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1. Introduction

Composition operators are mainly studied on Hilbert spaces of analytic functions, and
more specifically on the Hardy space H?, the Bergman space 82, and the Dirichlet space
D = D?2. It is well known, thanks to the Littlewood subordination principle, that every
analytic self-map ¢: D — D induces a bounded composition operator Cy, on H* and on
B2, but not necessarily on D? ([36, Chapter 1 and Exercises|; see also [11, Section 6.2]).
There exist even composition operators which are not bounded on D? but which are in
all Schatten classes S,(H?) and S,(%8?2) with p > 0, of both the Hardy space and the
Bergman space ([24, Theorem 2.10]). Nevertheless, for compact composition operators,
the following results hold: 1) every composition operator which is compact on H? is
compact on B2 (see [36, Theorem 3.5] and [32, Theorem 3.5]); 2) every composition
operator that is compact on D? is in all the Schatten classes S,(H?) for p > 0 ([24,
Theorem 2.9]); for every p > 0, every composition operator that is in Sp(H2) is in
S,(%B?). Since the membership in a Schatten class S, of an operator on a Hilbert space
means that its approximation numbers are £,-summable, that suggests that there is a
strong link between the approximation numbers afz (Cy), all ’ (C,) and a® ’ (Cy) of the
composition operator Cy, on D?, H? and B? respectively.

The aim of this paper is to prove that, indeed, in some sense aEZ(CW) is “greater”
than anH2 (Cy), which is “greater” than a?2(0¢). We recover then that C, € S,(H?)
implies that C, € S,(B?) (Section 3). In Section 3.6, we also give some results about
conditional multipliers.

In Section 4 we give an example with C,, compact on H? but not in any Schatten
class S, (B?) for p < co. We prove that C,, € Sp(H?) implies that C,, € S,/2(B?) and
give an example with C, € S,(H?) but C, ¢ S,(B?) for any ¢ < p/2.

However, our result is not sufficient to explain why the compactness of C, on D?
im};lies that C, € S,(H?) for all p > 0. A more subtle relationship should exist between
ay

D2 we have lim,,_, [afz(qp)]

(C,) and af 2(C¢)~ In fact, for every composition operator C, that is compact on
Vn _ lim,,—s o0 [aHz(Cw)] 1/n ([28, Theorem 3.1 and The-

n

orem 3.14]); in particular, for symbols ¢ such that [|¢||s < 1, the numbers a?° (Cy) and

n

aH2(C¢) behave like r™, with r = exp(—1/Cap[p(D)]), and where Cap[p(D)] is the

n

Green capacity of ¢(ID). On the other hand, for the so-called cusp map x, we have, for
some constants ¢; > ¢; > 0 ([27, Theorem 4.3]):

e—cln/logn < G/?I:LIZ (CX) < e—clln/ logn (11)
and, for some constants ca > ¢ > 0 ([25, Theorem 3.1]):
eV S ar (Oy) e, (12)

which is much greater. In Section 5.2, we show that the behavior of a,,(Cy) in (1.1) holds
in all weighted Dirichlet spaces D2 for a > 0 (with other constants), and hence (1.2)
shows that a jump happens for a = 0. We also look at the lens maps.
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2. Notation and background

Let D be the open unit disk in C. We denote dA = dxdy/m the normalized
area measure on D. The normalized Lebesgue measure dt/2m on T = 90D is denoted
dm.

2.1. Hilbert spaces of analytic functions

Recall that the Hardy space H? is the space of analytic functions f: D — C such
that:

11 = sup_/qufn2dnw£><<w.
o<r<l1 g

If f(2) =Y pegcrz®, we have || f]|%2 = Y pe lcxl?
The Bergman space B2 is the space of analytic functions f: D — C such that:

W%m=/mmwmw<m.
D

2
If f(z) =Y 3o, k2, we have [ fllas2 = Dpeo |,:i|1 )
More generally, for v > —1, the weighted Bergman space %3 is the space of analytic
functions f: D — C such that:

1£11%z = (v + 1)/|f(2)|2(1 —[2*)7dA(z) < o,
D
and if f(z) = > po, k2", we have:
1£11%2 = > Brlel,
k=0
with:

_ KT(v+2) 1
T Tk+y+2) (k4 1)t

(the equivalence depends on 7).
Hence B2 = B2 and H? corresponds to the degenerate case v = —1.
The Dirichlet space D? is the space of analytic functions f: D — C such that:

nm&:vwﬁ+/W@WM@<m.
D
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If f(2) =Y g cnz”, we have || f||%: = |col? + X peg K okl

With the equivalent norm ||| f[|%. = || fl|%= + Jp |//(2)|* dA(2), we have the more
pleasant form ||| f[[|%. = Y peo(k + 1) x>

More generally, for a > —1, the weighted Dirichlet space D2 is the space of analytic
functions f: D — C such that:

I£1152 = 1O + (a + 1)/\f/(2)|2(1 — |2[*)* dA(2) < o0,
D
and if f(z) = > po, k2", we have:

o0
1£1B2 = Belerl,
k=0

with Sg =1 and for & > 1:

_k.KT(a+2) 1
T Tk+a+1)  (k+1)01

B

(the equivalence depending on «). Another equivalent expression is:

5 — (k+1)!T(a+2)

Fk+a+1) ~’
we have i < B < 264
In particular, for v > —1:
D?*=D;, H>*=D} and B2=D2,. (2.1)

2.2. Composition operators

Any analytic self-map ¢: D — DD defines a bounded composition operator Cy, on the
Hardy space H? (see [32, Section 2.2]) and on every weighted Bergman space %3 for
v > —1 ([32, Proposition 3.4]), hence on every weighted Dirichlet space D2 with a > 1.
However, this is not always the case on the weighted Dirichlet spaces D2 for o < 1 ([32,
Proposition 3.12]).

For convenience, we assume that ¢ is not constant and we say that ¢ is a symbol. We
denote ¢* the boundary values function of .

The Carleson window of size h centered at £ € T is:

W h)={z€D; |z2/>1—-h and —7h<arg(z) < 7h}. (2.2)

For every integer n > 1 and for j =0,...,2" — 1, we set:
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Wog = W(eXim/2" 9=m). (2.3)
We also use the Carleson boxes
S h)={2€D; [ -2 <h}, (2.4)

which satisfy S(&,h) C W (&, h) C S(&,2mh).
The Hastings-Luecking boxes are defined, for every integer n > 1 and for 0 < j <
2" —1, as:

1 1 23
T §|z|<1—2—nand£§argz<

2(j + } (2.5)

R;={z€D;1- >

A measure p on D is a Carleson measure if supgep p[W (€, k)] = O (h). By the
Carleson embedding theorem, p is a Carleson measure if and only if the inclusion map
J,: H? — L*(u) is bounded. The automatic boundedness of C,, on H? implies that the
pull-back measure my,, defined as my,(B) = m[p*~*(B)] for all Borel sets B C D, is
a Carleson measure. This composition operator is compact on H? if and only if m, is
supported by D and supgcq my,[W (&, h)] = o (h) ([31]).

Similar results hold for composition operators on the weighted Bergman spaces ([32,
Theorem 4.3]).

2.8. Singular numbers, approximation numbers and Schatten classes

Let H be a separable complex Hilbert space and T: H — H be a compact operator.
There exist two orthonormal sequences (u,,) and (v, ) and a non-increasing sequence (s, )

of non-negative numbers with s,, — 0 such that, for all z € H:
n—oo

T(x) = Z Sn x| Un) Up, - (2.6)

This representation T' = Zzozl Sp Up @ Uy, 18 called the Schmidt decomposition of T" and
the numbers s,, = s,(T) the singular numbers of T. They are actually the eigenvalues
of |T| = VT*T rearranged in non-increasing order. In particular s; = ||T|.

These numbers have the important “ideal property”:

sn(ATB) < [|[A] sn(T) [|B]| -
The nth approximation number of T defined as:

an(T)= inf ||T-R|. (2.7)

It is known that, for all n > 1, we have s,(T) = a,(T) (see [5, p. 155]).
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For p > 0, the Schatten class S,(H) is the set of all compact operators T: H — H
for which [|T||5 := >"7" [a,(T)]? < oco.

We have S,(H) C Sp(H) for 0 < g <p.

For composition operators C,, D. Luecking ([29, Corollary 2|) characterized their
membership in the Schatten classes.

For v > —1, let dA,(z) = (y+1)(1 —|2|*)? dA(z). For v = —1, we set H*> = B2, and
dm = dA_;. Then, for v > —1, the composition operator Cy, belongs to Sp(‘B?y) if and
only if:

(2n(7+2)AW,<p(Rn7j))p/2 < 00, (2.8)

where A, , is the pull-back measure of A, by ¢ (by ¢* for v = —1).

As usual, the notation A < B means that A < C' B for some positive constant C,
which may depend on some parameters, and A ~ B means that A < B and A 2 B.

3. Comparison of approximation numbers

3.1. Main result

In the introduction, we said that, in some sense, a2’ (Cy) is “greater” than al’ (Cy),

;32

which is “greater” than a,

(Cy). This vague statement is made more precise in the
following result.

Theorem 3.1. For any symbol ¢, we have, for every n > 1:

It is understood that if Cy, is not bounded on D?, then aJDQ(C(p) = +o0.
As a consequence, we recover a previous result ([24, Corollary 3.2]; see also [7, Theo-
rem 2.5]).

