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We deal with a Carleson measure type problem for the tent spaces AT q
p (α) in the 

unit disc of the complex plane. They consist of the analytic functions of the tent 
spaces T q

p (α) introduced by Coifman, Meyer and Stein. Well known spaces like the 
Bergman spaces arise as a special case of this family. Let s, t, p, q ∈ (0, ∞) and 
α > 0. We find necessary and sufficient conditions on a positive Borel measure μ of 
the unit disc in order to exist a positive constant C such that

ˆ

T

⎛
⎜⎝ ˆ

Γ(ξ)

|f(z)|t dμ(z)

⎞
⎟⎠

s/t

|dξ| ≤ C‖f‖sT q
p (α) , f ∈ AT q

p (α) ,

where Γ(ξ) = ΓM (ξ) = {z ∈ D : |1 − ξ̄z| < M(1 − |z|2)}, M > 1/2 and ξ is a 
boundary point of the unit disc. This problem was originally posed by D. Luecking. 
We apply our results to the study of the action of the integration operator Tg , also 
known as Pommerenke operator, between the average integrability spaces RM(p, q), 
for p, q ∈ [1, ∞). These spaces have appeared recently in the work of the first author 
with M.D. Contreras and L. Rodríguez-Piazza. We also consider the action from an 
RM(p, q) to a Hardy space Hs, where p, q, s ∈ [1, ∞).

© 2023 The Authors. Published by Elsevier Inc. This is an open access article 
under the CC BY-NC-ND license (http://

creativecommons .org /licenses /by -nc -nd /4 .0/).
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1. Introduction

Let D be the unit disc in the complex plane, T be the unit circle and H(D) be the collection of the 
analytic functions in D. Assume that X is a Banach space of analytic functions in D. A positive Borel 
measure μ on the unit disc is called (s, X)-Carleson measure if there is a positive constant C > 0 such that

ˆ

D

|f(z)|s dμ(z) ≤ C ‖f‖sX , f ∈ X . (1.1)

The notion of (s, X)-Carleson measures appeared naturally in the work of L. Carleson on the theory of 
interpolating sequences for the Hardy spaces [12]. Recall that an f ∈ H(D) is in the Hardy space Hp, p ∈
(0, ∞), if

‖f‖pHp = sup
r∈[0,1)

2πˆ

0

|f(reiθ)|p dθ < +∞ . (1.2)

A standard reference for the Hardy space theory is [10].
Carleson proved that the (p, Hp)-Carleson measures are exactly described by the geometric condition

sup
I⊆T

μ(S(I))
|I| < +∞, (1.3)

where the supremum is taken over all arcs I of the unit circle, |I| is their arc length and

S(I) =
{
z ∈ D : 1 − |I| ≤ |z| < 1 and z

|z| ∈ I

}

is what we call a Carleson square. Since then, embeddings of the type (1.1) have been studied in the context 
of several spaces of analytic functions. See [6], [7], [16], [22]. From this point and after we agree to use the 
following simplification. If μ is a positive Borel on D that satisfies (1.3) then we will refer to it simply as a 
Carleson measure.

In [16] Luecking, among other Carleson measure type problems, considered a version of (1.1) for measures 
μ on the upper half-plane H, for tent spaces of analytic functions defined on H and for the n-derivatives of 
the functions in those spaces. See Theorem 3, Section 6 in [16]. However, the proof that Luecking provided 
serves for the case of the unit disc as well. Since we are interested in the unit disc setting and for n = 0, which 
is the case without the derivative, below we state the question of Luecking under the latter considerations.

We say that a measurable function f in D belongs to T q
p (α), p, q, α ∈ (0, ∞), if

‖f‖q
T q
p (α) =

ˆ

T

⎛
⎜⎝ ˆ

Γ(ξ)

|f(z)|p dA(z)
(1 − |z|2)2−α

⎞
⎟⎠

q
p

|dξ| < +∞ . (1.4)

For a ξ ∈ T we denote as
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Γ(ξ) = ΓM (ξ) = {z ∈ D : |1 − ξ̄z| < M(1 − |z|2)},

where M > 1/2. The dA(z) stands for the area Lebesque measure on D. The tent spaces T q
p (α) were 

introduced by Coifman, Meyer and Stein [9]. We are interested in their subspaces

AT q
p (α) = T q

p (α) ∩H(D) .

The restriction α > 0 has meaning only in the case of the analytic tent spaces since an AT q
p (0) does not 

contain non trivial f ∈ H(D). It is customary to use in the definition of the tent spaces the regions Γ(ξ). In 
the next section we will see that they can be equivalently described by using other type of non tangential 
approach regions.

Luecking dealt with the following question. Consider s, p, q, α ∈ (0, ∞). Find the necessary and sufficient 
conditions on the positive Borel measure μ in D in order to exist a positive constant C such that

⎛
⎝ˆ

D

|f(z)|s dμ(z)

⎞
⎠

1/s

≤ C‖f‖T q
p (α) , f ∈ AT q

p (α) . (1.5)

Taking into account the terminology introduced with (1.1) we are allowed to say that this is an (s, AT q
p (α))-

Carleson measure problem.
The family AT q

p (α) includes the Bergman spaces. Observe that in the case p = q and α = 1, by an 
application of the Fubini theorem in (1.4), we get the Bergman space Ap that is the space of those f ∈ H(D)
with the integrability property

ˆ

D

|f(z)|p dA(z) < +∞ . (1.6)

For more information on Bergman spaces we propose to the interested reader [13], [11].
Luecking in [16] pursued these ideas even further by posing the following:

Problem 1. Let p, q, s, t, α > 0. Characterize the positive Borel measures μ in D for which there is a positive 
constant C such that

ˆ

T

⎛
⎜⎝ ˆ

Γ(ξ)

|f(z)|t dμ(z)

⎞
⎟⎠

s/t

|dξ| ≤ C‖f‖sT q
p (α) , f ∈ AT q

p (α) . (1.7)

This is a more general problem compared to (1.5) from the point of view that if we set s = t then a 
change in the order of integration converts (1.7) to the (s, T q

p (α))-Carleson measure problem (1.5) for the 
measure (1 − |z|2)dμ(z). In addition, if we set above p = q and α = 1 then Problem 1 comes down to the 
work of Z. Wu [27].

We answer with the following theorem.

Theorem 1.1. Let 0 < p, q, s, t, α < +∞, Z = {zk} an (r, κ)-lattice, and let μ be a positive Borel measure 
on D. Then the following are equivalent.
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(1) There is a constant C > 0 such that

⎛
⎜⎜⎝
ˆ

T

⎛
⎜⎝ ˆ

Γ(ξ)

|f(w)|t dμ(w)

⎞
⎟⎠

s/t

|dξ|

⎞
⎟⎟⎠

1/s

≤ C‖f‖T q
p (α), f ∈ AT q

p (α).

(2) The measure μ satisfies the following:

(a) If 0 < s < q < +∞, 0 < t < p < +∞, then

ˆ

T

⎛
⎝ ∑

zk∈Γ(ξ)

(
μ1/t(D(zk, r))
(1 − |zk|)α/p

) pt
p−t

⎞
⎠

(p−t)qs
(q−s)pt

|dξ| < +∞.

(b) If 0 < s < q < +∞, 0 < p ≤ t < +∞, then

ˆ

T

(
sup

zk∈Γ(ξ)

μ1/t(D(zk, r))
(1 − |zk|)α/p

) qs
q−s

|dξ| < +∞.

(c) If 0 < q < s < +∞, 0 < p, t < ∞ or 0 < q = s < +∞, 0 < p ≤ t < +∞, then

sup
k

μ1/t(D(zk, r))
(1 − |zk|)

α
p + 1

q− 1
s

< +∞.

(d) If 0 < q = s < +∞, 0 < t < p < +∞, then

sup
ξ∈T

⎛
⎝sup

ξ∈I

∑
zk∈T (I)

(
μ1/t(D(zk, r))
(1 − |zk|)α/p

) pt
p−t

(1 − |zk|)

⎞
⎠

p−t
pt

< +∞,

where I runs the intervals in T , S(I) =
{
z ∈ D : 1 − |I| ≤ |z| < 1 and z

|z| ∈ I
}

and I is its arc 
length.

As a consequence of our main result we present two applications that occurred naturally. It turns out that 
this type of embeddings are the proper tool for the study of the integration operator which was introduced 
by Pommerenke in [24]. To be specific, let

g : D → C

be an analytic function. We call integration operator the map

Tg(f)(z) =
zˆ

0

f(ζ) g′(ζ) dζ , z ∈ D,

where f ∈ H(D). Pommerenke considered Tg on the Hilbert Hardy space H2 of the unit disc. He proved 
that its boundedness is characterized exactly when the symbol g is a BMOA function. That work was the 
starting point for a great number of results about the properties of Tg on several spaces of analytic functions. 
See [19], [28], [20], [18], [2].
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A. Aleman and A. Siskakis in [3] completed the scene for Tg on the Hardy spaces. In [4] they extended 
the study to the Bergman spaces where they proved that

Tg ∈ B(Ap), p ∈ (0,∞) ⇔ g ∈ B, (1.8)

where B stands for the Bloch space which consists of those g ∈ H(D) with the property

sup
z∈D

|g′(z)| (1 − |z|2) < +∞ .

Based on this condition, there is defined a more general family of spaces. Let γ > 0, we say that a function 
g ∈ H(D) belongs to the Bloch type space Bγ if

sup
z∈D

|g′(z)| (1 − |z|2)γ < ∞ .

Recently, T. Aguilar-Hernández, M. D. Contreras and L. Rodríguez-Piazza in [1], [2] defined the spaces 
of average radial integrability. They say that a function f ∈ H(D) belongs to RM(p, q), p, q ∈ (0, ∞), if

‖f‖qRM(p,q) =
2πˆ

0

⎛
⎝ 1ˆ

0

|f(reiθ)|p dr

⎞
⎠

q
p

dθ < +∞. (1.9)

This expression is the natural extension of the property of bounded radial integrability

sup
θ∈[0,2π)

1ˆ

0

|f(reiθ)| dr < +∞ (1.10)

of an f ∈ H(D). According to the Féjer-Riesz inequality the elements of the Hardy space H1 fulfill the 
property (1.10) [10].

For the case p = ∞, 0 < q ≤ +∞, the spaces RM(∞, q) consist of analytic functions f on D such that

‖f‖qRM(∞,q) =
2πˆ

0

(
sup

0≤r<1
|f(reiθ)|

)q

dθ < +∞, if q < +∞, and

‖f‖RM(∞,∞) = ‖f‖H∞ .

It is clear that for p = q

RM(p, q) ≡ Ap .

Moreover, with the help of the Hölder’s inequality we can verify that the RM(p, q) spaces always stand 
between two Bergman spaces. To be precise, if p < q then

Aq ⊂ RM(p, q) ⊂ Ap

and if q < p the containments are the other way around. All the inclusions are strict.
Notice that

RM(∞, q) ≡ Hq .
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This is due to the equivalent description of Hardy spaces in terms of the radial maximal function that is

‖f‖qHq �
2πˆ

0

sup
r∈(0,1)

|f(reiθ)|q dθ .

See [12].
The authors in [2] proved that the action of Tg in RM(p, q) is similar to that in Bergman spaces. To put 

it simply, the Bloch condition characterizes the boundedness of

Tg : RM(p, q) → RM(p, q) .

In order to obtain this result, they prove that condition (1.9) is equivalent to the condition

2πˆ

0

⎛
⎝ 1ˆ

0

|f ′(reiθ)|p(1 − r)p dr

⎞
⎠

q
p

dθ < +∞ .

Here we consider the more general question stated below.

Problem 2. Let p, q, s, t ∈ [1, ∞). Characterize the boundedness of

Tg : RM(p, q) → RM(t, s) .

The answer we give is based on an equivalent representation of the RM(p, q) as tent spaces. This is 
actually an independent result contained in the structural theory of the Triebel-Lizorkin spaces and [8] can 
serve as a reference for that. Postponing the details for the next section we just present this equivalent 
description according to which an f ∈ H(D) belongs to an RM(p, q) if and only if

ˆ

T

⎛
⎜⎝ ˆ

Γ(ξ)

|f ′(z)|p (1 − |z|2)p−1dA(z)

⎞
⎟⎠

q
p

|dζ| < +∞ .

Combining appropriately this condition and the results of Theorem 1.1 we prove the following result.

Theorem 1.2. Let 1 ≤ p, q, s, r < +∞ and g ∈ H(D). The following statements are equivalent:

(1) The operator Tg : RM(p, q) → RM(t, s) is bounded.
(2) The function g ∈ H(D) satisfies that

(a) If 1 ≤ s < q < +∞, 1 ≤ t < p < +∞,

g ∈ RM

(
pt

p− t
,

qs

q − s

)
.

