefore, combining (2.2) and (2.3), we have
1/2

[eBNES |oz|'
(2.4) 107 " VA (s 0) Lo (Bar(x0)) < C(pR)Ia\ VA > al Vo € NV,
A <A

where C' = C(N, Q).

Since up solves the Poisson equation (2.1), we have that uy is real-analytic when-
ever the exterior force d*v(+,0) is real analytic. Now, thanks to (2.4), we can apply
again Lemma A.1 to obtain that

1/2

102 0A i (B ey < (BD) ™ol | ua s (Banieey + CeOY [ Y a2
<A

Yo € NV

for some constant p > 0.
Noticing that
Al 2 (Byn(xo)) < luallfz = Z a3,
Aj<A

3The Stokes operator A : D(A) — H is defined by A = —PA, with D(A) = {y € V: Ay €
H} and P: L?(Q) = He H' — H is the Leray projection.
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one can see that
1/2
o |ov! KVA 2 N
(2.5) 0z uA L= (Br(xo)) < W@ Z a? Va € NV,
A <A

where p and K are positive constants independent of A.
Applying (2.5) and Lemma 2.1 to the real-analytic function u,, we obtain the
estimate

12\ 19

4
(2.6) HUAHLOO(BR(XO)) <C (/ UA(X)|dx> eK\/K Z a?

Aj<A

for some constants C' = C(N, R,Q, |w|) > 0 and 0 = (N, R,Q, |w]) € (0,1).
On the other hand, by the spectral inequality given in Theorem 1.4, there exists
C =C(2,R,N) such that

1/2

Z a? < CeC\/K”uA”L“(BR(Xo))'
A <A

The above inequality and (2.6) then lead to

1/2 (1-0)/2

S| <A (/w |uA(X)|dx)9 > al :

A <A
which gives us the desired observability inequality

1/2

Z a? < Cecﬁ/ lup (x)| dx.

This finishes the proof. 0

2.2. Observability inequality on measurable sets in space-time vari-
ables. This subsection is devoted to the proof of Theorem 1.1. We begin with an
interpolation estimate for the solutions of the Stokes system, which is a consequence
of the spectral inequality given in Theorem 1.5 and the exponential decay of solutions
of the Stokes system. This can also be seen as a quantitative estimate of strong unique
continuation of solutions to the Stokes system. We refer the reader to [2, 7, 22] for
closely related results concerning the strong unique continuation property for general
parabolic equations.

PROPOSITION 2.2. Let Byr(xg) C Q, and let w C Bgr(xo) be a measurable set
with positive measure. Then, there exists C = C(£, |w|) > 0 such that

1/2
|z

<
2Dl < (Cer= llz(, ) luaw)) 12t s)* Va0 € H,

where 0 < s <t <T and z is the solution of (1.1) associated to zg.
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Proof. 1t suffices to prove the estimate in the case s = 0.
For any A > 0, we set
H), £ span{ej; Aj < A}.

Given zy € H, the solution z of (1.1) can be split into z = z5 + zk, where z, and zk
are the solutions of (1.1) (together with some pressures) associated to zg s € Hy and
zy, € Hy,* 20 = 20,4 + 25 5, respectively. Moreover, one has

(2.7) za(t) € Hy and ||z ()]l < e~ |20l

for every t > 0.
From (1.6) and (2.7), for each ¢ > 0 we have

lz(-, )l < llza (o) lex + lzx (. 8) e
< OOz (1)) + ¢ 2ol
< CeYA (2 )l @) + 125 () [er) + e |20
< 0V (||2(, 1)l w) + M lzo ) + ¢ |zoll

< GOV (B, 1) lua o) + ¢~ 20l )
~ C 1/2 1/2
< CeT |z, )15, Izl
where in the last inequality we used the fact that
th _ C%
C’lx/K—7§2—; for any A >0

as well as the following lemma.

LEMMA 2.3 ([19]). Let Cy, Cy be positive and My, My, and Ms be nonnegative.
Assume there exist C3 > 0 and 69 > 0 such that My < C3M, and

MO S 67016M1 + 6026M2
for every § > 8g. Then, there exits Cy > 0 such that

My < COMF2/(CI+02)M§1/<C1+C2).