Corollary 3.2. For any symbol ¢, we have:

1) a) if Cy, is compact on D?, then Cy, is compact on H?;
b) if Cy, is compact on H?, then C, is compact on B2,

Moreover, for every p > 0, we have:

2) a) if C, € S,(D?), then Cy, € S,(H?);
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b) if C, € S,(H?), then C, € Sp(B2?).

Items 1) a) and 2) a) are not sharp, since we proved in [24, Theorem 2.9] that if C,, is
compact on D2, then C,, belongs to all Schatten classes S,(H?), with p > 0. However,
we will see in Section 4 that the item 1) b) is sharp, but 2) b) is not.

We will prove these results in a more general setting in Theorem 3.12.

3.2. Subordination of sequences

Let S be the set of non-increasing sequences u = (u;);>1 of real numbers. If u,v € S,
the sequence u is said to be subordinate to the sequence v, and we write u < v, if:

Zuj < Zvj foralln>1. (3.2)
j=1 j=1

For example, if w = (1,1,0,0,...) and v = (2,0,0,...), we have u < v.
We have a basic stability property of this notion (see [38, Theorem 1.16, p. 13]).

Proposition 3.3. Let I be an interval of R and h: I — R be increasing and convex. Then,
if u,v € S are sequences of numbers in I, we have:

u<v = h(u) < h(v).
Proof. We may assume that h is C2. We fix n > 1 and set a = min{u,,v,}. Then, for

el and x > a:

+oo
h(x) = h(a) + (z — a)h/(a) + / (x —t)Th'(t)dt.

a

One easily checks, using (3.2), that -7, (u; —t)* <377, (v; — )" for all t > a. Hence,
thanks to the positivity of h'(a) and h”:

A stronger notion is that of log-subordination.
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Definition 3.4. We say that the sequence u € S of positive numbers is log-subordinate to
the sequence v € S of positive numbers if logu < logv. In other terms, if:

n n
HujSHUj foralln > 1.
j=1 j=1

The following result will be useful.

Proposition 3.5. For sequences of positive numbers u,v € S, the following two conditions

are equivalent:

1) logu < logw;
2) uP? < vP for allp > 0.

Proof. If logu < logw, it suffices to apply Proposition 3.3 to the sequences logu and
logv and to the function h(z) = eP* to get uP < vP.
Conversely, if uP? < vP for all p > 0, we have:

n 1/p n 1/p
1 1
(X)) ()

1 =1

J

and letting p going to 0, we get:

)" (i)

ie. logu <logv. O

Corollary 3.6. Let u,v € S be two sequences of positive numbers such that u is log-
subordinate to v. Then for N > n:

uy < vf/Nv,ll_"/N. (3.3)

In particular, for any n > 1:

Proof. We have:

and (3.3) follows. Now, the choice N = 2n gives (3.4). O



P. Lefévre et al. / Journal of Functional Analysis 280 (2021) 108834 9

Note that the choice N = [nlogn], the integer part of nlogn, can be useful (see [4]).
3.8. Singular numbers

The following Weyl type result is crucial for the proof of our main result. It is certainly
known by specialists, but we have not found any reference.

Proposition 3.7. Let T be a compact operator on a separable complex Hilbert space H
and T = Z;’;l 5ju; ®v; its Schmidt decomposition. Then, for every integer n > 1:

§1 -+ S, = max ’ det (<Tfj | gz>)

i,j17
where the supremum is taken over all pairs (fj)i<j<n and (gi)1<i<n of orthonormal

systems of length n in H.

Proof. First, assume that H is n-dimensional. We may assume that H = {5 and we
denote (e;)1<i<n its canonical basis.

Since T'(v;) = s;ju;, we have det ((Tv; | ul>)” =51 Sp.

Now, if (f;)1<j<n and (gi)i<i<n are two orthonormal systems, we consider the fol-
lowing diagram:
oY Dy Vgm
where U, V are the unitary operators defined by:
n n n
U(theJ) = thfj and Vo= Z<l‘ | g;)€;.

Jj=1 j=1 j=1
We observe that

(VIUe; | e;) = (TUe; | Ves) = (T'f; | 9i) ,
so that:

In the general case, denote by P, and @, the orthogonal projections onto F, :=
[f1,.--, fn] and G,, = [g1,...,9gn] respectively. We can see F,, and G,, as isometric
copies of £5. Observe that (I'f; | g;) = (Q.TP.f; | gi). By the above special case, we
get, using the ideal property of singular numbers:

|det ((T'f; | g,»>)m_y =[] si@.TP) <[] s(T). O
j=1

j=1
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3.4. Comparison principle for operators

For convenience, we say that an operator U: H — K between Hilbert spaces is unitary
if it is a surjective isometry, even if H # K.
V. E Kacnel’'son ([15]) proved the following result.

Theorem 3.8 (V. E Kacnel’son). Let H be a separable complex Hilbert space and (e;)i>o
a fized orthonormal basis of H. Let A: H — H be a bounded linear operator. We assume
that the matriz of A with respect to this basis is lower-triangular: (Ae; | e;) = 0 for
1<7.

Let (dj);>0 be an increasing sequence of positive real numbers and D the (possi-
bly unbounded) diagonal operator such that D(e;) = dje;, j > 0. Then the operator
D= YAD: H — H is bounded and moreover:

IDTIAD| < [|A]. (3.5)

In [6], this theorem was extended in the framework of Banach spaces with 1-

unconditional basis and used for the study of composition operators, and in [7] to compare
the Schatten-class norms of weighted Hilbert spaces of analytic functions.

We have the following generalization (the case n = 1 giving |D~1AD| < ||A]).

Theorem 3.9. With the notation of Theorem 3.8, and assuming moreover that A is com-
pact, we have, for everyn > 1:

H s;(D7TAD) < H 5j(A). (3.6)

In other words, the sequence (sj(D_lAD))j is log-subordinate to (s; (A))j.

Proof. Let Cy be the right half-plane Cy = {z € C; ez > 0} and Hy = span{e;; j <
N}. We set:

a;; = (Aej | e;)
and
AN = PNAPN s

where Py is the orthogonal projection from H into H with range Hy. We consider, for
AS (C_O:

AN(Z) =D ?AND?*: H— H,
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where D?*(e,) = dZey,.
If (a; (z))” is the matrix of Ay (z) on the basis {e;; j > 0} of H, we clearly have:

a; -
i, .
’ 0 otherwise .

In particular, we have, by hypothesis:

|afvj(z)| <suplag,| =M, for all z € Cy.
kel

Since [An (2)[? < IAN ()55 = 2; j<n [al;(2)]? < (N +1)2M?, we get:
IAN(2)]| < (N +1)M  forall z € .

Let us consider the function u: Cy — Cy defined by:
u(z) = H 5; (An(2)) . (3.7)
j=1

This function u is continuous on C.
If a denotes a pair (f;), (g;) of orthonormal systems of length n of H, we set, for
S @:

Fa(z) = det ((An(2)f; | 91)),.,

the function F, is analytic in Cy and continuous on Cy. By Proposition 3.7, we have
u = sup,, |Ful, so that u is subharmonic in Cy. Moreover:

u(z) < AN ()" < [(N+1)M]* for z € Co,

and:
u(z) = H si(An) < H s5;(A) for z € 0Cy,
j=1 j=1

since the operator D?: H — H is then unitary. Hence we can use the following form of
the maximum principle.

Theorem 3.10 (Mazimum principle). Let Q be an arbitrary domain in C, with Q # C,
and u: Q© — R a function subharmonic in Q, and continuous and bounded above on Q.
Then:

supu = sup u .
Q o0
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This theorem is proved in [3, Theorem 15.1, p. 190] for v = |f|, with f: Q@ — C
holomorphic in €2, and continuous and bounded on €2, and in [14, Theorem 5.16, p. 232].
It follows that:

In particular u(1) <[], s;(A), or else:

[Isi(0"AxD) <[] 5:(4).

Now, since the matrix of A — Ay is lower-triangular, the inequality (3.5), applied to
A— Ay, gives |[D7Y(A—AN)D| < |[A— Ay fand 0. Moreover, for each j > 1, the map
T € L(H) — s;(T) is continuous, since |s;(T1) — s;(T2)| < || Th — T2||. Then, letting N
tend to infinity, we obtain that

s;j(D"*AxD) — s;(D"'AD),
N—o00
and the result follows. O
An alternative proof of Theorem 3.9 can be given using antisymmetric tensor products.

Alternative proof of Theorem 3.9. Let I denote the set of all increasing n-tuples a =
(i1 < iy < -+ < ip) of non-negative integers. Let (uq)aer be the orthonormal basis of
A™(H), the n-th exterior power of H, defined by:

Ug =€, Nejy Ao Ne;, a€l.

We use the general fact that:

[[si(D7AD) = |A"(D~*AD)],

j=1

where A™ denotes the n-th skew product.
Since A*(UV) = A™(U)A™(V) ([38, page 10]), we get:

A™(D™'AD) = A"(D™1)A"(A)A"(D) = [A™(D)] ' A"(A)A™(D)
= ATTA"(A)A,

where A is the diagonal operator on the basis (u,) with diagonal elements 6, = d;, - - - d;,,
ifa= (i1 <ig < -+ <ip).
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Now, we claim that A™(A) is lower triangular in the following sense. If o = (i1 < i2 <
<o <ip)and B = (J1 < J2 < -+ < jpn) are two elements of I, then:

o < b6 = (A" (A)ug,uq) =0. (3.8)
Indeed, assume that (A™(A)ug,uq) # 0. Since:
(A" (A)ug,ua) = (Aej, A Aej, -+ N Aej, e, Neg, -+ Nej, )
::det(@4g%,e%>)1§nq§n,

it follows, by definition of determinants, that there exists a permutation o of {1,2,...,n}
such that:

H <Aejk’ei<r(k)> 7& 0,

1<k<n

implying that i) > ji for each k. But then, since [ — d; is nondecreasing:

bo= [ divwy = I[ di =35

1<k<n 1<k<n

Now, (3.8) allows to apply Theorem 3.8 to get the result. O
Remark. We could also remark that the function:

u(z) = [[ s;(D77AnD?) = |[A"(D™*AxD?)|

1<j<n

is subharmonic since it is a norm, on A"(H), and hence a supremum of moduli of the
holomorphic functions z +— I[(D~* Ay D?), for | a linear functional on A™(H).