(b) If 1 ≤ s < q < +∞, 1 ≤ p ≤ t < +∞,

ˆ (
ess sup
z∈Γ(ξ)

|g′(z)|(1 − |z|)1+ 1
t− 1

p

) qs
q−s

|dξ| < +∞

T
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(c) If 1 ≤ q < s < +∞, 1 ≤ p, t < ∞ or 1 ≤ q = s < +∞, 1 ≤ p ≤ t < +∞,

g ∈ B1+ 1
t + 1

s− 1
p− 1

q .

(d) If 1 ≤ q = s < +∞, 1 ≤ t < p < +∞, the measure

dμ(z) = |g′(z)|
pt

p−t (1 − |z|)
pt

p−t dm(z)

is a Carleson measure.

The RM(p, q) are not the first example of spaces that can be treated as tent. The Littlewood-Paley 
theory provides an alternative way to define the Hardy spaces in terms of the Lusin area function [29]. An 
f ∈ Hp if and only if

ˆ

T

⎛
⎜⎝ ˆ

Γ(ξ)

|f ′(z)|2 dA(z)

⎞
⎟⎠

p
2

|dξ| < +∞ . (1.11)

It has been proved that (1.11) not only is comparable to (1.2) but also it is convenient for the study of 
integration operator. Z. Wu, using (1.11), studied the Tg operator from a Bergman space to a Hardy for 
the unit disc [28]. Later, S. Miihkinen, J. Pau, A. Perälä and M. Wang completed and extended the results 
of Wu for the case of the unit ball [18]. Taking into account the fact that each average radial integrability 
space is between two Bergman spaces is tempting to wonder about the action of Tg from an RM(p, q) to a 
Hs. We prove the following theorem.

Theorem 1.3. Let 1 ≤ p, q, s < +∞. The following statements are equivalent:

(1) The operator Tg : RM(p, q) → Hs is bounded.
(2) The function g ∈ H(D) satisfies that

(a) If 1 ≤ s < q < +∞, 2 < p < +∞,

|g′(z)|(1 − |z|) 1
2 ∈ T

qs
q−s
2p

p−2
(1).

(b) If 1 ≤ s < q < +∞, 1 ≤ p ≤ 2,

ˆ

T

(
ess sup
z∈Γ(ξ)

|g′(z)|(1 − |z|)1− 1
p

) qs
q−s

|dξ| < +∞ .

(c) If 1 ≤ q < s < +∞, 1 ≤ p < ∞ or 1 ≤ q = s < +∞, 1 ≤ p ≤ 2, g ∈ B1+ 1
s− 1

p− 1
q .

(d) If 1 ≤ q = s < +∞, 2 < p < +∞, the measure |g′(z)|
2p
p−t (1 − |z|)

p
p−t dm(z) is a Carleson measure.

Closing the section we present the structure of the paper. In Section 2 we present the preliminary 
information that will be required throughout our study. We gather the definition of the spaces of analytic 
functions of our interest and some properties of them that we will need. Moreover, in Section 3, we give an 
identification of the RM(p, q) spaces as tent spaces AT q

p (1) (see Proposition 3.1).
The main results of this article appear in Sections 4 and 5. In Section 4, first we provide a characterization 

of the positive Borel measures such that they satisfy (1.7) (see Theorem 4.1). This result will be the 
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cornerstone in the course of the proof of the last section. Second, we focus on Theorem 3 of [16]. Although 
we get the impression that all the cases of the indices involved are covered it appears that there is a specific 
case to be made clear. Following similar ideas to those employed by Luecking we complete the picture.

In Section 5 we provide a characterization of when the integration operator Tg : RM(p, q) → RM(t, s)
is bounded, where 1 ≤ p, q, t, s < +∞ (see Theorem 5.1). Also, we show the boundedness of Tg for t = ∞, 
that is, when the operator Tg maps RM(p, q) into the Hardy spaces Hs (see Theorem 5.2).

Throughout the paper the letter C = C(·) will denote an absolute constant whose value depends on the 
parameters indicated in the parenthesis, and may change from one occurrence to another. We will use the 
notation a � b if there exists a constant C = C(·) > 0 such that a ≤ Cb, and a � b is understood in an 
analogous manner. In particular, if a � b and a � b, then we will write a � b.

2. Definitions and first properties

In this section we recall the definitions of the spaces of analytic functions under discussion. Moreover, we 
compile some properties for the sake of being self-contained.

2.1. Average radial integrability spaces

These are the RM(p, q) spaces introduced in [1].

Definition 2.1. Let 0 < p, q ≤ +∞. We define the spaces of analytic functions

RM(p, q) = {f ∈ H(D) : ρp,q(f) < +∞},

where

ρp,q(f) =

⎛
⎜⎝ 1

2π

2πˆ

0

⎛
⎝ 1ˆ

0

|f(reit)|p dr

⎞
⎠

q/p

dt

⎞
⎟⎠

1/q

, if p, q < +∞,

ρp,∞(f) = ess sup
t∈[0,2π)

⎛
⎝ 1ˆ

0

|f(reit)|p dr

⎞
⎠

1/p

, if p < +∞,

ρ∞,q(f) =

⎛
⎝ 1

2π

2πˆ

0

(
sup

r∈[0,1)
|f(reit)|

)q

dt

⎞
⎠

1/q

, if q < +∞,

ρ∞,∞(f) = ‖f‖H∞ = sup
z∈D

|f(z)|.

2.2. Tent spaces

The work of Coifman, Meyer and Stein is considered the starting point for the study of the tent spaces 
of measurable functions [9]. Since then they have been studied widely by many authors. A typical collection 
of references on the subject is the following [17], [16], [14], [5], [8], [23], [18].

Let ξ ∈ T . We define the non-tangential regions Γ(ξ) and Λ(ξ) as follows

Γ(ξ) = ΓM (ξ) :=
{
z ∈ D : |z − ξ| < M(1 − |z|2)

}
,

Λ(ξ) :=
{
rξeiθ : |θ| < (1 − r)

}
,
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where M > 1
2 and |θ| := min {|θ + 2kπ| : k ∈ Z}.

Definition 2.2. Let 0 < p, q, α < +∞. The tent space T q
p (α) consists of measurable functions f on D such 

that

‖f‖T q
p (α) =

⎛
⎜⎜⎝
ˆ

T

⎛
⎜⎝ ˆ

Γ(ξ)

|f(z)|p dA(z)
(1 − |z|2)2−α

⎞
⎟⎠

q/p

|dξ|

⎞
⎟⎟⎠

1/q

< +∞. (2.1)

Analogously, the space T q
∞(α) consists of measurable functions f on D with

‖f‖T q
∞(α) =

⎛
⎝ˆ

T

ess sup
z∈Γ(ξ)

|f(z)|q |dξ|

⎞
⎠

1/q

, if q < +∞, (2.2)

where the essential supremum is taken with respect to the Lebesgue measure. Notice that the definition of 
T q
∞(α) = T q

∞ is independent of α.
For the case q = +∞ and p < +∞, the space T∞

p (α) consists of measurable functions f on D with

‖f‖T∞
p (α) = sup

ξ∈T

⎛
⎜⎝ sup

w∈Γ(ξ)

1
(1 − |w|2)

ˆ

S(w)

|f(z)|p dA(z)
(1 − |z|2)1−α

⎞
⎟⎠

1/p

< +∞, (2.3)

where

S(reiθ) =
{
ρeit : 1 − ρ ≤ 1 − r, |t− θ| ≤ 1 − r

2

}

for reiθ ∈ D \ {0} and S(0) = D. Notice that f ∈ T q
∞(α) if and only if the measure dμf (z) = |f(z)|p(1 −

|z|2)α−1 dA(z) is a Carleson measure on D.
If we take holomorphic functions instead of measurable functions, we will denote the tent space of 

holomorphic functions as AT q
p (α) := T q

p (α) ∩H(D).

Below we state a technical lemma, well known to the experts of the area. It will be usefull for us too.

Lemma 2.3. [5, Lemma 4, p. 66] Let 0 < p, q < +∞ and λ > max{1, p/q}. Then, there are constants 
C1 = C1(p, q, λ, C) and C2 = C2(p, q, λ, C) such that

C1

ˆ

T

μ(Γ(ξ))q/p|dξ| ≤
ˆ

T

⎛
⎝ˆ

D

(
1 − |z|
|1 − zξ|

)λ

dμ(z)

⎞
⎠

q/p

|dξ| ≤ C2

ˆ

T

μ(Γ(ξ))q/p|dξ|,

for every positive measure μ on D.

Remark 2.4. By Lemma 2.3, it is easy to see that any of the non-tangential regions Γ(ξ) in (2.1) can be 
replaced by Λ(ξ).

Moreover, for the case p = +∞ one obtains by using [26, Theorem 17.11(a), p. 340] that the definition 
of T q

∞ is independent of the nontangential region.
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Remark 2.5. One can obtain an equivalent norm in AT q
∞ replacing in (2.2) the set Γ(ξ) by any other Stolz 

region ΓM (ξ).

2.3. Tent spaces of sequences

Let β(z, w) be the hyperbolic metric on D and let D(z, r) = {w ∈ D : β(z, w) < r} be the hyperbolic 
disc of radius r > 0 centered at z ∈ D. The sequence Z = {zk} is a separated sequence if there is a constant 
δ > 0 such that β(zk, zj) ≥ δ for j = k. The sequence Z = {zk} is said to be an (r, κ)-lattice (in the 
hyperbolic distance), for r > κ > 0, if

(1) D =
⋃

k D(zk, r),
(2) the sets D(zk, κ) are pairwise disjoint.

Notice that any (r, κ)-lattice is a separated sequence.

Remark 2.6. It is known that if z, w ∈ D such that β(z, w) < r, then there is a constant C = C(r) > 0 such 
that 1

C (1 − |z|) ≤ 1 − |w| ≤ C(1 − |z|).

Using arguments similar to those in [11], one can prove the following result.

Proposition 2.7. Let K ≥ 1, R > 0, and an (r, κ)-lattice Z = {zk}. There is a positive integer N =
N(K, R, Z) such that for each point z ∈ D there are at most N hyperbolic discs D(zk, Kr) satisfying 
D(z, R) ∩D(zk, Kr) = ∅.

As a consequence of the above proposition we obtain the following covering lemma which will be useful 
in Section 4.

Lemma 2.8. Let C > 1 and an (r, κ)-lattice Z = {zk}. There is N such that for all n ∈ N and ξ ∈ T there 
are N hyperbolic discs D(zk, r) that cover the set

SC(ξ) ∩
{
z ∈ D : 1

2n+1 ≤ 1 − |z| ≤ 1
2n

}
.

In order to facilitate the reading, we have included the following lemma due to Wu.

Lemma 2.9. [27, Lemma 2.3, p. 992] Let M > 1, r ≥ 0 and ξ ∈ T . If M∗ = (M + 1)e2r − 1, then

D(z, r) ⊂ SM∗(ξ)

for all z ∈ SM (ξ).

A standard way to get an (r, κ)-lattice is through the Whitney Decomposition of the unit disc. This is 
the (r, κ)-lattice described in the following example and the one that Luecking makes use of in [16].

Example 2.10. Let Z = {zi,j} be the sequence formed by the centers of the regions

Ri,j =
{
z ∈ D : 1 − 1

2i ≤ |z| < 1 − 1
2i+1 , arg(z) ∈

[
2πj
2i ,

2π(j + 1)
2i

)}

for i ∈ N ∪ {0} and j = 0, 1, . . . , 2i − 1. We will refer to them as Luecking regions. There exist r > κ > 0
such that Z = {zi,j} is an (r, κ)-lattice.
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Our approach in order to get our results is mainly based on the discrete version of the tent spaces. These 
are the tent spaces of sequences.

Definition 2.11. Let Z = {zn} be a (r, κ)-lattice and 0 < p, q < +∞. We say that {λn} ∈ T q
p (Z) if

‖{λn}‖T q
p (Z) :=

⎛
⎜⎝ˆ

T

⎛
⎝ ∑

zn∈Γ(ξ)

|λn|p
⎞
⎠

p/q

|dξ|

⎞
⎟⎠

1/q

< +∞, (2.4)

the sequence {λn}n ∈ T q
∞(Z) if

‖{λn}‖T q
∞(Z) :=

⎛
⎝ˆ

T

(
sup

zn∈Γ(ξ)
|λn|p

)p/q

|dξ|

⎞
⎠

1/q

< +∞, (2.5)

and {λn} ∈ T∞
p (Z) if

‖{λn}‖T∞
p (Z) = sup

ξ∈T

⎛
⎝ sup

u∈Γ(ξ)

1
(1 − |u|2)

∑
zn∈S(u)

|λn|p(1 − |zn|2)

⎞
⎠

1/p

< +∞, (2.6)

where

S(reiθ) =
{
ρeit : 1 − ρ ≤ 1 − r, |t− θ| ≤ 1 − r

2

}

for reiθ ∈ D \ {0} and S(0) = D.