For the proof of Theorem 1.1, we will use the following result concerning the
property of Lebesgue density point for a measurable set in R.

LEMMA 2.4 ([18], Proposition 2.1). Let E be a measurable set in (0,T) with
positive measure, and let £ be a density point of E5. Then, for each > 1, there is
U =0(p, E) in (¢,T) such that the sequence {€y,}m>1 defined as

bppp1 =L +p " —0), m=1,2,...

satisfies

(2.8) 1EO (bt b)) > = (b — binsn) Ym > 1.

Wl

4HX = span{ej; Aj > A}.
5Let E a measurable set of R. A point & € E is a density point if
. |EN(z—hx+h)
lim ——m——————
h—0 2h
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Proof of Theorem 1.1. For each t € (0,T), let us define the slice
M ={ze€Q:(z,1t) e M}

and

E= {te (0,7); M| > ';V;'}

From Fubini’s theorem, it follows that M; C 2 is measurable for almost everywhere
(a.e.) t € (0,T), E is measurable in (0,7) and

)
B> —
2 S Bt

For a.e. t € E, we apply Proposition 2.2 to M; to find a constant C =
C(Q,R, M|/ (T|Br(x0)])) such that

and  xgp(t)xn, (x) < xm(x,t), in Q x (0,7).

1/2 1/2
(29) (- )ller < (CeSe i, Dlleacaen) I, )l
for 0 <s < t.
Let £ be any density point in E. For p > 1 (to be chosen later), we denote
by {€m}m>1 the strictly monotone decreasing sequence associated to ¢ and p as in
Lemma 2.4. For each m > 1, we set

by — Uy
T = L1 + ( +1)§
6
hence,
(Em - £m+1)
(2.10) |[E N (T, )] = 1E N Crnt1s b)) — |E N (b1, )| 2> —

Taking s = £,4+1 in (2.9), we get
(2.11)

__c 1/2
2, Dl < (Ce™ i 2l Do) 126 s for ae. t € BN (T, fm).

Then, using the L? energy estimate for the Stokes system, integrating (2.11) with
respect to t over E N (Ty, b)) and using (2.10), we obtain

. 1/2
ey —— 1/2
12( tm) [ < (Ce"’m Em“/g XE(t)Z(wt)llLl(M,,)df> 2, )34
m+1

which implies that

L
[2(, )l < €llz(-, bmia) [ + € lcee”l’"“/Z xe()lz(-t)|lL o, di
m41
for any € > 0.

S R
Taking e = ¢ 2Um~fm+1) in the above inequality, we have
(2.12)

c+3i

& T (-, )5z — ¢ T m+1)|\H<C/ BO)|z( 1)L o, dt.
'm+1
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2(C+1)
201 °

Finally, choosing p = where C' is any constant for which inequality (2.12)

holds, we readly obtain

_ c+31 c+i
¢ Tt g, )11 — € T ||, ) [

(2.13) < 0/ SOy dE ¥m > 1,
m+1

because u(lm+1 — bma2) = by — b1 for all m > 1.
This way, adding the telescoping series in (2.13) from m = 1 to +oo and using
the fact that lim /,, = £, we have that

m—r o0

o+ o O3 _ c+i
e Ttz ||z(-, 4))||m = Z e Tttt ||z(c b)) |z — € Ttz || 2(, b)) |1

m=1

< C/ |z(x, t)| dxdt.
MA(QX[E,01])

The L? energy estimate for the Stokes system and the fact that ¢ < ¢, < T for
every m € N lead to the following observability inequality

|z(-, T)llm < C |z(x, )| dxdt,
MA(Qx[1,11])

with some constant C'= C(N, R, Q,M,T) > 0. This completes the proof. ]

3. Applications.

3.1. Shape optimization problems. As an interesting application of Theo-
rem 1.5, we analyze the following shape optimization problem formulated in [17].