Corollary 3.11. With the notation of Theorem 3.8, D~'AD is compact if A is. Moreover,
for anyp >0, if A€ S,(H), so does D~'AD, and:

D™ ADIlp < [|All, -

Proof. Since (s,(D~'AD)) islog-subordinate to (s,(A)) , Corollary 3.6 gives the first
assertion, and Proposition 3.5 gives the second one. 0O

3.5. Application to composition operators

We consider here general weighted Hilbert spaces of analytic functions on D.
Let 8 = (Bk)k>0 be a sequence of positive numbers such that:

liminf 8,'/% > 1 (3.9)
k— o0
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(as we will see right after, this condition ensures that the evaluation maps are bounded)
and let H?() be the Hilbert space of functions f(z) = > p, ckz* such that:

1£1Fr208) =D Brlexl” < 00 (3.10)
k=0

This is a Hilbert space of analytic functions on D with a reproducing kernel K, namely:

fla) = (f,K,) forall fec H*B), (3.11)

because the evaluations f € H?(3) — f(a) are continuous:

0o 00 1/2 , oo 1/2
> epat| < <Zﬂk|ck|2) (Zﬂmaﬁ’“) < o0,
k=0 k=0 k=0

thanks to condition (3.9).
The canonical orthonormal basis of H?(f3) is formed by the normalized monomials

k
z
er(z)=—, k=0,1,...; 3.12
k() NG (3.12)
so we have, for all a € D:
o0 o0 1 .
1KalFz = > len(@))* = —lal™™. (3.13)
n=0 n=0""

We refer to [9] or [42] for more on those spaces. See also [16] for an alternative
definition.

For example, the weighted Dirichlet space D2 corresponds to B ~ (k + 1)!7. In
particular, the Hardy space H? corresponds to 3, = 1, the Bergman space B2 to 8 =
1/(k + 1), and the Dirichlet space D? to By, = (k + 1).

For the weights

k+ DT (a+2)

P = Fkta+1)

we get, using the binomial formula Y72 1;(,];—"(’2)) ok = (1 —2)~@ for |z| < 1, that the

reproducing kernels are, for a # 0:

1 (I—az) -1
K¢ = f ; .14
(0= L draso (3.14)

(3.15)
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(with K§(2) =1/(a +1) and KJ(2) = 1).
Let us point out that lim, o+ K(2) = K2(2).
Now let ¢: D — D be an analytic map. We assume that:

©(0)=0. (3.16)

This map ¢ induces formally a lower-triangular composition operator C,, on H?([3) since:

1 L
<C¢(€?)76?> = (p?,2"y =0 fori<yj.

\/ Bib;

Remark. We can often omit condition (3.16). In fact, let us consider the automorphisms
¢0a: D — D, a €D, given by ¢,(z) = £=2. When C,,, is bounded on H?(f3), then, with

l—-az"

a = ¢(0), the function ¢ = ¢, 0 satisfies 1(0) = 0 and ¢ = ¢, 09; hence Cy, = Cy0C,,
and Cy = C, 0 Cy,, so:

ICe. 17 an(Cy) < an(Cy) < [ICy,llan(Cy) .-

A necessary condition for having C,,, bounded on H?(j) is that ¢, € H?(). Since
va(2) = a+> 12, a* (|a]?~1)z*, we have ¢, € H?(B) for all a € D if limy,_, 00 Bkl/k =1.

2

[e'R]

For weighted Dirichlet spaces D2, with any o > —1, the automorphisms ¢, define

bounded composition operators on D2. In fact, we have, for f € D2:
1f o wallpz = (@) + (a+1) / ' [ea(2)]P Il ()2 (1 = [21%)* dA(2)
D
1@ + (@4 1) [ IF@PE = pa(w) )" dAw).
D
Since:

1 [pa(w)? _ 1 |a?
1w |l—awP’

we have 1 — |¢q(w)|? ~ 1 — |w|? and we get:
If o @allpz S 1f (@) + (o + 1)/\f/(w)|2(1 = Jwl*)* dA(w) ~ || flpz -
D

For a > 0, that follows directly from [43, Theorem 1] (see also [35, Section 6.12], [16,
Theorem 1.3 and Proposition 3.1] or [33, Theorem 3.1]), since ¢, is univalent.
We will write for short C’g to designate the operator C,, acting on H?(j).
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As an application of the general principles of Section 3.4 we have the following result,
whose first items were previously obtained by I. Chalendar and J. Partington in [6] and
[7] (actually (3.b) is also proved in [7], but for values p > 1).

Theorem 3.12. Let H2(3) and H?(7) be two weighted Hilbert spaces. Assume that v is
dominated by B in the sense that the sequence (Br/vk) is increasing, so that the contin-
uous inclusion H?(B8) C H?(vy) holds. Then, for ¢: D — D with ¢(0) = 0:

1) if C’g is bounded, CY is bounded as well, and ||CY| < ||C’£||;
2) if Cg is compact, so is CJ;
3) the sequence s7 = (s,(C}))
S0 that
Son(C. \/1 \/anﬁ) for alln >1;
b) CﬁES( B) = CVES( (7)), for any p > 0.

n>1 18 log-subordinate to the sequence sP = (sn(Cg))n21,

Remark. Let us mention that we can apply the previous theorem in the framework of
weighted Dirichlet spaces. Indeed, let 0 < 5 < v and consider the two weights:

_ RRIT(B+2)
T T(k+8+1)

k.k!T(y+2)

d =
R (R

associated with the weighted Dirichlet spaces Dg and D7 respectively, with v > 3, so
that DE C DWQ. In order to apply our comparison Theorem 3.12, we have to show that
the sequence (k. /i) increases. But

B _ LB+ T +k+1)  T(B+2)
w T+2)TE+k+1) Tr+2) "

and, setting h = — >0 and z = 8+ k + 1, we see that:

A= Ty

Since the function I is log-convex, the map = — Fifc(;)h ) increases on (0,00), and we get

that the sequence (8 /7%) increases.

Proof of Theorem 3.12. We set dy, = +/Br/v and ex(z) = 2*.

Let J: H?(8) — H?(v) the unitary (onto isometry) and diagonal operator defined by
J(er) = drey, for all k > 0.

The operator A = JC’gJ*1 maps H2(7) into itself and s, (A) = sn(Cg) forall n >1
(in particular ||A|lz(m2(y)) = ||C’£||£(Hz(5))). Moreover, A has a lower-triangular matrix.

Now we consider the diagonal operator D: H?(y) — H?(v) defined by D(ey) = dpex.
In general, it is an unbounded operator. It is plain that D=1J: H?(3) — H?(v) is the
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canonical inclusion, since (D~'.J)(ex) = ey, for all k > 0. Hence (D~J)CJ = C3(D~1J),
and since AJ = J C’g, we have the following commutative diagram:

ch

H*(8) —— H?(B)

/| |
H*(y) —= H*(7) — = H*(7) —= H*(7)
D
By Theorem 3.9, we get:

log s(D™'AD) < log s(A)

(so we have, in particular, |D™'AD|zimz2(y)) < [[Allzcaze)) = ||C’5||£(H2(B))). But
D™ 'AD = C7, and this proves Theorem 3.12, using Proposition 3.5 and Corol-
lary 3.6. O

Remark. Actually, the same proof gives the following generalization of Theorem 3.12.

Theorem 3.13. With the hypothesis of Theorem 3.12, let T: Hol(D) — Hol(D) be a
linear map such that its restriction Tg to H*(B) is bounded from H?(j) into H*(B) and
has a matriz in the canonical basis of H?(B3) which is lower-triangular. Then:

1) T is bounded as well, and |Ty|| < ||T3|;
2) if Tz is compact, so is Ty;

3) the sequence of singular numbers s(Ty) = (s, (1)) is log-subordinate to the se-

n>1
quence s(Tp) = (sn(Tﬁ))n>1, so that:

a) son(Ty) < \/51(T3) /sn(Tp), for alln > 1;

b) Ts € Sp(H2(B)) =T, € Sp(H2('y)), for any p > 0.
3.6. Application to conditional multipliers

We first recall the following well-known proposition (and give a short proof, for sake of
completeness). Note that this result does not hold for the Dirichlet spaces D2 when o < 0
([40, Theorem 10]; see also [39, Theorem 2.7], [17, Theorem A}, and [41, Theorem 4.2]).
Recall that it is well-known that the space M(H?) of multipliers of H? is isometric to
H>.

Proposition 3.14. For every v > —1, the space M(%?y) of multipliers of %?Y is isometric
to the space H>.

If H is a Hilbert space of analytic functions on D, containing the constants, and with
reproducing kernels K,, a € D, then the space M(H) of multipliers of H is contained
contractively into the space H™.
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Proof. If hf € H for all f € H, then, taking f = 1, we have h € H, so h is analytic.
The same proof as in [1, Proposition 3.1] shows that h € H*. For sake of completeness
we give a short different proof.