Remark 2.12. Lemma 2.3 justifies the independence of the definition (2.4) for any ΓM (ξ).

The following lemma is a well-know result in the theory of tent spaces of sequences and it will be useful 
in order to obtain equivalent expressions when we consider different non-tangential regions.

Lemma 2.13. Let M1 > M > 1/2. There is a constant C > 0 such that

ˆ

T

(
sup

zk∈SM1 (ξ)
|λk|q

)
|dξ| ≤ C

ˆ

T

(
sup

zk∈SM (ξ)
|λk|q

)
|dξ|

for all 0 < q < +∞, and for all sequences {zk} ⊂ D and {λk} ⊂ C.

The next version of the sub-mean value property will be useful several times. As usual we write f (0) = f .

Lemma 2.14. [16, p. 338 ] (See also [11, Corollary 1, p. 68] for the case n = 0) If 0 < p < +∞, r > 0, 
n ∈ N ∩ {0}, and f is analytic in D, then

|f (n)(α)|p � 1
(1 − |α|)2+np

ˆ

D(α,r)

|f(w)|p dm(w),

for each point α ∈ D.
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The relationship between the discrete version of tent spaces and the continuous version is given in the 
next proposition.

Proposition 2.15. Let 0 < p, q < +∞ and Z = {zk} be an (r, κ)-lattice. Given f ∈ AT q
p (α) and λk =

λk(f) = supw∈D(zk,r) |f(w)|(1 − |zk|)α/p. Then

‖f‖T q
p (α) � ‖λk‖T q

p (Z).

Proof. Take z̃k ∈ D(zk, r) such that |f(z̃k)| = supw∈D(zk,r) |f(w)|. First, let us check that ‖{|f(z̃k)|(1 −
|zk|)α/p}‖T q

p (Z) � ‖f‖T q
p (α). Applying the mean value property over the hyperbolic disc D(z̃k, s) with s < 3r, 

we obtain

‖{|f(z̃k)|(1 − |zk|)α/p}‖T q
p (Z) =

⎛
⎜⎝ˆ

T

⎛
⎝ ∑

zk∈ΓM (ξ)

|f(z̃k)|p(1 − |zk|)α
⎞
⎠

q/p

|dξ|

⎞
⎟⎠

1/q

�

⎛
⎜⎜⎝
ˆ

T

⎛
⎜⎝ ∑

zk∈ΓM (ξ)

⎛
⎜⎝ ˆ

D(z̃k,s)

|f(z)|p dm(z)
(1 − |z̃k|)2

⎞
⎟⎠ (1 − |zk|)α

⎞
⎟⎠

q/p

|dξ|

⎞
⎟⎟⎠

1/q

.

Since D(z̃k, s) ⊂ D(zk, 4r), applying Remark 2.6 we have

‖{|f(z̃k)|(1 − |zk|)α/p}‖T q
p (Z)

�

⎛
⎜⎜⎝
ˆ

T

⎛
⎜⎝ ∑

zk∈ΓM (ξ)

⎛
⎜⎝ ˆ

D(zk,4r)

|f(z)|p dm(z)
(1 − |zk|)2−α

⎞
⎟⎠
⎞
⎟⎠

q/p

|dξ|

⎞
⎟⎟⎠

1/q

.

By Lemma 2.9, we can take M+ > M > 1/2 such that
⋃

D(zk,4r)∩ΓM (ξ) 	=∅
D(zk, 4r) ⊂ ΓM+(ξ),

and applying Remark 2.6, it follows that

‖{|f(z̃k)|(1 − |zk|)α/p}‖T q
p (Z)

�

⎛
⎜⎜⎝
ˆ

T

⎛
⎜⎝ ∑

zk∈ΓM (ξ)

⎛
⎜⎝ ˆ

D(zk,4r)

|f(z)|p dm(z)
(1 − |z|)2−α

⎞
⎟⎠
⎞
⎟⎠

q/p

|dξ|

⎞
⎟⎟⎠

1/q

≤

⎛
⎜⎜⎝
ˆ

T

⎛
⎜⎝ ˆ

ΓM+ (ξ)

⎛
⎝ ∑

zk∈Γ(ξ)

χD(zk,4r)(z)

⎞
⎠ |f(z)|p dm(z)

(1 − |z|)2−α

⎞
⎟⎠

q/p

|dξ|

⎞
⎟⎟⎠

1/q

.

Due to the fact that Z = {zk} is an (r, κ)-lattice, by Proposition 2.7 there is N such that
∑

χD(zk,4r)(z) ≤ N

k
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for all z ∈ D. Therefore, we obtain

‖{|f(z̃k)|(1 − |zk|)α/p}‖T q
p (Z)

� N1/p

⎛
⎜⎜⎝
ˆ

T

⎛
⎜⎝ ˆ

Γ+(ξ)

|f(z)|p dm(z)
(1 − |z|)2−α

⎞
⎟⎠

q/p

|dξ|

⎞
⎟⎟⎠

1/q

� N1/p‖f‖T q
p (α).

Now, we proceed with the converse inequality. Using the pointwise estimate |f(z)| ≤
∑

k |f(z)|χD(zk,r)(z)
and the fact (given by Lemma 2.9) that we can take M+ > M > 1/2 such that

⋃
D(zk,r)∩Γ(ξ) 	=∅

D(zk, r) ⊂ ΓM+(ξ),

it follows that

‖f‖T q
p (α) =

⎛
⎜⎜⎝
ˆ

T

⎛
⎜⎝ ˆ

Γ(ξ)

|f(z)|p dm(z)
(1 − |z|)2−α

⎞
⎟⎠

q/p

|dξ|

⎞
⎟⎟⎠

1/q

≤

⎛
⎜⎜⎝
ˆ

T

⎛
⎜⎝∑

k

ˆ

Γ(ξ)∩D(zk,r)

|f(z)|p dm(z)
(1 − |z|)2−α

⎞
⎟⎠

q/p

|dξ|

⎞
⎟⎟⎠

1/q

≤

⎛
⎜⎜⎝
ˆ

T

⎛
⎜⎝ ∑

zk∈Γ+(ξ)

ˆ

D(zk,r)

|f(z)|p dm(z)
(1 − |z|)2−α

⎞
⎟⎠

q/p

|dξ|

⎞
⎟⎟⎠

1/q

.

Taking |f(z̃k)| := supw∈D(zk,r) |f(w)| and applying Remark 2.6, we have

‖f‖T q
p (α) �

⎛
⎜⎝ˆ

T

⎛
⎝ ∑

zk∈Γ+(ξ)

|f(z̃k)|p(1 − |zk|)α
⎞
⎠

q/p

|dξ|

⎞
⎟⎠

1/q

� ‖{|f(z̃k)|(1 − |zk|)α/p}‖T q
p (Z).

Therefore, we are done. �
In [8] Cohn and Verbitsky proved a result about the factorization of tent spaces of functions over the 

upper half-space, but we will use the following concerning the factorization of sequence tent spaces (see [18, 
Proposition 6, p. 19]) throughout this article.

Proposition 2.16. Let 0 < p, q < +∞ and Z = {ak} be an (r, κ)-lattice. If p ≤ p1, p2 ≤ +∞, q ≤ q1, q2 ≤ +∞
and satisfy 1

p = 1
p1

+ 1
p2

, and 1
q = 1

q1
+ 1

q2
. Then

T q
p (Z) = T q1

p1
(Z) · T q2

p2
(Z).

Remark 2.17. In [18, Proposition 6, p. 19] this result is stated for the cases p < p1, p2 < +∞ and q <

q1, q2 < +∞. However, using the same argument we can also extend it to extreme cases.
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The following propositions give us the duality for the tent spaces of sequences. They will be a cornerstone 
in the proof of the main result of this paper.

Proposition 2.18. [5, Lemma 6, p. 68] Let Z = {zn} be a (r, κ)-lattice and 1 ≤ p < +∞, 1 < q < +∞. Then 
(T q

p (Z))∗ ∼= T q′

p′ (Z), where 1
p + 1

p′ = 1 and 1
q + 1

q′ = 1. The isomorphism between (T q
p (Z))∗ and T q′

p′ (Z) is 
given by the operator

{bk} �→ 〈·, {bk}〉

where 〈·, {bk}〉 is defined by

〈{ak}, {bk}〉 =
∑
k

ak bk(1 − |zk|), {ak} ∈ T q
p (Z).

In fact, ‖{bk}‖T q′
p′ (Z) � sup

{
|
∑

k akbk(1 − |zk|)| : ‖{ak}‖T q
p (Z) = 1

}
.

Proposition 2.19. [5, Proposition 2, p. 72] Let Z = {zn} be a (r, κ)-lattice and 0 < p < 1 < q < +∞. 
Then (T q

p (Z))∗ ∼= T q′
∞(Z), where 1

q + 1
q′ = 1. The isomorphism between (T q

p (Z))∗ and T q′
∞(Z) is given by the 

operator as in Proposition 2.18. In fact, ‖{bk}‖T q′
∞ (Z) � sup

{
|
∑

k akbk(1 − |zk|)| : ‖{ak}‖T q
p (Z) = 1

}
.

Proposition 2.20. [14, Lemma 3.4, p. 184] Let Z = {zn} be a (r, κ)-lattice and 1 < p < +∞. Then 
(T 1

p (Z))∗ ∼= T∞
p′ (Z), where 1

p + 1
p′ = 1. The isomorphism between (T 1

p (Z))∗ and T∞
p′ (Z) is given by the 

operator as in Proposition 2.18.
In fact, ‖{bk}‖T∞

p′ (Z) � sup
{
|
∑

k akbk(1 − |zk|)| : ‖{ak}‖T 1
p (Z) = 1

}
.

Following the same argument of Luecking in [16, Proposition 2, p. 352] and combining Lemma 2.8, we 
have the same result of tent spaces of sequences in D now for any (r, κ)-lattice, but avoiding the cases 
1 < p < +∞, q = 1. So that, we decide to omit the proof.

Proposition 2.21. Let Z = {zk} be an (r, κ)-lattice. If either 0 < p < +∞, 0 < q < 1 or 0 < p ≤ 1, q = 1, 
then

sup
{∣∣∣∣∣

∑
k

akbk(1 − |zk|)
∣∣∣∣∣ : ‖{bk}‖T q

p (Z) = 1
}

� sup
k

|ak|(1 − |zk|)1−1/q

for any sequence {ak}.

Remark 2.22. We point out that in [16, Proposition 2, p. 352] above result for the (r, κ)-lattice given in 
Example 2.10 is stated for 0 < p < +∞, but if p > 1 and q = 1, its proof does not work.

The following result, due to Perälä, will be an important tool in the characterization of the Carleson 
measures in the next section.

Proposition 2.23. [23, Lemma 14, p. 24] Let Z = {zn} be an (r, κ)-lattice, 0 < p, q < +∞, α > 0, and 
M > max {1, p/q, 1/q, 1/p} + α/p. Then the operator S : T q

p (Z) → AT q
p (α), where

S({λk})(z) :=
∞∑
k=0

λk
(1 − |zk|)M−α

p

(1 − zkz)M
,

is bounded.
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3. The tent space nature of the RM(p, q)

In this section we present equivalent representations of the RM(p, q) spaces in terms of the derivatives 
of their elements and as tent spaces. It seems that the RM(p, q) and their equivalent representations form 
part of the theory of Triebel spaces. As a reference to that we propose [8]. However, neither is clear nor is 
easy to justify the equivalent formulas through that approach.

Our starting point is the Littlewood-Paley theory for the Hardy spaces Hq (q > 0), according to which

2πˆ

0

⎛
⎝ 1ˆ

0

|f ′(reiθ)|2(1 − r) dr

⎞
⎠

q
2

dθ � ‖f‖qHq �
ˆ

T

⎛
⎜⎝ ˆ

Γ(ξ)

|f ′(z)|2 dA(z)

⎞
⎟⎠

p
2

|dξ| ,

and [2] where the authors prove that, for 1 < p, q < ∞ or (1, q) with 1 ≤ q < +∞,

ρp,q(f)q �
2πˆ

0

⎛
⎝ 1ˆ

0

|f ′(reiθ)|p(1 − r)p dr

⎞
⎠

q
p

dθ . (3.1)

As we shall see the equivalence (3.1) extends to the case RM(p, 1), p > 1.
First we establish how the RM(p, q) spaces can be represented as tent spaces. Our approach is based on 

the ideas of [21] appropriately applied to our more general case.

Proposition 3.1. Let 1 ≤ p, q < +∞. Then for f ∈ H(D) we have that

(1) ρp,q(f) � ‖f‖T q
p (1),

(2) ρp,q(f ′(·)(1 − | · |)) � ‖f ′(·)(1 − | · |)‖T q
p (1).