Let { BJ’V}jEN be a sequence of independent real random variables on a probability
space (X, F,P) having mean equal to 0, variance equal to 1, and a super exponential
decay (for instance, independent Gaussian or Bernoulli random variables; see [4, As-
sumption (3.1)] for more details). For every v € X, the solution of (1.1) corresponding
to the initial datum

(3.1) Zg = Zﬁ;ajej, with {aj}jZI S ZQ,
Jj=1
is given by
(3.2) 2/ (1) = Blaje e,
Jj=1

Given L € (0,1), we define the set of admissible designs
Up = {Xw € L*™°(9;{0,1}) : w C Q is a measurable subset of measure |w| = L|Q|}

For each x,, € U, we then define the randomized observability constant by

Crrand(Xw) = //zxt dxdt.
rranal) = nt B[ [ 2P
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Using (3.2), the properties of random variables B;, and the change of variable

TX

bj = aje”" ", we deduce that

2

T
CT,rand(Xw) = inf E/ / Z Bjubj €t)\j €; (X) dxdt,
E;?0:1 0 w

bil2=1
b1 =

where E is the expectation over the space X with respect to the probability measure
P.

From Fubini’s theorem and the independence of the random variables {ﬁ; }ien, a
simple computation gives

] e2T)\j -1 9
Crranatie) = o) 5 [ et ax

We now consider the optimal design problem of maximizing the randomized ob-
servability constant Cr rend(Xw) over the set of admissible designs Uy,. In other words,
we study the problem

T ] 62T)\j -1 9
(3.3) (PY): sup Crrand(Xw) = sup inf ———— [ |e;(x)]° dx.
Xw€UL 1 Xw€Uy J21 2)‘j w

The optimal shape design problem (3.3) models the best sensor shape and location
problem for the control of the Stokes system (1.1).
We have the following result.

THEOREM 3.1. The problem (PT) has a unique solution.

Proof. We only have to check the following two conditions:

(i) If there exists E C Q of positive Lebesgue measure, an integer m € N*,
B1y...,Bm € RY and C > 0 such that Z;nzl Bile;(x)|? = C almost every-
where on E, then there must hold C =0and 8y =6, =--- =S, = 0.

(ii) For every a € L>(9;[0,1]) such that [, a(x)dx = L|Q|, one has

2T )

L et —1
tmint [ atwle; () x>

62TA1 _ 1
20

By the analyticity of the eigenfunctions of Stokes system with homogeneous
Dirichlet boundary conditions, it is not difficult to show that the first condition holds.

For the second condition, notice that there exists ¢ > 0 and E C €2 of positive
measure such that a > exgp and

[ atwlies oo dx = ¢ [ e ax.

From Theorem 1.5, we easily see that

" 62T>\j —1 5 J
il 5% /Qa(w)\eg (x)|” dx = +o0.
From [17, Theorem 1], it follows that problem (PT) has a unique solution. d
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Remark 3.2. The optimal set given by Theorem 3.1 is open and semianalytic.®
This follows from the fact that the eigenfunctions of the Stokes system with homoge-
neous Dirichlet boundary conditions are analytic.

Remark 3.3. A proof of Theorem 3.1 when 2 is the unit disk of R? can be found
in [17]. However, the proof there relies on an explicit knowledge of the eigenfunctions
of the Stokes operator, which of course cannot be extended to the case of general
domains or higher dimensions. For the general case, the key point is the obtainment
of a uniform observability inequality with observations on measurable sets of posi-
tive measure. Thus, Theorem 1.5 gives a positive answer to the shape optimization
problem for Stokes system raised in [17].

3.2. Null controllability for Stokes system with bounded controls. Let
w be a nonempty open subset of ), and consider the following controlled Stokes system

u —Au+Vp=vy, in Q,

divu=0 in @,
(3.9) u=20 on X,
u(-,0) = ug in Q.