In fact, we have, for all a € D:

Mp(K,) =h(a)K, forallaeD; (3.17)

hence |h(a)| | Kol < || M| |1 K,ll, and, since || K, is not null, that proves that h € H™
and |[h|oo < [| M|

Hence M(H) € H®, contractively.

When H = 533, we have the reverse inclusion. Indeed, for every h € H*°, one clearly
has hf € 87 and [[hf]sz < [|hllco|| fllmz for all f € B3, so the multiplication operator
Mj,: B2 — B2 is bounded with norm no greater than ||hleo. O

Now let ¢ be an analytic self-map of D and H = H?(3) be a weighted Hilbert space of
analytic functions on D, with reproducing kernel K, a € D, on which C, acts boundedly.
We denote its multiplier set, respectively multiplier set conditionally to ¢, by:

M(H)={we H; wf € H foreach f € H} (3.18)
and
MH,p)={we H; w(foyp)e Hforall fe H}. (3.19)

We have M(H) C M(H, ).
The set M(H, ) plays an important role in the study of weighted composition oper-
ators.

Definition 3.15. A Hilbert space H of analytic functions on D, containing the constants,
and with reproducing kernels K, a € D, is said to be admissible if:

(i) H? is continuously embedded in H;

) H
(i) M(H) = H>;
(i z) the automorphlsms of D induce bounded composition operators on H;
I\KbIIH 1 —|a
function.

> for a,b € D, where h: RT — R¥ is an non-decreasing

Note that (i) implies that || f||z < C'||f| = for all f € H?, for some positive constant
C, and so (Bg and Bp: being the unit ball of H and H? respectively):

Kol = sup |f(a)| > C™" sup |f(a)] = C'(1—af*)"/2,
feBH f€By2
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implying that:

lim ||Kullg =
|la]—1—

Ezamples.

1) The weighted Bergman space ‘B%, with v > —1 is admissible.

Indeed, we know that it is continuously embedded in H? = B2 ,; condition (ii)
is Proposition 3.14; condition (i) is satisfied according to the Remark before Theo-
rem 3.12, and || K,|? = W, giving (iv).

2) More generally, we have the following result.

Proposition 3.16. For any decreasing sequence 3 such that the automorphisms of D induce
bounded composition operators on H?(j3), the space H*(3) is admissible.

Recall that H?(3) is defined in (3.10). A particular case is obtained as follows. Let

w: (0,1) — R4 be an integrable function such that, for some positive and locally bounded
function p: Ry — R, we have:

Y p(y> for all z,y € (0,1), (3.20)
w X

and let H2 be the space of analytic functions f: D — C such that:
171 :—/|f w1~ [2) dA(z) < 0. (3.21)

Such spaces are used in [16] and in [28]. We have H2 = H?(j3) with:

1

1
B = 2/r2"+1 /t"w (1—t)d (3.22)
0

0

Indeed, since 8, = fol(l — t)"w(t) dt, the sequence 8 = (B,), is decreasing. Moreover,
the fact that the automorphisms of D induce bounded composition operators on H2 is
proved as in the Remark before Theorem 3.12, namely:

I1f o pallt = /If(w)\2 | (w)* w(1 = [ga(w)]*) dA(w)

(T:ZD /\f <1_“0“1E]|2)| )w(1—|w|2)dA(w)
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< (b, /|f w1 = fu?) dAGw)

tha | f |z

where we used that |§0a( )| < 1+IaI, that 1 1|<Pt‘1(7|1’2)|2 S it‘lz‘l’ and that 14 is locally
bounded.

Note that B2, v > —1, corresponds to w(t) = (y+ 1) 7

Proof of Proposition 3.16. Condition (7) is satisfied because g is decreasing. Moreover,
since f is decreasing, Theorem 3.13, applied to T' = M,,, with w € H°, ensures that
H> = M(H?) C M(H?(B)), and, for all w € H>:

My H*(B) = H*(B)|| < || My: H? = H?|| = [Jw]/oc -
Now, Proposition 3.14 implies that H> = M(HQ(ﬁ)) and
My H2(8) = H?(B)|| = [[w]l

for all w € H*.
It remains to show that, for H = H?(3), the condition (ii) implies the condition (iv).
Since H?(f3) is isometrically rotation invariant, it is clear that |[K,|| = || K|q||; hence
[l < [[Kyl, for 0 <z <y < 1.
Assume now that 0 < y < x < 1. Let T be the disk automorphism:
2z+1
T(z) =212 eD. 3.23
(=25, - (3.23)
The fixed points of T are 1 and —1, and T'(0) = 1/2. We define the sequence (a,)n>0 by
induction, with:

apg =0, any1 ="T(an).
We see that:
1 1
l1—a */T/(x)da:*/id §(lfa) (3.24)
n+1 — - (LL’ + 2)2 4 n)y .

50 (an)yn i increasing and converges to 1. In the same way, we see that:

1—apy1 = 1 1 (1—ay). (3.25)
/ / (x+2)? 3

QAn,
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Since 0 < y < x < 1, we can find m < n such that:

Am—1 <Y < Qpm , and Ap_1 < < Gy

We have | K| < |[K,, || and || K[| > ||K,,,_,||. Since CT K, = Ky, for all z € D, we
have:

1Kzl o 1B,
[ e

<l =

moal

with o = ||Cr| > 1. Applying (3.24) and (3.25), we get:

1—y S 1—am S 1—apm S 1(%)"*’”
l—2 " 1—ap—1  3(1—a,) ~— 3\3
It suffices now to take s > 0 such that (4/3)° = a, and A > 0 large enough in order

that, with the increasing function h(t) = max{At®, 1}, ¢ > 0, we have:

W(A0) 5 A grom s A L

Z 55« 2 =
1—=x 35 3 ”KyH HKyH

Let us come back to the conditional multipliers. In general, we obviously have:
H>* CM(H,p)C H. (3.26)

The extreme cases were characterized by Attele ([2]) when H = H? = B2, (and
Contreras and Herndndez-Diaz in [8] for the spaces HP) as follows.

Theorem 3.17 (Attele). We have:

1) M(H?,¢) = H? if and only if ||¢]lec < 1.
2) M(H?,p) = H*® if and only if ¢ is a finite Blaschke product.

A key tool for the most delicate second necessary condition is the use of inner and
outer functions. We no longer have this tool at our disposal for the admissible spaces
H = H?(B), but we can nevertheless state the following analogous result.

Theorem 3.18. Let ¢ an analytic self-map of D and H be an admissible Hilbert space on
which Cy acts boundedly. We have:

1) M(H?,¢) € M(H, ¢);
2) M(H, ) = H if and only if |lpllec <1;
3) M(H,p) = H™ if and only if ¢ is a finite Blaschke product.
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Note that the assumption that C, acts boundedly on H is automatically satisfied
when H = H?(3) with 3 decreasing, by Theorem 3.12.

Proof. 1) Suppose first that ¢(0) = 0. Let w € M(H?, ). The weighted composition
operator M,,C, is bounded on H 2, and moreover lower triangular on the canonical
basis; applying Theorem 3.13, 1), we get that M,,C, is bounded on H as well; that is,
we M(H, ).

In the general case, let ¢(0) = a, so that (@, o ¢)(0) = 0. Property (¢i¢) implies that

M(H?,p) = M(H?, pq 0 9) € M(H, pq 0 9) = M(H, p),

since f € H? if and only if fo ¢, € H? and f € H if and only if f oy, € H.
2) The necessary condition is proved as in [2] for H?; we recall some details. We start
from the (obvious, but useful) mapping equation:

(M) (K2) = w(z) Koz - (3.27)
The assumption implies the existence of a constant C' such that:
I MwColl ey < Cllwllg for allw e H.
As a consequence, for given z € D:
(M Co)* (K| < C ]| || K|,
that is, in view of (3.27):
(w2 Ko@) llr < Cllwllall K- (3.28)

Testing this inequality with w = K, and simplifying by || K. |7, we get that || K, )|z <
C. Since limq1- || Kal|lz = 00, as a consequence of (i), this implies that |||l < 1, by
this same consequence.

For the sufficient condition, observe that if ||¢|l.c < 1, then fo ¢ € H> for all
f € H. Since M(H) = H*, according to (iv), we get that f o € M(H) and therefore
w(f o) =Ms,w € H for all w e H. That means that H C M(H, ¢). Therefore, by
(3.26), we have M(H,¢) = H.

3) The sufficient condition goes as follows: finite Blaschke products ¢ clearly satisfy
(and actually are characterized by: see [2]):

1—
szzsupM<oo.

zeD 1- |Z|

Now let w € M(H, ), so that C := ||[M,C,| < co. We may assume that ||w| g < 1.
The mapping equation (3.28) gives, for z € D:
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lw(2)| | Kp)llg < C|K.|a-

By (é4), this implies that, for |z| close enough to 1:

TaP 1~ (=)
< ALY — T < .
W < O T SO o) S OhE)

This means that w € H*.

Finally, for the necessary condition, assume that M(H, ) = H*. Then M(H?, o) =
H®, by 1), and then ¢ is a finite Blaschke product by Attele’s theorem (Theo-
rem 3.17). O

Remark. In Proposition 3.16, we assume that the automorphisms of D induce bounded
composition operators on H?(f3). It is known ([18, Theorem 1]) that this is not always

the case. Let us give a simpler proof, for a particular case. Let 3, = exp(—y/n), and
consider the space H2(/3). We then have, for 0 <r =e™° < 1:

| KA1 = Zrzn exp(v/n Ze “exp(yv/n) =: S(e).