That is, RM(p, q) = AT q
p (1).

Proof. (1) First we show that

ρp,q(f) �

⎛
⎜⎜⎝

2πˆ

0

⎛
⎜⎝ ˆ

Γ(eiθ)

|f(w)|p dA(w))
1 − |w|

⎞
⎟⎠

q/p

dθ

2π

⎞
⎟⎟⎠

1/q

. (3.2)

Fixed θ ∈ [0, 2π], we have that

1ˆ

0

|f(reiθ)|p dr =
∞∑
k=0

1−2−(n+1)ˆ

1−2−n

|f(reiθ)|p dr

≤
∞∑
k=0

sup
1−2−n<r<1−2−(n+1)

|f(reiθ)|p(2−n − 2−(n+1))

=
∞∑
k=0

2−(n+1) sup
2−(n+1)<1−r<2−n

|f(reiθ)|p

�
∞∑
k=0

2−(n+1)

2−2n

ˆ

En(θ)

|f(w)|p dA(w),
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where En(θ) = {w ∈ D : |w − (1 − 2−n)eiθ| < 3
2n+2 }. Moreover, it is easy to see that Ej(θ) ∩ Ek(θ) = ∅, 

if |j − k| ≥ 3, and that there is a constant M > 1
2 such that En(θ) ⊂ ΓM (eiθ) for all n ∈ N. Therefore, it 

follows that

1ˆ

0

|f(reiθ)|p dr �
∞∑
k=0

2n
ˆ

En(θ)

|f(w)|p (1 − |w|)
(1 − |w|) dA(w)

�
∞∑
k=0

ˆ

En(θ)

|f(w)|p dA(w)
1 − |w| �

ˆ

ΓM (eiθ)

|f(w)|p dA(w)
1 − |w|

From this, we clearly have (3.2).
Now, for the comparison from below, we continue with the proof of

⎛
⎜⎜⎝
ˆ

T

⎛
⎜⎝ ˆ

Λ(ξ)

|f(w)|p dA(w)
1 − |w|

⎞
⎟⎠

q/p

|dξ|

⎞
⎟⎟⎠

1/q

� ρp,q(f).

Notice that for ξ ∈ T

ˆ

Λ(ξ)

|f(w)|p dA(w)
1 − |w|

=
1ˆ

0

ˆ

|θ|<1−r

|f(reiθξ)|p(1 − r)−1dθ dr

≤
∞∑

n=0

1−2−(n+1)ˆ

1−2−n

ˆ

|θ|<2−n

|f(reiθξ)|p (1 − r)−1 dθdr

≤
∞∑

n=0

ˆ

|θ|<2−n

1−2−(n+1)ˆ

1−2−n

|f(reiθξ)|p(1 − r)−1 dr dθ

≤
∞∑

n=0
2n+1

ˆ

|θ|<2−n

hn((1 − 2−n−2)ξeiθ) dθ ,

where

hn(z) =
1−2−(n+1)ˆ

1−2−n

∣∣∣∣f
(

rz

1 − 2−n−2

)∣∣∣∣
p

dr.

For each n, the function hn is log-subharmonic (see [25, p. 36]). Bearing in mind that

|(1 − 2−n−2)ξeiθ − ξ| ≤ M2−n−2 , for |θ| < 2−n ,

where M is an absolute constant, it follows that (1 − 2−(n+2))ξeiθ ∈ ΓM (ξ) and
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1ˆ

0

ˆ

|θ|<1−r

|f(reiθξ)|p(1 − r)−1 dθ dr ≤ 4
∞∑

n=0
M∗hn(ξ)

where M∗ denotes the non-tangential maximal operator, that is

M∗hn(ξ) = sup
z∈ΓM (ξ)

hn(z) .

Applying [21, Theorem 1.8, p. 173], we find a positive constant C(p, q) such that

⎛
⎜⎜⎝
ˆ

T

⎛
⎜⎝ ˆ

Λ(ξ)

|f(w)|p dA(w)
1 − |w|

⎞
⎟⎠

q/p

|dξ|

⎞
⎟⎟⎠

1/q

≤

⎛
⎝ˆ

T

(
4

∞∑
n=0

M∗hn(ξ)
)q/p

|dξ|

⎞
⎠

1/q

≤ C(p, q) sup
0≤s<1

⎛
⎝ˆ

T

( ∞∑
n=0

hn(sξ)
)q/p

|dξ|

⎞
⎠

1/q

= C(p, q) sup
0≤s<1

⎛
⎜⎜⎝
ˆ

T

⎛
⎜⎝ ∞∑

n=0

1−2−(n+1)ˆ

1−2−n

∣∣∣∣f
(

rsξ

1 − 2−n−2

)∣∣∣∣
p

dr

⎞
⎟⎠

q/p

|dξ|

⎞
⎟⎟⎠

1/q

.

Doing the change of variable u = r
1−2−(n+2) , it follows that

⎛
⎜⎜⎝
ˆ

T

⎛
⎜⎝ ˆ

Λ(ξ)

|f(w)|p dA(w)
1 − |w|

⎞
⎟⎠

q/p

|dξ|

⎞
⎟⎟⎠

1/q

≤ C(p, q) sup
0≤s<1

⎛
⎜⎜⎝
ˆ

T

⎛
⎜⎝ ∞∑

n=0
2−n

1−2−(n+2)ˆ

1−2−n

|f (rsξ)|p dr

⎞
⎟⎠

q/p

|dξ|

⎞
⎟⎟⎠

1/q

≤ 2 C(p, q) sup
0≤s<1

ρp,q(fs).

By [1, Proposition 2.12], we conclude that

⎛
⎜⎜⎝
ˆ

T

⎛
⎜⎝ ˆ

Λ(ξ)

|f(w)|p dA(w)
1 − |w|

⎞
⎟⎠

q/p

|dξ|

⎞
⎟⎟⎠

1/q

� ρp,q(f).

(2) Following the same argument, we obtain the equivalent result for the derivative. �
The next theorem is due to Perälä [23]. It is the equivalent description of the AT q

p (1) in terms of the 
derivative.

Theorem 3.2. [23, Theorem 2, p. 9] Let 0 < p, q, α < +∞. Then, we have that

‖f ′(·)(1 − | · |)‖T q
p (α) � ‖f‖T q

p (α), f ∈ H(D).
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Combining the above we get the following corollary.

Corollary 3.3. Let 1 ≤ p, q < +∞. Then, we have that

ρp,q(f) � ρp,q(f ′(·)(1 − | · |)), f ∈ H(D).

4. Carleson measures

This section is devoted to the study of Carleson measure type problems for the tent spaces of analytic 
functions and consequently for the RM(p, q) spaces. First, we present our main result. It answers the 
problem posed by Luecking in [16]. See section 7.

Theorem 4.1. Let 0 < p, q, s, t, α < +∞, M > 1/2, Z = {zk} an (r, κ)-lattice, and let μ be a positive Borel 
measure on D. Then the following are equivalent:

(1) There is a constant C > 0 such that

⎛
⎜⎜⎝
ˆ

T

⎛
⎜⎝ ˆ

Γ(ξ)

|f(w)|t dμ(w)

⎞
⎟⎠

s/t

|dξ|

⎞
⎟⎟⎠

1/s

≤ C‖f‖T q
p (α), f ∈ AT q

p (α).

(2) The measure μ satisfies the following:

(a) If 0 < s < q < +∞, 0 < t < p < +∞, then

ˆ

T

⎛
⎝ ∑

zk∈Γ(ξ)

(
μ1/t(D(zk, r))
(1 − |zk|)α/p

) pt
p−t

⎞
⎠

(p−t)qs
(q−s)pt

|dξ| < +∞.

(b) If 0 < s < q < +∞, 0 < p ≤ t < +∞, then

ˆ

T

(
sup

zk∈Γ(ξ)

μ1/t(D(zk, r))
(1 − |zk|)α/p

) qs
q−s

|dξ| < +∞.

(c) If 0 < q < s < +∞, 0 < p, t < ∞ or 0 < q = s < +∞, 0 < p ≤ t < +∞, then

sup
k

μ1/t(D(zk, r))
(1 − |zk|)

α
p + 1

q− 1
s

< +∞.

(d) If 0 < q = s < +∞, 0 < t < p < +∞, then

sup
ξ∈T

⎛
⎝sup

ξ∈I

∑
zk∈T (I)

(
μ1/t(D(zk, r))
(1 − |zk|)α/p

) pt
p−t

(1 − |zk|)

⎞
⎠

p−t
pt

< +∞,

where I runs the intervals in T , S(I) =
{
z ∈ D : 1 − |I| ≤ |z| < 1 and z

|z| ∈ I
}

and |I| is its arc 
length.
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Proof. First, we will prove that (2) implies (1). Let b > max{1
t , 

1
s}. By Lemma 2.9, one can take a constant 

M+ > M > 1
2 such that, for all ξ ∈ T ,

⋃
D(zk,r)∩ΓM (ξ) 	=∅

D(zk, r) ⊂ ΓM+(ξ)

where D(zk, r) are hyperbolic disks that correspond to the (r, κ)-lattice.
Fix an f ∈ AT q

p (α). Using the pointwise estimate |f(z)| ≤
∑

k |f(z)|χD(zk,r)(z), it follows that

⎛
⎜⎜⎝
ˆ

T

⎛
⎜⎝ ˆ

ΓM (ξ)

|f(w)|t dμ(w)

⎞
⎟⎠

s/t

|dξ|

⎞
⎟⎟⎠

1
s

≤

⎛
⎜⎜⎝
ˆ

T

⎛
⎜⎝∑

k

ˆ

D(zk,r)∩ΓM (ξ)

|f(w)|t dμ(w)

⎞
⎟⎠

s/t

|dξ|

⎞
⎟⎟⎠

1
s

≤

⎛
⎜⎝ˆ

T

⎛
⎝ ∑

zk∈ΓM+ (ξ)

sup
w∈D(zk,r)

|f(w)|tμ(D(zk, r)) dμ(w)

⎞
⎠

s/t

|dξ|

⎞
⎟⎠

1
s

.

For the simplicity of the presentation we set |fk| := supw∈D(zk,r) |f(w)|. Bearing in mind Lemma 2.3 and 
b > max{1

t , 
1
s}, we have

⎛
⎜⎜⎝
ˆ

T

⎛
⎜⎝ ˆ

ΓM (ξ)

|f(w)|t dμ(w)

⎞
⎟⎠

s/t

|dξ|

⎞
⎟⎟⎠

1
s

(4.1)

≤

⎛
⎜⎝ˆ

T

⎛
⎝ ∑

zk∈ΓM+ (ξ)

|fk|tμ(D(zk, r)) dμ(w)

⎞
⎠

s/t

|dξ|

⎞
⎟⎠

1
s

=

⎛
⎜⎝ˆ

T

⎛
⎝ ∑

zk∈ΓM+ (ξ)

(
|fk|1/b μ1/bt(D(zk, r))

)bt

⎞
⎠

bs/bt

|dξ|

⎞
⎟⎠

b
bs

� ‖{|fk|1/b μ1/bt(D(zk, r))}‖bT bs
bt (Z) .

Using the duality relation for the T bs
bt (Z) as stated in Proposition 2.18, we get that

‖{|fk|1/b μ1/bt(D(zk, r))}‖T bs
bt (Z) (4.2)

= sup
λk≥0

‖{λk}‖
T

(bs)′
(bt)′ (Z)

≤1

∑
k

λk|fk|1/b μ1/bt(D(zk, r)) (1 − |zk|)

= sup
λk≥0

‖{λk}‖
T

(bs)′
(bt)′ (Z)

≤1

∑
k

λk|fk|1/b(1 − |zk|)α/bp
μ1/bt(D(zk, r))
(1 − |zk|)α/bp

(1 − |zk|).

By Remark 2.15, we have

‖f‖T q
p (α) � ‖{|fk|(1 − |zk|)α/p}‖T q

p (Z) = ‖{|fk|1/b(1 − |zk|)α/bp}‖bT bq
bp (Z) .
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Therefore, for any sequence of positive numbers {λk} ∈ T
(bs)′
(bt)′ (Z), Proposition 2.16 implies that

{λk|fk|1/b(1 − |zk|)α/bp} ∈ T
(bs)′
(bt)′ (Z) · T bq

bp (Z) = T
qbs

s+q(bs−1)
pbt

t+p(bt−1)
(Z),

Taking into account the conditions (2)(a)-(d) together with Propositions 2.18–2.21 respectively, we obtain 
that there is a constant C(μ) > 0 such that

(∑
k

λk|fk|1/b(1 − |zk|)α/bp
μ1/bt(D(zk, r))
(1 − |zk|)α/bp

(1 − |zk|)
)b

(4.3)

≤ C(μ)b‖{λk|fk|1/b(1 − |zk|)α/bp}‖b
T

qbs
s+q(bs−1)

pbt
t+p(bt−1)

(Z)

� C(μ)b ‖{λk}‖b
T

(bs)′
(bt)′ (Z)

‖{|fk|1/b(1 − |zk|)α/bp}‖bT bq
bp (Z)

= C(μ)b ‖{λk}‖b
T

(bs)′
(bt)′ (Z)

‖{|fk|(1 − |zk|)α/p}‖T q
p (Z)

� C(μ)b ‖{λk}‖b
T

(bs)′
(bt)′ (Z)

‖f‖AT q
p (α) .

