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Abstract. We study the uncertainty principle associated with the Klein—Gordon equation. As in
the previous work [Ann. of Math. 173 (2011)], we consider vanishing along a lattice-cross. The
following variants appear naturally: (1) vanishing only along “half” of the lattice-cross, where the
“half” is defined as being on the boundary of a quarter-plane, and (2) that the function vanishes
on the whole lattice-cross, but we require the function to have Fourier transform supported by one
of the two branches of the hyperbola. In case (1) the critical phenomenon is whether the given
condition forces the function to vanish on the quarter-plane in question. Here it turns out to be
crucial whether the quarter-plane is space-like or time-like, and in short the answer is yes for space-
like and no for time-like. The analysis brings us quite far, involving the orbit of the Hilbert kernel
under the iterates of the transfer operator, and uses methods from the theory of totally positive
matrices as well as Hurwitz zeta functions, and is partially postponed to a separate publication. In
case (2), the critical phenomenon occurs at another density, and the dynamics then comes from the
standard Gauss transformation ¢ — 1/¢ mod Z on the interval [0, 1]. In the intermediate range of
the density of the lattice-cross, we obtain unique extendability of the Fourier transform from one
branch of the hyperbola to the other.
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1. Introduction

1.1. Heisenberg uniqueness pairs

Let u be a finite complex-valued Borel measure in the plane R?, and associate with it the
Fourier transform

e i= [ duco),
R2
where x = (x1, x2) and & = (&1, &), with inner product

(x, &) = x161 + x287.
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The Fourier transform £ is a continuous and bounded function on R?. In [15], the concept
of a Heisenberg uniqueness pair (HUP) was introduced. It is similar to the notion of
weakly mutually annihilating pairs of Borel measurable sets having positive area measure,
which appears, e.g., in the book by Havin and Joricke [14]. For I' ¢ R? which is a finite
disjoint union of smooth curves in R?, let M(I") denote the Banach space of complex-
valued finite Borel measures in R2, supported on I". Moreover, let AC(I") denote the
closed subspace of M(I") consisting of the measures that are absolutely continuous with
respect to arc length measure on I'.

Definition 1.1.1. Let ' be a finite disjoint union of smooth curves in R?. For a set
A C R?, we say that (I', A) is a Heisenberg uniqueness pair provided that

Vi e AC(T): fila=0 = p=0.

Heisenberg uniqueness pairs in which I' is a straight line or the union of two parallel
lines were described in [15]. Later, Blasi [3] solved particular cases of the union of three
parallel lines. The ellipse case was considered independently by Lev and Sjolin in [20]
and [26]; Sjolin [27] also considered the parabola. More recently, Jaming and Kellay
[18] developed new tools to study Heisenberg uniqueness pairs for a variety of curves I,
while Giri and Srivastava [11] studied four parallel lines among other things. As for higher
dimensional analogues, Grochenig and Jaming [13] connected the topic with the Cramér—
Wold theorem on quadratic surfaces, while Srivastava [28] studied pairs composed of
spheres and cones.

1.2. The Zariski closure

We turn to the notion of Zariski closure. Note that the Zariski topology (or hull-kernel
topology) is a standard concept in algebraic geometry, in the setting of spaces of polyno-
mials. We let AC(I", A) be the subspace of AC(I") consisting of those measures ;& whose
Fourier transform vanishes on A.

Definition 1.2.1. Let I' be a finite disjoint union of smooth curves in R?, and let A C R?.
With respect to AC(I"), the Zariski closure of A is the set

zelosp(A) == {£ e R?: [Vu € AC(T, A) : 4(€) = 0]}.

Less formally, the Zariski closure (or hull) is the set where the Fourier transform of a
measure i € AC(I") must vanish given that it already vanishes on A. Now, as the Fourier
image of AC(I") does not form an algebra with respect to pointwise multiplication of
functions, we cannot expect the Zariski closure to correspond to a topology. This means
in particular that the union of two Zariski closures need not be a closure itself. It is easy
to see that the closure operation is idempotent, however: chos% = zclosr. In terms of
Zariski closure, we may express the uniqueness pair property conveniently: (I', A) is a
Heisenberg uniqueness pair if and only if

zclosp (A) = R2.
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1.3. The Klein—Gordon equation
In natural units, the Klein—Gordon equation in one spatial dimension reads
8,2u — Eﬁu + M*u =0.
In terms of the (preferred) coordinates
&1:=t+x, &:=t-—x,

the Klein—Gordon equation becomes

MZ
B Oy + -1 = 0. (13.1)

Remark 1.3.1. Since 1> — x2 = £&, the time-like vectors (those vectors (f,x) € R?
with 12 — x2 > 0) correspond to the union of the first quadrant £;, & > 0 and the third
quadrant &1, & < 0 in the (&, &)-plane. Likewise, the space-like vectors correspond to
the union of the second quadrant £&; > 0, & < 0 and the fourth quadrant £} < 0, & > 0.

1.4. Fourier-analytic treatment of the Klein—Gordon equation

We will not need to talk about the time and space coordinates (¢, x) as such. So, e.g., we
are free to use the notation x = (xy, x3) for the Fourier dual coordinate to & = (&1, &;).

Let M(R?) denote the Banach space of all finite complex-valued Borel measures
in RZ. We suppose that u is the Fourier transform of a u € M(R?):

u(€) = 1(§) :=/ e du(x), £ eRL (L4.1)
R2
The assumption that u solves the Klein—Gordon equation (1.3.1) would require that
M2
<x1x2 — m) du(x) =0
as a measure on R?, which we see is the same as a requirement on the support set of /i
M2
suppu C I'yy == {x eR?: xixp = —} (14.2)

472

The set "y is a hyperbola. We may use the x1-axis to supply a global coordinate for 'y,
and define a complex-valued finite Borel measure 7 {4 on R by setting

T u(E) = / dru(xy) == u(E x R) = / du(x). (1.4.3)
E E xR

We shall at times refer to x| as the compression of p to the x1-axis. It is easy to see that
u may be recovered from x| u; indeed,

w(E) = p(E) = /R eTEHME/TD 4o ), £ e R, (1.4.4)

Here, we use the standard notational convention R* := R \ {0}. We note that u is abso-
lutely continuous with respect to arc length measure on I'y; if and only if | u is abso-
lutely continuous with respect to Lebesgue length measure on R*.
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1.5. The lattice-cross as a uniqueness set for solutions to the Klein—Gordon equation

For positive reals o, 8, let A, g denote the lattice-cross
Ao, g = (aZ x {0}) U ({0} x BZ), (1.5.1)

so that the spacing along the &;-axis is «, and along the &;-axis it is . In [15], we found
the following.

Theorem 1.5.1 (Hedenmalm, Montes). Fix positive reals M, a, B. Then (I'yy, Ay g) is
a Heisenberg uniqueness pair if and only if apM?* < 47>

In terms of Zariski closure, the theorem says that
zclosr,, (Ag,g) = R? ifand only if afM? < 4z’

By taking (1.4.4) into account, and by reducing the redundancy of the constants (i.e., we
may without loss of generality consider M = 27 and ¢ = 1 only), Theorem 1.5.1 is
equivalent to the following statement: the linear span of the functions

immt —inpn/t
b e 9

e m,n €z,

is weak-star dense in L*° (R) if and only if B < 1. Here, we supply new and unexpected
insight into the theory of Heisenberg uniqueness pairs, such as a new connection with the
standard Gauss map (motivated by Theorem 1.6.1), and more importantly we uncover, in
the framework of Fourier analysis, profound connections between the Hilbert transform
and the dynamics of transfer operators intimately related to Gauss-type maps leading up
to Theorem 1.8.2.

1.6. Dynamic unique continuation from a branch of the hyperbola

Just looking at Theorem 1.5.1, one is immediately led to ask what happens if we replace
the hyperbola I'y; by one of its two branches, say

MZ
I =Ty NRy xRy) = {x eR?:xixp = 17 and x> 0}. (1.6.1)
TT

First, we will provide a uniqueness theorem for the branch I‘;{ of the hyperbola I'y,,
which turns out to be closely related to the famous Gauss—Kuz’min—-Wirsing operator
and the Gauss map x — 1/x mod Z.

Theorem 1.6.1. Fix positive reals o, 8, M. Then (T'}, Ag,p) is a Heisenberg uniqueness
pairifand only ifapM? < 167%. Moreover, in the critical case apM?* = 1612, the space
AC(FIT,I, Ag,p) is one-dimensional, spanned by the measure (o € AC(FI':',I, Ag,g) whose
X1-compression is given by

1 t 1 f
dm g po(?) :={ 0.2/a1(®)  112/a.+00[( )}

2124 at) ot (24 at)



The Klein—Gordon equation, the Hilbert transform, and dynamics of Gauss-type maps 1707

The proof of Theorem 1.6.1 is presented in Section 6. In the same section, it is also
shown that in the critical parameter reglme af = 1672, the couple ('}, A* ﬂ) is indeed
a Heisenberg uniqueness pair, where A, wp = = Ay gU{E*}, and £* € ({0} x R) U(R x {0})
is any point off the lattice-cross A, g (see Theorem 6.1.1). The analysis of the proof of
Theorem 6.1.1 involves a geometric object known as the Nielsen spiral.

Again, by taking (1.4.4) into account, and by reducing the redundancy of the constants
(i.e., we consider M = 27 and o = 1 only), it is easy to see that Theorem 1.6.1 entails
the following assertion: the restriction to R, of the linear span of the functions €™,
e Bt n e 7, is weak-star dense in L®(Ry) if and only if B < 4. Moreover, if
B = 4 the weak-star closure of this linear span has codimension one in L*(R..).

Theorem 1.6.1 has the following consequence in terms of unique continuation from
the branch F;(,I, or the complementary branch Iy, := 'y \ F;,I, to the entire hyper-
bola I'y,.

Corollary 1.6.2. Fix positive reals o, B, M. Then u € AC(I"y, Ag,g) is uniquely deter-
mined by its restriction to the hyperbola branch Iy, if and only if afM 2 < 1672 The
same holds with "y, replaced by FX',[.

1.7. The Zariski closures of the axes and semi-axes

We first consider the Zariski closure of the two axes R x {0} and {0} x R with respect to
the space AC(I"js) of absolutely continuous measures, with respect to arc length, on the
hyperbola I"yy.

Proposition 1.7.1. Fix a positive real M. If u € AC(T py) is such that i vanishes on one
of the axes, R x {0} or {0} x R, then u = 0 identically. In terms of Zariski closures, this
means that

zclosr,, (R x {0}) = zclosr,, ({0} x R) = R?

The proof of Proposition 1.7.1 is supplied in Section 2.
The next proposition will show the difference between time-like and space-like quar-

ter-planes. First, we need some notation. Let R :={r e R:7 > 0}and R_ :={r e R :
t < 0} be the positive and negative half-lines, respectively. We write Ry := {r € R :
t > 0} and R_ := {t € R : ¢ < 0} for the corresponding closed half-lines.

Proposition 1.7.2. Fix a positive real M. Then the Zariski closures of each of the four
semi-axes Ry x {0}, R_ x {0}, {0} x Ry, and {0} x R_, are as follows:

zclosr,, (R4 x {0}) = zclosr,, ({0} x R_) =R, x R_,
zclosr,, (R_ x {0}) = zclosr,, ({0} x Ry) = R_ x I@+.

The proof of Proposition 1.7.2 is also supplied in Section 2.

Remark 1.7.3. In each of the instances in Proposition 1.7.2, the Zariski closure of a
semi-axis equals the topological closure of the adjacent quadrant of space-like vectors.
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1.8. The Zariski closure of the lattice-cross restricted to a time-like or space-like
quadrant

Let us write

Zs :=1{1,2,3,...}, Z— :=1{-1,-2,-3,...},
Zyo:=1{0,1,2,...}, Z_o:={0,-1,-2,...}.
We consider the following four portions of the lattice-cross A, g given by (1.5.1):
ALS = @2 x (0D U ({0} x BZ4),  ALG = (aZqp0 x (0 U ({0} x Z-),
Ay p = (@Z_o x {OD U ({0} x BZ4), A, g = (@Z-o x{0}) U ({0} x BZ-).

We first calculate the Zariski closure of two of these (the first and the last), corresponding
to the first and third quadrants, which are time-like.

Theorem 1.8.1 (time-like). Fix positive reals a, B, M. Then for each £* € R\ A;H’g

there exists a measure . € AC(T ) such that i = 0 on A;r}f while (L(€*) # 0. More-

over, the same holds with A;"E replaced by Ay g In terms of Zariski closures, this means

zclosr,, (A;jg) = A;;, zclosr, (A 3) = Ay g
The proof of Theorem 1.8.1, which is presented in Section 5, requires a careful handling
of the H'-BMO duality and the explicit calculation of the Fourier transform of the uni-
modular function ¢ — e/’ as a tempered distribution.

We turn to the Zariski closures of the remaining two portions of the lattice-cross.
We first write down the statement in terms of weak-star closure of the linear span of a
sequence of unimodular functions, and then explain what it means for the Zariski closure
in the form of a corollary. This is our second main result.

Let H{°(R) denote the weak-star closed subspace of L°(IR) consisting of those func-
tions whose Poisson extension to the upper half-plane is holomorphic.

Theorem 1.8.2. Fix positive reals a, 8. Then the functions
elmemt e/l =0,1,2,...,

which are elements of H(°(R), span together a weak-star dense subspace of H°(R) if
and only ifaff < 1.

A standard Mobius mapping brings the upper half-plane to the unit disk ID, and identifies
H(R) with H*°(DD), the space of all bounded holomorphic functions on . For this
reason, Theorem 1.8.2 is equivalent to the following assertion.

Corollary 1.8.3. Fix positive reals Ay, Ay. Then the linear span of the inner functions

-+ 1 —1
it > and qﬁz(z)”:exp(n)qZ ), mn=20,1,2,...,
z—1 z4+1

P (" = eXP('nM

is weak-star dense set in H*° (D) if and only if MAy < 72,

We omit the trivial proof of the corollary.
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Remark 1.8.4. Clearly, Corollary 1.8.3 supplies a complete and affirmative answer to
Problems 1 and 2 in [22]. We recall a question from [22]: is the algebra generated by the

two inner functions
and (ﬁ 7) = eXp A
1 2 2 1

P1(2) = exp()q i i_
for some 0 < A1, Ay < 400 weak-star dense in H*°(D) if and only if AjAy < 727 The
“only if” was understood already in [22]. As pointed out in [22], it is a consequence of
Corollary 1.8.3 that for AjAy < 72, the lattice of closed subspaces invariant with respect
to multiplication by the two inner functions ¢1, ¢» coincides with the usual shift invariant
subspaces in the Hardy space H” (D), where 1 < p < +4o00.