We easily see (using e.g. the Euler-MacLaurin formula) that, when & — 0%:

S(e) ~ I(e) == 7exp(\/i ~2et)dt = (4e2)! 7exp (ﬂ% ”3) dz .
0

0

We use the Laplace theorem ([10] p. 125) on the equivalence of integrals:

/eAga(w) dx ~ 27T(|QDH(.T0)|)71 A—1/26A‘P(IO) , as A— 00,
0

and apply it to A =1/2¢ and to the function ¢(x) = /= — x, which takes its maximum
at g = 1/4, with ¢(xg) = 1/4. We get that:

S(e) m a2 exp (8—16) ~ (1= 1) exp (ﬁ) .

Now, consider the automorphism 7T of D given by (3.23). For r < 1, we have 1 — T'(r) ~
(1-r)T'(1)=(1—-7)/3; so:

1*1T(7") . 1:”: 117"(11_T€r) _1) N%(T’l(l) _1> B ir,

and that implies that:
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Since Kp(,) = C1(K;), this implies that C7, and hence C7, is not bounded on H?(B).

4. Schatten classes for Hardy spaces and Bergman spaces

We know that if a composition operator C, is compact on the Hardy space H 2, then
it is compact on the Bergman space B2 (see [32, Proposition 2.7 and Theorem 3.5]).
Theorem 4.3 below shows that we cannot expect better.

Let us begin by a preliminary result. Recall that the 2-Carleson function of the analytic
map ¢: D — D is:

pp2(h) = sup Ay (W (&, ), (4.1)
£eT

where A is the normalized area measure on I, A, is the pull-back measure of A by
o, i.e. Ay(B) = Alp~(B)] for all Borel sets B C D. It is well-known (see [13]) that
pe.2(h) = O (h?), due to the fact that all composition operators C,, are bounded on B2,
and that C,, is compact on B2 if and only if p, 2(h) = o (h?). For Schatten classes, we
have the following result.

Proposition 4.1. If the composition operator C,: B% — B2 is in the Schatten class
Sp(B2) for some p € (0,00), then:

poa(h) =0 <h2(log %) - ,,) . (4.2)

Proof. We follow the proof of [20, Proposition 3.4]. By [29, Corollary 2] and [20, Propo-
sition 3.3], Cy, € S,(B?) if and only if:
0o 2" —1
) ( > 4"P/2[A¢<Wn,j>]p/2) < oo, (4.3)
j=0

n=1

where W, ; = W (e2/77/2" 27m).
Observing that, for h = 27", we have:

[pgo,2(2in)]p/2 < [Aap(Wn,j)]p/Q s
(4.3) yields:

o0
3 [P ™)Pa/? < foo.

n=1
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By [22, Theorem 3.1], we have a constant Cy > 0 such that:

pp2(eh) < Coe?pya(h)

for 0 <e <1and0 < h < 1. Hence, if we set:

(P%Z(z_”) )P/2
Unp = )
4-n

we have, for n > k:
Up < 05/2 U .

The following lemma, whose proof is postponed, then shows that:

n (M)p/z — 0. (4.4)

4—n n—00

Lemma 4.2. Let Y u, be a convergent series of positive numbers such that u, < Cuy
forn >k, for some positive constant C. Then u,, = o(1/n).

To finish the proof, it remains to consider, for every h € (0,1/2), the integer n such
that 27771 < h < 27"; then (4.4) gives:

/2
- pe2(h)\
as announced. O

Proof of Lemma 4.2. Let:

Up = E U -

n/2<k<n

Since the series > u, converges, on the one hand, we have v,, — 0, and on the other
n—oo
hand:

n
vy, > —C 'u,. O
2
Theorem 4.3. There exists a symbol ¢ for which the composition operator Cy, is compact

on the Hardy space H?, but is not in any Schatten class S,(%B?) of the Bergman space
B2 with p < 0o.
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Proof. We use a variant of the Shapiro-Taylor map ([37, Section 4]) introduced in [20,
Theorem 5.6] for showing that there is a compact composition operator on H? which is
in no Schatten class S,(H?) for p < co. Let:

Ve={2€C; Rez>0and |z]| <e} (4.5)

We set:

f(z) = zlog(—log 2) (4.6)

where log is the principal determination of the logarithm. For £ > 0 small enough, we
have Re f(z) > 0 for z € V.. Let g: D — V. be the conformal map from D onto V.
sending T = 9D onto 9V, and with g(1) = 0 and ¢’(1) = —e/4. Explicitly, g is the
composition of the following maps: a) o: z — —z from D onto itself; b) v: z — fjfz
from D onto P = {Jmz > 0}; ¢) s: 2+ /2 from P onto Q = {Rez > 0,TImz > 0}; d)
77h 2z 225 from Q onto V = {|z| < 1,Rez > 0}, and e) h.: 2 > £z from V onto
V..

We then set:

p=-exp(—fog). (4.7)

This analytic function ¢ maps D into itself and we proved in [20, Theorem 5.6] that
C, is compact on H2.
For z = re'™ € V., we have (see [20, proof of Theorem 5.6]):

1 asin o
Re f(z) = rloglog . (cosa + Tog(1/7) loglog(l/r)) (4.8)

e (log(l/r) ljglog(l/r))

1/ . o COS &
Jm f(z) = rloglog - <sma " Tog(1/r)Tog log(l/r)> (4.9)

1
o igturogiacirn)
It follows that:
1 1
0 < Re f(z) < rloglog . and |Jm f(z)| < rloglog . (4.10)
Now, assume that r < h/loglog(1/h). Then rloglog(1/r) < h. Since ¢’(1) # 0, ¢

is bi-Lipschitz in a neighborhood of 1; hence |p(u)| = 1 — Re fg(u)] and |argo(u)|
|Jm f[g(u)]|, so we have:

A, (W(1,h)) = (h/loglog(1/h))*.
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Therefore:

h2
po2(h) > Ay(W(1,h)) 2 ma (4.11)

0 (4.2) cannot be satisfied. Hence C, ¢ S,(%B?), whatever p < co. O
When C,, € S,(H?), we actually have better behavior on the Bergman space.
Theorem 4.4. For every p > 0, we have C, € Sp/g(%Q) when C, € S,(H?).

In particular, if C, is Hilbert-Schmidt on H?, then it is nuclear on B2 (since on
Hilbert spaces the nuclear operators coincide with those in the Schatten class Sy).

Proof. We proved in [22, formula (3.26), page 3963], as a consequence of the main result
of [21], that for some positive constants C, C’, we have:

A W (&, h)] < C (m[W (€, CR)])

for all £ € T and 0 < h < 1 small enough. We may assume, enlarging C” if needed, that
C" = 2N for some positive integer N. Hence if W, ; = W (e2/""/2" 27") and W}, ; =
W (e2i7/2" 9N2=m) for n > N, we have:

on_1q on_1
Z (47LA ( ng P/4<CZ mtp Wl )P/2
=0

Now, each Carleson window W of size 2V27" is contained in the union of 2% other Car-
leson windows Wy, j,, ... Wn,jQN of size 2™ and of less than N2V~ Hastings-Luecking
boxes R, j, with v <n — 1. Hence:

2" —1 2" —1

S @AW ) < 02N 3 (20 (W)
7=0 =0
2" -1
+CuN2V ST (2 (R )
7=0

(since, for a,b > 0, we have (a+b)" < a" +b"if 0 <r <1,and (a+b)" < 2" 1(a" +b")
if r > 1).

It follows, thanks to [29, Corollary 2] and [20, Proposition 3.3], that C, € S,(H?)
implies C, € S, /2(B?). O

Theorem 4.4 is sharp, as shown by the following result.
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Theorem 4.5. For every p with 0 < p < oo, there exists a symbol ¢ for which the
composition operator C, is in the Schatten class SP(HQ) on the Hardy space, but is
not in any Schatten class Sy(B?) of the Bergman space with q < p/2.

Before giving the proof, let us mention that this theorem implies (in a strong way)
a separation between Schatten classes by composition operators on Bergman spaces.
Curiously, we did not find any reference for this result.

Indeed, for every r > 0, there exists a symbol ¢ for which the composition operator
C, is in the Schatten class So,(H?) on the Hardy space, hence in the Schatten class
S,-(%?%) on the Bergman space by Theorem 4.4, but which is not in any Schatten class
S, (%B?) of the Bergman space for ¢ < r.

Proof. Again, we use the variant of the Shapiro-Taylor map introduced in [20, Theo-
rem 5.4] in order to have a composition operator in S,(H?) but not in S,(H?) for ¢ < p.
For £ > 0 small enough, we set, for z € V., where V is defined in (4.5):

f(z) = z(—log 2)2/p[1og(—log 2)]°%, (4.12)

with s > 1/p.
We set:

p=exp(—fog), (4.13)

where g is as in the proof of Theorem 4.3. Then ¢: D — D is analytic and we proved in
[20, Theorem 5.4] that C, € S,(H?).
For z = re'® € V., we have (see [20, Lemma 5.5]:

1 2/p 1\
0<Ref(z) S r(log ;) (loglog ;) (4.14)

1 2/p 1 s
|Tm f(2)] < r<1og ;) <loglog ;) . (4.15)

As in the proof of Theorem 4.3, that implies that:

h2

(log 1/h)%/?(loglog 1/h)?s (4.16)

po2(h) = Ap(W(1,h)) 2

By Proposition 4.1, if C,, is in S, (B?), we have:

pe,2(h) = O<W) ,

but, due to (4.16), this is not possible for ¢ < p/2. Therefore C,, ¢ S,. O
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Remark. Actually Theorem 4.4 has a more general form.

