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Abstract: We consider vector valued mappings defined on metric measure spaces with a measurable differ-
entiable structure and study both approximations by nicer mappings and regular extensions of the given
mappings when defined on closed subsets. Therefore, we propose a first approach to these problems, largely
studied on Euclidean and Banach spaces during the last century, for first order differentiable functions de-
fined on these metric measure spaces.
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1 Introduction

In this paper we deal with problems about density of regular mappings and regular extensions of regular
mappings on metric measure spaces endowed with a measurable differentiable structure (MDS for short) in
the sense of ]. Cheeger [6]. We present here a first order differentiability study on these questions following the
steps already given in Euclidean spaces as well as in finite dimensional Banach spaces on the same questions.

In any context it is natural to wonder whether a function can be approximated by another one with better
properties. This is one of our goals for functions defined on metric measure spaces with MDS. More precisely,
we will study the existence of differentiable (differentiable and Lipschitz) approximations for continuous
(continuous and Lipschitz) vector valued mappings. There exists a large literature on this subject, mainly
given on linear spaces, developed during the last century where a whole collection of related problems are
considered, the interested reader may check, for instance, [5, 7, 11, 27] and references therein.

The extension problem for mappings defined on closed subsets of finite dimensional Banach spaces has
been extensively studied. The first one in dealing with this problem was H. Whitney [29, 30], who charac-
terized functions defined on closed subsets of the real line that can be extended to the whole real line as
functions of C¥ class. Then, G. Gleaser [12] studied the same problem for higher dimensions and C! exten-
sions and, finally, C. Fefferman [9, 10], in a series of papers, completed the program for finite dimensional
spaces and functions defined on compact subsets of them with C¥ class extensions.
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In Banach spaces of infinite dimension the situation of the problem is far less well understood although
there has been a large collection of publications on the topic, see, for instance, [1-3, 15, 16, 19, 20, 27]. Here the
variety of regularity notions and the kind of spaces under consideration vary upon the goals of the authors.

Metric measure spaces endowed with a measurable differentiable structure (MDS) in the sense of J.
Cheeger were introduced in [6]. These spaces have called the attention of many authors since then and has
helped to develop a first order differential analysis on certain metric spaces. The interested reader may check
[4, 6,13, 14, 22, 23] and references therein. These spaces will allow us for a first order differentiability notion
for the functions we are going to deal with and, of course, the notion of derivative we will deal with is that of
derivative with respect to a chart given by J. Cheeger [6] and S. Keith [22].

In Section 2 we give the precise definition of a metric measure space with a MDS, this is basically the same
notion that we find in [6, 22]. In Section 3 we study the problem of the density of differentiable functions when
defined from a metric measure space into a Banach space. We consider first the case of approximating vector
valued continuous mappings by differentiable almost everywhere ones and, then, we study the same problem
for continuous and Lipschitz functions which will be approximated by differentiable almost everywhere and
Lipschitz ones (see Theorems 3.1 and 3.7). The condition of the metric space to be doubling will also be impor-
tant for the density results we obtain. Some of these results will be applied in Section 4, where we deal with
the problem of the differentiable extension of differentiable functions defined from a metric measure space
into a Banach space. We prove here a number of partial results on the pursuit of, under adequate conditions,
proving that every differentiable almost everywhere, or differentiable almost everywhere and Lipschitz, map-
ping can be extended as differentiable almost everywhere, or, respectively, differentiable almost everywhere
and Lipschitz mappings, to the whole space (see Theorems 4.5 and 4.8).

2 Measurable Differentiable Structures

In this section we describe the notion of metric measure space with a measurable differentiable structure
introduced by J. Cheeger [6] and S. Keith [22], as well as the associated notions as that of differentiable almost
everywhere mapping. Metric measure spaces with MDS were also called Lipschitz differentiability spaces in
[4]. The interested reader may also check the survey [23] to learn more about them.

Given a metric space X, the set LIP(X) denotes the set of all Lipschitz real functions on X. We give next
the precise definition of a metric measure space that admits a measurable differentiable structure.

Definition 2.1. (Cheeger, Keith). Let (X, d, u) be a metric measure space, and let ¥ c LIP(X) be a vector space
of functions.

(A) Apair (Y,y)isa@-chartif Y C X is a measurable subset with u(Y) > 0and y = (yg,..., V) : X — Rkis
a function for some k € NU {0}, called coordinates on Y, where y; € ¢ forevery 1 <i < k.

(B) The metric measure space (X, d, u) has a ¢-measurable differentiable structure (¢-MDS, for short) if there
is a countable collection of €-charts {(Xa, V*)}4c .o, Which is called a ¢-atlas of X, with coordinates
y?: X — R¥® 5o that

px\ J Xa) =0,
acal
k = sup, k(a) < oo, and for every f € ¢ and chart (Xq, y*) there exists a unique (up to a set of zero
measure) measurable function df® : X, — RX@ such that

imsup SO0 =410 0@y W)l g

for y-a.e. x € X4. Moreover, such a structure is called k-dimensional and it is non-degenerate if k(a) = 1
for all @ € «/. We will assume we always work with non-degenerate MDS.
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(C) We say that the pair (Y, V) is a chart, the countable collection {(Xa, y*)}4c.r is an atlas of X and the
metric measure space (X, d, u) has a measurable differentiable structure (MDS, for short) whenever (Y, y)
is a LIP(X)-chart, {(Xa, ¥)}ac.v is @ LIP(X)-atlas of X and (X, d, u) has a LIP(X)-MDS.