It is well known that for any T > 0, up € H, and v € L?(w x (0, 7)), there exists
exactly one solution (u,p) to the Stokes equations (3.4) with

ueCO([0,T;H)NL*(0,T; V), p € L*0,T;U),

U:{weH /w dx—O}

In the context of the Stokes system (3.4), for 1 < p < oo, the LP- null controlla-
bility problem at time T reads as follows:
For any ug € H, can one find a control v € LP(w x (0,T)) such that
the associated solution to (3.4) satisfies

(3.5) u(+,7)=0 in Q7

where

The following result is well known.

THEOREM 3.4. For any nonempty open subset w of 0 and any T > 0, the Stokes
system (3.4) is L2-null controllable.

For the proof, we refer the reader to [5, 10, 11].

In practice it would be interesting to take the control steering the solution of
the Stokes system to rest to be in L>°(w x (0,77)). Nevertheless, to the best of our
knowledge, it is not clear how to construct L>(w x (0,T")) controls from L?(w x (0, 7))
controls. Notice that for the case of the heat equation this is always possible since
one can use local regularity results (for more details, see [3]), which is no longer the
case for the Stokes system.

The observability inequality established in Theorem 1.1 allows us to conclude
stronger controllability properties for the Stokes system (3.4). In fact it is possible
to control the Stokes system with L°°-controls supported in any measurable set of
positive measure:

SHere, it is understood that the optimal set is unique up to the set of zero measure. A subset of

a real analytic finite-dimensional manifold is said to be semianalytic if it can be written in terms of
equalities and inequalities of real analytic functions.
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THEOREM 3.5. For any T > 0 and any measurable set of positive measure v C
Q x [0,T], the Stokes system (3.4) is L>°-null controllable with a control v supported
in vy and having the following estimate

(3.6) [VIlLoe(y) < Cobs(T, 7)o |8,

where Cops(T, ) is the observability constant given by Theorem 1.1 for the control
domain v at time T .

In particular, in the case of a nonempty open subset, we have the following.

COROLLARY 3.6. For any nonempty open subset w of 0 and any T > 0, the
Stokes system (3.4) is L°°-null-controllable.

3.3. Time optimal control problem for Stokes system. Let |- |, : RY —
[0,00) be the r-Euclidean norm in RV, i.e.,

x|, = (|«T1|T+"'+|LL‘N|T)% if rell,o0),
" max{|z1],...,|zn|} U r=o0

for every x € RV,
For r € [1, 00| fixed and any M > 0, we consider the set of admissible controls

uMr = {veL®wx[0,00)); |v(x,t)[, <M ae. in wx[0,00)},
and for uy € H given, we define the set of reachable states starting from ug:

R(uo,u%’r) = {u(-, 7); 7 > 0 and u is the solution of (3.4) with v € u%’T} .

Thanks to Theorem 3.6, it follows that 0 € R(uo, Uﬁ’r) for any ug € H.
In this section, we study the following time optimal control problem:
Given ug € H and uy € R(ug, UY"), find v € UM such that the
corresponding solution u* of (3.4) satisfies

(3.7) u* (7 (uo, uy)) = uy,

where 77 (Ug, uy) is the minimal time needed to steer the initial datum

ug to the target uy with controls in uff{f, i.e.,
(3.8) = (uguy) = min {r:u(-7) = us}.
veur

ad

Time optimal control problems are well known for the heat equation; see, for
instance, [15, 18]. However, we are not aware any result for the Stokes system.

We have the following result.

THEOREM 3.7. Let M > 0 and r € [1,00] be given. For every ug € H and
any uy € fR(uo,u%’r), the time optimal problem (3.8) has at least one solution.
Moreover, any optimal control v} satisfies the bang-bang property: |vi(x,t)|, = M
for a.e. (x,t) € w x [0,7)(up, uy)].

Proof. Since uy € R(uo,u(%’r), there exists a minimizing sequence (7,,,Vy)n>1
such that 7, —— 7/ (ug,uy) and (vy)n>1 C Ui\{l’r has the property that the as-

n— oo
sociated solution u, to (3.4) satisfies u,(-,7,) = uy for all n > 1. Also, because
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(Vi)n>1 C u%’r, it follows that (v,)n>1 converges weak-* to some vector-function
v e UM in L(w x (0, 7% (ug, uy))).

