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For a convex body K C R"?, let r,K be its Lp-centroid body. The L,-Busemann-Petty
centroid inequality states that vol(I',K) > vol(K), with equality if and only if K is
an ellipsoid centered at the origin. In this work, we prove inequalities for a type of
functional L,-mixed volume for 1 < r < n and establish, as a consequence, a functional

version of the L,-Busemann-Petty centroid inequality.

1 Introduction

The study of affine isoperimetric inequalities on one side and affine Sobolev inequali-
ties for functions on R" on the other is connected to a great extent. The equivalence of
the classical isoperimetric inequality and the classical L'-Sobolev inequality has been
known for quite some time (see, e.g., [1-7]). Following this path, Zhang in [8] established
the equivalence of an affine L'-Sobolev inequality with the Petty projection inequality
for convex bodies. Some time after, along with Lutwak and Yang, they obtained LP
versions of this equivalence. Around the same time, these authors developed a rich
theory of geometric inequalities for centroid bodies and established L, extensions of
many other fundamental notions from convex geometry, such as mixed volumes and

surface area.
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7948 J. E. Haddad et al.

On top of the strong connections mentioned above, other geometric inequalities
of an isoperimetric flavor like the Busemann-Petty centroid inequality or Blaschke-
Santalé inequality, among others, have been fundamental in the study of several
inequalities of Sobolev type, like LP-log-Sobolev, Gagliardo-Nirenberg, Sobolev trace,
or weighted Sobolev inequalities (e.g., [9-14]). It is important to notice that in many of
the works mentioned above, where the Busemann-Petty centroid inequality was used
to recover some known results for Sobolev type inequalities, this inequality provided a
more direct approach. This approach often avoided the use (in their original proofs) of
other well-known tools in the area of convex geometric analysis like the solution to the
Minkowski problem or the theory of mixed or dual mixed volumes.

In this work, we continue with this line of research. We obtain a family of
inequalities for functions on R", inequalities of Sobolev type, that in particular recover
the L,-Busemann-Petty centroid inequality for convex bodies in R™. Our main inequality

is presented in the form of a functional mixed volume inequality.

Theorem 1.1. Let f be a C* function and g a continuous non-negative function, both

with compact support in R"™. Then, for1 <r <n,g= % and A € (#, 1) U (1, 00),

r/p [(n+p)<kk—ll)+p1r _ HAI
/Rn (/Rng(y)Wf(x),y)Wdy) dx > Cppyllglly ™7 gl A )

The sharp constant C is computed in Section 3. After a lengthy but straightforward

n,p,i
computation, inequality (1) extends for f and g in the following Sobolev spaces:

g €Ll p@RY) = {h eL'(R™): /]R IRG)I(1 + [IxII5)dx < 00]
fe W' ®R") = {h e LYR™ : Vh € I'(RM)},

still with g > 0. These are the natural spaces to look for extremal functions of inequality

(1), and equality is attained if and only if f and g have the following forms:

gx) = aGprk(||AX||2),for a.ex

f(x) = bF,.(]|Ax]|,)
for positive constants a, b, A € GL,,(R), prk R, - R defined by

(1 + tP)7T ﬁke(ﬁ%ﬁ)

Gp, (1) = L
A—tP)  ifas1,
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Lp-Functional Busemann-Petty Centroid Inequality 7949

and

F.(t)=(1+tr1)"n,

2 Notions and Tools from Convex Geometry

In order to show the intrinsic geometric nature of inequality (1), and in particular, its
relation to the L,-Busemann-Petty centroid inequality, let us first recall some basic
definitions. A convex body is a convex set K ¢ R", which is compact and has non-empty
interior. For a convex body K, its support function hg, which uniquely characterizes it,

is defined as
hg(x) = max{(x,y):y € K}.