In references [6, 22, 23] the reader may find examples of metric spaces that can be endowed with a MDS
and main facts on them. Next we define what we understand by differentiability at a point of mappings acting
on these structures.

Definition 2.2. Let X be a metric space with a ¥-MDS and let (X, y*) be a ¢-chart of X and V a Banach
space.

(a) A function f : X — R is ¢-differentiable at x € Xq (just differentiable if ¢
(X4, v%), if there is a linear function df%(x) : RX® — R such that

lim sup f(2) - FO) - df*(x) o (y*(2) - y* ()| _

zZ—X d(z, x)

LIP(X)), with respect to

(b) A mapping f : X — V is €-differentiable at x € X, (just differentiable if €
(Xa,v%), if there is a linear function df*(x) : R¥@ _, v such that

lim sup |If (2) - f(x) = df*(x) o (y*(2) - y* ()| _

Z—x d(z, x)

LIP(X)), with respect to

Finally, we can state what we mean by differentiability almost everywhere of a mapping defined on metric
measure spaces with a MDS.

Definition 2.3. Let X be a metric space with a ¥-MDS and let (Xq, y*) be a ¥-chart of X and V a Banach
space. A mapping f : X — V is ¥-differentiable almost everywhere (just differentiable almost everywhere if
¢ = LIP(X)) with respect to the ¢-atlas {(Xa, ¥*) }4c.v if there is a collection {df Xa = Vgeor, 1emek(@) OF
measurable functions uniquely determined (up to a set of zero measure), such that for almost every x € X4

L@ 00 - S G 0O0RE - yR0I|
e d(z, %) i

(2.7)

Remark 2.4. Notice that if we are in the case ¥ = LIP(X), then real-valued Lipschitz functions will be differ-
entiable almost everywhere by definition. This fact will be used at several instances regarding the distance
function. Also, mappings in the chart are differentiable almost everywhere and Lipschitz.

3 Density of differentiable functions

In this section we study properties of density of differentiable almost everywhere mappings. We begin by
showing that any continuous mapping can be approximated by such mappings. We will achieve our goal by
applying standard techniques on partitions of unity. To make the exposition easier, we will work with MDS
instead of ¥-MDS although some comments will be added on this regard.

Theorem 3.1. Let (X, d, u) be a separable metric measure space with a MDS and let V be a Banach space.
Then, for every continuous mapping f : X — V and every € > 0, there is a differentiable almost everywhere
mapping g : X — V such that

[If(x) -g(x)||<e  forallx € X.

Proof. Since X is separable and f is continuous, there exists a covering { B(xn, %)}‘,’;1 of X by open balls, such
that
IIFO) - fOn)l| < €
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for every x € B(xn, rn).

We claim that there is a differentiable almost everywhere (and Lipschitz) partition of unity subordinated
to the covering {B(xn, rn)}52; of X. Indeed, by a standard procedure, we can take C* smooth and Lipschitz
functions 6, : R — [0, 1] such that 6,(t) = 1 whenever ¢ < 7, 6,(t) = O whenever t > r, and Lip(6n) < 3/rn.
Let us define i, : X — [0, 1] as

Yn(x) = On(d(x, xn)) forx e X.

Functions 1, are differentiable almost everywhere (and Lipschitz), {n(x) = 1 on B(xn, %3+) and $n(x) = 0 on
X \ B(xn, rn). Let us define now the functions ¢, : X — [0, 1] as
n-1
Pn(x) = P00 ] = Pi)).
k=1

The functions ¢, are differentiable almost everywhere (and Lipschitz). Moreover, it is easy to see that Z ¢n =

n=1
1, for each x € X there is a neighborhood of x where all but a finite number of functions ¢, are 0, and

supp @n = {x € X : pn(x) # 0} C B(xn, rn).

Consider now the function g : X — V defined as

800 =" on(Of (xn)-

n=1
This function is differentiable almost everywhere because the family {¢n},.; is locally finite and differen-
tiable almost everywhere. Let us see that g uniformly approximates f. For every x € X

1F() - g0l < > @n(IIf ) - Foxn)|| < &,

n=1

where the last inequality is a consequence of the fact that ||f(x) — f(xn)|| < € whenever @n(x) # 0. O

Remark 3.2.

(i) Let us note that if ¥ c LIP(X) is a vector space of functions such that (X, d, u) has a ¥-MDS, the above
theorem holds whenever the functions x — d(x, xo) belong to ¥ for all xo € X.

(ii) Furthermore, if the functions x — d(x, x) are differentiable everywhere but x, then the approximation
mapping is differentiable everywhere on X (assuming X = UaXq).

Now we seek approximations by mappings that are differentiable almost everywhere and Lipschitz. For
that we will need the extra hypothesis of working with doubling metric spaces which, in particular, are sep-
arable.