Remark 1.8.5. It is impossible to derive the assertion of Theorem 1.8.2 from Theorem
1.5.1: the former is a much finer statement. In Section 11, we explain how the result relies
on a hitherto unknown result, presented in [16], which extends the standard ergodic theory
for certain Gauss-type transformations on the interval /; := ]—1, 1[, where the novelty
is that we may handle distributions where the standard theory has only measures. The
relevant space of distributions is obtained as the restriction to I of L' (R) plus HL'(R),
where H is the Hilbert transform (i.e., convolution with the principal value distribution
pv % on the line). The issue has to do with the uniqueness of the absolutely continuous in-
variant measure in the larger space. Thinking physically, in the larger space, we have two
types of particles, localized and delocalized. The localized particles are represented by J¢,
whereas delocalized particles are represented by Hdg, for some real . The state space al-
lows for scalar multiples of localized and delocalized particles, and linear combinations
of them. Finally, we are looking for such localized and delocalized particles smeared out
in an absolutely continuous way, and call it an invariant state if it is preserved under the
corresponding Gauss-type map. This generalizes the notion of absolutely continuous in-
variant measure which is standard in ergodic theory, and since uniqueness issues for the
invariant measure translate to ergodic properties, we are left with a far-reaching gener-
alization of ergodic theory. We have not been able to find any appropriate references for
similar considerations in the literature.

All the effort in [16] is devoted to the “if” part of Theorem 1.8.2. On the other hand,
the “only if” part is much simpler, as for instance the work in [4] shows that if ¢ > 1,
the weak-star closure of the linear span in question has infinite codimension in H{°(R).

Theorem 1.8.2 can be restated in terms of uniqueness properties of solutions to the Klein—
Gordon equation. Note that in the statement below, the pair (A;r;, R4+ x R_) can be

replaced by (A;‘J‘g, R_ x Ry ) without affecting the validity of the result.

Corollary 1.8.6. Fix positive reals ., B, M with afM?* < 4x>. Suppose that u = [
solves the Klein—-Gordon equation (1.3.1), where [ is a finite complex Borel measure
on R?, which is assumed to be absolutely continuous with respect to one-dimensional
Hausdorff measure. Then the values of u on the space-like quarter-plane R, x R_ are
determined by the values of u on the set A(‘;E which is the portion of the lattice-cross in

the given quarter-plane. This does not hold for afM? > 4x2.



1710 Haakan Hedenmalm, Alfonso Montes-Rodriguez

This formulation is actually a consequence of the Zariski closure result of Corollary 1.8.7
below, so we refer to the explanatory remarks that follow it.

Corollary 1.8.7 (space-like). Fix positive reals a, 8, M. The following assertions are
equivalent:
(i) zclosr, (AY ﬁ) Ry xR_,
(i1) zclosr,, (A;,;;) R_ x R+,
(iii) aBM? < 472
Here, the main part of the equivalence (i)<>(iii) is the implication (iii)=(i’), where
(i") zclosr,, (Ay5) D Ry x R_.
The latter implication can be understood in the following terms. Under the density con-

dition (iii), any measure u € AC(I"jp;) whose Fourier transform { vanishes on A;—E
has the property that i actually vanishes on the entire space-like adjacent quarter-plane
R, x R_. This assertion is seen to be equipotent with Theorem 1.8.2, after a scaling ar-
gument which permits us to assume that M := 2. Finally, to obtain the equality (i) from
the inclusion (i) which results from Theorem 1.8.2, we may use e.g. Proposition 1.7.2.
The remaining equivalence (ii)<>(iii) is, by a symmetry argument, the same as (i)<>(iii).

Remark 1.8.8. Let us now explain how Theorem 1.5.1 is an immediate consequence of
the much deeper result of Corollary 1.8.7. First, an elementary argument (see [15], [4])
shows that zclosr,, (Aq,g) # R? for fM? > 472, so that we just need to obtain the
implication

oe/SM2 <47’ = zclosry, (Ag,g) =

In view of Theorem 1.8.2,
oz,BM2 < 472
= zclosr,, (Ag,p) = zclosr,, (Ay 3 UAL L) D Ry xROU(MR- xRy) DR x {0},

and Theorem 1.5.1 becomes a consequence of Proposition 1.7.1 together with the idem-
potent property chos% = zclosr.

2. The Zariski closures of the axes or semi-axes

2.1. The standard Hardy spaces H f (R)

The Hardy space H_fo (R) consists of all functions f € L (R) whose Poisson extension
to the upper half-plane
Cy:={zeC:Imz > 0}

is holomorphic. Here, the Poisson extension of f is given by the expression

_ms [ S0 e,

|z —tl2
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In a similar fashion, for 1 < p < +o00, we say that f € Hf(]R) if f € LP(R) and its
Poisson extension is holomorphic in C..

2.2. The Zariski closures of the axes and semi-axes

We now supply the proofs of Propositions 1.7.1 and 1.7.2. We should mention here that a
more general version of Proposition 1.7.1 can be found in [18].

Proof of Proposition 1.7.1. By symmetry, it is enough to show that zclosr,, (R x {0})
= R?. More concretely, we need to show that if © € AC(I'y;) and

(1,00 =0, & eR,

then . = 0 as a measure. In view of (1.4.4),

AL 0) = / SE dr (1),
RX

where m | is the compression of w to the real line. The uniqueness theorem for the
Fourier transform gives myu = 0, and hence ¢ = 0, since p and its compression 7 |
are in a one-to-one correspondence. m]

Proof of Proposition 1.7.2. By symmetry, it is enough to show that
zclosr,, (R4 x {0}) = Ry x R_.

To this end, we consider a measure . € AC(I"ys) with (use (1.4.4))
i 0 = [ @ ariun =0, & ek,
R

This condition is equivalent to asking that dmu(t) = f(¢)dt¢, where f € H }r(R). It
follows from standard arguments that

/g(t)dnm(t)=/ fHgt)dt =0
R R

forall g € Hﬁo (R). We observe that for £ > 0 and & < 0, the function

(1) 1= e+ M6/ (0]

is in H°(R), and so

A H 2 2 - —
AL &) = / TEME/ T g (1) = 0, (1, &) € Ry x B
RX

In conclusion, this argument proves the inclusion

zclosr,, R4+ x {0}) D R+ x R_.
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To obtain equality, we need to show that if (1, &) € R2 \ (RJr X R,), then there exists a
w € AC(T'y) with dmu(r) = f(¢)dr, where f € H_L(R), such that (i(£1, &) # 0. But
as the bounded function

g(r) = elmer+Mie/@n?nl - o R

is not an element of H°(R), the standard Hardy space duality theory gives that

supH/Rf(t)g(t)dt i f e ball(Hi(R))} =inf{llg — hlzo®) : h € H°(R)} > 0.

In particular, there must exist an f € H_L (R) with

AL E) = fR F(Dg(t)dt #0. :

3. Basic properties of the dynamics of Gauss-type maps on intervals

3.1. Notation for intervals

Fora positive real y,let I, := ]—y, y[ denote the corresponding symmetric open interval,
and let I + := 10, y[ be the positive side of the interval I,,. At times, we will need the
half—open intervals I = ]—y,y] and f;‘ := [0, y[, as well as the closed intervals
I, :=[—y.y]and I+ [0, 1.

3.2. Dual action notation

For a Lebesgue measurable subset E of the real line R, we write
(f, 8)E == /E f)g@)de

whenever fg € L (E). This will be of interest mainly when E is an open interval, and in
this case, we use the same notation to describe the dual action of a distribution on a test
function.

3.3. Gauss-type maps on intervals

For background material in ergodic theory, we refer to the book [5].

For x € R, let {x}; denote the fractional part of x, that is, the unique number in
I" | = [0, 1[ with x — {x}; € Z. Likewise, we let {x}, denote the even-fractional part
of x, by which we mean the unique number in I 1 =11, 1] with x — {x}, € 27Z. We will
be interested in the Gauss-type maps oy, : I — I [.” and T8 : I, — I, given by

oy(x) :=={y/x}1 and 14(x) :={—-B/x}>.

Here, B, y are reals with 0 < B,y < 1. Then o7 is the classical Gauss map of the unit
interval 11+ .
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3.4. Transfer, subtransfer, and compressed Koopman operators

Fix two reals 8,y with 0 < B,y < 1. Let K, : L°°(Il+) — LOO(II"’) and Lg :
L®°(I}) — L°°(Iy) and consider the compressed Koopman operators (or sub-Koopman
operators)

K, f(x):= 1,y+(x)f ooy(x), Lgf(x):= 11ﬁ(x)f o 78(x). 341

Here, as always, 1g stands for the characteristic function of the set E, which equals 1
on E and vanishes elsewhere. The subtransfer operators S, : Ll(IJ;Ir ) — LI(I);" ) and

Tp : L'(11) — L'(1)) are defined by

S R % T _ B B
Vf(x)'_z(jﬂﬂf j+x) ﬂf(x)'_z(zjﬂ)zf 2j+x)

Jj=1 jezx
(3.4.2)
Here, we use the notation Z* := Z \ {0}. A standard argument shows that
(Syf &)+ = (f.Kyg)r. [ L), g L), (343)
(Tgf &), = (f. Lgg)n,  feL ), g € L¥();

in other words, S, is the preadjoint of K,, and Tg is the preadjoint of Lg.

The cone of positive functions consists of all integrable functions f with f > 0 a.e.
on the respective interval. Similarly, we say that f is positive if f > 0 a.e. on the given
interval.

Proposition 3.4.1. Fix 0 < 8,y < 1. The operators Tg : LY —» LY() and S, :
Ll(l;' ) — Ll(l;' ) are both norm contractions which preserve the respective cones of
positive functions. For § =y = 1, T| and S| act isometrically on the positive functions.
The associated adjoints Lg : L°°(I1) — L) and K, : L°°(I]+) — L°°(11+) are
norm contractions as well.

This is well-known for y = 8 = 1 and very easy to obtain for 0 < g8, y < 1.

3.5. An elementary observation and an estimate of the Tg-orbit of certain functions
We begin with the following elementary observation.

Observation. The subtransfer operators Tg, Sy, initially defined on L! functions, make
sense for wider classes of functions. Indeed, if f > 0, then the formulae (3.4.2) make
sense pointwise, with values in the extended nonnegative reals [0, +00]. More generally,
if f is complex-valued, we may use the triangle inequality to dominate the convergence
of Tg f by that of Tg| f|. This entails that Tg f is well-defined a.e. if Tg| f| < +o0 a.e.
The same holds for S, of course.

In view of the above observation, it is meaningful to try to control Tg f for f > 0. The
following basic size estimate is useful.
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Proposition 3.5.1. Fix0 < 8 < L. If f : I} — R is even and its restriction to Ifr is
increasing, and if f > 0, then

B i
FCOf O = Tpf (@) = 5~ |x|)2f<2 - M) <paif(ip), xe,

where Co = = — 3 =0.3949...and C; := % — 1 = 0.6449 . ...
Proof. For convenience of notation, we write

B
2j+x’

5 (0) = (3.5.1)

which is an increasing function on /] for j € Z* = 7Z \ {0}. We first consider the right
half of the interval, i.e., x € 11+ =10, 1[. As f is even, we see that

Flsi(0) = f<—2j’ix> _ f(zji),

and since f is increasing on / 1+ , we find that for integers j > 1,

£O) = f<2ji 1) < fl500) = f(zj’ix) < f(%) < f(4B), xelt,

while for j < —2 we have a similar estimate:

B _ (B B
£(0) < f(m) < flsj() = f(zm _x) < f(zm — 1)

< f(38) < f(38), xel.

Since

p B y_1L O e
Tpf(x) — (2—x)2f<2—x> = ﬁjez%_l}[s](x)] fsi(x)),

the claimed estimate follows from

2 2
T 5 1 T 5
——=x— > [@Ps—-3 «xel
2 J 1
6 4 ﬁ JjeZ\{0,—1} 6 4

The remaining case when x € I;” := ]—1, O[ is analogous. ]

3.6. Symmetry preservation of the subtransfer operator Tg

The fact that the action of Tg commutes with reflection in the origin will be needed. The

precise formulation reads as follows. Let I be the antipodal operator I fx) = f(—x),
which is its own inverse: I* = L.
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Proposition 3.6.1. Fix 0 < B < 1. Suppose f : I — R is a function satisfying
Tl f|(x) < +oo for some x € Ii. Then

Tp f(x) = ITaIf (x).

Proof. We keep the notation s;(x) = —B/(2j + x) from the proof of Proposition 3.5.1,
and note that

s—j(=x) = —s;(x),

which gives
. v 1 1
ITIf () = — D [s—j(—0)Pf(=s_j(—x) = = > [5;(0)Pf(sj(x)) = T f(x).

jezx p jezx

The assumption Tg| f|(x) < +o00 guarantees the absolute convergence of the above se-
ries. O

3.7. Symmetry, monotonicity, convexity, and the operator Tg

‘We may now derive the property that Tg preserves the class of functions that are odd and
increasing.

Proposition 3.7.1. Fix0 < 8 < 1. If f : I — R is odd and [strictly] increasing, then
soisTgf : 11 — R

Proof. 1f f is odd and increasing, then | f| is even and its restriction to / 1+ is increasing.
From Proposition 3.5.1, we get Tg| f|(x) < +oc for every x € Iy, so that by Proposition
3.6.1, Tg f(x) = —Tp f(—x), which means that Tg f is odd. Since

1 1
To /) == Y I OFP S50 =2 D 2F O], (s

jerx ’B JEL>

where 5;(x) = —f/(2j +x) is known to be increasing on I for each j € Z*, itis enough
to check that ¢ f (¢) is increasing in t € I1, which in turn is an immediate consequence of
the assumption that f is odd and increasing. The “strict” case is analogous. O

We can now derive the property that Tg preserves the class of functions that are positive,
even, and convex.

Proposition 3.7.2. Fix0 < B < 1.If f : I1 = R is even and convex, and if f > 0, then
sois Tgf.