Theorem 4.6. Let %31 and EB,QYZ be two weighted Bergman space of parameter v1 and 7o,
with vo > 1 > —1. Then, for every p > 0 and any symbol ¢, we have:

1) C, € SP(%?n) implies Cy, € Sﬁ(%?m)’ with p = zzig p < p;

2) when @ is finitely valent, the converse holds.

Note that this theorem gives another, though less explicit, proof of Theorem 4.3 and
of Theorem 4.5, as a direct consequence of [20, Theorem 5.4 and Theorem 5.6] since the
symbols used in the proof of these theorems (and in that of the above Theorem 4.3 and
Theorem 4.5) are univalent. In fact, that the Shapiro-Taylor map, defined in (4.7), is
univalent is proved in [37, Lemma 4.1 (a)]. As well, the modified Shapiro-Taylor map,
defined in (4.13), is univalent. In fact, its derivative f’(z) is the sum of three terms, the
dominant one being (— log z)?/? (log(f log z))s; it follows that, for € small enough and
z=re! with 0 <r < e and [t| < 7/2, we have:

Re f'(z) > =(log1/r)*/P(loglog1/r)* > 0,

| =

and it follows that f is univalent in V. In both cases, the symbol ¢ = exp(—f o g) is
univalent.

Proof. Recall that D. Luecking and K. H. Zhu proved in [30, Theorem 1 and Theorem 3]
that, for v > —1, we have C, € S,(2) if and only if:

]D/ (Nwﬁﬁ(z) <log é—l)(’YH))pm % < o0, (4.17)

where N, 3 (8 > 1) is the weighted Nevanlinna counting function, defined as:

Negs(z)= (log L)B (4.18)

p(w)==2 ol
if z € p(D)\ {¥(0)}, and N, g(z) = 0 otherwise.

As stated in the introduction, for v = —1 we have B2, = H?.
Now, for 1 < f3; < f32, the £g,-norm is smaller than the ¢g,-norm; so we have:

[N%Bz] Yo < [N%ﬁl} Y . (4.19)

It follows that, for —1 < v < s:
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]b/ <N¢,A,2+2(z) (1Og |_i|> (72+2)>17/2 %

2242 —(v242)\ P/2 ;
< f (et ¥ (o)) 55

D

:/<N%%+2(z)<10g%>(V1+2))P/2%7

D

and that proves that C,, € S5(B2,) if C, € S,(B2)).
Now, if ¢ is s-valent, we have:

ne(2) = Z l=card{w e D; p(w) =z} <s.
o(w)=2

Using Hoélder’s inequality, we get, for 1 < 1 < f3a:

_ B1/B — B1/B
N@7B1(Z) < [nw(z)](ﬁz B1)/B2 [NSO ﬁg(z)] 1/ P2 < g(B2—=P1)/B2 [th,ﬁQ(Z)] /P2

s

Therefore:

D
1\-(2+2\P2  dA(2)
< P(ﬁz*ﬁl)/Qﬁz/ N, log —

=S J 907’724‘2(2) ( og |Z|) (1 o |Z|2)2 )

and C, € S5((B2,) implies that C,, € 5,(B2). O
5. Two examples
5.1. Preliminaries
Theorem 3.12 can be successfully applied to H%(3) = D2 and H?*(y) = D2 with
—1 < a < o. But as we will see now with the example of the cusp map x, or of

the lens maps, it does not provide as sharp estimates as wished. For example, with
H?(B) =D? C H?(y) = D2? where a > 0, it gives, using [25, Theorem 3.1]:

0 (C7) £ \Jan/2(CP?) S exp(~b ),

while we will see, using the point of view of weighted composition operators, that actually:

an(C'f‘f) Sexp(—b(n/logn)) .
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We now elaborate on this point of view.

Let H be a Hilbert space of analytic functions on D whose set of multipliers M(H) is
isometrically H>°. For example, this is the case for H = %3 for all v > —1, as we recall
from Proposition 3.14.

Through a standard averaging argument, we easily have the following result (see [26,
Lemma 2.2]).

Proposition 5.1. Let H be a Hilbert space of analytic functions on D such that M(H) =
H®>. Let z = (z;) be a sequence of distinct points of D which is an interpolation sequence
for H* with constant I.. Then, the sequence (K.,) is a Riesz sequence for H and
moreover, for all \1,..., An,... € C, we have:

230 P P < || 3K,
J J

2
<IN IR
i

In [19, Lemma 2.6], we used Proposition 5.1 to prove an estimate from below (the
proof was given only for H = H? and w € H*). We slightly improve this estimate here,
with nearly the same proof, as follows.

Theorem 5.2. Let H be a Hilbert space of analytic functions on D such that M(H) = H*.
Let o: D — D be a symbol and M, C,: H — H an associated weighted composition
operator with weight w € H. We assume that M,, C, is bounded. Let u = (uj)1<j<n be
a sequence of length n of points of D and v; = p(u;), and assume that the points v; are
distinct. Let I,, be the interpolation constant of v = (v;)1<;j<n. Then, the approzimation
numbers of M., C, satisfy:

) HKUH -2
> j ’ '
on(Ma Co) 2 1t (1ot ) 1

Proof. Recall that the approximation numbers a,,(.S) of an operator S on a Hilbert space

coincide with its Bernstein numbers b, (5). Let E be the span of K,,,, with 1 < j < n. Set
KU 5 n . .
0 =infi<j<p H [w(uy)|. Take f =3"7_; Aj Ky, in the unit sphere of E'; we hence have
uj

Dot NP, 17 > 12 Setting T = M, Cyp, we see that T*(f) = >7_) Ajw(uy) Ky,
so that

IT*(OIP = 172 Y I Plu(uy) PIE 1P = 17267 Y7 0P K, |2

=1 =1

> 62127 > 600t

In the last inequality, we used the obvious inequality I, < I, (if f(v;) =a;,5=1,...,n,

then (fog)(u;) =a; for j=1,...,n, and ||f o ¢llec < || flloo)-
Hence a,(T) = a,(T*) = b, (T*) > 61,2 O
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In order to apply Theorem 5.2 for weighted Dirichlet spaces, we will use the following
process.
First, it suffices to prove the lower estimate with (D2)* instead of D2, where:

(D) ={f €DZ; f(0)=0} (5-1)

is the hyperplane of D? of functions vanishing at 0.

The derivation A is by definition a unitary operator from (D2)* onto B2. For any

symbol ¢ vanishing at 0, we have the following diagram, where w = ¢':

(D) —P B2, =5 B, = (

(03 [e3

D2)*, (5.2)
with obviously (since ¢’ (f' o) = (fop)):
Cs(oDs)* _ Ail(Mwaa)Aa

2\ *
which shows that Cépa) , acting on the delicate space (D2)* is unitarily equivalent to
the weighted composition operator M,,C, acting on the more robust space B2 (in that

2\ *
M(B2) = H*). Moreover, C’S(DD“) and M,,C,: B2 — B2 have the same approximation
numbers.

5.2. The cusp map on weighted Dirichlet spaces
First, we recall the definition of the cusp map x. We begin by defining;:
( z — Z )1/2 .
- —1
1z—1
—iN1/2
4 ( .z ) ) 41
12— 1

That defines a conformal mapping from D onto the right half-disk

Xo(2) =

D={zeD; Rez>0}
such that xo(1) = 0, xo(=1) = 1, x0(i) = —i, xo(—i) = i, and x0(0) = /2 — 1. Then we
set:

x1(z) =logxo(2), x2(2) = *% aE+l ele) = X;ZZ)

; (5.4)

and finally:

x(2) =1=xs(2), (5.5)
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where:
2
azl—;log(\/ﬁ—l)zl.%... € (1,2) (5.6)

is chosen in order that x(0) = 0. The image Q of the (univalent) cusp map x is formed
by the intersection of the inside of the disk D(l -4 5) and the outside of the two closed

272
disks D(l + %,%) and D( — %,%)

Since y is injective, it follows from Zorboska’s characterization in [43] (see also [35,

Section 6.12]) that the composition operator C, is bounded on D2 for a > 0. In particular
x € D2.

Theorem 5.3. Let x be the cusp map acting on the Dirichlet space D2. Then, for some
positive constants bl, > b, > 0, depending only on a, we have, for all n > 1:

e~ Van/logn < an(Cy) < e~ban/logn fora >0, (5.7)

and
e bV < an(Cy) S e bovn fora=0. (5.8)

Actually, the proof shows that, for & > 0, the constant b, can be chosen as cmin(1, a),
and b/, can be chosen as ¢/ max(1, ), where ¢, ¢’ are absolute positive constants.

Note that the case v < 0 is not relevant, since then composition operators Cy, that
are compact on D2 must satisfy |[p]leo < 1 ([34]).

The estimates (5.8) was first proved in [25, Theorem 3.1], with ad hoc methods. We
give here a more transparent proof of the lower bound, based on weighted composition
operators acting on B2, and that works for all @ > 0. Here the weight is x’. Since
X € D2, we have \' € B2.

We have the following estimates (the first one was given in [27, Lemma 4.2]).