Definition 3.3. A metric space (X, d) is said to be doubling if there is a constant C such that for each r > 0,
every ball contained in X with radius r can be covered by at most C balls of radius r/2. The doubling constant
A(X) if the infimum over all constants C satisfying the doubling condition.

Doubling metric spaces have played a major role in the recent theory of analysis on metric spaces, as
reader may check in references [6, 22, 23] or the monograph by J. Heinonen [13]. Notice also that if (X, d) is
doubling, then for each r > 0, every ball contained in X with radius r can be covered by at most A(X)" balls
of radius r/2".

The following theorem is needed to prove the next density result.

Theorem 3.4 ([24]). There exists a universal constant C > 0 such that for every doubling metric space (X, d),
for every Y O X and V Banach spaces, and for every Lipschitz mapping f : X — V, there exists a Lipschitz
extension F : Y — V such that

Lip(F) < CA(X) Lip(f).
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Another tool that we will use in this section is the concept of functions that locally depend on finitely
many coordinates. This notion was first defined on Banach spaces with Schauder basis using the coordinate
functionals [25]. Later, a generalization of this notion was considered by some authors using arbitrary con-
tinuous linear functionals, see, for instance, [8, 18, 28].

Definition 3.5. Let Y and Z be Banach spaces, M c Y" and G : Y — Z. We say that G locally depends on
finitely many coordinates from M (LFC-M, for short) if for each x € Y there are a neighborhood U of x, a finite
subset {f1,...,fn} C M and a mapping H : R" — Z such that G(x) = H(f;(x), ..., fa(x)) forall x ¢ U.

A simple example is the sup norm on ¢y, which is LFC-{ey, }3>, away from the origin (where {ey,}3>, are
the coordinate functionals in ¢g).

Lemma 3.6. Let (X, d, ) be a metric measure space with a MDS and let V be a Banach space. Let @ : X — cg
be a mapping whose coordinate functions e, o @ : X — R are differentiable almost everywhere, and G : co — V
a LFC—{e;};‘;1 and C' smooth map. Then, the mapping G o @ : X — V is differentiable almost everywhere.

Proof. The coordinate functions e, o @ : X — R are differentiable almost everywhere. Then, for every x
{y € X : ey o @ is differentiable at y for all n > 1}, there is a neighborhood U of x, a finite subset {e], ..., en}
of functionals and a C! smooth mapping H : R" — V such that G(y) = H(e1(y), ..., en(y)) forally € @(U)
(see [27]). Thus, G o @(y) = H(e] o D(y), ..., ey o D(y)) for ally € U, which is differentiable at x. Since the
set {x € X : ey o @ is differentiable at x for all n > 1} has full measure in X, the mapping Go @ : X — V is
differentiable almost everywhere. O

Now, we can show the main theorem of this section, which gives a sufficient condition for the set of
differentiable almost everywhere and Lipschitz vector-valued functions to approximate set of Lipschitz vector-
valued functions.

Theorem 3.7. Let (X, d, u) be a metric measure space with a MDS where (X, d) is doubling, and let V be a
Banach space. Then, for every Lipschitz mapping f : X — V and every € > 0, there is a differentiable almost
everywhere and Lipschitz mapping g : X — V such that

[If(x) -g(x)|| < & for all x € X, and Lip(g) < 2CAX)? Lip(f),
where C is the universal constant given by Theorem 3.4.

Proof. Notice that since (X, d) is doubling then it is separable. Now, recall that Ahanori proved in [1] that for
any p > 0, every separable metric space (X, d) is (6 + p)-Lipschitz isomorphic to a subset of the Banach space
co. Thus, for any p > 0, there is a mapping @ : X — ¢ such that

dx,y) < ||@(x) - D(y)|| < (6 + p)d(x,y) forallx, y € X.

Later Assouad in [2] and Pelant in [26] refined this result by showing that every separable metric space 3-
embeds into ¢o. Finally, Kalton and Lancien [21] constructed a 2-embedding (resp. 1-embedding) into ¢, for
every separable (resp. proper) metric space.

Thus, since our metric space (X, d) is separable, there is a mapping @ : X — ¢ such that

d(x,y) < ||@(x) - ©(y)|| < 2d(x, y) forallx, y € X.

We claim that ®@(X) is doubling in ¢, with constant A(X)2. Indeed, for any x € X and r > 0 we have that

AX)?
@' (B(@(x), 1) c Bx,n) c | J Blx;,
j=1

r

57)
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since @' is 1-Lipschitz and X is doubling. Now, using the fact that @ is 2-Lipschitz,

Ax)? , AX)? ,
B(@(),nn@(X) c | J @B, 5;) c | B@(kx),25;) 0 @(X)
j=1 j=1
Ax)? ,
c J B@(y), 5)noX),
j=1

which proves the claim.

Moreover, if f : X — V is a Lipschitz map, then f o @' : ®(X) — V is a Lip(f)-Lipschitz map, and by
Theorem 3.4 there is a Lipschitz extension F : ¢ — V with Lip(F) < CA(X)? Lip(f).