If K contains the origin in the interior, then we also have the gauge | - || and radial rg ()

functions of K defined, respectively, as

lyllg :==1inf{x >0: y € AK}, y e R"\ {0},
rg(y) :=max{x >0: Ay €K}, yeR"\{0}.

Clearly, llylx = 77
For a convex body K ¢ R" and p > 1, its Lp—moment and Lp—centroid bodies,

denoted by M,K and I',K, are defined by their support functions

1
Db — p b _— p
a0 = [ 106,y)Py,  and by 007 = T [wpra, o

@n+p

respectively, where Crp = wronwp

and w,, is the m-dimensional volume of the unit ball

B of R™. The L,-Busemann-Petty centroid inequality states that
n/p e
vol(I',K) = vol(K) or vol(M,K) > cnp vOl(K) P, (3)

in terms of the moment body M,K. Equality holds in (3) if and only if X is an 0-symmetric
ellipsoid.

Centroid bodies for p = 1 can be found for the 1st time in a work of Blaschke
[15], whereas the Busemann—Petty centroid inequality for p = 1 is due to Petty [16]. The
L, version of centroid bodies above was introduced by Lutwak and Zhang [17], while (3)
was obtained by Lutwak et al. in [18]. For the history of the Busemann-Petty centroid
inequality and a comprehensive introduction on centroid and moment bodies, we refer
to Chapter 10 in [19].
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7950 J. E. Haddad et al.

The theory of mixed volumes, first developed by Minkowski [20, 21], is one of
the pillars of the Brunn-Minkowski theory, it provides us with a unified approach to the
study of several of the most important quantities from convex geometry, such as volume,
mean width, surface area, among others. At the same time, it has been fundamental in
many other problems ranging from characterization of special families of convex bodies
to establish new isoperimetric inequalities, we refer to [19, 22] for a comprehensive
introduction to the theory of mixed volumes. There are several extensions of the concept
of mixed volume; in this work, we will focus mainly on the dual mixed volume and the L,
extension of the mixed volume, concepts belonging to the dual and L,,-Brunn-Minkowski
theory, respectively. Regarding the latter, we have the following L, extension of mixed
volume; for some background on this, we refer to [23] and to [24] and the references
therein.

For r > 1, the L,-mixed volume V,(K, L) of convex bodies K and L is defined by

V.(K.L) = r lim vol(K +, ¢-.L) — vol(K)l
r n -0 &

where K +, ¢ -, L is the convex body defined by
hgi e, X" =hex)" +ehp(x)", VxeR"

One of the main aspects of mixed volumes is that they admit an integral
representation. As in the classical case for the L, version, it is known (see [23]) that

there exists a unique finite positive Borel measure S,(K,.) on S*~! such that
1 r
V.(K,L) = - 1 h; (w)"dS,.(K, u), (4)
sn-

for each convex body L.
If 1 < r < oo and K and L are convex bodies in R" containing the origin as

interior point, then we can find also in [23] that
V.(K,L) > vol(K)"& vol(L)n, (5)
with equality if and only if K and L are dilates of each other for r > 1 and if and only if

K and L are homothetic if » = 1. Combining inequalities (5) and (3), we obtain

(n+p)r

V(L M,K) > cy/hvol(L) "= vol(K) ™ . 6)
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Lp-Functional Busemann-Petty Centroid Inequality 7951

Taking L = MpK in (6), we recover (3); hence, (6) is an equivalent formulation for the Lp—
Busemann-Petty centroid inequality. This and similar geometric inequalities for mixed
volumes involving centroid and projection bodies were already considered in [25]. The
main result, Theorem 1.1, is a functional version of inequality (6), replacing the sets
Land K by functions f and g.

In order to establish a functional version of (6) and considering the integral
representation of the geometric L,-mixed volume (4), let us recall the following result
obtained by Lutwak et al., where they introduced the concept of surface area measure
of a Sobolev function.