Claim: v* is a solution of the time optimal problem (3.7).

Proof of the Claim. We only have to show that u*(-, 7 (ug, uy)) = uy, where u*
is the solution of (3.4) associated to v*.
To show this, let . be the solution of (3.4) with v=0 and w = u* —u, w, =
u,, — u solutions of
w, — Aw+Vr=v*l, in Q,

divw =0 in @,
w=0 on
wp(0)=0 in
and
Wt — Aw, + Vr, =v,1, in Q,
divw, =0 in Q,
w, =0 on 2,
wp(0)=0 in Q,
respectively.
Now, thanks to the continuity in time of @ and that 7, —— 7*(ug, uy), it

n—roo

follows that a(-, 7,) —— u(-, 77 (uo,uy)) in H. Moreover, it is not difficult to see
n— oo

that
(Wn(Tn) — Wy (1) (ug,uy)), ) -0 Ve e H,

(Wi (77 (w0, uy)), ) = (W(r (w0, uy)), ) Ve € H,

and
(Wi (70), 0) = (W(T) (0, uf)),p) Vo€ H.

Since uy = (-, 7) + wn (-, ), we have that (uy, ) = (U(-,7) + Wi (-, ), @) for
all p € Hand (uy, ) = (a(-, 77 (g, up)) +w(-, 777 (0o, us)), ) = (u* (-, 772 (o, uy)), ¢)
for all ¢ € H. |

r

Now, let us show that any optimal control v* € U%’ satisfies the bang-bang

property. To do this, we argue by contradiction.

We consider u* the corresponding state (with some pressure) to (3.4) and suppose
that there exist € > 0 and a measurable set of positive measure v C w x (0, 7 (ug, uy))
such that

(3.9 V*(x,t)] <M —€ ((x,1) €7).
Choosing dp > 0 small enough such that

10 = 77 (g, uy) — 9y > 0,
the set I' = {(x,t) € w x (0,79) : (x,t) € v} has positive measure,

and using the time continuity of u*, there exists § € (0, dp) such that

€

1 —u*(,0 —_—
(3.10) o —u* (0l <

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/25/23 to 150.214.182.233 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

2202 FELIPE W. CHAVES-SILVA, DIEGO A. SOUZA, AND CAN ZHANG

where Cps(70,T') is the observability constant given by Theorem 1.1 for the control
domain I' at time 9.
From Theorem 3.5, there exists a control v € L>(w x (0, 7)) with

suppv C T,
the associated solution u satisfies u(-,0) = ug — u*(-,d) and u(-,70) =0,
[Vl (ry < Cobs (70, ) [[ug — u*(6) (|-

Thus, from (3.10) we have that
||V||L°C(w><(0,'ro)) <e
Now, let v € L°°(w x (0,79)) be defined by
V(z,t) = v (x,t+9) +v(x,t) (t€][0,70]).

Noticing that 79 +d < 77(up, uy), using the fact that supp v C I' and estimate (3.9),
it follows that v € ugff.

Finally, setting u(x,t) = u*(x,t +J) + u(x,t) and p(x,t) = p*(x,t +08) + p(x, t),
we have that U(-,0) = ug, U(7}(ug,uy) — ) = uy and that

G, — AU+ Vp=vL,.

Hence, v € UM" is a control which steers uy to uy at time 77 (ug,us) — 8. This
contradicts with the definition of 75 (ug, uy) and thus the desired bang-bang property
holds. d

About the uniqueness of the optimal control for the problem (3.8), using some
ideas from [9], we have the following result.

PROPOSITION 3.8. Let M > 0 and r € (1,00). For any uy € H and every
uy € fR(umUi\/fi’T), the time optimal control problem (3.7)—(3.8) has a unique so-
lution v} which satisfies a bang-bang property: |vi(x,t)|, = M for a.e. (x,t) €
w x [0, 77 (ug, uy)].