Given € > 0, adapting the proof of [15, Theorem 1] (see also [17, Theorem 74, pg 437]) we find a C*° smooth,
LFC-{en}:>, and Lipschitz mapping G : co — V such that

[|[F(x) - Gx)|| < & forall x € cg, and Lip(G) < Lip(F).

Let us take g : X — V defined as g(x) = G o @(x). Then

* Lip(g) < 2CAX)” Lip(f),
o [If() =g =||(fo@ 1) od(x)-GodX) <eforall x € X, and
¢ by Lemma 3.6, g is differentiable almost everywhere on X.

O

In the next proposition we show that subsets of doubling metric spaces are doubling too. We include it
in this work as we lack a reference for it.

Proposition 3.8. Let (X, d) be a doubling metric space and A C X. Then (4, d) is doubling too with doubling
constant at most A(X)?, where A(X) stands for the doubling constant of X.

Proof. Let A C X and let B4(a, r) beaballin (4, d). We need to show that it can be covered by at most a given
number A(A) of ball in (A4, d) with radius at most r/2. Since (X, d) is doubling and B4(a, r) C Bx(a, r), there

are at most A(X) balls in X such that
AX)

Ba(a,n < | Bx(x;, r/2).
i=1
Applying the doubling property again, each ball Bx(x;, r/2) can be covered by, at most, A(X) balls with center
in X and radius r/4. Therefore we have, at most, A(X)? balls of radius r/4 which union contains B, (a, r).
Taking, for each of these balls, a point in the intersection of A with it (when such intersection is nonempty)
we obtain, at most, A(X)? points in A such that the union of balls with center in these points and radius r/2
covers By(a, r). O

Corollary 3.9. Let (X, d, u) be a metric measure space with a MDS where (X, d) is doubling, and let V be a
Banach space. Then, for every subset A C X, every Lipschitz mapping f : A — V and every € > 0, there is a
differentiable almost everywhere and Lipschitz mapping g : X — V such that

[If(x) - g(x)|| < € forallx € A, and Lip(g) < 2CAX)* Lip(f),
where C is the universal constant given by Theorem 3.4.

Finally, notice that a doubling metric space is proper (i.e., closed and bounded subsets are compact) if
and only if it is complete. Then, using the 1-embedding into cq for proper metric spaces given in [21], we
obtain the last result of this section.
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Corollary 3.10. Let (X, d, u) be a metric measure space with a MDS where (X, d) is complete and doubling, and
let V be a Banach space. Then, for every Lipschitz mapping f : X — V and every € > 0, there is a differentiable
almost everywhere and Lipschitz mapping g : X — V such that

[If(x) - g(x)|| < € forall x € X, and Lip(g) < CA(X) Lip(f),
where C is the universal constant given by Theorem 3.4.

Remark 3.11.

(i) Let ¥ c LIP(X) such that (X, d, p) has a ¥-MDS, the main theorem holds whenever the functions x
d(x, xo) belong to ¥ for all xg € X. Indeed, following the proof of [27, Proposition 3.1.3, Proposition 3.1.2]
(see also [16]) the Lipschitz embedding @ into cq can be chosen with differentiable almost everywhere
coordinate functions and Lipschitz constant less or equal to 4 + r for any r > O.

(ii) Furthermore, the approximation mapping is differentiable everywhere on X whenever the functions x
d(x, xo) are differentiable everywhere but x.

4 Extension of differentiable functions

In this section we study the problem of extending differentiable functions from a metric space with a MDS as
differentiable functions. We begin by obtaining some Lip-derivation inequalities for vector-valued functions
similar to the one obtained in [6, 14] in the real-valued case.

Suppose that (X, d, u) is a metric measure space with a MDS and V is a Banach space. Given a mapping
f: X — V, the point-wise Lipschitz constant, Lipx(f), at x € X is given by:

. _ 1 If ) - fX)|
Lip,(f) = 111;}_?};‘1’ Ay, 0

A mapping f : X — V satisfying equation (2.1) on a chart (Xq, y%) satisfies
k(a)

k(a)
Lip, () = Li, ({jy’fx(x)} -y“) <Lipy") > || 7 Wl
m ot m

m=1

for almost every x € X4. The opposite inequality also holds, but a finer atlas must be chosen. Firstly, let us
recall the real-valued case (see [6, Lemma 4.32] or [14, Lemma 5.1]).

Proposition 4.1. Let (X, d, ) be a metric measure space with a MDS. Then, there is an atlas {(X*, y*)}qc s
on X such that for each a € < there exists a constant C > 0, which depends on the chart (X«, y*), such that
for every differentiable almost everywhere functionf : X — R

[1d°F(0]le < Ca Lipy (f),

fora.e. x € Xaq.