Proof. From Proposition 3.5.1 we see that 0 < Tg f(x) < +oo for each x € I1. We keep
the notation s;(x) = —B/(2j + x). Since f is even, we know from Proposition 3.6.1 that
Tg f is even as well. A direct calculation, based on s]/. x)=p8""! [s; (x)]%, shows that

d 1 ,
ol (01 f(sj(x0)) = E(2t3f(t) +t ()]

t:=s;(x)
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where both sides are understood not in the pointwise sense but in the sense of distribution
theory. Convexity means that the derivative is increasing, so we need to check that the
left-hand side is increasing as a function of x. Now, since the function x — s;(x) is
increasing on I; for each j € Z*, the above calculation shows that it is enough to check
that the function ¢ +— 2¢3 £ (¢) + t* f/(¢) is increasing on I1. By assumption, f’(¢) is odd
and increasing, and hence * f'(r) is odd and increasing too. Moreover, as f () is even
and convex, f is increasing on I1. Thus # +— 3 f(¢) is odd and increasing on I;. The
statement now follows from the fact that a sum of convex functions is convex as well. O

3.8. Preservation of continuous functions under Tg

Fory with0 <y < 400, let C(I_y) denote the space of continuous functions on the com-
pact symmetric interval I, = [—y, y]. The following is a rather immediate observation
(the proof is omitted).

Proposition 3.8.1. Fix0 < B < 1. If f € C(Ig), then Tg f € C(Iy).

Proposition 3.8.2. Fix0 < 8 < 1. If f € C(Ip) is odd, then T f (1) = Bf (B).

Proof. By (3.4.2) and the assumption that f is odd, cancellation of all terms except for

the one corresponding to index j = —1 gives
o (5)
Tgf(l) = - = . O
s f(1) ]ZZ gy ) = H®

3.9. Subinvariance of certain key functions

It is well-known that the Gauss map o1(x) = {1/x}; has the absolutely continuous in-

variant measure d
t

(1+1)log2’

normalized to be a probability measure. This suggests that we should analyze the behavior
of the subtransfer operator S, on the function

telf,

A - IT
1(x).—l+x, xel.

Proposition 3.9.1. Fix0 <y < 1. Withii(x) =1/(1+x)on I, forn=1,2,3,... we
have

27/ n N
S;i)\](x) < (m) )\.](X), X € Il .

Proof. We first establish the assertion for n = 1. It is elementary to show that for j =
1,2,...,
14 - 2y 1
G+ +x+y) ~ 1+y G+O0G+x+ 1’

x611+,
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and since

14 14
S)\, X) = = s
P j;<j+x>21+,1x ;<j+x><j+x+y)

the assertion for n = 1 now follows from the telescoping sum identity

+00
1 1 1 1
Z — = s xEIl‘F.
G+0G+Hx+1) J+x  jH+x+1 I+x

Finally, the assertion for n > 1 follows by repeated application of the n = 1 case, using
the fact that S, is positive, i.e., preserves the positive cone. O

Next, we consider the Tg-iterates of the function (for 0 < o < 1)

Ko (x) := 3 5, XE€ 1. 3.9.1)
o —x
This function is not in L! (11), although it is in L1’°°(I 1), the weak Ll-space; however,
by the observation made in Subsection 3.5, we may still calculate the expression Tgx
pointwise wherever Tglky|(x) < +o00. Note that «1(x) dx is the invariant measure for
the transformation 71(x) = {—1/x}2, which in terms of the transfer operator T; means
that Tix; = . It is of fundamental importance in most of our considerations that this
invariant measure has infinite mass, i.e., k1 & L! (I1). The reason is that t; has indifferent
fixed points. The Gauss map o1, on the other hand, has only repelling fixed points, and
an invariant measure A1 (x) dx with finite mass. This is the main reason why the transfer
operators S; and T behave differently. We should add that control of the orbits is much
more difficult and not so well understood in the case of indifferent fixed points, in contrast
with the case of repelling fixed points where the theory is well developed.

Lemma 3.9.2. Fix0 < B < 1. For the function kg(x) = B/(B* — x?), we have

1
Tpicp () = Tplicpl () =k1(¥) = 7—3.  aexch,
Forki(x) = (1 — x5~ we have
0 <Tpxi1(x) < Bri(x) = xel.

1 —x2’

Proof. In view of (3.4.2), we have

B o
Tgia = X
i (X) ./eZZX x+2)2a? — [5;(0)P

_ B o _
_Z(x+2j)2a2_ 82 Z 2(x+2])2 B2’ (3.9.2)

jez e
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where the series converges absolutely unless a term is undefined (as the result of division
by 0). Since s;(x) € Ig for x € I, we see that each term is positive for @« = §, and hence

1 1 ! !
T -T = E — s == -
B (X) glicgl(x) = (x+2/)2—1 2}_622;{)6—1-2]'—1 x+2j+1}

_ 1
= x

by telescoping sums, as claimed. Next, since for0 < 8 < 1 and j € Z*,

B B
0= (x +2j)2 — p2 = (x+2/)2-1’

x el

it follows that, by the same calculation,

B B
x+2)2—1" 1—x%

0<Tpri(x) < Y

jezx

x ely. O

Remark 3.9.3. In particular, for § = 1, we have equality: Tk = 1.
‘We also obtain a uniform estimate of T:Z,/q forO<B<landn=1,2,....

Proposition 3.94. Fix0 <8 < 1. Forn=1,2, ..., we have

n
T < ,
ﬁKl(x) =1-8

x e ly.

Proof. We first establish the estimate for n = 1. As the function «1(x) = (1 — x%)~!is
positive, even, and convex, Proposition 3.5.1 tells us that

2
Tpia(x) < pCuk1 (38) + 5 _18|x|)2"1(2 _ﬁm) < pCixi(3) + Bri(p) < ﬁ.

(3.9.3)
Here, we have used the fact that «1 is increasing on Il+ = 10, 1[, and that C« (%) =
4 2
;FE-)=1L
Next, by iteration of Lemma 3.9.2, since Tg is positive, we obtain T'é_llq < ,6"’1/(1,

so that a single application of the estimate (3.9.3) gives

n

1-8°

T (x) = TﬁTg—Hq (x) < B" " Tpuy (x) < x € 1. O
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3.10. The associated transfer operators

For 0 < B8 < 1 and a function f € Ll(Il), extended to vanish on R \ 77, we let 773f
denote the function defined by

B p
Z . f<_x+2]>s xell,

Tof () = 1 jez ¢ +2))°
0, x € R\ I,

(3.10.1)

whenever the sum converges absolutely. Analogously, for 0 < y < 1 and a function
felL'd 1+ ), extended to vanishon R \ 77", we let S y f denote the function defined by

+o00
> y.2f< y.), xelf,

Sy f(x) =1 0+ ) x4+ (3.10.2)
0, xeR\IT,

whenever the sum converges absolutely. If we compare the definition of T f with that of
Tg f, and the definition of S, f with that of S,, f, we note that the index j = 01is included
in the summation this time. The operators T and S, are transfer operators.

Proposition 3.10.1. Fix 0 < B < 1. The operator Tg is norm contractive L1 —
L'(IY). Indeed,

1 1
/] ITp f(x)] dx 5/1 |fOoldx,  fe L',

with equality if f > 0.

Proof. By definition, the function 7 f vanishes off /. Next, by the triangle inequality
and the change-of-variables formula, we have

f ( x+ 2])
—B/Q2j+1)

1
- [ oy [ = [ 1@
I1\1p B/2j-1) -1

JEZX

B dx
(x +2j)?

jGZ

for f € LI(I 1), understood to vanish off /1. For f > 0, there is no loss in the triangle
inequality, and we obtain equality. O

Proposition 3.10.2. Fix 0 < y < 1. The operator S, is norm contractive L1(11+ ) —
L! (I]+). Indeed,

1 1
fo S, £ (0l dx s/o Foldr,  feL\NIh,
with equality if f > 0.

The proof is analogous to that of Proposition 3.10.1 and therefore omitted.
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3.11. Aspects of dynamics of Gauss-type maps

We recall the interval notation from §3.1. For 0 < 8, y < 1, the transformations 74(x) =
{—=B/x}2 and 0y, (x) = {y/x}; are rather degenerate on the sets I7 \ I_,g and IIJr \ I_;L.
Indeed, the set 11 \ I is invariant for tg, as 1g(I1 \ Ig) = I1 \ Ig, and the pointsin 1 \ Ig
are 2-periodic:

5(tp(x)) =x, x 6]1\1_/3.

In the same vein, the set 1 ]+ \ I_;r is invariant for o,,, and all points are 2-periodic:
oy(oy(x) =x, xelf\Lf.

Clearly, I \ I,  acts as an attractor for 74, and similarly / 1+ \ I_;r acts as an attractor for oy,

We would like to analyze the sets of points which remain outside the attractor in a given

number of steps. To this end, we put, for N = 2,3, ...,
Egni={xelg: 5 (x) € Igforn=1,...,N —1},

_ _ (3.11.1)
Fyn={xelf:ol(x)elfforn=1,...,N—1}.

where 75 :=1g 00 1g and 0 := 0y o --- 00y (n-fold compositions). We also agree
that £g 1 1= 1_5 and that 7, | := I_;'. The sets £g, v and F, v get smaller as N increases,
and we form their intersections

+00 +00
Epoo =) &N+ Fyoo= () Fyn: (3.11.2)
N=1 N=1

which are known as wandering sets, and consist of points whose orbits stay away from
the attractor.

Proposition 3.11.1. (0 < B,y < 1) For N = 1,2, ..., we have the estimates

dr 2y \" dr 4pN
/ — < (_y ) log2 and / 7 = —ﬂ .
F,ou L+t 1+vy gpn 1 -1 1-p8

14

As a consequence, the one-dimensional Lebesgue measures of the sets £g o and Fy
both vanish.

Proof. By inspection of the definition of the Koopman operators (3.4.1), we see that a.e.
on the respective interval,

N N
Lii=1g,. Kll=1g,,

where 1 stands for the corresponding constant function. In view of the duality (3.4.3),

dr 2y N 2y N
— = O0LKYD) s =SV D < [ =) 0 D = =) log2
/fﬂ,N1+t P Dy =8y )’f_(lﬂ/) o g <1+)’ o
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where A1 (x) = (1 + x)~! and the estimate comes from Proposition 3.9.1. It remains to
obtain the corresponding estimate for the set g . Let y := 1,k forsome n,0 < n < 1,
where k1 (x) = (1 —x2)~'. Then ¥ € L'(I}), and from the duality (3.4.3) together with
Proposition 3.9.4 we obtain

28N 4y
1—,3“’ 1), = )

1-8
If we let n — 1, the remaining assertion follows by e.g. monotone convergence.
As for the sets £go and F, «, We just need to observe that the right-hand sides
converge to 0 geometrically, since 2y /(1 + y) < 1. O

dr
—— = (W, L), = (TY g, 1)y, < (Th ke, 1)y, <
/Inﬂgﬂ,N -2 p B I B 1

The 2-periodicity of the points in the attractor of g is reflected by the fact that the func-
tions supported on the attractor are 2-periodic for the transfer operator 7. Naturally, the
same is true of o, and §,,. We omit the easy proof.

Proposition 3.11.2. Fix 0 < B, y < 1. The operator Tg maps L'\ Ig) contractively
into itself. Likewise, S, maps L1(11+ \ I)j') contractively into itself. Moreover, 7}3}‘ =f

for f e L'(I \ Ip), andanalogouslySJz/f = f for f € L'(I; \ 1,).

We shall need the following result, which describes the interlacing of the iterates of T
with multiplication by characteristic functions.

Proposition 3.11.3. Fix0 < 8 < 1. For N = 1,2,...and f € L)) we have, a.e.
on I

1[,:5779N_If = 773N_1(18/3,Nf)a 7-ﬁN(18/3,Nf) = Tgf

Proof. To simplify the presentation, we replace the L' (1) function by a Dirac point mass
f = 08¢ at an arbitrary point & € I;. If we can show that the claimed equalities hold for
f =26 1e,

L, Ty 10 =T gy y80), T3 (g, y86) = Th 8,

for Lebesgue almost every & € Iy, then they hold for every f € L'(I;) by “averaging”.
Indeed, a general f € L'(I;) may be written as

f) = / 8:(0) (1) dr = f S fyd, xel, (3.11.3)
I I
where the integral is to be understood in the sense of distribution theory, so that, e.g.,
T f(x) = / Tob (0 f () d,  x €y,
I

We first focus on the claimed identity

L, Ty '8 = Tg ' (Lgy ). (3.11.4)
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Here, we should remark that multiplication of a point mass and a characteristic function
need only make sense for almost every & € I;. For N = 1, (3.11.4) holds trivially. In the
following, we consider integers N > 1. The canonical extension of the transfer operator
Tg to such point masses reads

Tpde = be56) = S(—pye- (3.11.5)
Note that by iteration of (3.11.5), we have

'rﬂN—lag - arﬁN,l(E) for& € 1. (3.11.6)

By definition, we know that rév_l(f) € I_ﬂ for & € &g n, while for a.e. £ € I \ &g v,
there existsann = 1, ..., N — 1 such that rg(é) el \I_ﬂ. As Jg =1 \I_ﬂ is an attractor

for 7, we conclude that for a.e. £ € I} \ £g, n, we have rév_l &) e\ I_ﬁ. The asserted
identity (3.11.4) now follows from these observations.
We turn to the remaining assertion that

Ty (e H=TJf, N=12,... (3.11.7)

By inspection of the definition (3.4.2) of the subtransfer operator, the action of Tg lifts to
a point mass at & € I for a.e. £ in the following fashion:

Tese — 5113(5) iféeilg, )
A% =10 ifE e\ Iy,

so that by iteration, again for a.e. £ € I,

TNSS _ 67:[?’(&) if%’ [S gﬁ,N,
‘ 0 ifE e\ Egn.

A comparison with the corresponding formula (3.11.6) shows that the identity (3.11.7)
holds. O

The corresponding relations for S,, and S, read as follows.

Proposition 3.114. Fix0 <y < 1. For N = 1,2, ... and f € L'(I}") we have, a.e.
on Il+,

S =8 s SYs D =S s

The proof is similar to that of Proposition 3.11.3 and therefore omitted.
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3.12. Exact endomorphisms

We need the concept of exactness. Here, we follow the abstract approach to this notion
(see e.g. [21]) and say that 7; (and the transfer operator T as well) is exact if, in the a.e.

sense,
+00

ﬂ L} L% (I;) = {constants}.

n=1
For0 < B < 1, however, 74 has a nontrivial attractor, and the notion needs to be modified.
So, for 0 < B < 1, we say that g (and Tp) is subexact if, in the a.e. sense,

+o0
ﬂ L5 L (I}) = {0}.
n=1

Mutatis mutandis, if we replace the triple Tg, Lg, I; by S, , K,, IlJr , we also obtain the
definition of exactness and subexactness for S, (and o).