The L,-surface area measure of a function f : R* — R with L"-weak derivatives

is given by

Lemma 2.1 (Lemma 4.1 of [24]). Given 1 < r < oo and a function f : R®" — R with

L"-weak derivatives, there exists a unique finite Borel measure S,.(f,.) on S"~! such that
[ocvreorax= [ pwras.w, )
]Rn Sﬂ*

for every non-negative continuous function ¢ : R® — R homogeneous of degree 1. If f is
not equal to a constant function almost everywhere, then the support of S,(f,.) cannot

be contained in any n — 1 dimensional linear subspace.

Conversely, for a convex body L, the function f; (x) = F(||x||;) satisfies S,.(f,.) =

S,(L,.) if F is a smooth decreasing compactly supported function F : R, — R, satisfying

o0
/ " HF )7 dt = 1
0

(see [24]). By the Sobolev inequality, we have

nr nr n (L
(/ﬁ@ﬂﬁsﬂﬂmwﬂm(x
Rn w

n

where c, is the sharp constant in the Sobolev inequality on R", and there is equality
when F(t) = aF,(t) with a,b > 0, where

F (t) = (1+t71)' 7.

The function F(||x]|,) is an extremal function of the euclidean L"-Sobolev inequality

on R",
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7952 J. E. Haddad et al.

In view of identity (7), for any f and L such that S,.(f,.) = S,(L,.), we have

1
V(LK) = Z/Rn hy (—VF (%) dx.

This motivates the following definition:

Definition 2.2. Given 1 < r < oo and a function f : R® — R with L"-weak derivatives,

we define
1
%mm=—/i%PW@W&-
n Jrn

The LP-Sobolev inequality for general norms was proved in [26] and [27] and can

be stated as a mixed volume inequality for functions as follows:

Theorem 2.3. If f is a function with L"-weak derivatives and compact support in R”

nr

and K is an origin-symmetric convex body, then for1 <r <n and g = ;=

V.(f,K) = cf|If I vol(K) 7, (8)

where c, is the optimal constant and equality holds in (8) if and only if f(x) = aF,.(b|x|x)

for some a, b > 0. Taking f(x) = F,.(||x||;), we recover inequality (5).

Theorem 2.3 was originally proved using an innovative approach based on
optimal transportation of mass in [26] and in [27] using convex symmetrization.

In Section 4, we give an alternative, simpler, and elementary proof of this
inequality using the tools developed in [28]. Some of the tools we are using here, spe-
cially those contained in [24], have been used in the study of Sobolev type inequalities.
Their approach is often based on a functional extension of the so-called LYZ body and
other known geometric inequalities for projection and polar projection bodies (see [19,
Subsection 10.15] and references therein for more on this).

Let us go back to the definition of the moment body (2). It has been noticed that
hMpK is a convex function regardless of the set K (see e.g., [29, Chapter 5]). The following
definition has already appeared (in a slightly different way) in [30] and an asymmetric
version of it in [31]. In both cases, it was used in the context of valuations to study the

moment and centroid operators following the spirit of [32].
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Lp-Functional Busemann-Petty Centroid Inequality 7953

Definition 2.4. If g is a non-negative measurable function with compact support on

R™, then we define the convex body M,g by

Pg,g ()P =/Rng(X)|(X,§)|de-

The left-hand side of (1) has the following geometric meaning:

1 r/p
V. (f, Mpg) = ;/Rn (/}R g(y)|<Vf(X),y)|pdy) dx.