Lemma 5.4. When r — 17, it holds:

B 1
" log[1/(1 - 7))

Proof. For r € (0,1), we have ([27, Lemma 4.2]):

!/ ~ 1 ’

1 —x(r)

(r) = t 1 ¢ 1—7r ¢ (7r 1 ¢ )
r) =tan |- arctan (| —— | | =tan (< — = arctanr);
Xo 2 T+7 8 2 ’
hence xo(r) =~ 1 —r and:

/ (,r,) - _ 1+ [XO(T)]Q .
0 2(1 +12)
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Using the definitions (5.4) and (5.5), we get:

2 X axs

/ 0 / 2
Xo=——="" and x53=— :

2 T X0 8 X%

So we have, when r — 17:

x2(r) ~ log[1/(1 —r)]
and:

o (be\ 111
x2(r) = ( m(1+1r2) ) Xo(r) ~ xo(r) ~ 1—r

The result follows. O

Proof of Theorem 5.3.
Proof of the lower bound.

We choose 0 < u; < 1 so as to get via (5.9), with v; = x(u;) and € > 0 to be adjusted

later:
L — e JE.
1—-v;=e ;

hence:

)%e”.

1 ( !
8 1— uy

(5.10)

(5.11)

The interpolation constant I, of the sequence v = (v;); satisfies I, < 1/2, where &,

~

is its Carleson constant (see [12, Chapter VII, Theorem 1.1]). Since 1;”;?
J

have ([26, Lemma 6.4]), for some positive constants ¢y, ca:

C1

5yze><p(—1 )>e_c"’/5;

— e*E

hence, with ¢y = 2 ¢o:
I, <ec/s

(where the implicit constant does not depend on ).
The reproducing kernel of the Bergman space B2 satisfies:
1 N 1
(1 — |a|2)t+er2 ~ (1 — |a|)t+e/2

[Kall =

Using (5.9) and (5.10), we get, for 1 < j < mn:

—&

=e ¢, we
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K,. _ o \1+a/2
|XI(Uj)| | U]” 2 i (L U])1+ /2
Kl ™~ (1 — ;) log®[1/(1 — uy)] (1 —wvy)tte
1 (1 —uj)e/?

- log2[1/(1 —uj)] (1— vj)+ar2

1 exp(—§% e’€) B Qo «
~ oZie e—geitasz) P T |5 °¢ +]5(1 - 5)
Zexp(— [%e”a—i—ns(l— %)]) ,

since the function ¢ — $ e’ +¢ (1 — §) is increasing; in fact, its derivative is positive.

Theorem 5.2 with w = x’ gives:

260

BE (Mo O > | & e B )
an (MXC’X)NeXp( {2e +n5(1 2)+ 5 . (5.12)

Case o = 0. In this case, we have:
D 2¢
an (MX'CX) Z exp| — |ne+ T .
Taking e = 1/+/n, we get:

a,’i(?(CX) = a?fg(Mx’Cx) 2 e V"

for some positive absolute constant c.
Case a > 0. We take ¢ = 1 log( o ) and we get:

n logn

a?i(Mx’Cx) 2 exp (_ { log(n)) +2¢ log(n) — l?)g(log(n))D .

| Q

log(n) +log (

Since log (log?n)) + 200m = O (ﬁ), we get:

2

an® (Cy) Z exp(—=b, n/logn),

with b/, = ¢/ max(«, 1), where ¢’ is some positive absolute constant.

Proof of the upper bound.

For o = 0, the upper bound is proved in [25, Theorem 3.1]; for a > 0, we will follow
that proof, with the same notation, but with the weighted Nevanlinna counting function
Ny o instead of the counting function n,. Recall that the weighted Nevanlinna counting
function of the analytic function ¢: D — D is:

Nea(w)= > (1—[zP)".

p(z)=w
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Note that this definition is slightly different from, although equivalent to, that given in
(4.18), but it is more convenient here.
Since the cusp map x is univalent, we have:

— Iy Y (w)]?)> or w
Nyalw) = { ((1) S (f:)thervfisii.(]]))7 (5.13)

The Schwarz lemma gives Ny, o(w) < (1 — |w|?)®, but the following lemma gives the
better estimate:

Ny o(w) < e 0a/O=lwh = for € (D) (5.14)
Lemma 5.5. We have:
1= (=) > 1 forall €D
—xX2)| & 77— Jorallz ,
log[1/[1 — z]

so that, for some positive constant cq:

Co
1 — [w|

L= M) < =X w) Sexp (= ) for allw € x(D).

Proof of the lemma. It suffices to look at the neighborhood of 1, since outside the two
functions are continuous and do not vanish. Setting u = 1 — z, an easy computation
with Taylor expansions gives that z:il = —1+4iu+o(u), as u — 0, so (Z_i )1 -

(%4 1z—1

i[l —du/2+o0(u)] =i+ u/2+o0(u), and (recall (5.3) and (5.4)):

Xo(l—u):%—i—o(u) as u— 0;

1 1
and |1 — x(2)] = |x3(2)| = e .
=X = Rl op6 ] < TogT =)
Finally, since the cusp is contained in an angular sector, there exists some ¢ > 0 such
that 1 — |x(2)] > 0|1 — x(2)| for every z € D. The result follows. O

Thus we obtain the following estimate.

Lemma 5.6. We have:

X" 1Bys S e VIR

Proof. We have, since x(0) = 0:

X132 = / ™ (2) X (2) 2 dAa (2)
D
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_ / 12 w]?" 2N, o (w) dA(w)

x(D)

< / n2|w|2n72 efcoa/(17|w\) dA(w)

x(D)

< n2(1—h)>2 4 n? / e~/ (=1wl) g A(w)

~

Choosing h = \/coa/2n gives:

X"

For f(z) =, ,cnz", we define:

(Snf)(z

x(D)N{w|=1-h}

< n2 —2nh +n efcoa/h )

<n?eVIoon g

S

As a consequence of Lemma 5.6, we have the following majorization.

Lemma 5.7. We have:

ICx

T V200N (5.15)

Proof. It suffices to use the Hilbert-Schmidt norm and Lemma 5.6:

ICx = CxSn bz < 10k = CxSlliis = D

1" 1%
nlfa

n>N

§ n1+a —v2coan N2+a 7\/2c0aN 0

n>N

Lemma 5.8. Let J be the canonical injection J: H* — L*(u) with dp = Ny, o dA. Then:

an(CySn) S N5 a,(J). (5.16)

Proof. Let f € (D2)* and write f(z) =

N
ICSw iz = [
p J=!

where Ay : (D2)* — H? is defined by:

Py cjz?, we have:

2
A&@&wdA@0=i/KANwaﬂ2mde
D
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(AN f)(w chw] L

We hence have ||CySnfllp2 = |[JANflr2¢u for all f € (DZ)*. It follows that there
exists a contraction T : L?(uu) — (D2)* such that:

Cy Sy =TnJAN .

Now:

N N
AN FlF2 =D 51" e P < NYFOY 7707 e P < NV £l 5
: =
hence, by the ideal property of approximation numbers:

an(CySn) & an ((CSn)ip2)-) < Tl 1AN] an(T) S N3 an (). O

Proposition 5.9. Let o > 0 and J be the canonical injection J: H? — L*(pu) with du =
Ny o dA. Then, for some absolute positive constant c:

an(J) < exp (—c min(a, 1) lo?n) . (5.17)

Proof. We use a modification of the Blaschke product of [25, page 168], as follows. Let
r = [log, n] be the greatest integer < log, n, where log, is the binary logarithm, and By
be the Blaschke product with simple zeros at the points:

z=1-277, 1<j<r,
and we consider the Blaschke product B = B{.

Let E = BH?, which is a subspace of H? of codimension n [log, n].
We have, by the Carleson embedding theorem for H? (see [23, Lemma 2.4]):

1
sl s 5 [ IBENada, (515)
0<h<1
£eT S(€,h)NQ
where S(§,h) ={z€D; |z —¢&| < h} and:

Q= (D). (5.19)

Note that A[S(¢,h) N Q) < k3 since the area of (D) N {|w| > 1 — h} is ~ h3; in fact
this set is delimited at the cuspidal point 1 by two circular arcs.



P. Lefévre et al. / Journal of Functional Analysis 280 (2021) 108834 39

Now we majorize the right-hand side of (5.18). For that, we first note that, since 2
is contained in an angular sector, there is an absolute positive constant Jg such that
1 —|w| > dp|1 —w| for all w € Q. Hence if w € S(§, h) N, we have:

ol —w| <1—|w <|§—w|<h,

and w € S(1,h/dp). Hence S(&,h) N C S(1,h/dp) NS
Moreover, we may assume that h = §,2~! and we separate two cases.
o[>
We simply majorize |B| by 1. Lemma 5.5 and (5.14) lead to:

1 1
m / |B*Ny.0 dA S o exp(—aco/h) dA
S(€,h)NQ S(€,h)NQ
1
S 5 e/ AIS(E h) N Q) & ke
S efa (60/60)2l S efa (Co/éo)QT S e*l)é (Co/250)n .
ol <.
We write:

/ |B|?N, .o dA < / |BI*N, .o dA
S(&,h)NQ2 S(1,h/80)NQ

= / |BI*N, .o dA

S(1,2=7)NQ
+ / |BI*’Ny,o dA.
{weQ; 2 <Jw—1|<27}

By the previous case, the first integral in the right-hand side, divided by h, is <
e~ (co/200)n

Now, if 27" < |w—1| < 27/, there is some j € {I+1,...,r} such that 277 < |w—1| <
2731 Then:

lw—zj| <|w—1]+ 1 —z| <279t 4279 =3, 277,

hence, since 277 < (1/8p) (1 — |w|) and 1 — |z;| = 1 — z; = 277, we have, with M =
max(3,1/d):

|lw—z;| <M min(1 — |w|, 1 — |2]).