Proposition 3.12.1. Fix 0 < B,y < 1. The operators Tg : L'(I}) — L'(I)) and
S, : L! (Il+) — L! (Il+) are subexact in the sense that

+00 +00
(LGL®) = {0}, ([ KLL®(U}) = {0).
n=1 n=1

Proof. By inspection of the compressed Koopman operator L, an element of the inter-
section

+00

(Y LEL™)

n=1
is a function in L°°(/1) which vanishes off the wandering set £g ~, but by Proposition
3.11.1, this is a null set, so the function vanishes a.e. The analogous argument applies in
the case of K. O

Exactness in the case § = y = 1 is known and can be derived from the work of Thaler
[32] (see also Aaronson’s book [2]):

Proposition 3.12.2. Fix 8 = y = 1. The operators T : L'(I}) — L'(I}) and S :
L' (I]+) — L! (I]+) are exact in the sense that

+00 +00

ﬂ L L% (I;) = {constants}, ﬂ K’l'L°°(11+) = {constants}.

n=1 n=1
Proof. The map 71 meets the conditions (1)—(4) of Thaler’s paper [32, p. 69], so by [32,
Theorem 1, p. 73], T; is exact (or, in more standard terminology, t; is exact). Let us
chec}< the conditions one by one, mutatis mutandis, as Thaler uses the interval [0, 1] and
not I = [—1, 1] as we do.

Condition (1). The fundamental intervals are given by B(j) := ]ﬁ, Tl—l[ for j € Z*
except when j = %1, when we adjoin an end point: B(—1) = [—1, —1/3[ and B(1) =

11/3, 1]. The transformation 17 is of class C 2 on each fundamental interval B(j),with j €
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7, and has complete branches (it is “filling” in the terminology of [4]). Moreover, each
fundamental interval B(j) contains exactly one fixed point x;, and 7{(x;) > 1, except
on two fundamental intervals, B(—1) and B(1), where the fixed points are the boundary
points 1 and —1. On each fundamental interval B(j) we replace t1(x) = {—1/x}, by the
appropriate branch 71 ;j(x) = 2j — 1/x (this makes a difference only at the end points).
The derivative at the remaining fixed points is then == T (=1

Condition (2). This condition is satisfied since 7{(x) = x2>(1—¢€)"2>1onthe
interval I1_. within each fundamental interval B(j).

Condition (3). The derivative ri (x) = x2is decreasing on ]1/3, 1[ and increasing on
]—1, —1/3[. The remaining requirements are void.

Condition (4). In each fundamental interval B(j), the expression |z}(x)|/z/ (x)% = 2|x|
is uniformly bounded.

We conclude from the definition of exactness in [32] that up to null sets, {#, I} are the
only measurable subsets of /1 which for eachn = 1, 2, 3, ... may be written in the form
T "(E,) for some measurable set E,, C I1. This is equivalent to

+00
ﬂ L L% (I;) = {constants}.

n=1

We turn to the Gauss map o1(x) = {1/x}2, whose exactness is well-known. But we
may derive it from [32, Theorem 1] as well. However, the condition (2) is not fulfilled, as
al’ (x) = —x~2 < —1 in the interior of the fundamental intervals. But the iterate o] o o7 is
uniformly expanding with inf (67 o o7)’ > 1, and the conditions (1)-(4) may be verified
for it. So the exactness of o] o o7 follows in the same fashion; this leads to

+00
ﬂ K%"Lw(lfr) = {constants}. O
n=1

Remark 3.12.3. Some aspects of the work of Thaler [32] have been further developed
by Melbourne and Terhesiu [23].

3.13. Asymptotical behavior of the orbits of Tg and S,

We now apply the exactness obtained to show how the iterates of Tg and S,, behave.

Proposition 3.13.1. Fix0 < 8,y < 1.

(a) For f € L'(I}"), we have ||S’)£f||L1(,l+) — O0asn — +oo.
(b) For f € L'(Iy), we have IT fll 1y = Oasn — +oo.

Proof. This follows from Proposition 3.12.1 combined with [21, Theorem 4.3]. O
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Proposition 3.13.2. Fix =y = 1.

(a) For f € L1(11+) with (f, l)I]Jr = 0, we have ||S’1‘f||L1(1]+) — O0asn — +o0.
(b) For f € L'(Iy) with (f, 1)y, =0, we have ||T'1'f||L1(1]) — O0asn — +o0.

Proof. This follows from Proposition 3.12.2 combined with [21, Theorem 4.3]. O

There is a weak analogue of Proposition 3.13.1(b) which applies for § = 1. The proof is
based on the fact that the absolutely continuous invariant measure has infinite mass.

Proposition 3.13.3. Fix 8 = 1. For f € L'(I}) and fixed n, 0 < n < 1, we have

n
lim f IT? £ (x)| dx = 0.
n—400 -

Proof. Since [T f| < T'|f| pointwise, we may assume without loss of generality that
f = 0. We recall the notation k1 (x) = (1 — x5~ and pick a number & with 0 < & < 1.
Let g be the function

o <f’ 1)11
g(x) = Ter 17, 1, (0k1(x),  x €.
Then g € L'(I;) and
<f -8 1)[] =0.

By Proposition 3.13.2(b), we conclude that | T} (f — &g,y — 0asn — +oo. More-
over, by the triangle inequality,

ITY fllzia,y < I = Dlpiay) + 1T gl L)

Since the function g is positive and

(f, D1
glx) < ———L— k1 (x),
(Irek1, Dy
we see that
(f, (f, Dy,
IT gl iy =(Tig, 1), < ——————(T{k1, 1)1, = ———— k1, 11,)1,,
15 P ke, Dy T (ks Dy i

(3.13.1)
because Tix1 = «1 (see Lemma 3.9.2). Moreover, since

(1151(1, 1)y, = +o0 asé& — 1,
we may get the norm [T} gll .1 1, s small as we like for fixed 5 by letting & be appro-

priately close to 1. This means that the right-hand side of (3.13.1) may be as close to 0 as
we want, the first term by letting n be large, and the second by letting £ be close to 1. O
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4. Background material: the Hardy and BMO spaces on the line

4.1. The Hardy H'-space: analytic and real

For a reference on the basics of Hardy spaces and BMO (bounded mean oscillation), we
refer to, e.g., the monographs of Duren and Garnett [6], [10], as well as those of Stein
[29], [30] and Stein and Weiss [31].

Let Hi (R) and H (R) be the subspaces of LY(R) consisting of those functions whose
Poisson extensions to the upper half-plane C1 := {z € C : Imz > 0} are holomorphic
and conjugate-holomorphic, respectively. Here, we use the term conjugate-holomorphic
(or anti-holomorphic) to mean that the complex conjugate of the function in question is
holomorphic.

It is well-known that any function f € Hi (R) has vanishing integral:

(f, g = /Rf(t) dt =0, feHL®). @.1.1)

In other words, H}r((C) C L(IJ(R), where

LY®) =={f e L'®): (f, Hr = 0}. 4.1.2)

In fact, there is a related Fourier-analytic characterization of H}r (R) and H! (R): for fe
L'(R),

feEH{R) < ¥y>0: / e f(r)dr =0, (4.1.3)
R

feH R < Vy<0: f eV f(r)dr = 0. (4.1.4)
R

We will refer to the space
Hg(R) := HL(R) & HL(R)

as the real H'-space of the line R. Here, @ means direct sum, i.e. the elements f € Hé R)
are functions f € L(l)(R) which may be written in the form

f=fi+tf, where fieH.(R), freH ®R), 4.1.5)

plus the fact that HL(R) NHY(R) = {0}, which is a Fourier-analytic consequence of
(4.1.3) and (4.1.4). Obviously, HGIB R) C L(l)(]R); it is perhaps slightly less obvious that
Hé (R) is dense in L(l)(]R) in the norm of L' (R). It is clear that the decomposition (4.1.5)
is unique. We let P and P_ denote the projections P, f := f1 and P_ [ := f> in the
decomposition (4.1.5). These Szegd projections P, P_ can of course be extended beyond
the Hé (R) setting; more about this in the following subsection.
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4.2. The BMO space and the modified Hilbert transform

With respect to the dual action

(fs g>R=/Rf(t)g(t)dt,

we may identify the dual space of Hé (R) with BMO(R)/C. Here, BMO(R) is the space
of functions of bounded mean oscillation; this is the celebrated Fefferman duality theorem
[71, [8]. We write “-/C” to express that we mod out by the constant functions. One of the
main results in the theory is the theorem of Fefferman and Stein [8] which tells us that

BMO(R) = L®(R) + HL®(R), 4.2.1)

or, in worcls, a function g is in BMO(R) if agd only if it may be written in the form
g = g1 + Hgp, where g1, g2 € L°(R). Here, H denotes the modified Hilbert transform,
defined for f € L*°(R) by the formula

8 1
B (x) = —pv / f(t){ + 1 i,z}df
. 1
= lim, S f(t){— o } dr. 4.22)

The decomposition (4.2.1) is clearly not unique. The nonuniqueness of the decomposition
is measured by
HZR) :=L*[R)N HL®(R), 4.2.3)

the real H®-space.

We should compare the modified Hilbert transform H with the standard Hilbert trans-
form H, which acts boundedly on L?(R) for 1 < p < +o0, and maps L'(R) into
LY"(R) for p = 1. Here, L""*°(R) denotes the weak L'-space (see Subsection 7.1
below). The Hilbert transform of a function f that is assumed to be integrable on R with
respect to the measure (1 + %)~/ dt is defined as the principal value integral

1 dr . 1 dr
Hf(x):= —pV/ f(@t)—— = lim —/ f@t) ——. “4.24)
s R x —1 R\[x—¢,x+€] x —t

e—>0t 1T
If f € LP(R), where 1 < p < 400, then both Hf and Hf are well-defined a.e., and it

is easy to see that the difference Hf — Hf is a constant. It is often useful to think of the
natural harmonic extensions of the Hilbert transforms H f and Hf to C, given by

Rez — ~ 1
Hf(z) := S f(t)dt Hf(2) ::;/R{

Rez—t+
|z — t]? t2+1

f(t)de.
4.2.5)

So, as a matter of ngrmalization, we have H f (@) = 0. This yields the value of the constant
mentioned above: Hf — Hf = —Hf(i).
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Returning to the real H!-space, we note the following characterization of the space in
terms of the Hilbert transform: for f € L'(R),

feHy[R) < feLyR) andHf € Lj(R)

(see Proposition 7.1.1 later on).
The Szegd projections P4 and P_ mentioned in Subsection 4.1 are more generally
defined in terms of the Hilbert transform:

P f=L(f+iHf), P_f:=i(f—iHf). (4.2.6)

In a similar manner, for f € L% (R), based on the modified Hilbert transform H we
may define the corresponding modified Szegd projections (which are actually projections
modulo the constant functions)

P, f:=1(f+iHf), P_f:=1i(f—iHf), (4.2.7)

so that, by definition, f = I~’+f +P_ f. If we are given two functions f € HélB ®)
and g € L°°(R), the dual action ( f, g)r naturally splits into holomorphic and conjugate-
holomorphic parts:

(f.e)r = (P4 £.P_g)r + (P_f, P g)r. 4.2.8)

Modulo the constants, the space BMO(R) naturally splits into holomorphic and con-
jugate-holomorphic components:

BMO(R)/C = [BMOA™(R)/C] & [BMOA™ (R)/C]. 4.2.9)

Here BMOA™(R) and BMOA™ (R) are the subspaces of BMO(R) consisting of func-
tions with Poisson extensions to C. that are holomorphic and conjugate-holomorphic,
respectively.

The operator H also makes sense on functions from BMO(R). It is then natural to ask
what is H?:

Lemmad4.2.1. For f € LP(R), 1| < p < +00, we have H2f = —f. Moreover, for
f € L¥(R), we have B2 f = — f + c(f), where

1 f@
)= T th—i-ldt
Proof. The assertion for | < p < +oco is completely standard (see any textbook in
harmonic analysis). We turn to p = 4-o0. First, we observe that without loss of generality,
we may assume f is real-valued. Then 2I~’Jr f is the holomorphic function in the upper
half-plane whose real part is the Poisson extension of f, and the choice of the imaginary
part is fixed by the requirement 2 Im P, f (i) = Hf (i) = 0. The function

—2iP, f =Hf —if
extends to a holomorphic function in C4 with real part Hf. So we may identify — f
with H? f up to an additive constant. The constant is determined by the requirement that

H2f() = 0, and so H2f(i)) = —f + f(i) = —f + ¢(f). Here, f(i) is understood in
terms of Poisson extension. O
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4.3. BMO and the Fourier transform

The Fourier transform of a function f € L' (R) is given by

Fo) = / T F (1) dr, 43.0)
R

and it is well understood how to extend the Fourier transform to tempered distributions
(see, e.g., [17]). It is well-known how to characterize in terms of the Fourier transform the
spaces BMOA™ (R) and BMOA™ (R) as subspaces of BMO(R). We state these known
facts as a lemma (without proof). We recall the notation R, = [0, +00[ and R_ =
]—o00, 0].

Lemma 4.3.1. Suppose f € BMO(R). Then f € BMOA*(R) if and only sz is sup-
ported on R_. Likewise, f € BMOA™(R) if and only if f is supported on R

4.4. The BMO space of 2-periodic functions

We shall need the space
BMO(R/27Z) :={f € BMOR) : f(t +2) = f(1)},

that is, the BMO space of 2-periodic functions. Via the complex exponential mapping
t — e (R — T), we identify the unit circle T with R/27Z, and BMO(R/2Z) is then
just the standard BMO space on T. Let us write

BMOA™ (R/2Z) := BMOA™ (R) N BMO(R/27)

and

BMOA ™ (R/2Z) := BMOA ™ (R) N BMO(R/2Z)

for the subspaces of BMO(R/2Z) that consist of functions whose Poisson extensions to
the upper half-plane C_. are holomorphic and conjugate-holomorphic, respectively.

As L’-integrable functions on the “circle” R/27Z, the elements of BMO(RR/27Z) have
(a.e. convergent) Fourier series expansions. This means that the Fourier transform f of a
function f € BMO(R/27Z), defined by (4.3.1) and interpreted in the sense of distribution
theory, is a sum of Dirac point masses along the integers Z. We formalize this observation
as a lemma.

Lemma 4.4.1. Suppose f € BMO(R). Then f € BMO(R/2Z) if and only if the distri-
bution f is supported on Z, and at each point of Z, it is a Dirac point mass.