If K is a convex body and g(x) = G(|x|g) for any non-negative continuous
function G : R, — R with compact support, it is not hard to verify using polar

coordinates that

00 1/p
M,g = ((n +p) / t"+p_1G(t)dt) M,K.
0

Our main result (Theorem 1.1) is a consequence of Theorem 2.3 and Theorem 2.5

below:

Theorem 2.5. If g is a non-negative measurable function with compact support in R"?,

then, for each X € (#, 1) U (1, 00), we have that

n+p)(—D+p AD

b — -
VO1(Mpg)n Z Cn'pan,p,)\Hng e=bn ||.g||)L ¢ l)n/ (9)

where a,, ,, is given by the Lemma 3.4.
Let G, , : R, — R be defined by

(14+P)7T ifa <1
Gy (D) = g
A— )T ifa>1,

then taking g(x) = Gy, (xlig) in (9), we recover (3).
Equality holds in (9) if and only if g(x) = aG, , (|Ax|,) forany a > 0 and A €
GL,[R").

Even though Theorem 2.5 contains the geometric core of the main Theorem 1.1,
the term vol(M,g) cannot be expressed in terms of g in an elementary way, whereas this
is possible for V,.(f, M,9). This is the reason why we need to combine it with Theorem 2.3

to obtain a purely functional inequality.
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7954 J. E. Haddad et al.

Let us note that Theorem 1.1 cannot be regarded as a functional mixed volume
inequality in full generality since it can only be applied to a function f and the
centroid/moment body of another function g. We refer the interested reader to review
the works of Milman and Rotem [33, 34] where they have defined a functional extension
of mixed volumes and have extended some of their main properties to a functional
setting.

We should finally also mention other related extensions of the Busemann-—
Petty centroid inequality obtained by Paouris and Pivovarov in [35] where the authors
obtained randomized versions of this and other important isoperimetric inequalities.

The rest of the paper is organized as follows: In Section 3, we shall prove
some preliminary results, including an extension of the L,-Busemann-Petty cen-
troid inequality, to compact domains. Then, in Section 4, we prove Theorems 2.3
and 2.5.

We hope this work will shed some more light onto the deep connection between

isoperimetric and functional inequalities.

3 Preliminary Results

In order to prove our main result, Theorem 1.1, we consider two cases: r = 1 and 1 <
r < n. For r = 1, inequality (5) holds for more general sets. As in [8], a compact domain

is the closure of a bounded open set.

Lemma 3.1 ([8, Lemma 3.2]). If M is a compact domain with piecewise C! boundary

and K a convex body in R"”, then
V(M,K)" > vol(M)" ! vol(K),
with equality if and only if M and K are homothetic.

In the same spirit, the next lemma shows that the L,-Busemann—Petty centroid

inequality remains valid for a compact domain:

Lemma 3.2. If M is a compact domain in R”, then
vol(FpM) > vol(M). (10)

Equality holds in (10) if and only if M is an 0-symmetric ellipsoid.
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Proof. For a compact domain M and & € S !, we define the set
Le ={t €10,00) : t§ € M}.
Consider §(t) = %, for t > 0, and the star set SM defined by its radial function

psur(€) = 871 (B (Ly))),

where u denotes the one-dimensional Lebesgue measure. It is easy to see that vol(SM) =
vol(M). Also, let s = §(t) = %, then ds = t"1dt. For x € R", we have

/ \(x, y)[Pdy = / \(x, ¢6) [Pt dede
M sn-1 Lg

_ / \(x, &) PP dede
S Lg

/ / (%, £)[P(ns) s dsdé
sn1 /(L)

/ |<x,s>|P/ sk dsde.
sn-1 5(Le)

3

n

On the other hand, we have

psm(é) )
/ l(x, y)|Pdy = / |(x, t&) [Pt dtdE
SM sn—1
L.

n

3(psm(§))
[(x, &) |p(ns) ndsdg

PSM@)
/ |(x, €)PtP¢"1dede

El]

RGIL)
/ I(X,S)Ip/ sndsdg.
sn—1 0

By the Bathtub principle (see [36, Theorem 1.14, page 28]), we have

n(8(Lg))
/ s% ds > / s% ds.
8(Le) 0

Therefore,

/|<x,y>|dez/ \(x, )P dy. a1
M SM
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7956 J.E.Haddad et al.