Now, we proceed to clarify which is the constant C(μ) in each of the cases of the statement (2).

(a) By Proposition 2.18, it follows that

C(μ) �
∥∥∥∥
{
μ1/bt(D(zk, r))
(1 − |zk|)α/bp

}∥∥∥∥
T

bqs
q−s
bpt
p−t

(Z)
=

∥∥∥∥
{
μ1/t(D(zk, r))
(1 − |zk|)α/p

}∥∥∥∥
1/b

T
qs

q−s
pt

p−t

(Z)
.

(b) Using Proposition 2.18 for the cases s < q, p = t and Proposition 2.19 for the case s < q, p < t we have 
that

C(μ) �
∥∥∥∥
{
μ1/bt(D(zk, r))
(1 − |zk|)α/bp

}∥∥∥∥
T

bqs
q−s
∞ (Z)

=
∥∥∥∥
{
μ1/t(D(zk, r))
(1 − |zk|)α/p

}∥∥∥∥
1/b

T
qs

q−s
∞ (Z)

.

(c) By means of Proposition 2.21, the constant C(μ) in these cases is determined by

C(μ) � sup
k

μ1/bt(D(zk, r))
(1 − |zk|)α/bp

(1 − |zk|)
q−s
qbs =

(
sup
k

μ1/t(D(zk, r))
(1 − |zk|)

α
p + 1

q− 1
s

)1/b

.

(d) In the remaining cases, we apply Proposition 2.20 to obtain

C(μ) �
∥∥∥∥
{
μ1/bt(D(zk, r))
(1 − |zk|)α/bp

}∥∥∥∥
T∞

bpt
p−t

(Z)
=

∥∥∥∥
{
μ1/t(D(zk, r))
(1 − |zk|)α/p

}∥∥∥∥
1/b

T∞
pt

p−t

(Z)
.

Therefore, combining (4.1), (4.2), and (4.3), we conclude that

⎛
⎜⎜⎝
ˆ

T

⎛
⎜⎝ ˆ

Γ(ξ)

|f(w)|t dμ(w)

⎞
⎟⎠

s/t

|dξ|

⎞
⎟⎟⎠

1/s

� ‖f‖T q
p (α).
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Now, we continue with the proof of (1) implies (2). By Lemma 2.9, there is a constant M∗ > M > 1/2
such that D(z, r) ⊂ ΓM∗(ξ) for all z ∈ ΓM (ξ). By hypothesis and Lemma 2.3 there is a constant C > 0 such 
that

⎛
⎜⎜⎝
ˆ

T

⎛
⎜⎝ ˆ

ΓM∗ (ξ)

|f(z)|t dμ(z)

⎞
⎟⎠

s/t

|dξ|

⎞
⎟⎟⎠

1/s

≤ C ‖f‖T q
p (α) (4.4)

for all f ∈ AT q
p (α). Take λ = {λk} a sequence of T q

p (Z) and let ρk : [0, 1] → {−1, 1} the Radermacher 
functions. Moreover, for K > max {1, p/q, 1/q, 1/p} + α/p, we consider the function

Fx(z) :=
∑
k

λkρk(x) (1 − |zk|)K−α
p

(1 − zkz)K
, z ∈ D.

From (4.4) and Proposition 2.23, it follows that

ˆ

T

⎛
⎜⎝ ˆ

ΓM∗ (ξ)

|Fx(z)|t dμ(z)

⎞
⎟⎠

s/t

|dξ| � ‖{λk}‖sT q
p (Z).

Integrating both sides with respect to x, we obtain

1ˆ

0

ˆ

T

⎛
⎜⎝ ˆ

ΓM∗ (ξ)

|Fx(z)|t dμ(z)

⎞
⎟⎠

s/t

|dξ| dx � ‖{λk}‖sT q
p (Z).

Applying Fubini’s theorem and Khinchine-Kahane-Kalton inequality (see [15, Theorem 2.1, p. 251]), it 
follows that

ˆ

T

⎛
⎜⎝

1ˆ

0

ˆ

ΓM∗ (ξ)

|Fx(z)|t dμ(z) dx

⎞
⎟⎠

s/t

|dξ| � ‖{λk}‖sT q
p (Z).

Now, by means of Khinchine’s inequality we have

ˆ

T

⎛
⎜⎝ ˆ

ΓM∗ (ξ)

(∑
k

|λk|2
(1 − |zk|)2K− 2α

p

|1 − zkz|2K

)t/2

dμ(z)

⎞
⎟⎠

s/t

|dξ| � ‖{λk}‖sT q
p (Z).

It holds that

χD(zk,r)(z) �
1 − |zk|
|1 − zkz|

, z ∈ D .

In addition, each z ∈ D belongs to not more than N = N(r) disks D(zk, r) (see Proposition 2.7). Using the 
fact that

‖w‖t ≤ max{1, N1/t−1/2}‖w‖2



22 T. Aguilar-Hernández, P. Galanopoulos / J. Math. Anal. Appl. 523 (2023) 127028
for w ∈ CN and, combining it with the estimation above, one can see that

ˆ

T

⎛
⎜⎝ ˆ

ΓM∗ (ξ)

∑
k

|λk|t
χD(zk,r)(z)

(1 − |zk|)αt/p
dμ(z)

⎞
⎟⎠

s/t

|dξ|

≤ max{1, Ns/t−s/2}
ˆ

T

⎛
⎜⎝ ˆ

ΓM∗ (ξ)

(∑
k

|λk|2
χD(zk,r)(z)

(1 − |zk|)2α/p

)t/2

dμ(z)

⎞
⎟⎠

s/t

|dξ|

� max{1, Ns/t−s/2}
ˆ

T

⎛
⎜⎝ ˆ

ΓM∗ (ξ)

(∑
k

|λk|2
(1 − |zk|)2θ−

2α
p

|1 − zkz|2θ

)t/2

dμ(z)

⎞
⎟⎠

s/t

|dξ|

� max{1, Ns/t−s/2} ‖{λk}‖sT q
p (Z).

Hence, it follows that

ˆ

T

⎛
⎝ ∑

zk∈ΓM (ξ)

|λk|t
μ(D(zk, r))

(1 − |zk|)αt/p

⎞
⎠

s/t

|dξ| � max{1, Ns/t−s/2}‖{λk}‖sT q
p (Z).

On the other hand, let a b such that tb > 1 and sb > 1. For any {τk}k ∈ T
bs

bs−1
bt

bt−1
(Z), after applying Fubini’s 

theorem and Hölder’s inequality twice, one gets that

∑
k

τkλ
1/b
k

(
μ1/t(D(zk, r))
(1 − |zk|)α/p

)1/b

(1 − |zk|) (4.5)

�
ˆ

T

⎛
⎝ ∑

zk∈Γ−(ξ)

τkλ
1/b
k

(
μ1/t(D(zk, r))
(1 − |zk|)1/p

)1/b
⎞
⎠ |dξ|

�
ˆ

T

⎛
⎝ ∑

zk∈Γ−(ξ)

|λk|t
μ(D(zk, r))

(1 − |zk|)αt/p

⎞
⎠

1/tb ⎛
⎝ ∑

zk∈Γ−(ξ)

τ
bt

bt−1
k

⎞
⎠

bt−1
bt

|dξ|

≤

⎛
⎜⎝ˆ

T

⎛
⎝ ∑

zk∈Γ−(ξ)

|λk|t
μ(D(zk, r))

(1 − |zk|)αt/p

⎞
⎠

s/t

|dξ|

⎞
⎟⎠

1/bs

‖τk‖
T

bs
bs−1
bt

bt−1
(Z)

� max{1, N s
tb− t

2b }‖{λk}‖1/b
T q
p (Z)‖{τk}‖

T
bs

bs−1
bt

bt−1
(Z)

.

By Proposition 2.16 we have that

{τkλ1/b
k }k ∈ T

bqs
s+q(bs−1)

bpt
t+p(bt−1)

(Z) = T
bs

bs−1
bt

bt−1
(Z) · T bq

bp (Z).

Then, using (4.5) together with Propositions 2.18–2.21 respectively, we obtain that (2) holds. Therefore, we 
are done. �
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The last part of the section is about Theorem 3 of [16]. There, Luecking considered the embeddings of the 
derivatives of analytic tent spaces AT q

p (α) in the Ls space of a positive Borel measure μ. The setting was the 
upper half plane and the technique he employed was the discretization of the problem, too. Nevertheless, 
the same proof can be applied to the unit disc. Below we state Luecking’s result for the latter case.

Theorem 4.2. [16, Theorem 3, p. 354] Let 0 < s, p, q < +∞ such that if s = q then p ≤ q, 0 < α < +∞, 
Z = {zi,j} the (r, κ)-lattice consisting of the centers of the Luecking regions, and n ∈ N ∪ {0}. Let μ be a 
finite positive Borel measure on D. Then the following assertions are equivalent.

(1) There is a constant C > 0 such that

⎛
⎝ˆ

D

|f (n)(w)|s dμ(w)

⎞
⎠

1/s

≤ C‖f‖T q
p (α), f ∈ AT q

p (α).

(2) The sequence

μi,j := μ(Ri,j)(1 − |zi,j |)−
s
p−sn−1,

where Ri,j is a Luecking region (see Example 2.10) and zi,j is the center of this region, satisfies one of 
the following:

(a) If s < p, q, then {μi,j} ∈ T
q

q−s
p

p−s
(Z).

(b) If p ≤ s < q, then {μi,j} ∈ T
q

q−s
∞ (Z).

(c) If q < s or p ≤ s = q, then {μi,j(1 − |zi,j |)1−
s
q } is a bounded sequence.

Although the cases stated above as 2(a), 2(b), 2(c) are covered completely by Theorem 3 in [16], looking 
carefully at the original proof given by Luecking we realize that the case when 0 < s = q < p < ∞ has to be 
clarified. To be more specific, in [16] this range of values is also treated by the application of Proposition 2
of [16]. Here we make clear that this case has to be confronted separately using the proper duality relation. 
When 0 < s = q < p this duality is the one stated in Proposition 2.20. In order to keep the spirit of the 
proof as it appears in [16] we make use of Luecking’s regions.

Theorem 4.3. Let 0 < s < p < +∞, 0 < α < +∞, Z = {zi,j} the (r, κ)-lattice consisting of the centers 
of the Luecking regions, and n ∈ N ∪ {0}. Let μ be a finite positive Borel measure on D. Then, there is a 
constant C > 0 such that

⎛
⎝ˆ

D

|f (n)(w)|s dμ(w)

⎞
⎠

1/s

≤ C‖f‖T s
p (α), f ∈ AT s

p (α), (4.6)

if and only if 
{
μ(Ri,j)(1 − |zi,j |)−

s
p−sn−1

}
∈ T∞

p
p−s

(Z).

Proof. First, we prove that the condition 
{
μ(Ri,j)(1 − |zi,j |)−

s
p−sn−1

}
∈ T∞

p
p−s

(Z) implies (4.6). Let f ∈
AT s

p (α), then

|f (n)(z)| ≤
∑

|f (n)(z̃i,j)|χRi,j
(z), z ∈ D,
ij
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where Ri,j is a Luecking region (see Example 2.10) and z̃i,j ∈ Ri,j is such that |f (n)(z̃i,j)| :=
supw∈Ri,j

|f (n)(w)|. So that

ˆ

D

|f (n)(w)|s dμ(w) ≤
∑
ij

|f (n)(z̃i,j)|s μ(Ri,j)

=
∑
ij

|f (n)(z̃i,j)|s (1 − |zi,j |)
αs
p +sn μ(Ri,j)

(1 − |zi,j |)
αs
p +ns+1 (1 − |zi,j |).

Hence, by hypothesis and Proposition 2.20 it follows that

ˆ

D

|f (n)(w)|s dμ(w) ≤
∑
ij

|f (n)(z̃i,j)|s (1 − |zi,j |)
αs
p +sn μ(Ri,j)

(1 − |zi,j |)
αs
p +ns+1 (1 − |zi,j |)

� ‖{μi,j}‖T∞
p

p−s
(Z)‖{|f (n)(z̃i,j)|s (1 − |zi,j |)

αs
p +sn}‖T 1

p/s(Z).

Let us check that

‖{|f (n)(z̃i,j)|s(1 − |zk|)
αs
p +sn}‖T 1

p/s(Z) � ‖f‖T s
p (α).