This result is well-known.
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5. The Zariski closures of two portions of the lattice-cross

5.1. An involution and the modified Hilbert transform on BMO

For a positive real parameter 3, let JE be the involutive operator defined by

Jjgf(x) = f(—=B/x), xeR*. (5.1.1)
Recall the definition (4.2.2) of the modified Hilbert transform H.
Lemma 5.1.1. For f € BMO(R) and a positive real B, we have

UEHL)(x) = @I ))(x) + cp(f).

where Fd

- tf(r)at

c =Hf3{p) = 2—1)/—.
s(f) :=Hf(iB) = (B  TToaeo

Proof. Without loss of generality, we may assume that f is real-valued. The mapping
x — —f/x extends to a conformal automorphism of C, given by z — —g8/z, and
the function 2P, f is a holomorphic function in 1 C with real part equal to the Poisson
extension of f. We realize that the functions J ﬂP+ fand]J ﬂPJr f differ by an imaginary
constant. The result follows by taking imaginary parts and plugging in z = i. O

5.2. The Zariski closure of the portions of the lattice-cross on the space-like cone
boundary

Recall that 1 g stands for the characteristic function of the set E, which equals 1 on E and
0 off E. The Fourier transform of the function e/’ in the sense of Schwartz distributions
may be known, but we have no specific reference.

Proposition 5.2.1. In the sense of distribution theory on R we have

S dr
III{)I+ IRel/l-‘rllx—d” E — (SO(.X) _ 1R+(x)x_l/2J1(2X1/2),
€—

where 8 is the unit Dirac point mass at 0, and Jy denotes the standard Bessel function,
so that

—1/2 1/2 == j
X J1(2x )=Z.‘.—1'x
o /G + D!

Proof. A direct calculation can be made on the basis of [12, formula 3.324]. A less
cumbersome approach is to compute the Fourier transform of the function Hj(x) :=
g, (0)x~12 71 (2x1/2):

n . +oo | 400 . )
Hi(y) = / ™Y Hy(x) dx = / ™12 1 2x1 2y dx =2 f e 1 (21) dr,
R 0 0
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where the integral is absolutely convergent for Imy > 0 and has a well-defined inter-
pretation on R, e.g., in terms of nontangential limits. From the standard Bessel function
asymptotics, we know that

|Hi(x)| = O(x_3/4) as x — +oo,

so that, in particular, H; € L*(R). By basic Hardy space theory, the nontangential limit
interpretation from the upper half-plane agrees with the standard L? Fourier transform
on R. By an application of [12, formula 6.631] we see that, for Imy > 0,

n +o00 | ,2 . i i
Hi(y) =2 / e (20 dt = e VTV My /2<—>,
0 Ty

where the function on the right-hand side is of Whittaker type. In view of the integral
representation of such Whittaker functions [12, formula 9.221] we find that

H()=1-eV  Imy >0,

and, in a second step, that the above identification of the Fourier transform holds in the
L2-sense a.e. on R. Since the Fourier transform of 8 is the constant function 1, the asser-
tion now follows from the Fourier inversion formula. O

Proof of Theorem 1.8.1. We obviously have the inclusions
ASH Czclosr, (AFE), AL, Czclosr, (A7),

and it remains to show that the Zariski closure contains no extraneous points. We will
focus on the set A;‘E; the treatment of A;E is analogous. In view of (1.4.4) (which
relates /1(§) to the compressed measure 7 1/4), given a point §* = (£}, &)) € R2\ A;F‘E

we need to find a finite complex-valued absolutely continuous Borel measure v on R*
such that

/ T ETHMPE /G0 4,y £ 0,
while at the same time
/ einamt dv(t) = / eiMzﬁ"/(“'”t) dv(t) =0, m,n € Z-i-,()'

By a scaling argument, we may restrict our attention to the normalized case o := 1
and M := 2m. As v is absolutely continuous, we may write dv(¢) := g(¢)dt, where
g € L'(R). Given the above normalization, we need g to satisfy

/ ein[él"ﬂré;/t]g(t) dr #£0, (5.2.1)

where
(&, 83) € R2\ [(Z40 x {0}) U ({0} x BZ1)],
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while at the same time
/ Mg (1) dt = / TP g(t)dt =0, m,n e Zyy. (5.2.2)
RXx RX*

We will try to find such a function g in the slightly smaller space Hé (R). To analyze
the condition (5.2.2), we might as well study the weak-star closures in the dual space
BMO(R)/C of the linear spans of (i) the functions ¢ — e with m € Z+ 0, and
of (ii) the functions 7 > ™"/ with n € Z+ 0. In the first case, we obtain the subspace
BMOAT(R/27)/C (see Subsection 4.4 for the notation). In the second case, we obtain
instead the subspace BMOA@ (R)/C, where BMOA@(R) = J;BMOA’ (R/2Z) and

the operator J;f} is as in (5.1.1). Now, for g € Hci) (R), (5.2.2) expresses the fact that g
annihilates the sum space BMOA™ (R/27Z) + BMOAE3> (R).

To simplify the notation, we let Fp € L°°(R) be the function Fy(r) := e IE & /11,
Then, in view of (4.2.8),

(g, Fo)r = (P+g, P_Fo)r + (P_g, P Fy)r.
It follows that if we can show that

P, Fy ¢ BMOAY(R/2Z) or P_F¢ BMOA ;, (R), (5.2.3)

then we are done, because we are free to choose g € Hé (R) as we like. Indeed, if
f’+F0 ¢ BMOA™T(R/2Z), then we just pick a ¢ € H!'(R) which does not annihilate
BMOAT(R/27), and if P_F, ¢ BMOA@ (R), then we pick a g € H_IF(R) which
does not annihilate BMOA@(R). In each case, we achieve (5.2.1). Using J/’;, we see
by Lemma 5.1.1 that (5.2.3) is equivalent to

P, Fy ¢ BMOAY(R/2Z) or P_J;Fy ¢ BMOA™ (R/2Z). (5.2.4)

Moreover, the function F| := J/’gFo is of the same general type as Fop: Fi(t) =
e T/ where nt = :’52*/,{3 and 75 := B&. We can bring this one step further,
and consider F»(r) := e7Imt+m/t (this is just the complex conjugate of Fi(t)), and
express the requirement (5.2.4) in the form

P, Fy ¢ BMOAT(R/2Z) or P,F, ¢ BMOAY(R/27). (5.2.5)

By combining Lemmas 4.3.1 and 4.4.1 with Proposition 5.2.1 in the appropriate manner,
using the fact that the Bessel function Jj is real-analytic (so that its zero set is a discrete
set of points), we find that

P, Fy e BMOAT(R/2Z) = & = (51, &) € (R_ x R1) U (Zy x {0)).
The analogous case with F> in place of Fy reads

P, F, e BMOAT(R/2Z) = &* = (&1,83) € Ry x R_) U ({0} x BZy).
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If we put these assertions together, it becomes clear that
P, Fo, P F, € BMOAT(R/2Z) <= (£.&5) € (Z+.0 x {0) U ({0} x BZ.).

The set of £* in the right-hand side expression is precisely the excluded set of points on
the lattice-cross, and we conclude that (5.2.5) must hold. ]

6. Dynamic unique continuation from one branch of the hyperbola to the other

6.1. Dynamic unique continuation and the critical density case

We recall the definition of the hyperbola I'y; and its branch F;{,[ from the introduction
(see (1.4.2) and (1.6.1)). Here, we will supply the proof of Theorem 1.6.1. As Theorem
1.6.1 is somewhat defective in the critical regime «fM? = 1672, we may ask whether
adding an additional point to the lattice-cross A4, g might improve the situation. Indeed,
this turns out to be the case, provided that the point we add is on the cross (but not on the
lattice-cross itself, of course):

Theorem 6.1.1. Fix 0 < «, B, M < +o0. Suppose afM? = 1672, and pick a point
£ e (R x {0}) x ({0} x R) on the cross which is not in Ay g. Set A;,ﬂ = Aq,p U{E*}.

Then (T'}, A;yﬂ) is a Heisenberg uniqueness pair.

Theorem 6.1.1 has a reformulation in terms of unique continuation from F;(,I to I"p7, which
we think of as an example of dynamic unique continuation.

Corollary 6.1.2. Fix0 < «a, 8, M < +oo. Suppose afM? = 1672, and pick a point
&* e (R x {0}) x ({0} x R) on the cross which is not in Ay g. Set A;,ﬂ = Aq,p U{E*).
Then any measure . € AC(I'y, A}, ﬂ) is uniquely determined by its restriction to the
hyperbola branch FIT,I.

We first supply the proof of Theorem 1.6.1, and then prove Theorem 6.1.1.

Proof of Theorem 1.6.1. We pick an arbitrary measure i € AC(I'y, Ag,p) and form
its xj-compression v := |, which is a finite absolutely continuous complex measure
on R, . By a scaling argument, we may assume that

o =2, M =2m.

Since v is absolutely continuous, we may write dv(¢) = f(¢) dt, where f € L' Ry). We
observe that the vanishing condition ft = 0 on Aq g with @ = 2 and M = 27 amounts to

/ e £ (1) dr = / Tt f(ndt =0, m,n ez, (6.1.1)
Ry Ry

where y := B/2. It was shown in [4] that for 2 < B < +o0, there is an infinite-
dimensional space of solutions f. So, in what follows, we will restrict the parameter
Bto0 < B <2, and hence y to 0 < y < 1. To complete the proof of the theorem, we
need to show that
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(i) for 0 < y < 1, the condition (6.1.1) entails that f = 0 a.e. on R, whereas

(i) for y =1, (6.1.1) implies that f = Cy fp a.e. on R, for some constant Cg, where fy
is the function

Ton® 11 4oo(®)

P == T S+

(6.1.2)

As a first step, we rewrite (6.1.1) in the form

: - dr
/ 2T () dr = / eﬂ”"’f(Z) S=0, mneZ. (613
R, R, t)t

Next, for g € L'(R}) and m € Z we have

400

/ eiantg(t) dt — Z/ ei2]‘[m[g(t) dt
Ry =0+
+00 _ ' +00
= Z/ el g (14 j)dr = / e N "g(t+j)dr.  (6.1.4)
j=0710.1] [0,1] j=0
Together with the uniqueness theorem for Fourier series, (6.1.4) now shows that
) +00
/R M o) dr =0Vm € Z Zg(t +j)=0ae. onR,. (6.1.5)
-+ j=0

If we apply (6.1.5) to the two cases g(f) = f(t) and g(r) = t~2 f(y /1), the conditions of
(6.1.3) find an equivalent formulation:

400 . +o00 | y
;of(tﬂ) :,; (f+j)2f<r+j) =0 ac.onRy. (6.1.6)

We single out the first term in each sum, and rewrite (6.1.6) further:

t—+mt'1y—+ool Y 6.1.7
f@&)y==>"fa+. t—ﬂ(;)——Z(Iﬂ.)zf(m), (6.1.7)

j=1 j=1

in both cases a.e. on R . After the change of variables ¢ — Y/t in the second condition,
(6.1.7) becomes

+00 +o00o )/2 vt
f@) ./Z:;f(t D f® ;(Hmzf(yﬂt) (6.1.8)

again a.e. on R . By combining the conditions of equality in (6.1.8), we find that

+00 2 .
14 v +Jj)
= .e.onRy. 1.
O jJZ_I[y+l<j+r>]2f<y+l(z+j>> He o @12
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Now, it is easy to check that after restriction to the interval / * =10, 1[, condition (6.1.9)
amounts to
f=Sf aeonl, (6.1.10)

where S, is the subtransfer operator given by (3.4.2). If 0 < y < 1, Proposition 3.13.1(a)
tells us that sz/"f — 0in L' (11+) as n — 400, so the only way the equality (6.1.10) is
possible is that f = 0 a.e. on 11+- But then the second equality in (6.1.8) gives f = 0 a.e.
onR\ / *_ and hence f =0ae.on Ry, as desired. This settles (i).

We turn to the remaining case y = 1. It is well-known that the function A1(¢) =
(1 + )~ is an invariant density on Il+ for the Gauss map 6;(t) = {1/t}1 (see §3.9). In
terms of the transfer operator Sy, this means that SjA; = Ay, so that S%)\l = A1 as well.
Next, we consider the function

(L f)+
him f— 05 e V),
log2
which by construction has (h, 1) = Oand h = S%h. By iteration, the latter property

entails that 1 = S%"h forn =1,2,3,..., sothat in view of Proposition 3.13.2(a),
h=8"h—0 asn— +oo,

where the convergence is in the norm of L'(/ 1+ ), which implies that # = 0 a.e. on Il+ Lt
is now immediate that
(L f)p

f =CpAr; a.e.on Il+, where Cp:= ——+ € C
log2

Next, the second identity in (6.1.8) with y = 1 tells us what f equals on the remaining
set Ry \ 7 1+ :

+00 1 t 1 !
f(f>=_C°;(1+jr)2M<l+ﬂ) OZ(H”)Z '+

Co +°°{ 1 1 }
- oz - _
(1+]t)(1+(]+l)t) U+ 1+ G+
t(1+1)

The conclusion that f = Co fo a.e. on R is now immediate, where fy is given by (6.1.2)
and Cy € C is a constant. Finally, it is an exercise to verify that the function fp indeed
satisfies (6.1.6), so that fy (and its constant complex multiples) meets the vanishing con-
dition for the Fourier transform, as expressed in (6.1.1). This settles (ii). m]

Proof of Theorem 6.1.1. As before, rescaling allows us to fix the parameter values:

a:ﬂ:z, M=27T,
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which corresponds to y = /2 = 1 in the preceding proof. We need to show that if u €
AC((T"yy, Aa ﬂ) then u = 0 as a measure. Since A* ap Ag, g, and we are in the critical
parameter regime in terms of Theorem 1.6.1, necessarlly dmiu(t) = Co fo(t), where fo
is given by (6.1.2) and Cy is a complex constant. We recall that A, p = = Aq,p U {§™} for
some &* = (&, &) with either £ = 0 or &5 = 0, which is not on the lattice-cross Agp.