Since vol(SM) = vol(M), we obtain thM(X)p > hrpSM(X)p, whence r,M > I',SM and
vol(FpM) > vol(FpSM). We conclude that

VOl(FpM) > Vol(FpSM) > vol(SM) = vol(M).

If M is a compact domain attaining equality in (10), then equality in (11) implies
w(3(Lg)) = 8(Lg) for a.e. £, meaning that M is a star body. We conclude the proof recalling
the equality case of (3). |

Let f be a C* function with compact support in R”. For ¢t > 0, consider the level
sets of f in R™:
Ney={xe R™: |f(x)| > t}
and
Spe=1{x¢€ R™: |f(x)| = t}.
Since f is of class C*°, by recalling Sard’s theorem, Sf't is a C* submanifold,
which has non-zero normal vector Vf, for almost all ¢. Denote by dS, the surface area
element of S; ;. Then the co-area formula relates the area elements dx = |Vf |-1ds,dt.

We present a lemma, whose proof is inside of the proof of [8, Theorem 4.1]. It

will be useful to prove Theorem 1.1 for the case r = 1.

Lemma 3.3. If f is a continuous function with compact support in R”, then
[ee) ) ne1
ol )T de = Il

. . —1
We observe that the proof of Lemma 3.3 carries over replacing = by any n €

(0,1) but not for n > 1. We prove an analogous result for n = "P# > 1.

Lemma 3.4. If g is a continuous function with compact support in R" and A €
n
(m, 1) U (1, OO), then

(n+p)(.—1)+p AD

o 1 Md G—Dn T G=Dn
Vol ) dt = a9l lgll, “",

where

_ (n+p)(—D+p
A—1 .
A @-bn ifa>1

n,p,A

G=Dn : n
BI if 1 e (325.1)

Anpar =
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with

(—1p
n+, O—Dn+ip

I (2) 6T @G- Da+p) 7 T (2+2)

1
F(%+m+2)

Apps = (0.—1n+ip)

and

+2)F(L—ﬂ) o
1-A p

n

p
A=2
A—1

Proof. Fori > landt > 0, letp,(t) = (1— t*‘l)_‘z and I(t) = vol(Ng't). Then p, (t/s) =

—N)(n —n_2
p no\ B [A=nTr F(
Byps = A »—

P n+p n+p r

a1- t*flslfl)f and
p, (t/s)n > 1 — Lg%, (12)

Multiplying (12) by I(t) and integrating, we obtain

/OO I(t)p, (t/s)7 dt > /Oo I(tydt — s’ /Oo It 1dt,
0 0 o

whence

o o
llglly S/O l®p, (15/3)51’)dt+s1**/0 It de.

By Holder's inequality, we have

00 00 n s 00 " nL
/ I(t)p, (t/s)% dt < (/ l(t):pdt> ﬂj (/ D, (t/s)" T dt) v
0 0 0

Write u = t/s and dt = sdu. Thus,

0 p o0 n+p ﬁ$§ © n+p ﬁﬁi _pb_
/ IWp, (t/s)» dt < (/ l(t)ndt) (/ pk(u)ndu) snp
0 0 0

Now, observe that

o0 o0
/ It 1de = / vol(N. ;)t*~dt.
0 0
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7958 J. E. Haddad et al.

Write v = t*, dv = At*~'dt, then t*~'dt = +dv and

/Ool(t)t*_ldt— 1/°°vol<1v Yt = Ljgli2
A =7/ g )4t = TGl

Hence,

n D
o0 n n+p o0 n n+p
lgll, < —||g||A -k y (/ l(t)i”dt) ﬂ’ (/ pk(t)i"dt) s —as~ 4 bsP,  (13)
0 0

where a = ;\||9||w b= (fo 1) dt) wio (fo pk(t) dt)’”p a=i—1,and B = m
Notice that the right-hand side of (13) has a unique minimum for s € (0, 00).