Using the fact that there is η > 0 such that Ri,j ⊂ D(zi,j , η). Applying the mean property over each 
hyperbolic disc D(z̃i,j , η) (see Lemma 2.14), it follows that

‖{|f (n)(z̃i,j)|s (1 − |zi,j |)
αs
p +sn}‖T 1

p/s(Z)

=
ˆ

T

⎛
⎝ ∑

zi,j∈ΓM (ξ)

|f (n)(z̃i,j)|p (1 − |zi,j |)α+pn

⎞
⎠

s/p

|dξ|

�
ˆ

T

⎛
⎜⎝ ∑

zi,j∈ΓM (ξ)

(1 − |zi,j |)pn+α

(1 − |z̃i,j |)np+2

ˆ

D(z̃i,j ,η)

|f(w)|p dm(w)

⎞
⎟⎠

s/p

|dξ|.

Since D(z̃i,j , η) ⊂ D(zi,j , 2η), by Remark 2.6 we have

‖{|f (n)(z̃i,j)|s (1 − |zi,j |)
αs
p +sn}‖T 1

p/s(Z)

�
ˆ

T

⎛
⎜⎝ ∑

zi,j∈ΓM (ξ)

ˆ

D(zi,j ,2η)

|f(w)|p dm(w)
(1 − |w|)2−α

⎞
⎟⎠

s/p

|dξ|.

By Lemma 2.9, we can take M+ > M > 1/2 such that

⋃
zi,j∈ΓM (ξ)

D(zi,j , 2η) ⊂ ΓM+(ξ),

we have

‖{|f (n)(z̃i,j)|s (1 − |zi,j |)
αs
p +sn}‖T 1 (Z)
p/s
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�
ˆ

T

⎛
⎜⎝ ˆ

ΓM+ (ξ)

⎛
⎝ ∑

zi,j∈ΓM (ξ)

χD(zi,j ,2η)(w)

⎞
⎠ |f(w)|p dm(w)

(1 − |w|)2−α

⎞
⎟⎠

s/p

|dξ|.

Since each z ∈ D can be covered by a fixed number N of hyperbolic discs D(zi,j , 2η) (see Proposition 2.7), 
we obtain

‖{|f (n)(z̃i,j)|s (1 − |zi,j |)
αs
p +sn}‖T 1

p/s(Z) � ‖f‖sT s
p (α).

Conversely, assume that there is a constant C > 0 such that

⎛
⎝ˆ

D

|f (n)(w)|s dμ(w)

⎞
⎠

1/s

≤ C‖f‖T s
p (α)

for every f ∈ AT s
p (α). Let us see that 

{
μ(Ri,j)(1 − |zi,j |)−

s
p−sn−1

}
∈ T∞

p
p−s

(Z). Let λ = {λi,j} be a sequence 

of T s
p (Z) and ρi,j : [0, 1] → {−1, 1} the Radermacher functions. Moreover, for M > max {1, p/s, 1/s, 1/p}+

1/p we consider the function

Fx(z) :=
∑
ij

λi,jρi,j(x) (1 − |zi,j |)M− 1
p

(1 − zi,jz)M
, z ∈ D .

Using Proposition 2.23, we have that

⎛
⎝ˆ

D

|F (n)
x (w)|s dμ(w)

⎞
⎠

1/s

≤ C‖Fx‖T s
p (α) � ‖λ‖T s

p (Z).

Integrating both sides with respect to x we obtain

ˆ

D

1ˆ

0

|F (n)
x (w)|s dx dμ(w) � ‖λ‖sT s

p (Z).

By means of the Khinchine’s inequality we get that

ˆ

D

⎛
⎝∑

i,j

|λi,j |2|zi,j |2n
(1 − |zi,j |)2M− 2

p

|1 − zzi,j |2M+2n

⎞
⎠

s/2

dμ(z) � ‖λ‖sT s
p (Z).

Since χRij
(z) � 1−|zi,j |

|1−zi,jz| , we have that

ˆ

D

⎛
⎝∑

ij

|λi,j |2
χRi,j

(z)
(1 − |zi,j |)2n+ 2

p

⎞
⎠

s/2

dμ(z) � ‖λ‖sT s
p (Z).

Therefore, it follows that

∑
ij

|λi,j |s
μ(Ri,j)

(1 − |zi,j |)ns+
s
p+1 (1 − |zi,j |) � ‖λ‖sT s

p (Z) = ‖{|λk|s}‖T 1
p/s(Z).
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The arbitrariness of {|λi,j |s} in T 1
p/s(Z) and Proposition 2.20 show that

{
μ(Ri,j)(1 − |zi,j |)−

s
p−sn−1

}
∈ T∞

p
p−s

(Z). �
5. Integration operator

In this last section, we focus on the application of our main result to the study of the integration 
operator when acting on the RM(p, q) spaces. Let a g ∈ H(D), by the term integration operator we refer 
to the transformation

Tg(f)(z) =
zˆ

0

f(ζ)g′(ζ) dζ , z ∈ D ,

where f ∈ H(D).
We recall that for 1 ≤ p < +∞, 1 ≤ q ≤ +∞

Tg : RM(p, q) → RM(p, q)

bounded if and only if g ∈ B (see [2]). The same condition characterizes the boundedness of the operator 
on Bergman spaces (see [4]).

The starting point for the study of Tg was the Hardy space setting. It was proved that,

Tg : Hq → Hq

is bounded if and only if g ∈ BMOA (see [24], [3]). Since then many authors have considered the action of 
Tg between distinct Bergman, Hardy spaces (see, i.e., [28], [18]). Based on the fact that an RM(p, q) space 
is identified as a Bergman, when p = q, and a Hardy space Hq corresponds to the limit case RM(∞, q), 
here we consider the more general question of characterizing the symbols g such that

Tg : RM(p, q) → RM(t, s)

for 1 ≤ p, q, t, s ≤ +∞. It turns out that Theorem 4.1 is the key to this study.
First we present the answer to the question under consideration when the indices are finite.

Theorem 5.1. Let 1 ≤ p, q, s, t < +∞. The following statements are equivalent:

(1) The operator Tg : RM(p, q) → RM(t, s) is bounded.
(2) If Z = {zk} is an (r, κ)-lattice and denoting dμg(z) := |g′(z)|t dm(z) it holds

(a) If 1 ≤ s < q < +∞, 1 ≤ t < p < +∞, then

ˆ

T

⎛
⎝ ∑

zk∈Γ(ξ)

(
μ

1/t
g (D(zk, r))

(1 − |zk|)
1
p+ 1

t−1

) pt
p−t

⎞
⎠

(p−t)qs
(q−s)pt

|dξ| < +∞.

(b) If 1 ≤ s < q < +∞, 1 ≤ p ≤ t < +∞, then

ˆ (
sup

zk∈Γ(ξ)

μ
1/t
g (D(zk, r))

(1 − |zk|)
1
p+ 1

t−1

) qs
q−s

|dξ| < +∞.
T
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(c) If 1 ≤ q < s < +∞, 1 ≤ p, t < ∞ or 1 ≤ q = s < +∞, 1 ≤ p ≤ t < +∞, then

sup
k

μ
1/t
g (D(zk, r))

(1 − |zk|)
1
p+ 1

q + 1
t− 1

s−1 < +∞.

(d) If 1 ≤ q = s < +∞, 1 ≤ t < p < +∞, then

sup
ξ∈T

⎛
⎝sup

ξ∈I

∑
zk∈S(I)

(
μ

1/t
g (D(zk, r))

(1 − |zk|)
1
p+ 1

t−1

) pt
p−t

(1 − |zk|)

⎞
⎠

p−t
pt

< +∞

(3) The function g ∈ H(D) satisfies that

(a) If 1 ≤ s < q < +∞, 1 ≤ t < p < +∞,

g ∈ RM

(
pt

p− t
,

qs

q − s

)
.

(b) If 1 ≤ s < q < +∞, 1 ≤ p ≤ t < +∞,

g′(z)(1 − |z|)1+ 1
t− 1

p ∈ T
qs

q−s
∞ .

(c) If 1 ≤ q < s < +∞, 1 ≤ p, t < ∞ or 1 ≤ q = s < +∞, 1 ≤ p ≤ t < +∞,

g ∈ B1+ 1
t + 1

s− 1
p− 1

q .

(d) If 1 ≤ q = s < +∞, 1 ≤ t < p < +∞, the measure

dμ(z) = |g′(z)|
pt

p−t (1 − |z|)
pt

p−t dm(z)

is a Carleson measure.

Proof. Fix M > 1/2. In the beginning of the proof we remind that, given f ∈ H(D),

ρt,s(Tg(f)) �

⎛
⎜⎜⎝
ˆ

T

⎛
⎜⎝ ˆ

ΓM (ξ)

|Tg(f)′(w)|t(1 − |w|)t−1 dm(w)

⎞
⎟⎠

s/t

|dξ|

⎞
⎟⎟⎠

1/s

=

⎛
⎜⎜⎝
ˆ

T

⎛
⎜⎝ ˆ

ΓM (ξ)

|f(w)|t|g′(w)|t(1 − |w|)t−1 dm(w)

⎞
⎟⎠

s/t

|dξ|

⎞
⎟⎟⎠

1/s

by Theorems 3.1–3.2. Now, consider μ the measure

dμ(z) = |g′(w)|t(1 − |w|)t−1 dm(w) = (1 − |w|)t−1 dμg(w) .

In addition, taking into account that given the (r, κ)-lattice {zk},

1 − |w| � 1 − |zk| , w ∈ D(z, k, r),
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for any w in the hyperbolic disc D(zk, r), and we have

μ(D(zk, r)) � (1 − |zk|)t−1μg(D(zk, r)).

Bearing in mind these facts, the equivalences between (1) and (2) follow immediately by using Theorem 4.1.
From now on, we prove the equivalence between (2) and (3). We split the proof in different cases.
Let us prove that (2)(a) is equivalent to (3)(a). The idea is to show that

ˆ

T

⎛
⎝ ∑

zk∈ΓM (ξ)

(
μ

1/t
g (D(zk, r))

(1 − |zk|)
1
p+ 1

t−1

) pt
p−t

⎞
⎠

(p−t)qs
(q−s)pt

|dξ| (5.1)

�
ˆ

T

⎛
⎜⎝ ˆ

ΓM (ξ)

|g′(w)|
pt

p−t (1 − |w|)
pt

p−t−1 dm(w)

⎞
⎟⎠

(p−t)qs
(q−s)pt

|dξ|.

First, let us check that

ˆ

T

⎛
⎝ ∑

zk∈ΓM (ξ)

(
μ

1/t
g (D(zk, r))

(1 − |zk|)
1
p+ 1

t−1

) pt
p−t

⎞
⎠

(p−t)qs
(q−s)pt

|dξ| (5.2)

�
ˆ

T

⎛
⎜⎝ ˆ

ΓM (ξ)

|g′(w)|
pt

p−t (1 − |w|)
pt

p−t−1 dm(w)

⎞
⎟⎠

(p−t)qs
(q−s)pt

|dξ|.

Setting |g′(z̃k)| := supw∈D(zk,r) |g
′(w)| we have

ˆ

T

⎛
⎝ ∑

zk∈ΓM (ξ)

(
μ

1/t
g (D(zk, r))

(1 − |zk|)
1
p+ 1

t−1

) pt
p−t

⎞
⎠

(p−t)qs
(q−s)pt

|dξ|

�
ˆ

T

⎛
⎝ ∑

zk∈ΓM (ξ)

(
sup

w∈D(zk,r)
|g′(w)|(1 − |zk|)

1
t− 1

p+1

) pt
p−t

⎞
⎠

(p−t)qs
(q−s)pt

|dξ|

=
ˆ

T

⎛
⎝ ∑

zk∈ΓM (ξ)

(
|g′(z̃k)|(1 − |zk|)

1
t− 1

p+1
) pt

p−t

⎞
⎠

(p−t)qs
(q−s)pt

|dξ| .

At this point we apply the mean value property over the hyperbolic disc D(z̃k, s) with s < 3r (see 
Lemma 2.14), so

ˆ

T

⎛
⎝ ∑

zk∈ΓM (ξ)

(
μ

1/t
g (D(zk, r))

(1 − |zk|)
1
p+ 1

t−1

) pt
p−t

⎞
⎠

(p−t)qs
(q−s)pt

|dξ|

�
ˆ

T

⎛
⎜⎝ ∑

zk∈ΓM (ξ)

(1 − |zk|)1+
pt

p−t

(1 − |z̃k|)2

⎛
⎜⎝ ˆ

D(z̃k,s)

|g′(w)|
pt

p−t dm(w)

⎞
⎟⎠
⎞
⎟⎠

(p−t)qs
(q−s)pt

|dξ|.
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Since D(z̃k, s) ⊂ D(zk, 4r), by Remark 2.6, we have

ˆ

T

⎛
⎝ ∑

zk∈ΓM (ξ)

(
μ

1/t
g (D(zk, r))

(1 − |zk|)
1
p+ 1

t−1

) pt
p−t

⎞
⎠

(p−t)qs
(q−s)pt

|dξ|

�
ˆ

T

⎛
⎜⎝ ∑

zk∈ΓM (ξ)

⎛
⎜⎝ ˆ

D(zk,4r)

|g′(w)|
pt

p−t (1 − |w|)
pt

p−t−1 dm(w)

⎞
⎟⎠
⎞
⎟⎠

(p−t)qs
(q−s)pt

|dξ|.