K@
Notice that df*(x) = { % (x)}:n“1 € B and [|df*(]|o = max | d‘;]; ®).
m = <ms< m

Proposition 4.2. Let (X, d, u) be a metric measure space with a MDS and let V be a Banach space. Then, for
every differentiable almost everywhere mapping f : X — V, we have that

daf
dym )

< Cq Lip, (), (4.1)

1<ms<k(a)

fora.e. x € Xq, where {(X*, y*)}4cor and Cq are the atlas on X and the constants given in Proposition 4.1.
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Proof. Since f : X — V is differentiable almost everywhere, the function ¢p o f : X — R is differentiable
almost everywhere for any ¢ € v (actually, they are differentiable at the points where f is differentiable).
Moreover, it is easy to see that

k(a) k(a)
e@opw-{28Dl = Ly (Lw))

a
m -1 dym m=1

af
¢ (dyfn (X))
fora.e. x € X,.

Notice that the above inequality is satisfied for every ¢ € V" and any point x € X, where f is differen-
tiable. Thus, for any 1 < m < k(a) and any point x € X, where f is differentiable, we choose ¢ € V" such that

Using Proposition 4.1

max
1<msk(a)

< CaLip,(¢ o f) < Call|| Lip,(f),

l|¢|| = 1and ¢ (d[i/f?n (X)) = ’d‘i,@" (x)||, and we obtain that
af _ af af .
e @] =lo (55 0)] < o, o (G5 )| < cetinan
To sum up, inequality (4.1) holds for any x € X4 where f is differentiable. O

To show the main result of this section, we need the following lemma.

Lemma 4.3. Let (X, d, p) be a metric measure space with a MDS where (X, d) is doubling, let V be a Banach
space and A C X. Then, for every continuous mapping F : X — V such that F,, is Lipschitz, and every € > 0,
there exists a differentiable almost everywhere mapping G : X — V such that:

@) ||F(x) - G(x)|| < e forall x € X,
(i) Lip(G),) < 2CA(X)* Lip(F ,)» where C is the universal constant given in Theorem 3.4.

(iii) In addition, if F is Lipschitz, then there exists a constant C; > 2CA(X)*, depending only on the doubling
constant of X, such that the mapping G can be chosen to be Lipschitz on X and Lip(G) < C; Lip(F).

Proof. Assume that the mapping F : X — V is continuous on X and F, is Lipschitz. By Theorem 3.1 there is a
differentiable almost everywhere mapping h : X — V, such that ||F(x) - h(x)|| < € for all x € X. Let us apply
Corollary 3.9 to F|, to obtain a differentiable almost everywhere and Lipschitz mapping g : X — V such that

@) ||[F(x)-gx)|| < e/4forallx € A, and
(b) Lip(g) < 2CA(X)* Lip(F),).

Consider the opensets D = {x € X : ||[F(x)-g(x)|| < €/2} and the closed set C = {x € X : ||[F(x)-gx)|| < &/4}
in X. Then A C C C D. There is a differentiable almost everywhere function u : X — [0, 1] such that

1 ifxeCdC,
u(x) =
0 ifxeX\D.

Indeed, since C N (X \ D) = ¢, the function

dist(x, X \ D)
dist(x, C) + dist(x, X \ D)

px) =

is continuous on X, p(C) = 1 and p(X \ D) = 0. Using Theorem 3.1, there is a differentiable almost everywhere

function g : X — R such that |p(x) - g(x)| < % Let us take a C! smooth function 8 : R — [0, 1] such that

6(t) = O whenever t < 1/4 and 6(t) = 1 whenever t > 3/4. Then, u(x) = 68(q(x)) satisfies the desired properties.
Letus define G: X — V as

G(x) := u(x)g(x) + (1 — u(x))h(x).
It is clear that G is a differentiable almost everywhere mapping. Since u(x) = 0 for all x € X \ D, we deduce

that
[|IF(x) - GXx)|| = ||F(x) - h(x)|| < ¢ forallx € X\D.
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Now, if x € D, then
|IF(x) = GO < u()||F(x) = 0| + (1 - u(x))|[F(x) - h(x)|| < u(x)e/2 + (1 - u(x))e < €.

Finally, since u(x) = 1 and G(x) = g(x) for every x € C, we obtain that Lip(G,,) = Lip(g|,) < 2CA(X)* Lip(F 1)

To prove the last part, let us now assume that F is Lipschitz on the whole X. Let us apply Theorem 3.7 and
Corollary 3.9 to F and F), to obtain differentiable almost everywhere mappings g and h from X into V such
that

(@) ||[F(x)-g(x)|| < e/4forallx € A,

(b) ||F(x) - h(x)|| < eforall x € X,

(c) Lip(g) < 2CA(X)* Lip(F|,) and Lip(h) < 2CA(X)* Lip(F).

We take again the open subsets B, D and the closed subset C as earlier in this proof. Notice that

& ’
4(Lip(F) + 2CA)* Lip(F,,))

dist(C, X\ D) =

We claim that there is a differentiable almost everywhere and Lipschitz function u : X — [0, 1] such that

and
0 ifxeX\D €

. ) -
u(x) = {1 ifxeC Lip(u) < 4(Lip(F) + 2CA(X) Llp(F|A))'

In fact, let us take a Lipschitz function 6 : R — [0, 1] such that 6(¢) = 0 whenever t < 0, 6(t) = 1 whenever
t = ¢ and Lip(0) = 1/€’. Thus, the function u(x) = 6(dist(x, X \ D)) is Lipschitz, so it is differentiable almost
everywhere, u(C) = 1, u(X \ D) = 0 and Lip(0) < 1/¢’.