Minimizing with respect to s € (0, c0), we obtain

S E— 00 ntp <n+(pk><_xl—)711)+p
r—1 oTE
lglly < Ay p,llgll oo (/ Ok dt) ,
0

where A, ,, is given in the statement of the lemma.

Hence,

i ([ nip |\ -
1911y < Ap p, g1} [ volar, " at ,

which proves the statement of the lemma for the case A > 1.
. _ 5 P _
For the case A € (%, 1), we define g, () = (t*7! — 1)?. Then, g, (t) > -1
and g, (t/s)n > -1l — 1.
It follows that

/Ool(t)qA (t/s)n dt > s'~* /OO Io—1dt — /OO [t)dt.
0 0 0

Since [;°l(H)t*~1dt = 1||g||} and [;° U(t)dt = ||g]|;, we obtain

1-2

s A o P
— gl = Nglly + ) ltg; (t/s)n dt.
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By Hélder's inequality,

0 00 " e 00 et nL
/0 I(t)q, (t/s)7 dt < ( /0 l(t)#’dt) " ( /O q, (t/s)" % dt) +,,
o0 + 7P oo n+ P
= (/0 l(t)npdt) Y (/0 qk(u)npdu) ’ s”%P.

Hence,

n p
1 o0 n n+p o0 n ntp  p ., _
Xngn&s&—lngnﬁ(/ l(tﬁ”dt) (/ qk<t>3"dt) s AL (14)
0 0

For A € (#, 1), the right-hand side of (14) has a unique minimum s € (0, c0).

Minimizing with respect to s € (0, c0), we obtain

(1-Mn

(n+p)(.—D)+p [e'e) ntp D
g1} < By pullglly, (/0 l(t)ndt) :

where B,, ,; is given in the statement of the lemma.

Therefore,

_ (n+p)(A-=D+p ph

o 1 md _(lfk)n —n T=m
vol(Ny ;) » dt = B lgll; lgll, .
0

c,d,\
|

Now, we present other tools for the case 1 < r < n of our main result, introduced
by Lutwak et al. in [28]. Let H'"(R") denote the usual Sobolev space of real-valued
functions of R" with L" partial derivatives. If f € H"(R™) N C*°(R™) and Q is a compact

convex set that contains the origin in its relative interior, then they define

1
V.(f,t,Q) = 7 Js ho(v ) IVF ()" dS, (),
f .t

V)
V)"

symmetric convex body K; such that, for each origin-symmetric convex body Q

where v(x) =

They prove that for almost every ¢t > 0, there exists an origin-

V.(K, Q) = V,(f.t,Q). (15)

The next lemma can be deduced from [28], inequalities (6.3), (5.3), (5.4), and (5.1).
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7960 J. E. Haddad et al.
1, _
Lemma 3.5. Ifre(1,n),feH "(R") and g = ;- then

o0
/ vol(Ky) " dt = n'# cj|IfIIL,
0

where

|

¢y = b (n—r)r(r(%)r(nﬂ—%))"_
r—1 I'n)

4 Proof of the Main Results

We present separate proofs for the cases 1 <r <nand r=1.

4.1 Casel <r<n:

Proof. of Theorem 2.3: By Sard’s lemma, the co-area formula, (15), (5), and Lemma 3.5,
1 r
V.(f,K) = — hg(=Vf(x)) dx
n Jrn
1 oo Sti\r r—1
= [ [ meenFrvseortdsy e
nJjo Jsg
0
- /0 V,(f, t, K)dt
o0
= /0 Vv, (K, K)dt

o0 —-r r
> / vol(Kt)nT vol(K)ndt
0

o0
- / vol(K,) "= dtvol(K)n
0

>n'w cg|If]l; vol(K)w.