Therefore [23, Lemma 2.3] shows that the modulus of the j-th factor of By(w) is less
or equal than k = M/vVM?+1 < 1. It follows that |B(w)| = |Bo(w)|™ < k™. Using
Ny o(w) <1 we obtain:
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1 1
L BN, (1) dA S - A[S(6, 1) 1 Q27 S 20 = e
{weQ; 2-r<|w—1|<2~ 1}

for some absolute constant ¢ > 0.
We get:
l |B|2NX7Q dA 5 e~ @ (co/260)n + e—con S e min(a,1)n , (520)
S(&,R)NQ

where ¢; > 0 does not depend on a.
In either case, we obtain,

||J|E|| S e—c2 min(a,l)n.

That means that the Gelfand number ¢, [10g, n] (J)is Se min(e.1)n - Gince the Gelfand
numbers are the same as the approximation numbers on Hilbert spaces, we get:

Gy, [log, n] (J) g e ¢ min(a,1) n’

or, making a change of variables in the indices:

an(J) < exp (—03 min(a, 1) logn) )

as claimed. O

End of the proof of the upper bound. For every operator R: D2 — D2 with rank < n,
we have:

ICx = Bl < [|Cx = CxSN || + [CxSn — Rl|;
so:
an(Cy) < |Cx = CySN || + an(CxS) -

Using Lemma 5.7, Lemma 5.8 and Proposition 5.9, we obtain:

an(c )S N ef\/2coaN +NQT“6763 min(a,1) n/logn
< N (ef\/QCoaN e G min(a,1) n/logn) )

a) Suppose first that o < 1. Then:

an(cx) N3+420‘ (e—\/m + e—C3an/logn) .

A
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Choosing N as the integral part of a(c3/2co) (n/logn)?, we get:

3+2a

an(cx) < “ e~ csan/logn < " e—csan/logn < e—cson/ logn,
logn logn

for another absolute constant ¢4 < cs.
b) For a > 1, we have:

an(CX) S N3+42a (e_\/2coo¢N + e 3 n/ log'rL) )

Choosing for N the integral part of (1/a)(c3/2co)(n/logn)?, we get:
3420

< n 2 —c3n/logn
an(Cy) S Tog e .

However, the term (n/logn) #2* tends to infinity when o tends to infinity (even if the
implicit constants in the inequalities depend on «). In order to have a better estimate,
we need a different strategy.

We recall that D2 = H?. We now use Theorem 3.12, which is licit as indicated in the
remarks following the statement of this theorem. Using the previously treated case, we
obtain that:

2 5 2 n
a5 (C) < \Jall* (C) e (Cy) S exp (—e )

logn

Hence, rescaling on one hand and using the monotony of the sequence of the approxi-
mation numbers on the other hand, we get:

D2 n
na O < (_l )a
an*(Cy) Sexp | —c¢ og 7t

where the underlying constants do not depend on «.
That ends the proof of Theorem 5.3. O
Remark 1. Actually, for a > 0, the formula (5.12) gives that:

2 2c¢o

al> (C) 2 exp (- {% ene + ns(l - %) + ?D : (5.21)

Taking e = 1/4/n, we get, for 0 < o < 2, with ¢; = 1+ 2¢p, this “bad” estimate:

a55<cx>zexp(— [§f+ﬁD
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Nevertheless, Theorem 3.12, 3) a), gives:

2 2 2
a2 () 2 (a57(0) 2 exp (— [af 2, m]) .

Note that, even though we did not explicitly state them, the implicit constants in these
inequalities are ~ 27%/2; so, letting a tend to 0, we obtain, with ¢ = 23 cy:

2
G‘EO (CX) Z e_Cﬁa

explaining the jump between the cases a > 0 and o = 0.

Remark 2. When o — 0%, the behavior both of the upper and the lower estimates
remains quite far from the one in the case a = 0. It would be interesting to get better
control on both sides relative to a to understand the breaking point between the case
a > 0 and the case a = 0. Very likely, it would require a different viewpoint and different
methods of estimating approximation numbers.

5.8. Lens maps for weighted Dirichlet spaces

In this section, we consider lens maps (see [36, page 27]). Let us recall that for 0 <
0 < 1, the lens map Ay of parameter 0 is the map from DD into D defined by:

Ao() = & z)g —(-2) (5.22)

It is a conformal map obtained by sending D onto the right half-plane, then taking
the power 6, and going back to D.

Since Ag is univalent, it follows from [43, Theorem 1] that the associated composition
operator Cl, is bounded on D2 for all a > 0.

Theorem 5.10. Let 0 < 6 < 1 and Ay be the lens map of parameter 6. Then the compo-
sition operator Cy, is not compact on D? = DE; but for all a > 0, C,, is compact on
D2, and moreover there are positive constants b > b’ > 0, depending only on 6 and «,
such that, for alln > 1:

eV < g, (Cy,) S eV (5.23)
In particular, for a >0, Cy, is in all the Schatten classes S,(D2) for p > 0.

The proof shows that we can take b = \/a by, where by is a positive constant depending

only on # and that the constant b’ can be taken equal to ¢ 5 2(1-6)

3/2 oy
Tt (i=a)d ¢ for some positive

absolute constant c.
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Proof. Since )y is univalent, its weighted Nevanlinna counting function is:
Nyg.a(w) = (1 — |2, H(w)])* for w € Q:= X\p(D)

and 0 elsewhere. By [43, Theorem 1], C), is compact on D2 if and only if:

1 N)\ea(’w)

— — 2T L dA —0.

fek 12 / 0 wpy 405
W (&,h)

Since, for w € Q:
1= 25! (w)] &~ (1= [w])?, (5.24)
we have:

NA@ a(w) o4 1-6

o0l g A(w) & 2T
/ (1— [w]?)e

W(&,h)

so C), is compact on D2 for a > 0, but is not compact on Dg.

For the estimates on approximation numbers, the proof follows the line of that of
Theorem 5.3; hence we only sketch it.

Lower estimate.
For 0 < a <1, we can use Theorem 3.12, 3) a) and [23, Theorem 2.1]:

—evn 2\12 D2
VS fazn (CF)]” S an(Ch)
since H? = D} is dominated by D2.
However, for all « > 0, the proof given for the cusp map can be used also for the lens
maps. The only difference is that, if Ag(u;) = v, we have 1 —u; = (1—v;)/?, via (5.24),
and:

Ny(2) = (1—2)071 for z € D with Rez > 0.
Hence we get:

(| K, | > 1 (1—v;)s0+%) s(5-1)

|>‘/(u) =~ 1 a :(l—’U‘)f
R TR T (=0, g

Choosing v; = 1 —e™7¢, we get:

2 1 C
Homon zeo (=[5 -1)neC])
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Taking ¢ = % 1346 ﬁ gives now the result.

Upper estimate.
1) We have:

Lemma 5.11. For the lens map Ay of parameter 0, 0 < 6 < 1, we have, for a > 0:
Mg llpz S nme/?. (5.25)
Proof. Let Q@ = {z € D; Rez > 0}. For z € (2, we easily see that:
Mo(2)] < exp(—c[l —z|") and  [Np(2)] S 127" (5.26)

We get, using (1 — |z])® < |1 — 2z|® and the symmetry of Ag:

PHEPE (a+1)/nzlx\e(Z)l%*Ql/\é(Z)IQ(l = |21%)*
Q

< n2/exp (—2c¢(n—1)1— z|9) 11— 2?7211 — 2|*dA(2).
Q

0

)

Using polar coordinates centered at 1 and then making the change of variable x = cnr
sor =c Yon=1021/9 we obtain:

“+ o0
H)\ZH%O% < n? / exp(—cnr?) r2 =2 1% ¢ dy
0
“+o0
~ n? / eI e gt i Yy /. o

0

2) We have:

[Cxy = CrySnlD2 S

~ 1—06

(5.27)

In fact, using the Hilbert-Schmidt norm on D2:

1 1
ne/0 pl-—o

ICxs — CrySn |12

IN

ICx, = CoySn s S

n>N

1 1
=D o Sy

5 O
n>N T N™o
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3) We have, exactly as for the cusp map:

at1

an(CrySN) SN 7 an(J), (5.28)

where J: H? — L?(p) is the canonical injection.
4) We have:

an(J) S e evavn, (5.29)

In fact, we take the Blaschke product By as for the cusp map, except that here we take
its length r as the largest integer < y/n. We then take B = B([)a‘/ﬁ]. With the notation
used for the cusp map, when I < r and 27" < |w — 1| < 27!, we have |B(w)| < x*V7";
and when [ > r, we use (5.24).

5) Finally, we have:

1 a .
an(Cry) S ——— —l—N% e_“/ﬁ,

~ 1—-6
[

and the choice for N of the integer part of e° sari=ay VOV gives:

2(1 - 6)

< S S
an(C’,\e)Nexp< CQa—i—(l—a)H

a?/? \/ﬁ> - O
Remark. Since a,,(Cy,) > e~**V™ for a > 0, Theorem 3.12, 3) a), gives:

D2 D2 2.
an’ (Cn) 2 (ag (Cn,)) " 2 72000V,

~

2
letting o tend to 0, we get an’ (Cy,) = 1 and we recover that C, is not compact on DZ.
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