Let us now consider G : X — V as

G(x) = u(x)g(x) + (1 — u(x))h(x).

Clearly G is differentiable almost everywhere on X. We follow the above proof to obtain that
(@) [[F() - G()[| < eon X,
(ii) Lip(Gy,) = Lip(g|,) < 2CA(X)" Lip(F),).

Additionally, if y, z € X \ D, then u(y) = 0, u(z) = 0, G(y) = h(y), G(2) = h(z), and ||G(y) - G(2)|| = ||h(y) -
h(2)|| < 2CA(X)? Lip(F)d(y, z). For y, z € D, we have

[1G()-G(2)|| = [|s()uly) + h(y)(1 - u(y)) - g(2)u(z) - h(z)(1 - u(2))||

<lg()u(y) - u(2)) + h(y)(u(z) — u(y)| + [[uy)(gly) - g(2)) + (1 - u(y))(h(y) - h(2))||

<|I(gy) - F)(u(y) - u(2)) + (h(y) - Fy)u(2) - u(y))|| + 2CAX)" Lip(F)d(y, 2)

<((¢/2 + ) Lip(u) + 4CA(X)* Lip(F))d(y, z)

<(6 + 16 CA(X)*) Lip(F)d(y, 2).
The case z € X\ D and y € D follows the same way as the previous one. We define C; := 6 + 16CA(X)* and,
finally, obtain that Lip(G) < C; Lip(F). O

Equation (2.1) can be also written as

Kk(a

£@) - F(0) Z e C00/(2) Vi 00) - oz, )

m=

for a.e. x € Xq. This expression inspires the mean value condition we will need to impose in order to obtain
our results. This mean value condition was proved to be needed for C! extension of vector valued mappings
in [20] when working this problem in the context of Banach spaces. We adapt the notion given in [20] to our
context in the following definition.
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Definition 4.4. Let (X, d, u) be a metric measure space with a MDS, consider {(Xq, ¥*)}4c.s an atlas on it.
Let V be a Banach space and A C X a measurable subset with u(A4) > 0. We say that a differentiable almost
everywhere mapping f : A — V satisfies the mean value condition on A if for every a, almost every x € AN Xq
and every € > 0, there is an open ball B(x, r) in X such that

k(a)

P& =F0) >, o (CH(E) - Ya < edez. )
m=1 m

foreveryz,y € AnXqan B(x,r).

The following theorem is the main result in this section. It is rather an approximation result than an
extension one as it shows that continuous extensions can be approached by smooth mappings in a precise
way that can be useful to obtain the extensions result we are seeking. How to apply this result will be show
later.

Theorem 4.5. Let (X, d, u) be a metric measure space with a MDS where (X, d) is doubling, let V be a Banach
space, A C X a closed subset and f : A — V a mapping satisfying the mean value condition. Let us consider
F : X — V a continuous extension of f to X. Then, for every € > O there exists a differentiable almost everywhere
G : X — V such that

(@) ||F(x) - GX)|| < eon X, and
(ii) Lip(f - G},) < e.
(iii) Furthermore, assume that f is Lipschitz on A and F is a Lipschitz extension of f to X. Then the function G
can be chosen to be Lipschitz on X and Lip(G) < C Lip(F) for a certain constant C.

Proof. Assume that F is a continuous extension of f. Since X is a separable metric space, A C X is a closed
subspace and f satisfies the mean value condition on A, there exists {B(xn, rn)}nen a covering of A by open
balls of X, with centers x, € A such that

k(a)

@ -0 -3 -F e @) - y&0)| <
m=1

&
8Co

dy% d(Z’ y),
for every z, y € A N Xq N B(xn, rn), where Cy = 2CA(X)*.
Let us define T as the first order Taylor Polynomial of f at x, given by

k(a)

Ta0) = foen) + S -2
m=1

e ) (ym(X) = yim(xn)),

for x € X. Notice that T, satisfies the following properties:

(1) Ty is differentiable almost everywhere on X,

2) g;; x) = d‘;’; (xn) for almost every x in X and 1 < m < k(a), and

(3) forallz,y € AN Xq N B(xn, 1),

[[(Tn = F)(y) = (Tn - F)(2)|| =
k(a)

SCHIOE SR ARIIORCIOIE
m=1 m

&

8C d(z,y).

Thus, Lip((Tn ~ F)lanx,nBGx,.r,) < 86+

By Theorem 3.1 there is a differentiable almost everywhere mapping Fy : X — V such that ||F(x)-Fo(x)|| <
£ for every x € X.