Proof. The existence of solution and the bang-bang property is a consequence of
Theorem 3.7. We only have to prove the uniqueness of solution. Thus, let v and
h be two time optimal controls in U;". Thanks to the linearity, w = 3(v +h)
is also a time optimal control. From Theorem 3.7, w also satisfies the bang-bang
property. Therefore, we have that |v(x,t)|, = |h(x,t)|, = |w(x,t)|, = M, a.e. in
w % (0,7} (ug,uy)). Now, if v(x,t) # h(x,?) in a measurable set of positive measure
D C w x (0,7%(ug,uy)), then, thanks to the fact that any norm |- |, for r € (1, 00) is
uniformly conver in RY | we have that |w(x, )|, < M a.e. in D C w x (0,7 (up, u1)).
This contradicts with the bang-bang property for w. ]

Remark 3.9. Related to the results of this section, one could ask for a stronger
bang-bang property for time optimal controls: given an optimal control v*, is it true
that each component of v* satisfies |v}(x,t)| = M for a.e. (x,t) € w x [0, 7 (up, uy)]
and alli=1,...,N?

Arguing as in Theorem 3.7, one can see that this problem is related to the null
controllability property on measurable sets for the Stokes system with only one control
(see, e.g., [6]), which we believe it is true at least for N = 2.

Appendix A. Real-analytic estimates for solutions to the Poisson
equation.

In this appendix we prove the following lemma which was used in the proof of
Theorem 1.5.
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LEMMA A.1. Assume that f is a real-analytic function in Br(xq) verifying

M|al!

(A1) 0% f(x)| < W

V x € Br(xo) and o € NV,

with some positive constants M and py. Let u € H?(Br(xq)) satisfy the Poisson
equation

(A.2) —Au=f in Bg(xo).
Then, u is real-analytic in Br/2(Xo). Further, it verifies the estimate

o |o!
(A3)  llOcull e (Bg o (x0)) < (Rp)lal+1 (lull22(Br(xo)) + M) for all o € N¥,

where p is a constant depending only on the dimension N and pg.

A proof of the lemma A.1 for f = 0 can be found in [16]. For the sake of completeness,
we give a sketch proof for the nonhomogeneous case.

Proof. By arescaling argument, it suffices to prove the estimate (A.3) when R =1
and xg = 0.

Since f is real-analytic in By (0), by the interior regularity for solutions of elliptic
equations, we have that u is smooth in B;(0). Hence, we have that

—Adgu(x) = 0% f(x) V x € B1(0)

for every a = (a1, ...,ay) € NV,
Multiplying the above equation by (1 — |x|?)2(*I+D g2y gives
(A.4)

= (1 =[x ogu(x) Adgu(x) = (1 - |x*)**FVagu(x)ag f(x)  ¥x € Bi(0),

and integration by parts gives

// (1 — |x)?)20D|va2u|? dx = 4(|a| +1) // (1 — %221 (Vo%u - x)d%u dx
BI(O) Bl(O)
+ // (1 — |x[%)2(e+Dgeyae f dx.
B1(0)

Now, thanks to the Young inequality, we have the following estimate:
// (1 — |x)?)20+D|va2u2dx < [16(]al + 1) // — |x|%)2lel|odul? dx

B1(0) Bl(O

+ // |02 £|2 dx.
B1(0)

Since f satisfies (A.1), we get

// — |x[%)2UeH+ )1 792u)? dx < 17(|a) + 1) // (1 — |x)?)?1)o2u? dx
Bl(O Bl(O

+[B1(0)]

||
0
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Therefore, we obtain
(A.5)

M|
L2(B1(0)  plel

H(l —x[?)lel+ iy gey

x ‘

5| (Ja| + 1) H 1 |x[2)elgey ]

Lz(Bl(O))

for every a = (av,...,ax) € NV, In particular, taking a = (0,...,0), we deduce the
estimate
1= )V L2, 0y) < 5 (el 251 0)) + M) -

By induction, we have the inequality

(A.6) || — [x[? ‘alaauHL?(Bl(o)) <plol- al! (||UHL2(B1 (0)) +M)
for some constant 0 < p < min {pg,1/6} and every a = (aq,...,ay) € NV, Finally,
it is not difficult to see that the estimate (A.6) leads to (A.3). ad
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