By symmetry, both cases are equivalent, and we consider &} = 0, so that £* = (&, 0),
where £ € R\ aZ = R \ 2Z. The Fourier transform of u restricted to R x {0} equals
(cf. (1.4.4))

(), 0) = f e dmyu(r) = Co f el fo (1) dr
RX RX

— CO / eiﬂ&]l dt _/ lﬂé]l }
[0,1] T+1 Ji ool (1 -H)

=C0 / eiﬂf]t dt _/ 17T%'1[<1 _ 1 >dt}
[0,1] 141 [1,+o00[ t 1+1¢

— CO / eiﬂE]l dt _/ lJT%']l dt}
[0,+o00[ I+1 [1,+oo[ t

: dr
= Co(e ™1 — 1) elmhn — = (6.1.11)
[1,4o00[

Here, in the rightmost expression, the integral should be understood as a generalized
Riemann integral. Since our additional vanishing condition is /i(¢],0) = 0, the above
calculation (6.1.11) tells us that this is the same as

Cole ™5 — 1) et 40 _ o)
[1,-+o00] N

Moreover, since & f is real but not an even integer, we know that el7él # 1, and the above
equation simplifies to

dt
Co / e = = (. (6.1.12)
[1,+oo[ 0

Splitting the above generalized Riemann integral into its real and imaginary parts, we see

that
too ., dt oo dr e dr
/ eéit 1 / cos(m&ft) — + i/ sin(w&fr) —.
1 t 1 t 1 t

The real and imaginary parts may be expressed in terms of the rather standard functions
‘6 ’? and L‘ ?’

too L dr +oo cosy ,
1 cos(mw&ft) - = . = —ci(|&]]),

oo : * dr i *\ o *
/1 sin( & t)T = gn(él)/lS = —sgn(§p) si( €7D,
l
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so that
+o0
imErt dt . * . *\ o *
el = —ci(r|§7]) — isgn(&y) si(m [E7]).
1

Here, we write sgn(x) = x/|x| for the standard sign function. We now observe that it is
rather well-known that the parametrization

ci(mx) +isi(rx), 0 <x < +o0,

forms the Nielsen (or sici) spiral which converges to the origin as x — 400, and whose
curvature is proportional to x (see e.g. [1]). We will only need the fact that the spiral never
intersects the origin:

ew, dt
/ eTE — £ (). (6.1.13)
[1,+o00[ !

Given that (6.1.13) holds, (6.1.12) gives Cp = 0 and consequently u = 0 as a measure,
and the assertion of the theorem follows.
It remains to derive (6.1.13). For positive x, we put

+oo gy 2 +oo gy 2
p(x) = ‘/ e — / e —
1 t X !

= (ci(x)* + (i),
and we need only show that p(x) > 0, as the condition (6.1.13) is invariant under com-
plex conjugation. By the fundamental theorem of calculus and standard properties of the

cosine,
+o00 +oo
_% Re/ ei(t_x) d_t — _z Ref eit i
X x t X 0 t+x

2 +o00 dr 2 +00 Qk+1)m dr 2k+2)m dr
——/ cost—:——Z{/ cost——i—/ cost—}
x Jo t+x x5k tx Jertna It

p'(x)

2 1
—— costdt
<t+2kn+x t—l—(2k+1)n+x)

——Z/ Y (t, x) costdt,

where the function

T
T U+ 2kt + 00+ 2k + D7 +x)

is strictly decreasing in 7. Again by standard properties of the cosine and the strict mono-
tonicity in ¢ of Yy (¢, x), we find that

Vi (t, x)

T /2
/ Yi(t, x) cost dt = / (Vi (t, x) — Y (T —1,x)) cosrdr > 0
0 0

and hence p’(x) < 0, as the cosine factor is positive. It now follows from the mean value
theorem of calculus that the function p is strictly decreasing, and since clearly p(x) > 0,
we must have p(x) > 0 for all x > 0. In geometric terms, the modulus of the running
point of the spiral is strictly decreasing and reaches the origin only as x — +o0. O
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7. The Hilbert transform on L' and the predual of real H> on the line

7.1. The Hilbert transform on L'

For background material on the Hilbert transform and related topics, see, e.g. the mono-
graphs [6], [10] and [29]-[31].

Let L*°(R) denote the weak L'-space, i.e., the space of Lebesgue measurable func-
tions f : R — C such that the set

Ef():={xeR:|fx)|>1}, reRy,

enjoys the estimate (the absolute value of a measurable subset of R stands for its Lebesgue
measure)

[EfO)l < Cp/h,  heRy;

the optimal constant Cy is written || f]|11.00(g); it is the LY (R)-quasinorm of f. If
we identify functions that coincide almost everywhere, then L'"*°(R) becomes a quasi-
Banach space. 1t is well-known that the Hilbert transform as given by (4.2.4) maps
H:L! R) — LI’OO(R). Note, however, that functions in Ll"’o(R) are rather wild and,
e.g., it is not immediately clear how to associate a distribution to such a function. How-
ever, there is another interpretation of the Hilbert transform as a mapping from L!(R) into
a space of distributions on R, and it is good to know that these interpretations of H f for
a given f € L'(R) are in a one-to-one correspondence. The weak L'-space associated
with an interval I (or a set of positive Lebesgue measure), written L1-°°(1), is defined
analogously.

If for the moment we use the symbol F to denote the Fourier transform, then the
Hilbert transform is H = —iF_lMsgnF, where Mg, stands for multiplication by the sign
function sgn. Thus, after taking the Fourier transform, the distributional interpretation of
the Hilbert transform is that of multiplication by the unimodular function which takes the
value —i on the positive half-line, and the value i on the negative half-line. The distribu-
tional interpretation can also be implemented more directly:

(o, Hf )r :== —(Ho, f)r, (7.1.1)

where ¢ is a test function with compact support, and f € L'(R). Note that Hy, the
Hilbert transform of the test function, may be defined without recourse to principal value
integrals:

Hot) — L/ o= gl tn)
27 Jr t
itis a C* function on R with decay Hyp(x) = O(|x|~!) as |x| — 400. As a consequence,
it is clear from (7.1.1) how to extend H f to functions f with (x| + 1)~! £(x) in L' (R).
Our next proposition characterizes the space Hé (R). For the proof, we need the no-
tation for the open unit disk:

D:={zeC:|z] < 1}.
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Proposition 7.1.1. Suppose f € L' (R). Then the following are equivalent:

@) f e Hg®).
(i) Hf LY(R), where H f is understood as a distribution on R.
(ii) Hf € L'(R), where Hf is understood as an almost everywhere defined function
in LV-°°(R).

Proof. The implications (i)<(ii)=>(iii) are trivial, so we turn to (iii)=-(i). This result,
however, is the real line analogue of the result for the circle in [19, p. 87]. The transfer to
the unit disk is handled by an appropriate Mobius map from D to C.. O

A first application of Proposition 7.1.1 is the following result.

Corollary 7.1.2. Suppose f € L'(R), and Hf = 0 pointwise almost everywhere on R.
Then f = 0 almost everywhere.

Proof. Without loss of generality, assume f is real-valued. In view of Proposition 7.1.1,
f e Hé (R), and as a consequence, the function F' := f +iHf isin H }r (R). However,
on the real line, F is real-valued, so that the Poisson extension of F to C is real-valued
as well. But this Poisson extension is holomorphic in C, so F must be constant, and the
constant is seen to be 0. O

Remark 7.1.3. We note that there are closely related theories of reflectionless measures
(see, e.g., [24]) and of real outer functions [9].

7.2. The real H®®-space

The real H>-space is denoted by Hg’(R), and it consists of all functions f € L°°(R) of
the form

f=h+fi, fHeHPR), fre H(R). (7.2.1)

Here, H{°(R) consists of all functions in L*(R) whose Poisson extension to the upper
half-plane is holomorphic, while H°°(R) consists of all functions in L°°(R) whose Pois-
son extension to the upper half-plane is conjugate-holomorphic (alternatively, the Poisson
extension to the lower half-plane is holomorphic). The decomposition (7.2.1) is unique
up to additive constants. Equipped with the natural norm, HZ’(R) is a Banach space.

The content of the next proposition is well-known. For the convenience of the reader,
we supply the simple proof.

Proposition 7.2.1. We have the equivalence

feHX®) < fHf e L[R).
Proof. If f € HZ(R), then f = fi + fo, where fi € HP(R) and f, € H>(R).
Since Hf = i(f2 — f1) + ¢, where c is the constant that makes Hf (i) = 0, we see that
Hf € L*[R). 5 5 3
On the other hand, if f,Hf € L*(R), then f +iHf € H(R) and f — iHf €
H% (R), so that
2f = (f +ilf) + (f —iHf) € HX [R). O
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7.3. The predual of real H*

We shall be concerned with the following space of distributions on R:
£(R) := L'(R) + HL{(R),
which we supply with the appropriate norm

lull e = inf{l fl 1w+l :u = f+Hg, f e L'(R), g € Li®)},  (7.3.1)

which makes £(R) a Banach space.

We recall that L(l)(R) is a codimension-one subspace of L'(R) which consists of the
functions whose integral over R vanishes. Given f € L'(R) and g€ L(l)(R), the action
of u := f + Hg on a test function ¢ is (compare with (7.1.1))

(o, f +Hg)r = (¢, fIr — (Ho, g)r = (@, fIr — (Ho, g)r; (7.3.2)

we observe that the last identity uses (1, g)r = 0 and the fact that the functions Hy and
Hg differ by a constant.

Observation. In view of Proposition 7.2.1, the right-hand side of (7.3.2) makes sense for
Qe Héo (R). To be more precise, in accordance with (7.3.2), every ¢ € H(%O (R) defines
a continuous linear functional on £(R).

It remains to identify the dual space of £(IR) with HZ’(R).

Proposition 7.3.1. Each continuous linear functional £(R) — C corresponds to a func-
tion ¢ € HC%O (R) in accordance with (7.3.2). In short, the dual space of £(R) equals
HX(R).

)

Proof. A standard approximation argument involving test functions can be used to es-
tablish that L' (R) is a dense subspace of £(R). As the inclusion map L'(R) — £(R)
is continuous, it follows that every continuous linear functional £(R) — C restricts to
a continuous linear functional L' (R), which by standard functional analysis corresponds
to an element ¢ € L°°(R). By density and continuity, ¢ determines the linear functional
completely. As ¢ € L°(R), we see that I:Igo € BMO(R). By (7.3.2), I:Itp must give a
continuous linear functional L(l)(R) — C. It is easy to see that this is only possible if

Hy € L*®(R), which completes the proof, by Proposition 7.2.1. O

The space £(R) is a Banach space, and Proposition 7.3.1 asserts that its dual space is
Hg (R) (the real H* space). For this reason, we will refer to £(R) as the (canonical)
predual of real H*.

Remark 7.3.2. Since an L!-function f gives rise to an absolutely continuous measure
f(t)dz, it is natural to think of £(R) as embedded into the space M(R) := M(R) +
HMj(R), where M(R) denotes the space of complex-valued finite Borel measures on R,
and My(R) is the subspace of measures u € M(R) with w(R) = 0. The Hilbert trans-
forms of singular measures noticeably differ from those of absolutely continuous mea-
sures (see [25]).
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7.4. The “valeur au point” function associated with an element of the predual of
real H*®

We recall that £(IR) consists of distributions on the real line. However, the definition
L£R) = L'(R) + HL{(R)

would allow us to also think of this space as a subspace of L-*°(R), the weak L!-space. It

is natural to wonder about the relationship between the distribution and the L'-*° function.

We will stick to the distribution theory definition of £(R), and associate with a given

u € £(R) the “valeur au point” function vap[u] at almost all points of the line. The

precise definition of vap[u] is as follows.

Definition 7.4.1. For a fixed x € R, let x = x, be a compactly supported C*° function

on R with x (¢) = 1 for all ¢ in an open neighborhood of x. Also, let

Pepie) =m '
x—+i€e = &2 n (x — t)2

be the Poisson kernel. The valeur au point function associated with the distribution # on R
is the function vap[u] = vap[u x] given by

vap[u](x) := liIgJr (X Py+ie, )R, x €R, (74.1)
€—>

wherever the limit exists.

In principle, vap[u](x) might depend on the choice of the cut-off function x. The follow-
ing lemma guarantees that this is not the case in the relevant situation.

Lemma 7.4.2. Foru = f + Hg € £R), where f € L'(R) and g € L{(R), the valeur
au point function vap[u](x) does not depend on the choice of the cut-off x. Moreover,

vaplu](x) = f(x) + Hg(x), a.e x €R,

where on the right-hand side, the function Hg (x) is defined pointwise as a principal value.

Proof. For f € L'(R), it is a standard exercise involving Poisson integrals to show that
vap[ f1(x) = f(x) for almost all x € R (for details, see, e.g., [10, Chapter 1]), and the
choice of x does not affect the value of vap[ f](x) for a given x € R.
We turn to the evaluation of vap[Hg](x). By translation invariance, we may as well
consider only x = 0. By definition, we have
vap[Hg](0) = lim (x P, Hg)r = — lim (H[x Pic], g)r
e—0t e—0F

€£Ig+ {(H[X Picl, g)r — (H[Pic], 8)r}, (7.4.2)

where ¥ := 1 — x and x is a smooth cut-off function with x (#) = 1 near t = 0. Here, as
above, P is the function

Pe(t) ="' 55—,
16() €2+t2
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and its Hilbert transform is given by

—1
H[P](t) =7 pr R

A calculation reveals that

.t _ /+°° IR\[~7,7] 262t .
e+ Jy o (24122

which can be used to show that

t
— lim (H[Pe](1), g)g = — lim 80 4, — Hg(0),
e—>0F =0 JR\[-7,7] TTI

where the rightmost equality sign is a matter of the pointwise definition of the Hilbert
transform. The desired conclusion now follows from (7.4.2), once we have established
that for fixed yx,

IH[X Piclll L) = O(e) ase — 0T
This is rather elementary and left to the interested reader; here, we only observe that the

function x is smooth and bounded, which equals 1 near infinity and vanishes near the
origin, so that x P;c becomes a very small and quite smooth function. O

Additional properties of the mapping vap are outlined below.

Proposition 7.4.3 (Kolmogorov). The mapping vap : £(R) — L“®(R), u + vap[u],
is continuous.

Proof. This follows from the standard weak-type estimate for the Hilbert transform (see,
e.g., [10D. ]

The next result allows us to identify # with vap[u].

Proposition 7.4.4 (Kolmogorov). Ifu € £(R) and vap[u] = 0 almost everywhere on R,
then u = 0 as a distribution.

Proof. We write u = f + Hg, where f € L'(R) and g € L{(R). Since g € L}(R)
and, by assumption, vap[g] = —f € L'(R), it follows from Proposition 7.1.1 that g €
HGIB (R) and consequently Hg € L'(R) as a distribution. Since the Hilbert transform H

leaves Hé (R) invariant, we also obtain f € Hé (R), and then it is immediate from the
assumption that u = 0 as a distribution. O

The local version of Proposition 7.4.4 is as follows.

Proposition 7.4.5. Ifu € £(R) and vap[u] = 0 almost everywhere on an open interval
I C R, then the distribution u is supported on R \ I.