Taking M+ > M > 1/2 such that

⋃
D(zk,r)∩ΓM (ξ) 	=∅

D(zk, 4r) ⊂ ΓM+(ξ),

we get that

ˆ

T

⎛
⎝ ∑

zk∈ΓM (ξ)

(
μ

1/t
g (D(zk, r))

(1 − |zk|)
1
p+ 1

t−1

) pt
p−t

⎞
⎠

(p−t)qs
(q−s)pt

|dξ|

�
ˆ

T

⎛
⎜⎝ ˆ

ΓM+ (ξ)

⎛
⎝ ∑

zk∈ΓM (ξ)

χD(zk,4r)(w)

⎞
⎠ |g′(w)|

pt
p−t

(1 − |w|)1−
pt

p−t

dm(w)

⎞
⎟⎠

(p−t)qs
(q−s)pt

|dξ|.

According to Proposition 2.7, each z ∈ D belongs to no more than N hyperbolic discs D(zk, 4r) with N
only depending on the lattice. As a consequence

ˆ

T

⎛
⎝ ∑

zk∈ΓM (ξ)

(
μ

1/t
g (D(zk, r))

(1 − |zk|)
1
p+ 1

t−1

) pt
p−t

⎞
⎠

(p−t)qs
(q−s)pt

|dξ|

�
ˆ

T

⎛
⎜⎝ ˆ

ΓM+ (ξ)

|g′(w)|
pt

p−t (1 − |w|)
pt

p−t−1 dm(w)

⎞
⎟⎠

(p−t)qs
(q−s)pt

|dξ|

�
ˆ

T

⎛
⎜⎝ ˆ

ΓM (ξ)

|g′(w)|
pt

p−t (1 − |w|)
pt

p−t−1 dm(w)

⎞
⎟⎠

(p−t)qs
(q−s)pt

|dξ|,

where the last inequality follows by Lemma 2.3. So that, (5.2) holds.
Now, we proceed with the converse inequality. Using the pointwise estimate |g′(z)| ≤

∑
k |g′(z)|χD(zk,r)(z)

and the fact (given by Lemma 2.9) that we can take M+ > M > 1/2 such that

⋃
D(zk,r)∩ΓM (ξ) 	=∅

D(zk, r) ⊂ ΓM+(ξ),

it follows that
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ˆ

T

⎛
⎜⎝ ˆ

ΓM (ξ)

|g′(w)|
pt

p−t (1 − |w|)
pt

p−t−1 dm(w)

⎞
⎟⎠

(p−t)qs
(q−s)pt

|dξ|

≤
ˆ

T

⎛
⎜⎝∑

k

ˆ

ΓM (ξ)∩D(zk,r)

|g′(w)|
pt

p−t (1 − |w|)
pt

p−t−1 dm(w)

⎞
⎟⎠

(p−t)qs
(q−s)pt

|dξ|

≤
ˆ

T

⎛
⎜⎝ ∑

zk∈ΓM+ (ξ)

ˆ

D(zk,r)

|g′(w)|
pt

p−t (1 − |w|)
pt

p−t−1 dm(w)

⎞
⎟⎠

(p−t)qs
(q−s)pt

|dξ|.

Taking z̃k ∈ D(zk, r) such that |g′(z̃k)| := supw∈D(zk,r) |g
′(w)|, and using Remark 2.6, we have

ˆ

T

⎛
⎜⎝ ˆ

ΓM (ξ)

|g′(w)|
pt

p−t (1 − |w|)
pt

p−t−1 dm(w)

⎞
⎟⎠

(p−t)qs
(q−s)pt

|dξ|

�
ˆ

T

⎛
⎝ ∑

zk∈ΓM+ (ξ)

|g′(z̃k)|
pt

p−t (1 − |zk|)
pt

p−t+1

⎞
⎠

(p−t)qs
(q−s)pt

|dξ|.

By the mean value property over the hyperbolic disc D(z̃k, s) with s < 3r (see Lemma 2.14), we obtain

ˆ

T

⎛
⎜⎝ ˆ

ΓM (ξ)

|g′(w)|
pt

p−t (1 − |w|)
pt

p−t−1 dm(w)

⎞
⎟⎠

(p−t)qs
(q−s)pt

|dξ|

�
ˆ

T

⎛
⎜⎜⎝ ∑

zk∈ΓM+ (ξ)

⎛
⎜⎝ ˆ

D(z̃k,s)

|g′(w)|t dm(w)
(1 − |z̃k|)2

⎞
⎟⎠

p
p−t

(1 − |zk|)
pt

p−t+1

⎞
⎟⎟⎠

(p−t)qs
(q−s)pt

|dξ|.

Since D(z̃k, s) ⊂ D(zk, 4r) and Remark 2.6, we have

ˆ

T

⎛
⎜⎝ ˆ

ΓM (ξ)

|g′(w)|
pt

p−t (1 − |w|)
pt

p−t−1 dm(w)

⎞
⎟⎠

(p−t)qs
(q−s)pt

|dξ|

�
ˆ

T

⎛
⎜⎜⎝ ∑

zk∈ΓM+ (ξ)

⎛
⎜⎝ ˆ

D(zk,4r)

|g′(w)|t dm(w)

⎞
⎟⎠

p
p−t

(1 − |zk|)
pt−p−t

p−t

⎞
⎟⎟⎠

(p−t)qs
(q−s)pt

|dξ|

�
ˆ

T

⎛
⎜⎝ ∑

zk∈ΓM+ (ξ)

⎛
⎝∑

j

´
D(zj ,r) χD(zk,4r)(w)|g′(w)|t dm(w)

(1 − |zk|)1+
t
p−t

⎞
⎠

p
p−t

⎞
⎟⎠

(p−t)qs
(q−s)pt

|dξ|.

Applying Remark 2.6 one more time, it follows that
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ˆ

T

⎛
⎜⎝ ˆ

ΓM (ξ)

|g′(w)|
pt

p−t (1 − |w|)
pt

p−t−1 dm(w)

⎞
⎟⎠

(p−t)qs
(q−s)pt

|dξ|

�
ˆ

T

⎛
⎜⎝ ∑

zk∈ΓM+ (ξ)

⎛
⎝ ∑

zj∈D(zk,5r)

μ
1/t
g (D(zj , r))

(1 − |zj |)
1
t + 1

p−1

⎞
⎠

pt
p−t

⎞
⎟⎠

(p−t)qs
(q−s)pt

|dξ|.

By Proposition 2.7, there are at most N = N(r, κ) points zj of the (r, κ)-lattice in the disc D(zk, 5r). Using 
the fact that

‖w‖	1 ≤ N t/p‖w‖
	

p
p−t

for all w ∈ CN , we obtain

ˆ

T

⎛
⎜⎝ ˆ

ΓM (ξ)

|g′(w)|
pt

p−t (1 − |w|)
pt

p−t−1 dm(w)

⎞
⎟⎠

(p−t)qs
(q−s)pt

|dξ|

�
ˆ

T

⎛
⎝ ∑

zk∈ΓM+ (ξ)

∑
zj∈D(zk,5r)

N t/p

(
μ

1/t
g (D(zj , r))

(1 − |zj |)
1
t + 1

p−1

) pt
p−t

⎞
⎠

(p−t)qs
(q−s)pt

|dξ|.

Now, by Lemma 2.9, one can take M∗ > M+ > 1/2 such that

⋃
zk∈ΓM+ (ξ)

D(zk, 5r) ⊂ ΓM∗(ξ).

Hence, we have

ˆ

T

⎛
⎜⎝ ˆ

ΓM (ξ)

|g′(w)|
pt

p−t (1 − |w|)
pt

p−t−1 dm(w)

⎞
⎟⎠

(p−t)qs
(q−s)pt

|dξ|

� N
(p−t)qs
(q−s)p2

ˆ

T

⎛
⎝∑

j

∑
zk∈ΓM+ (ξ)

χD(zj ,5r)(zk)
(

μ
1/t
g (D(zj , r))

(1 − |zj |)
1
t + 1

p−1

) pt
p−t

⎞
⎠

(p−t)qs
(q−s)pt

|dξ|

� N
(p−t)qs
(q−s)p2

ˆ

T

⎛
⎝ ∑

zj∈ΓM∗ (ξ)

(
μ

1/t
g (D(zj , r))

(1 − |zj |)
1
t + 1

p−1

) pt
p−t ∑

zk∈ΓM+ (ξ)

χD(zj ,5r)(zk)

⎞
⎠

(p−t)qs
(q−s)pt

|dξ|.

Since, for all j ∈ N,

∑
zk∈ΓM+ (ξ)

χD(zj ,5r)(zk) ≤ N,

where N = N(r, κ), we have
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ˆ

T

⎛
⎜⎝ ˆ

ΓM (ξ)

|g′(w)|
pt

p−t (1 − |w|)
pt

p−t−1 dm(w)

⎞
⎟⎠

(p−t)qs
(q−s)pt

|dξ|

� N
(p−t)qs
(q−s)p2 N

(p−t)qs
(q−s)pt

ˆ

T

⎛
⎝ ∑

zj∈ΓM∗ (ξ)

(
μ

1/t
g (D(zj , r))

(1 − |zj |)
1
t + 1

p−1

) pt
p−t

⎞
⎠

(p−t)qs
(q−s)pt

|dξ|

�
ˆ

T

⎛
⎝ ∑

zj∈ΓM (ξ)

(
μ

1/t
g (D(zj , r))

(1 − |zj |)
1
t + 1

p−1

) pt
p−t

⎞
⎠

(p−t)qs
(q−s)pt

|dξ|.

The last inequality follows by Lemma 2.3. Therefore (5.1) holds.
Combining Theorem 3.2 and Theorem 3.1, it follows that

ρ pt
p−t ,

qs
q−s

(g) � ‖g‖
T

qs
q−s
pt

p−t

(1)
� ‖g′(z)(1 − |z|)‖

T
qs

q−s
pt

p−t

(1)
.

By (5.1) and Remark 2.4, we conclude

ρ pt
p−t ,

qs
q−s

(g) �

⎛
⎜⎜⎝
ˆ

T

⎛
⎝ ∑

zk∈ΓM (ξ)

(
μ

1/t
g (D(zk, r))

(1 − |zk|)
1
p+ 1

t−1

) pt
p−t

⎞
⎠

(p−t)qs
(q−s)pt

|dξ|

⎞
⎟⎟⎠

q−s
qs

.

So that, we have proved that (2)(a) and (3)(a) are equivalent.
Let us show the equivalence between (2)(b) and (3)(b), that is,

ˆ

T

(
sup

w∈ΓM (ξ)
|g′(w)|(1 − |w|)1+ 1

t− 1
p

) qs
q−s

|dξ| (5.3)

�
ˆ

T

(
sup

zk∈ΓM (ξ)

μ
1/t
g (D(zk, r))

(1 − |zk|)
1
p+ 1

t−1

) qs
q−s

|dξ|.

First, taking supremum over each hyperbolic disc D(zk, r) and M+ > M > 1/2 such that
⋃

D(zk,r)∩ΓM (ξ) 	=∅
D(zk, r) ⊂ ΓM+(ξ),

it follows that

ˆ

T

(
sup

zk∈ΓM (ξ)

μ
1/t
g (D(zk, r))

(1 − |zk|)
1
p+ 1

t−1

) qs
q−s

|dξ|

≤
ˆ

T

(
sup

w∈ΓM+ (ξ)
|g′(w)|(1 − |w|)1+ 1

t− 1
p

) qs
q−s

|dξ|

≤
ˆ

T

(
sup

w∈ΓM (ξ)
|g′(w)|(1 − |w|)1+ 1

t− 1
p

) qs
q−s

|dξ|,
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where in the last inequality we use Lemma 2.13 applied to a dense sequence in D. So, one direction of (5.3)
holds.

Now we continue with the proof of the converse inequality. As before, we can choose M+ > M > 1/2
such that

⋃
D(zk,r)∩ΓM (ξ) 	=∅

D(zk, r) ⊂ ΓM+(ξ).