Proof of Theorem 2.5: We may observe that

gy )P = /R g1(x, §)Pdx

_ /Oo/ \(x, &) Pdxdt
0 {g=t}

= /0 hMp Ny (&)Pdt.
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In this sense, we regard M,g as a generalized p-sum of sets, where we replace

finite p-sums by a p-integral of sets

Mpgz/pMpNg'tdt

and clearly, for any convex body K,

oo
Vp (K,/pMpNg,tdt) =/0 Vp(K,MpNg,t)dt.
We compute

vol(Mp,g) = V,(M,g, M,,9)

o
= /0 Yy (Mpg, MpNg,t)dt

e 00
> vol(Mpg)Tp / vol(MpNg't)p/"dt.
0
Then using Lemmas 3.2 and 3.4, it follows that

P o P
vol(Mpg) n > / vol(MpNg,t) ndt
0

o n
> Cpp /0 vol(N,,,) " dt

(n+p)(A—D+p
A=Dn

___*p
G—Dn

= l1gll;, '

- Cn'pan'p')V | |g| |1

where a,, ,, is given by Lemma 3.4. |

4.2 Proof of Theorem 1.1: Caser =1

Proof. Let V,(f,M,9) =  fun (Jpn 90(VFx), ¥)Pdy) /P dx. Then,

B 1 00 Vf(X)
o= [ [, o (s

1/p
p dy) ds,dt.
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We denote by n5t = |V}C(X) Since

1/p
hag,g (1) = (/Rng(y) Knit,yﬂpdy)

1/p

([ rfraves)

it follows that

1 o0
Vl (flMpg) = E/O /Sf hMpg(nit)dStdt
,t

1/p
=y (/ [l pdyds) as,dt.
N Nyg.s

<n§°§‘, y)‘ Pdy, then

. S
Write hMp Ng’s(nxf)l’ = ng,s

1 00 00 1/p
V,(f,M,g) = — h StyPd ds.dt.
e ([ i) s

By the co-area formula, the Minkowski integral inequality and Lemmas 3.1, 3.2,

3.5, and 3.4,
1
1 00 00 s p p
V.(f, M, > — h dS d dt
1(F My,9) = n/o /0 510 MmN, (N )AS; | ds

— h (neHds, )dt ) ds
(O as)ar) )
00 00 p %
(/ (/ v (Nf,t,MpNg,s)dt) ds)
0 0
o0 o0 n—1 1 p %
/ (/ vol(Nf’t)T VOl(MpNg's)ﬁ dt) ds)
0 0
00 [ee) el p p I%
/ (/ VO](Nf't)T dt) Vol(MpNg,s)ﬁ ds)
0 0

00 - o0 b \7
/ vol(Nf't)ndt) (/ vol(MpNg's)nds)
0 0
1
1 00 . 00 n 5
>k, ( /O vol(Nf,t)nldt) ( /0 vol(Ng,S)Ipds)p

l/p (n+(;;)(i)—l)+p (nJr(I;)()l\)—l)er - )Ll)
n —1)n, r—=1)n
plflln Cpp™ ™ gl " ligll, .

v

Il %
N N /N
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Remark 4.1. Let us point out that a simpler proof of Theorem 1.1 for the case r = p
can be deduced from the LP-affine Sobolev inequality [28] and the equivalence between
the L,-Busemann-Petty centroid inequality and the L,-Petty projection inequality (see
[18]). The well-known identity for sets

V,(L,IK) = V_, (K, TI5L),

_%n_
vol(K)

where f/'p(-, -) denotes the Lp-dual mixed volume and I17L, the Lp-polar projection body

of L, can be extended to functions as
Vp(f: Mpg) = V_p(g: H;f)r

where we define
V_,(9.L) = /R lIxllgeodx

and
h(“;fré)p = /]R" (Vf(x),£))Pdx.

Then an application of the dual mixed volume inequality for functions ([37, Lemma
4.1]) and the LP-Affine Sobolev inequality (which corresponds to the L,-Petty projection

inequality for functions) gives the result.
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