Let us denote the open set By := X \ A. Then, the collection {B(xn, rn)}nq U By is a covering of X by open
sets. In the same way as the proof of Theorem 3.1, there is a partition of unity {¢n } 5, of differentiable almost
everywhere and Lipschitz functions such that
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¢ for each x € X there is a neighborhood of x where all but a finite number of the functions are 0,

® supp @n = {x € X : pn(x) # 0} C B(xn, rn), supp ¢o C By, and

e Y oPn=1.
Let us define L, := max{Lip(¢n), 1} for every n = 0. Now, for every n € N we apply Lemma 4.3 to Tn — F on
A N Xq N B(xn, rn) to obtain a differentiable almost everywhere mapping 6, : X — V so that

[| Tn(x) = F(x) — 8n(x)]| < Z"%Ln for every x € X

and

IN

. &
Lip(6n |4 Xg B ,y,,)) 8"

Let us define -
G(X) = Po(IFo(X) + > Pn()(Tn - 8)(X).

n=1
The mapping G is differentiable almost everywhere since {@n }n. is locally finitely nonzero. For every x € X

1600 = FO|| = @o(0[Fo(d) = FOI|| + Y @n(0)|| Tn(0) = 8n(x) - FO|| <

n=1

< Z (pn(x)g <e.

n=0

Let us prove that Lip(f - G|A) < €. In order to simplify the notation let us write F, := {n = 0 : @n(z) # 0} for
z € X, and Sn(y) := Tn(y) - 6n(y) - f(y) for y € A. Now, we obtain

1(GY) - f(¥) - (G(2) - f2))]] =
=11 0nSa®) = > on(@Sn(@) - Y en(2)Sn() + D en(2)Sn ()|

neF, neF, neF, neF,
=1 @aISh0) = > @a@Sa0)+ (Y en@Sh0) = > @al@Sa(2)
ner, ner, ner, neF;NFy
(3 oS- Y eu@8i)
neF;\F, neF;\Fy
< Y 10n®) = en@| [1SeWI + > @n(2)]ISn () - Sa(2)|
neFy, neF,NF,
+ 3 19n) = @n@| 152Dl < Y- Lnd(y, D) 57
neF,\F, neF, n
+ Z (pn(z)Zd(y,z)+ Z Lnd(y,z)ﬁ<ed(y,z).
neF;NF, neF;\F, "

Let us now consider the case when F is a Lipschitz extension of f on X. In this case, we can assume that
f is not constant (otherwise the assertion is trivial) and thus Lip(F) = Lip(f) > 0. Let us fix O < & < Lip(F). If
we follow the above construction for the open covering {B(xn, rn)}7-1 U Bg of X, we additionally obtain

(4) Ty - Fis Lipschitz on X and, by Proposition 4.2,

k(a)
. . d . . .
Lip(Ty) = Lipty™) D | e (o] < Lip " K(@Ca Lip(f) < Ka Lip(f),
m=1 m
where Ky = k(a)Cq Lip(y?). Thus, Lip(Ty - F) < K4 Lip(f) + Lip(F) for every n € N.

Also, the construction of the Lipschitz partition of unity {¢n}n:0 and the definition of L, are similar to the
previous case.
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Now, for any n € N, we apply Lemma 4.3 to T, — F on A N X4 N B(xn, rn) to obtain a differentiable almost
everywhere mapping 6, : X — V satisfying the properties of the previous case and

Lip(6n) < C1 Lip(Tn - F) < C1(Ka Lip(f) + Lip(F)).

Besides, by applying Corollary 3.9, we select a differentiable almost everywhere mapping Fy : X — V, such

that
£

22L,
Similarly to the first case, the definition of G is

[|[Fo(x) - F(x)|| < for every x € X and Lip(Fy) < 2CAX)* Lip(F).

G(X) = Po(IFo(0) + > @n()(Tn = 6n)(X).

n=1

The proofs that G is differentiable almost everywhere, ||G(x) — F(x)|| < € for all x € X and Lip(f - G|,) < €
follow along the same lines. To show that G is Lipschitz, notice that, from the fact that the mappings {¢n}
are a partition of unity,

G(2) - G(y) = (po(2) - o (¥)(Fo(2) - F(2)) + po(y)(Fo(2) - Fo(y))+

£ (@n(2) = Pn(Tn(2) - 6n(2) = F2) + Y pn(¥)(Tn(2) = 6n(2)) - (Tn(y) = 8n (1))

n=1 n=1

Therefore

1G(2) = G| = [[(po(2) = oY) (Fo(2) - F(2))[| + [|@o(y)(Fo(2) - Foy))||
1Y (@n(2) = en)(Tn(2) = 6n(2) = F@)I| + [ Y n@)(Tn(2) = n(2)) = (Ta(¥) ~ S ()]

nz1 n=1

< 55d(,2) + 2CAX)* Lip(F)d(y, 2) + Y 525y, 2) + (1 + C1)(Ka Lip(f) + Lip(F)d(y, 2)

n=1

< (e + 2CAX)* Lip(F) + (1 + C1)(Kq Lip(f) + Lip(F)))d(y, z). O

We close the paper by showing how this result can be applied to obtain smooth extensions of smooth
mappings. We begin with a convergence theorem.

Theorem 4.6. Let (X, d, u) be a metric measure space with a MDS and V a Banach space. If {fn} is a sequence
of differentiable almost everywhere functions from X to V and f : X — V is such that

(1) Lip,(fn - f) — O for almost every x € X, and
(ii) there exists a function g : X — V such that dfZ(x) — g(x) for almost every x € X,

then, f is differentiable for almost every x € X and df*(x) = g(x).