So that, we have

ˆ

T

(
sup

w∈ΓM (ξ)
|g′(w)|(1 − |w|)1+ 1

t− 1
p

) qs
q−s

|dξ|

≤
ˆ

T

(
sup

zk∈ΓM+ (ξ)
sup

w∈D(zk,r)
|g′(w)|(1 − |w|)1+ 1

t− 1
p

) qs
q−s

|dξ|.

Taking z̃k ∈ D(zk, r) such that |g′(z̃k)| := supw∈D(zk,r) |g
′(w)|, applying Remark 2.6 and Lemma 2.14 for 

s < 3r we obtain

ˆ

T

(
sup

w∈ΓM (ξ)
|g′(w)|(1 − |w|)1+ 1

t− 1
p

) qs
q−s

|dξ|

�
ˆ

T

(
sup

zk∈ΓM+ (ξ)
|g′(z̃k)|(1 − |zk|)1+

1
t− 1

p

) qs
q−s

|dξ|

�
ˆ

T

⎛
⎜⎜⎝ sup

zk∈ΓM+ (ξ)

⎛
⎜⎝ ˆ

D(z̃k,s)

|g′(w)|t dm(w)
(1 − |z̃k|)2

⎞
⎟⎠

1/t

(1 − |zk|)1+
1
t− 1

p

⎞
⎟⎟⎠

qs
q−s

|dξ|

�
ˆ

T

⎛
⎜⎜⎝ sup

zk∈ΓM+ (ξ)

⎛
⎜⎝ ˆ

D(zk,4r)

|g′(w)|t dm(w)

⎞
⎟⎠

1/t

(1 − |zk|)1−
1
t− 1

p

⎞
⎟⎟⎠

qs
q−s

|dξ|

=
ˆ

T

(
sup

zk∈ΓM+ (ξ)

μ
1/t
g (D(zk, 4r))

(1 − |zk|)
1
t + 1

p−1

) qs
q−s

|dξ|.

Recalling the argument we used in the equivalence of (2)(a) and (3)(a) we can find a positive constant 
N = N(r, κ) such that

ˆ

T

(
sup

w∈ΓM (ξ)
|g′(w)|(1 − |w|)1+ 1

t− 1
p

) qs
q−s

|dξ|

� N
qs(1−t)

q−s

ˆ ⎛
⎝ sup

zk∈ΓM+ (ξ)

∑
z ∈D(z ,5r)

μ
1/t
g (D(zj , r))

(1 − |zk|)
1
t + 1

p−1

⎞
⎠

qs
q−s

|dξ|

T j k
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� N
qs(1−t)

q−s N
qs

q−s

ˆ

T

(
sup

zk∈ΓM+ (ξ)

(
sup

zj∈D(zk,5r)

μ
1/t
g (D(zj , r))

(1 − |zk|)
1
t + 1

p−1

)) qs
q−s

|dξ|.

By Lemma 2.9, one can take M∗ > M+ > 1/2 such that

⋃
zk∈ΓM+ (ξ)

D(zk, 5r) ⊂ ΓM∗(ξ).

So that, we obtain

ˆ

T

(
sup

w∈ΓM (ξ)
|g′(w)|(1 − |w|)1+ 1

t− 1
p

) qs
q−s

|dξ|

�
ˆ

T

(
sup

zk∈ΓM∗ (ξ)

μ
1/t
g (D(zk, r))

(1 − |zk|)
1
t + 1

p−1

) qs
q−s

|dξ|

�
ˆ

T

(
sup

zk∈ΓM (ξ)

μ
1/t
g (D(zk, r))

(1 − |zk|)
1
t + 1

p−1

) qs
q−s

|dξ|.

Last inequality follows by Lemma 2.13. Therefore, we have proved that (2)(b) and (3)(b) are equivalent.
The equivalence between (2)(c) and (3)(c) follows immediately. Observe that for each D(zk, r)

μ
1/t
g (D(zk, r))

(1 − |zk|)
1
p+ 1

q + 1
t− 1

s−1 � sup
z∈D

|g′(z)|(1 − |z|)1+ 1
t + 1

s− 1
p− 1

q .

So, one implication holds. Now, set z ∈ D. Applying the mean value property it occurs that

|g′(z)|(1 − |z|)1+ 1
t + 1

s− 1
p− 1

q �

⎛
⎜⎝ ˆ

D(z,r)

|g′(w)|t(1 − |w|)t+ t
s− t

p− t
q−1 dm(w)

⎞
⎟⎠

1/t

.

Since the number of the hyperbolic discs D(zk, r) such that D(zk, r) ∩D(z, r) = ∅ can be at most a fixed 
number (see Proposition 2.7), we have

|g′(z)|(1 − |z|)1+ 1
t + 1

s− 1
p− 1

q � sup
k

μ
1/t
g (D(zk, r))

(1 − |zk|)
1
p+ 1

q + 1
t− 1

s−1 .

Now, we show that (3)(d) implies (2)(d). Fix an arc I ⊂ T . Then

∑
zk∈S(I)

(
μ

1/t
g (D(zk, r))

(1 − |zk|)
1
p+ 1

t−1

) pt
p−t

(1 − |zk|)

�
∑

zk∈S(I)

|g′(z̃k)|
pt

p−t (1 − |zk|)2+
pt

p−t ,

where |g′(z̃k)| := supw∈D(zk,r) |g
′(w)|. Using the mean value property on D(z̃k, s) (see Lemma 2.14) with 

s < 3r, it follows that
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∑
zk∈S(I)

(
μ

1/t
g (D(zk, r))

(1 − |zk|)
1
p+ 1

t−1

) pt
p−t

(1 − |zk|)

�
∑

zk∈S(I)

(1 − |zk|)2+
pt

p−t

(1 − |z̃k|)2

⎛
⎜⎝ ˆ

D(z̃k,s)

|g′(w)|
pt

p−t dm(w)

⎞
⎟⎠

Since D(z̃k, s) ⊂ D(zk, 4r), we obtain

∑
zk∈S(I)

(
μ

1/t
g (D(zk, r))

(1 − |zk|)
1
p+ 1

t−1

) pt
p−t

(1 − |zk|)

�
∑

zk∈S(I)

(1 − |zk|)
pt

p−t

⎛
⎜⎝ ˆ

D(zk,4r)

|g′(w)|
pt

p−t dm(w)

⎞
⎟⎠

�
∑

zk∈S(I)

ˆ

D(zk,4r)

(1 − |w|)
pt

p−t |g′(w)|
pt

p−t dm(w) .

Taking an arc I+ ⊂ T such that 
⋃

zk∈S(I) D(zk, 4r) ⊂ S(I+) with |I| � |I+| and employing the finite 
covering property of the lattice we have

∑
zk∈S(I)

(
μ

1/t
g (D(zk, r))

(1 − |zk|)
1
p+ 1

t−1

) pt
p−t

(1 − |zk|) �
ˆ

S(I+)

(1 − |w|)
pt

p−t |g′(w)|
pt

p−t dm(w)

which is enough in order to claim that we have accomplished our aim.
Let us continue proving that (2)(d) implies (3)(d). Fix an arc I ⊂ T . Then

ˆ

S(I)

(1 − |w|)
pt

p−t |g′(w)|
pt

p−t dm(w)

�
∑
k

ˆ

S(I)∩D(zk,r)

(1 − |w|)
pt

p−t |g′(w)|
pt

p−t dm(w)

Bearing in mind that we can take I+ such that 
⋃

D(zk,r)∩S(I) 	=∅ D(zk, r) ⊂ S(I+) with |I| � |I+|, we have

ˆ

S(I)

(1 − |w|)
pt

p−t |g′(w)|
pt

p−t dm(w) ≤
∑

zk∈S(I+)

ˆ

D(zk,r)

(1 − |w|)
pt

p−t |g′(w)|
pt

p−t dm(w)

�
∑

zk∈S(I+)

(1 − |zk|)
pt

p−t

ˆ

D(zk,r)

|g′(w)|
pt

p−t dm(w).

The application of the submean value property leads to

ˆ
(1 − |w|)

pt
p−t |g′(w)|

pt
p−t dm(w)
S(I)
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�
∑

zk∈S(I+)

(1 − |zk|)
pt

p−t

ˆ

D(zk,r)

⎛
⎜⎝ 1

(1 − |zk|)2
ˆ

D(zk,2r)

|g′(u)|t dm(u)

⎞
⎟⎠

p
p−t

dm(w)

�
∑

zk∈S(I+)

(1 − |zk|)
pt

p−t−2 p
p−t+2

(
μ

1
t
g (D(zk, 2r)

) pt
p−t

=
∑

zk∈S(I+)

(1 − |zk|)
pt

p−t−2 p
p−t+1

(
μ

1
t
g (D(zk, 2r)

) pt
p−t (1 − |zk|)

=
∑

zk∈S(I+)

(
μ

1
t
g (D(zk, 2r))

(1 − |zk|)
1
p+ 1

t−1

) pt
p−t

(1 − |zk|) .

Since the hyperbolic discs D(zk, 2r) can be covered at most by a fixed number of hyperbolic discs D(zj, r)
and by the fact that one can take I∗ ⊂ T such that 

⋃
zk∈S(I+) D(zk, 3r) ⊂ S(I∗) with |I+| � |I∗|, then

ˆ

S(I)

(1 − |w|)
pt

p−t |g′(w)|
pt

p−t dm(w) �
∑

zk∈S(I∗)

(
μ

1
t
g (D(zk, r))

(1 − |zk|)
1
p+ 1

t−1

) pt
p−t

(1 − |zk|) .

Therefore, we are done. �
Closing this section we consider the action of Tg : RM(p, q) → RM(t, s) when one of the parameters is 

infinite, in particular when t = +∞. In other words, when Tg : RM(p, q) → Hs, since RM(∞, s) = Hs. The 
specific case p = q, that is when Tg : Ap → Hs, has already been considered by Wu in [28] and subsequently 
by Miihkinen, Pau, Perälä, and Wang in [18] for the multivariable case. We complete the scene for the more 
general cases of indices as stated below.

Theorem 5.2. Let 1 ≤ p, q, s < +∞. The following statements are equivalent:

(1) The operator Tg : RM(p, q) → Hs is bounded.
(2) If Z = {zk} is an (r, κ)-lattice and denoting dμg(z) = |g′(z)|2 dm(z) it holds

(a) If 1 ≤ s < q < +∞, 2 < p < +∞,

ˆ

T

⎛
⎝ ∑

zk∈Γ(ξ)

(
μ

1/2
g (D(zk, r))
(1 − |zk|)1/p

) 2p
p−2

⎞
⎠

(p−2)qs
(q−s)2p

|dξ| < +∞.

(b) If 1 ≤ s < q < +∞, 1 ≤ p ≤ 2,

ˆ

T

(
sup

zk∈Γ(ξ)

μ
1/2
g (D(zk, r))
(1 − |zk|)1/p

) qs
q−s

|dξ| < +∞.

(c) If 1 ≤ q < s < +∞, 1 ≤ p < ∞ or 1 ≤ q = s < +∞, 1 ≤ p ≤ 2,

sup μ
1/2
g (D(zk, r))

1
p+ 1

q− 1
s

< +∞.

k (1 − |zk|)
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(d) If 1 ≤ q = s < +∞, 2 < p < +∞,

sup
ξ∈T

⎛
⎝sup

ξ∈I

∑
zk∈S(I)

(
μ

1/2
g (D(zk, r))
(1 − |zk|)1/p

) 2p
p−2

(1 − |zk|)

⎞
⎠

p−2
2p

< +∞.

(3) The function g ∈ H(D) satisfies that

(a) If 1 ≤ s < q < +∞, 2 < p < +∞,

|g′(z)|(1 − |z|) 1
2 ∈ T

qs
q−s
2p

p−2
(1).

(b) If 1 ≤ s < q < +∞, 1 ≤ p ≤ 2,

|g′(z)|(1 − |z|)1− 1
p ∈ T

qs
q−s
∞ .

(c) If 1 ≤ q < s < +∞, 1 ≤ p < ∞ or 1 ≤ q = s < +∞, 1 ≤ p ≤ 2, g ∈ B1+ 1
s− 1

p− 1
q .

(d) If 1 ≤ q = s < +∞, 2 < p < +∞, the measure |g′(z)|
2p

p−2 (1 − |z|)
p

p−2 dm(z) is a Carleson measure.

Proof. The proof of the equivalences between (1) and (2) follows as a consequence of Theorem 4.1. This is 
due to the equivalent description of the Hardy norm as

‖Tg(f)‖Hs �

⎛
⎜⎜⎝
ˆ

T

⎛
⎜⎝ ˆ

Γ(ξ)

|f(w)|2|g′(w)|2 dm(z)

⎞
⎟⎠

s/2

|dξ|

⎞
⎟⎟⎠

1/s

(see [21, Theorem 1.3, p. 172]) and to the consideration dμ(z) = |g′(z)|2 dm(z).
The remaining equivalence results using the same arguments that were used in the proof of Theo-

rem 5.1. �
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