The Klein—Gordon equation, the Hilbert transform, and dynamics of Gauss-type maps 1743

Proof. We split u = f + Hg, where f € L'(R) and g € L}(R). Without loss of
generality, we may assume that f and g are real-valued. Again, without loss of gener-
ality, the open interval [ is assumed to be bounded. By the classical theorem of Kol-
mogorov [6], the function G := g + iHg is in the H”-space in the upper half-plane C
(with respect to the Poissonian measure P (1 +12)~1 dr on the real line), for each p with
0 < p < 1. In Kolomogorov’s theorem, Hg initially has the pointwise interpretation, but
in a second step, it is valid with the distributional interpretation as well. By assumption,
vap[Hg] = — f on the bounded open interval /, so that the boundary function for G is in
L' on I. Essentially, this means that G is in H! near I in C . This can be made precise in
the following manner. We choose a slightly smaller interval J C I, whose both endpoints
differ from those of 1. Next, we choose a bounded simply connected Jordan domain €2
in C4 whose boundary curve 992 is C°°-smooth, with the property that IQ N R = J.
Then it is not difficult to see that G, restricted to €2, belongs to the H 1 -space on €2, which
is most conveniently defined in terms of a fixed conformal mapping from the unit disk D
onto 2. The remaining part of the proof is an exercise in Schwarzian reflection across the
interval J. O

7.5. Dual action on intervals

If I C Ris an open interval, and f, g : I — C are Borel measurable functions with
fg € L'(I), then we may define the dual action on I:

(f, &)1 :=/1f(t)g(t)dt;

this is a special case of dual action on a more general measurable set (see §3.2). For
instance, if f is a test function with compact support in 7, and g is locally integrable
on /, then the dual action is well-defined. More generally, we will write (-, -); to denote
the dual action of distributions on test functions on the given interval /. Naturally, this
agrees with the notation we have introduced so far for / = R.

7.6. The restriction of £(R) to an interval

If u is a distribution on an open interval J, then the restriction of u to an open subinter-
val 1, denoted u|y, is the distribution defined by

(@, ulr)r == (g, u)s,
where ¢ is a C* test function whose support is compact and contained in /.

Definition 7.6.1. Let / be an open interval of the real line. Then u € £(/) means by
definition that u is a distribution on 7 such that there exists a distribution v € £(RR) such
that u = v|;.

Remark 7.6.2. The following observation is pretty trivial, but quite useful. If 7, / C R
are open intervals with / C J, then the restriction operation v — v|; acts £(J) — £(1).

Proposition 7.4.5 has a localized version on a given interval J.
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Corollary 7.6.3. Suppose I, J C R are open intervals with I C J. If u € £(J) and
vaplu] = 0 almost everywhere on I, then the support of the distribution u has empty
intersection with I.

Proof. The assertion is immediate from Proposition 7.4.5. O

The following result will prove quite useful.

Proposition 7.6.4. Let I be a nonempty bounded open interval of R. Then L'(I) is a
norm dense subspace of £(I).

Proof. By definition, we have
L) = LMR)/3(R; I), where 3(R;I):={uec L) :INsuppu = @}.
By elementary functional analysis, the dual space £(I)* is given by the annihilator
LD =3®R; D' = {f € HPR) : Yu € 3R; D) : (f, u)r = 0).
Observation. We have 3(R; 't C {f € HF[R): f=0ae onR\ I}

Proof of the observation. Indeed, if f € Hg’(R) and the restriction to R \ / is nonzero
on a set of positive Lebesgue measure, we readily construct a function u € L'(R) which
vanishes on / such that ( f, u)r # 0. Since u € 3(R; I), this proves the asserted inclusion.

We proceed with the proof of the proposition. If f € Hg’(R) vanishes a.e.on R\ /,
and as a functional on £(7), f annihilates L(I), then we may conclude that f = 0 a.e.
on / as well. But now f = 0 ae. on R, so f = 0 as an element of HZ’(R). By the
Hahn-Banach theorem, we conclude that L' (1) is norm dense in £(1). ]

Remark 7.6.5. A more refined argument shows that in the context of the above observa-
tion, we actually have equality: 3(R; )" = {f € HF[R): f=0ae onR\I}

We may also translate Proposition 7.4.3 to this local context.

Corollary 7.6.6. Let I be a nonempty open interval of R. Then vap : £(I) — L“(I)
is continuous.
8. Background material: the Hardy and BMO spaces on the circle

8.1. The Hardy H'-space on the circle: analytic and real

Let L'(R/2Z) denote the space of 2-periodic Borel measurable functions f : R — C
subject to the integrability condition

I £l )2z 3=/I [f()|dt < 400,
1

where /1 = ]—1, I[ as before. As usual, we identify functions that agree except possibly
on a null set. Via the exponential mapping ¢ — €', which is 2-periodic and maps the
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real line R onto the unit circle T, we may identify L!(R/2Z) with the standard Lebesgue
space L!(T) of the unit circle. This will allow us to develop the elements of Hardy space
theory in the setting of 2-periodic functions. We shall need the subspace L(l)(R /27Z) con-
sisting of all f € L'(R/2Z) with

(fihn=| f@)dt=0;
I
it has codimension 1 in L' (R/27). The Hardy space HJL (R/27Z) is defined as the subspace
of L'(R/27Z) consisting of functions g € L' (R/2Z) with

] .
/ ™M o(t)ydt =0, n=0,1,2,.... (8.1.1)
-1

The space H. }L (R/27Z) is the periodic analogue of the Hardy space Hi (R), and it can be
understood in terms of the Hardy H!-space of the disk. If H}r (T) denotes the standard
Hardy space on the unit disk (restricted to the boundary unit circle), then g € H. j_ (R/27Z)
means that g(x) = f(&™) for some f € H 41_('11‘) with f(0) = 0. In particular, the
functions in H Jlr (R/27Z) have holomorphic extensions to the upper half-plane which are
2-periodic. By definition, H! (R/2Z) consists of the functions g in L'(R/2Z) whose
complex conjugate g is in H }r (R/2Z). Finally, we put
HY(R/2Z) := H| (R/2Z) & H (R/22),

where we think of the elements of the sum space as 2-periodic functions (as before the
symbol @ means direct sum, since H _IF(R/ZZ) N H! (R/2Z) = {0}). We note that, for

instance, H} (R/2Z) C L{(R/27Z). We will think of H} (R/27Z) as the real H'-space of
2-periodic functions.

8.2. The Hilbert transform on 2-periodic functions and distributions
For f € L'(R/27Z), we let Hy be the convolution operator

H, f(x) := %pv/{ f(t)cotn(x—_t)dt, (8.2.1)
1

2
where again pv stands for principal value, which means we take the limit as € — 07 of
the integral over /1 = ]—1, 1[ with the set {x} +27Z 4 [—e¢, €] removed. It is obvious from
the periodicity of the cotangent function that Hj f, if it exists as a limit, is 2-periodic. By
a standard trigonometric identity,

where the convergence is uniform on compact subsets of R. By a change of variables,

1 t
Hf(x) = - lim Flx—1)cot 2L, (8.2.2)
2 e—0t I\, 2
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(here, as usual, I, = ]—e¢, €[) from which we conclude, by uniform convergence and
periodicity, that

Hof(r) =~ lim | i fa—n 2
X)=— 1m m X —
2 7T N—+400e—0t =N I t+2n
1 dt 1 dt
= — lim fx—t)—+— lim f(x—1)
T e—0t J\ I t T Nﬁﬂx)n:\n\fZN:‘n;éO I t+2n

1 dr 1 dr
= — lim fx—1)—+— lim > / flx—1)—
T e—0T Ji\1. I TN=too, SN o) 2n—1,2n41] !

1 dr
= lim lim —/ flx—1) —. (8.2.3)
N—=>400e—0" T Jn \I t

In other words, the operator H; is just the natural extension of the Hilbert transform to
the 2-periodic functions. We observe that H, 1 = 0, which contrasts with the nonperiodic
case (where no nontrivial function is mapped to the zero function). It is well-known that
the periodic Hilbert transform H, maps L 1(R/2Z) into the weak L'-space L1">°(R/27Z).
However, we prefer to work within the framework of distribution theory, so we proceed
as follows.

Let C*°(R/2Z) denote the space of C* 2-periodic functions on R. It is easy to see
that

9 € C¥(R/2Z) = Hyp € C®(R/27).

To emphasize the importance of the circle T = R/27Z, we write

1
(f: 8)r/2z :=/1f(t)g(t)dt (8.2.4)

for the dual action when f and g are 2-periodic.
Definition 8.2.1. For a test function ¢ € C°°(R/27Z) and a distribution u on the circle
R/27Z, we put

(0, Hou)ryoz := —(Ha@, u)r/2z.

This defines the Hilbert transform Hyu for any distribution # on R/27Z.

The analogue of Proposition 7.1.1 for the circle reads as follows. Note that the formula
defining the “valeur au point” function makes sense also for u in the space of distributions
L'(R/27Z) + Hy L' (R/27Z). Moreover, the independence of the cut-off function is quite
analogous to the real line case (Lemma 7.4.2) and left to the interested reader.

Proposition 8.2.2. Suppose f € L(l)(R/ 27). Then the following are equivalent:

() f e HL(R/2Z).
(i) Hy f € LY (R/2Z), where Hs f is understood as a distribution on R.
(iii) vap[H, f] e L'(R/27).

Proof. This is immediate from [19, p. 87]. O
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8.3. The real H*-space of the circle

The real H*-space on the circle R /27 is denoted by HZ'(R/2Z), and consists of all the
functions in Hg’(R) that are 2-periodic. The analogue of Proposition 7.2.1 reads:

Proposition 8.3.1. We have the equivalence
feHYR/2Z) < f Haf € L°(R/27Z).

This result is well-known.

8.4. A predual of 2-periodic real H*
We put
S(R/2Z) := L' (R/2Z) + KoL (R/2Z),

understood as a space of 2-periodic distributions on R. More precisely, if u = f 4+ Hag,
where f € L'(R/2Z) and g € L(l)(R/ZZ), then the action on a test function ¢ €
C*°(R/27Z) is given by

(@, uyrp2z = (@, fIr22 — (H20, g)R /22 (8.4.1)

But it should be possible to think of a 2-periodic distribution as a distribution on the line,
which means that we need to understand the action on standard test functions in C2°(R).
If € C°(R), we simply put

(Y, uyryoz = (o, u)r 2z, (8.4.2)
where Iy € C°(R/27Z) is given by
Moy (x) =Y ¥(x+2j). (8.4.3)
J€EZ

We will refer to I, as the periodization operator.
As in the case of the line, we may identify £(R/2Z) with the predual of the real
H™-space.

Proposition 8.4.1. Each continuous linear functional £(R/27Z) — C corresponds to a
function ¢ € HZ' (R/2Z) in accordance with (8.4.1). In short, the dual space of £(R/27)
is isomorphic to HZ' (R/27).

We omit the proof, which is analogous to that of Proposition 7.3.1.

The definition of vap[u] makes sense for u € £(R/2Z) and as in the case of the
line, it does not depend on the choice of the cut-off function. We have the analogue of
Proposition 7.4.3; as the result is standard, we omit the proof.

Proposition 8.4.2 (Kolmogorov). The mapping vap : £(R/2Z) — L“®[R/27Z), u
vaplu], is continuous.
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9. A sum of two preduals and its localization to intervals

9.1. The sum space L(R) & £(R/27Z)
Suppose u is a distribution on R of the form
u=v+w, where velR), welR/2Z). 9.1.1)

A natural question is whether the distributions v, w on the right-hand side are unique.
This is indeed so.

Proposition 9.1.1. £(R) N £(R/27Z) = {0}.

This statement is pretty obvious in terms of the Fourier transform, which sends 2-periodic
distributions to sums of point masses along the integers, while £(IR) is mapped to a space
of bounded continuous functions.

In view of Proposition 9.1.1, it makes sense to write £(R) & £(R/2Z) for the space
of tempered distributions u of the form (9.1.1). We endow £(R) & £(R/27Z) with the
induced Banach space norm

lull eyec®r2z) = Ivlew + lwller/2z)

provided u, v, w are related via (9.1.1).

9.2. The localization of £(R) & £(R/27Z) to a bounded open interval

In the sense of Subsection 7.6, we may restrict a given distribution u € £(R) & £(R/27Z)
to a given open interval /. It is natural to wonder what the space of such restrictions looks
like.

Proposition 9.2.1. The restriction of £(R) & L(R/27Z) to a bounded open interval [
equals £(I).

Proof. By definition, the restriction of £(R) to I equals £(7). It remains to show that the
restriction to / of a distribution in £(R/27Z) is in £(/) as well. Since

L(R/2Z) = LY (R/2Z) + Hy L} (R/2Z),

and the restriction of LI(R/ 27) to the bounded interval I is contained in L1 (1), the only
thing we need to check is that the restriction of Hy L(l)(R /27) to I is contained in £(7). It
will be enough to show that for each f € L{(R/2Z), there exist g € L' (R), h € L{(R),
and a distribution W € D’'(R) with support in R \ 7, such that

Hyf =g+Hh+W.

We need two bounded open intervals Ji, J> such that I € J; € J,. We first let & equal f
on Ji, and put it equal to 0 on R \ J;. In the difference set J> \ J;, we let i be constant,
where the value of the constant is then determined by the requirement that & € L(l)(R). As
the cotangent kernel % cot ”7’ used to define H; and the Hilbert transform kernel % have
the same singularity, it is easy to see that H, f —H# is smooth on J1, and we may declare g
to equal Hy f — Hk on 1, and put it equal to O on the rest R \ /. The distribution W is
uniquely determined by these choices, and has the required properties. O
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10. An involution, its adjoint, and the periodization operator

10.1. An involutive operator

For each positive real number B, let Jg denote the involution given by

T () = )% F(—B/x). xeR”.

With respect to the dual action (-, -)R, this operator Jg can be understood as the preadjoint
of the involution Jz defined in (5.1.1).

We use the standard notation R* := R\ {0}. We now record some basic properties of
this involution. For instance, by the change-of-variables formula, Jz : L! R) — L! (R)
is an isometry.

Proposition 10.1.1. Fix 0 < 8 < +o0. The operator Jg is an isometric isomorphism
L'(R) — LY(R). In addition, Jg maps HL(R) — H!(R) and H' (R) — H!'(R) and
consequently Jg : HGIB R) — Hé (R) as well.

Proof. The mapping z +— —f/z preserves the upper half-plane C4, and so functions
holomorphic in C; are sent to functions holomorphic in C; under composition with
Zz +— —p/z. The isometric part is already settled, so it remains to check that H J_ R) is

preserved under J g, since the case of H!(R) is identical. This follows easily by checking
the property on a dense subspace (e.g. consisting of rational functions). O

If f € L'(R) and ¢ € L% (R), the change-of-variables formula yields

d
(0. 35 ) = /Hé o) f(-8/0 L5 = /R o(—B/D O dt = Typ, flz,  (10.L1)

where J 2 is the involution

Jpo(t) :=p(=B/1), teR™

We need to extend Jg to an operator £(R) — £(R). To this end, we need to understand
how to define JgH f as a distribution in £(R) when f € L(l)(R). First, following (10.1.1),
we put

(0, JgHf )R = —(HJ30, )R (10.1.2)

for f € L})(R) and ¢ € C°(RX), since such test functions vanish near the origin. Note
here that if ¢ € C2°(R*), then necessarily J:’;go € C(R*) as well, so the right-hand
side of (10.1.2) is well-defined.