Proof. We have to show that Lip, (f — g(x)y®) = 0 for almost every x € X, that is, for € > 0 there exists § > 0
such that
sup |If(2) - f(x) - g)(*(2) - y* ()|
d(z, x)

Let us fix x € X so that (i) and (ii) hold. From (i), there exists ny € N such that for n > ny we have that
Lip,(fn - f) < €/3. Therefore, there exists §; > 0 such that

[|(fn = )(2) = (fn = /)(X)]|
SUP{ d(z, x)

: z € B(x, 6)\{x}} <e.

1z € B(x, 61) \ {x}} <eg/3.

From (ii) and the fact the mappings y* are Lipschitz by definition, there exists n, € Nsuch that forn > n;
we have that

o &
l|dfn(x) - g(x)]| < IR0k
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Let us take now N = max{no, n; }, since fy is differentiable almost everywhere, there exists § > 0, we can
choose it so that § < 61, such that

sup { Ifn(2) - fv(x) - dfg () (y*(2) - y* (X))

d(z, x) :z € B(x, 5)\{x}} <g/3.

Then, z € B(x, 6) \ {x},
1f(2) - f) - g()(*(2) - y* G| _ [Ifn(2) - fn (09 - dfg (O (2) - y* ()|

d(z, x) d(z, x)
N -HE) - G -HO, N1dfi0) - Wl - [y*(2) -y Cll
d(z, x) d(z, x) ’
which completes the proof. O

We obtain the following corollary.

Corollary 4.7. Under the conditions of the above theorem, given a sequence of differentiable almost everywhere
functions fn : X — V such that

(D) Y04 fn(X) < oo forx € X, and
(ii) Lipy(3> e y+1fn) — 0 as N — oo, for almost every x € X,

then, f(x) = > fu(x) is differentiable almost everywhere in X.

Proof. We will apply Theorem 4.6 for functions Z}';l fj. We need the function g(x) = >~ df(x). This func-
tion is well defined due to Proposition 4.2 and (ii). Also, (ii) in Theorem 4.6 follows from Proposition 4.2 and
(ii) in this corollary. Therefore, f is differentiable almost everywhere. O

We go next with the final result of this paper where we provide existence of smooth extensions. We will
require of a very strong use of the mean valued condition. Of course, the mean valued condition as required
in the next statement can be weakened by imposing it only to the mappings that are needed in the proof,
however we impose it on all differentiable mappings so it makes the exposition easier.

Theorem 4.8. Let (X, d, u) be a metric measure space with a MDS where (X, d) is doubling, let V be a Banach
space and A C X a closed subset with u(A) > 0. Let us supposed that any differentiable almost everywhere
mapping from X to V satisfies the mean value condition on A. Then, given a differentiable almost everywhere
and Lipschitz mapping from A to V, there is a differentiable almost everywhere mapping F : X — V such that
F|A = f

Moreover, if the mapping f is Lipschitz, then the differentiable almost everywhere extension F : X — V can
be chosen to be Lipschitz with Lip(F) < C Lip(f), where C > 1 is a constant that only depends on X.

Proof. By Theorem 4.5, there exists a differentiable almost everywhere and Lipschitz g; : X — V such that

@ |Ifx)-gi1(x)|| <1/2enA.
(ii) Lip(f -g1),) <1/2.
(iii) Lip(g1) < CLip(f).

Let us take f - g1|, : A — V, since we are assuming all differentiable functions satisfy the mean value
condition, we can apply Theorem 4.5, for globally defined Lipschitz functions on the whole X, again and so
there exists a differentiable almost everywhere and Lipschitz g, : X — V such that

(i) [If(x) - g1(x) - g2(x)]| < 1/2% en A.
(i) Lip(f - (g1 +82),,) < 1/2%
(iii) Lip(g2) < CLip(f - g1),) < C/2.

Proceeding in this way, for all n > 2 there exists a differentiable almost everywhere and Lipschitz mapping
gn : X — Vsuch that
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@) [If ) - Z}';l gi(0)|| < 1/2"in A.
(i) Lip(f - (7L, 87),) < 1/2"
(iii) Lip(gn) < C/2™ L.

We define now g(x) = > ; gn(x) for x € X. Mapping g verifies:

(1) glx) = f(x) forx € A.

(i) Lip(g) < >, Lip(gn) < Lip(g1) + Y, €/2™1 < C(Lip(f) + 1).
(iii) Forx € X, take a € A, and so |[g(x)|| < ||g(x) - g(a)|| + |If(a)|| < Lip(g)d(x, a) + [|f(a)|| < oe.
(iv) Lip(y3 et 8n) € Yooy LiD(8n) < €30y, 1/2"7 = €281 0.

Finally, from Corollary 4.7, g is differentiable almost everywhere and the theorem is proved. O

Remark 4.9. As final remark we point out that the mean value condition was needed in the studies in Banach
spaces because they were looking for C! extensions. Since being of class C! has not been considered at all
in this work, the remaining question is not if the strong assumptions on the mean value condition may be
weakened but rather if it can be completely dropped.
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