Proposition 10.1.2. For ¢ € C°(R*), we have the identity

HI50(x) = JiHp(x) — (.1 — L), x e R,

wt
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Proof. By a change of variables in the corresponding integral, we have

X
B+tx

_B
t(B+1tx)

1 1
JgHo(x) = — pV/R p(r)dr, HIgp(x) = ;pV/R (1) dt,

so the asserted equality is a simple consequence of the algebraic identity

x o B l 0
CB+tx t(B+tx) ¢

As f € L(IJ(R), its action on constants vanishes, so by a combination of (10.1.1), (10.1.2),
and Proposition 10.1.2, we obtain

(. JpgHf)r = —(H30, fir = —J5He, fir = —(He, Jp fIr = (p, HIp f)r
(10.1.3)
for ¢ € C°(RX). As f € L§(R), we also have Jg f € Li(R), so HJgf € HL{(R) C
L£(R). This means that as distributions on R* = R\{0}, JgH f and HJg f coincide. In par-
ticular, their “valeur au point” functions, which are well-defined almost everywhere, coin-
cide on R*. However, the distribution HJ g f makes sense on test functions ¢ € C°(R),

and actually, more generally for ¢ € HZ’(R). This allows us to extend the action of JsH f
from C°(R*) to HZ'(R) (compare with (7.3.2)).

Definition 10.1.3. For u € £(R) of the form u = f + Hg € £R), where f € L'(R)
and g € L(l)(R), we define Jgu to be the distribution on R given by the formula

(@, Jpu)r = (0, Jp(f +H)R := (0, Jp [ + (0, HIs2)r = (0. Jp f)r — (Ho, Jpg)r
for test functions ¢ € HZ(R).

As already noted, this is in complete agreement with the way we would previously under-
stand Jgu as a distribution on R, using smooth test functions having compact support
on the punctured line R*; see (10.1.1) and (10.1.2).

Proposition 10.1.4. Fix 0 < B < +o00. The map Jg acts continuously L(R) — £(R),
and JZ acts continuously Héo R) — Héo (R). Moreover, on the respective spaces, J%

and JEZ both equal the identity operator.

Proof. Letu € £(R) be of the form u = f + Hg, where f € L'(R) and g € L(l)(]R).
Then, by definition, Jgu = Jg f + HJgg € £(R), and it is clear that Jg acts continuously.
Moreover, by iteration

Jou=J3f +Hg=f+Hg =u

since JJF = F forall F € L'(R). The assertions concerning J* follow by duality. ]
B gdg y Y
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10.2. The periodization operator

We recall the definition of the periodization operator Il;:
Mof (x) =) flx+2)).
JEZ

In (8.4.3), we defined I, on test functions. It is however clear that it remains well-defined
with much less smoothness required of f. The terminology comes from the property that
whenever it is well-defined, the function Il f is 2-periodic automatically. A first result is
the following.

Proposition 10.2.1. The operator I acts contractively L'R) » LY(R /27). Moreover;
I, maps H (R) onto HL(R/2Z) and H! (R) onto H! (R/27Z).

Proof. By the triangle inequality and Fubini’s theorem, I, is a contraction L!(R) —
L'(R/27):

1 1 2j+1
f1 T f (x)] dx szf] fa+2plde=Y" [ If(x)ldx=fR|f(x)|dx,

jez jez J2i-1

It remains to check the mapping properties, which are immediate from the characteriza-
tions (4.1.3), (4.1.4) for the line and (8.1.1) for the circle, combined with the calculation

1 1 A
/ e, £ (1) dt ZZ/ e f(t +2j)dt :/e”””f(t)dt, neZ. (10.2.1)
-1 jez /-1 R

O

The identity (10.2.1) is a special case of a more general identity, for f € L!'(R) and
F € L®°(R/27Z) (compare with (8.4.2)):

1 1
(F, 2 f)r/2z = /1F(I)H2f(t)dt ZZ/IF(t)f(tJij)dt

- JEZ
=/ F@t)f(t)dt = (F, f)r, neZ. (10.2.2)
R

We need to extend IT5 in a natural fashion to the space £(R). If ¢ € C*(R/27Z) is a test
function on the circle, we glance at (10.2.2), and for u € £(R) with u = f + Hg, where
feL'(R)and g € L(l)(]R), we set

(@, Mau)g )2z := (9, u)r = (@, Ik — (Hp, &)k (10.2.3)
This defines ITou as a distribution on the circle (compare with (7.3.2)).

Proposition 10.2.2. For u € £(R) of the form u = f + Hg, where f € L'(R) and
g€ L(l)(R), we have lou = I, f + Hplog. In particular, I, maps £(R) — £(R/27Z)
continuously.
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Proof. For a 2-periodic test function ¢ € C*°(R/2Z), we check that

(o, Mo f + Ho Mo g)r 2z = (@, 2 fir/2z — (H2p, MI2g)r 2z = (@, fIrR — (H20, g)R,

where we applied the identity (10.2.2) twice. If we compare this with (10.2.3), we realize
we have the same expression, because Hy and H, ¢ differ by a constant. After all, they are
two harmonic conjugates of one and the same function, and g annihilates constants. O

11. The spanning problem formulation of Theorem 1.8.2

11.1. A reformulation of Theorem 1.8.2

Let us consider the following problem.

Problem 11.1.1. For which values of the positive real parameter § is the linear span of
the functions

en(t) =™, B (1) = e TP mn e Zyy,
weak-star dense in H°(R)?

We first remark that the functions e and e~ "#™/! for m, n € Zy o belong to HY°(R)
(they have bounded holomorphic extensions to C), so that the problem makes sense.
A simple scaling argument allows us to take o := 1, so that Theorem 1.8.2 is equivalent
to Problem 11.1.1 having an affirmative answer if and only if B < 1.

With respect to the dual action (-, -)g on the line, the understood predual of H°(R) is
the quotient space L' (R)/ H}_ (R). So, in terms of duality, the question raised in Problem
11.1.1 is: When, provided that f € L'(R), do we have the implication

(ens IR = (&), flr =0Vm,n € Zy oy = f € HL(R)? (11.1.1)

The argument involving point separation in C; from [15] applies here as well, which
makes 8 < 1 anecessary condition for the implication (11.1.1) to hold. Actually, as men-
tioned in the introduction, the methods of [4] supply infinitely many linearly independent
counterexamples for 8 > 1.

Also, by testing with n = 0, we note that we might as well assume that f € L(l)(R) in
(11.1.1). In view of (10.2.1),

1 .
{en, flr = / 1 ™ M (1) dt = (en, T2 f)r 22, (11.1.2)

so that for f € L' (R) we have the equivalence
(Vn €Zyso: (e flr =0} < T f € HL(R/2Z).

Since J j; em = e,ﬁf} ) , Where J;} is the involutive operator studied in §§5.1 and 10.1, we have

(f. ef)r = (f. Tyem)r = Jp f. em)r,
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which leads for f € LY(R) to the equivalence
(YmeZig: (el filr =0} < ILJsf € H(R/2Z).
We can now rephrase the question (11.1.1) and hence Problem 11.1.1.

Problem 11.1.2. Fix 0 < B < 1. Is it true that for f € L(l)(R),
ILf, s f € HL(R/2Z) = f € HL(R)?

It is rather obvious that the reverse implication holds (use, e.g., Propositions 10.1.1 and
10.2.1). If we think of II f and II>Jg f as 2-periodic “shadows” of f and Jg f, the
issue at hand is whether knowing that the two shadows are in the right space is enough
to conclude that the function comes from the space H}r (R). We note here that the main
result of [15] may be understood as the assertion that f is uniquely determined by the two
“shadows” Iy f and Iy Jg f if and only if B < 1. This offers some rather weak support
for the plausibility of the implication of Problem 11.1.2.

11.2. An alternative reformulation in terms of the space £(R)

We begin with a function f € L(l)(R), and form the conjugate-analytic Szegd projection
(cf. (4.2.6))

w:=P_f=1(f—iHf) e L)(R) + HL{(R) C L(R).
Then, by Definition 10.1.3,
Jou=JgP_f = 3Jpf —iJpHf) = U f —iHIgf) € Li(R) + HL{(R) C £(R),
and we calculate that (use Lemma 10.2.2)

Mou = J(M f —iMLHf) = (M f — iHI, f) = SA—iH) ML f € S(R/27Z),

(11.2.1)
and that (use Proposition 10.2.2 again)
MyJgu = 3(MJp f —iMLHIg f) = 3(MaJp f — iHa Mo Jg f)
= %(I —iH) I Jg f € £(R/2Z). (11.2.2)

Here, we write I for the identity operator. Modulo the constants, the operator P _ :=
%(I —iHy) projects to the 2-periodic conjugate-holomorphic functions in C,, and
H1(R/2Z) is indeed mapped to {0}:

P, _H|(R/2Z) = {0}. (11.2.3)
Hence we conclude from (11.2.1) and (11.2.2) that
ILf, s f € HL(R/2Z) = Thu = MrJpu = 0.

We are led to consider the following problem. Let £y(R) be the one-codimensional sub-
space of £(R) given by

Lo(R) == L{(R) + HLH(R) C £(R).
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Problem 11.2.1. Fix 0 < 8 < 1. Is it true that for u € £o(R),
Iu =M Jgu=0 = u=0?

Proposition 11.2.2. If the answer to Problem 11.2.1 is affirmative, then the answers to
Problems 11.1.1 and 11.1.2 are affirmative as well, and the assertion of Theorem 1.8.2 is
valid.

Proof. We already know that Problems 11.1.1 and 11.1.2 are equivalent. Let f € L'(R)
be such that II, f € H}r(R/ZZ) and I Jg f € H}F(R/ZZ). Then, as a first step, f €
L(l)(R) by the identity (10.2.1) with n = 0. We recall the notation P_ := %(I —iH) for
the Szegd projection to the conjugate-holomorphic functions in C.. Next, we consider
the distribution 4 := P_ f = %(f —iHf) € £9(R), and use the identities (11.2.1) and
(11.2.2) together with (11.2.3) to see that IIou = II>2Jgu = 0. Now, given that Problem
11.2.1 has an affirmative answer, we find that P_ f = u = 0, which is only possible for
f e L'(R)if f € H.(R). We conclude that Problems 11.1.1 and 11.1.2 have affirmative
answers as well. Finally, given the discussion in §1.8, the correctness of the assertion of
Theorem 1.8.2 follows as well. O

11.3. The connection with an extension of ergodic theory

In [16], the following result is obtained as an application of an extension of ergodic theory
in the setting of Gauss-type maps.

Theorem 11.3.1 (see [16]). For0 < B < 1 and u € £9(R),
Iu =MJgu =0 = u=0.

Modulo this result, we may now conclude the proof of Theorem 1.8.2.

Proof of Theorem 1.8.2. As observed right after the formulation of Theorem 1.8.2, a
scaling argument allows us to reduce the redundancy and fix ¢« = 1, in which case the
condition 0 < aff < 1 reads 0 < B < 1. Now, in view of §11.1 and Proposition 11.2.2,
the assertion is an immediate consequence of Theorem 11.3.1. O

It remains to explain how Theorem 11.3.1 connects with an extension of ergodic theory.
The connection is strongest for 8 = 1, which is why we restrict our attention to this value
of 8. Foru € £9(R), we need to show that if ITu = 0 and I Ju = 0, then u = 0 is the
only possibility. We split II; = I4+X,, so that

Tou(t) = Y ult+2j),

Jjezx

where the two sides are to be understood liberally (compare with (10.2.3)). Then IIou = 0
is the same as u = —X,u, while IIpJ;u = 0 means that Jiju = —X,J u. Since J; is an
involution, we could write the latter as u = —J; X2J1u. We may need to be careful with
the interpretation of the right-hand side, but let us not worry about that now. So, the two



The Klein—Gordon equation, the Hilbert transform, and dynamics of Gauss-type maps 1755

pieces of information we have about u € £9(R) are u = —Xou and u = —J; ZoJju. We
are free to combine them:

u = Elezleu and u = lelezzu. (11.3.1)

If we write Ty := X,J; and V; := J; X, (11.3.1) maintains that u = T3u and u = V3u.
The operator T behaves like the transfer operator associated with the Gauss-type trans-
formation 71(x) = {—1/x}» (see, e.g., (3.4.2)), but to get a precise fit we need to re-
strict our space of distributions to the symmetric standard interval /1, and consider £(/;).
Of course T; acts contractively on L'(I}) (see Proposition 3.4.1), but on the larger
space £(11) it is no longer a norm contraction (but it does define a bounded operator,
see [16]). This is a serious complication, which is overcome only by a careful analysis
of the action of the iterates of the transfer operator on the Hilbert kernel. We remark that
on the interval I, the equality u = T%u asks for u to be an “invariant observable” in
the space £(/1) of “extended observables” for the composition square of the Gauss-type
transformation. In the considerably simpler L'(/}) setting, this is the same as being a
scalar multiple of the invariant measure (this observation uses ergodicity). From a func-
tional analysis perspective, in the case of a finite mass invariant measure, ergodicity can
be understood as the property that the given invariant measure is an extreme point in the
convex body of all the invariant probability measures. In the case at hand, the absolutely
continuous invariant measure is (1 — tz)’1 dt, which is ergodic but has infinite mass,
so it does not fit in the standard functional analysis interpretation. Then we would still
know from ergodicity that the only possible solution to u = T%u with u € LY(I)) is
the function u = 0 (see e.g. [15]). In this sense, the assertion that u = 0 is the only
possibility in the larger space £(/;) of extended observables is stronger than standard er-
godicity. The analogue for a transformation without an indifferent fixed point would be
the statement that the given invariant observable is unique up to scalar multiples within
the extended observables space £(11). We may think of £(/1) as arising from a mix of
absolutely continuous signed densities of two types of particles, (i) point particles (repre-
sented by d¢) and (ii) fuzzy particles (represented by Hég ). In the fuzzy case, we need to
include source points £ located outside the basic interval I1; if we prefer to consider only
& e Iy, the Hilbert transform needs a slight modification to give the whole space £(1;) in
this manner.
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