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ABSTRACT. In this paper we survey the notion and basic results on multivari-
ate Hasse-Schmidt derivations over arbitrary commutative algebras and we
associate to such an object a family of classical derivations. We study the be-
havior of these derivations under the action of substitution maps and we prove
that, in characteristic 0, the original multivariate Hasse—Schmidt derivation
can be recovered from the associated family of classical derivations. Our con-
structions generalize a previous one by M. Mirzavaziri in the case of a base
field of characteristic 0.

Introduction

Let k be a commutative ring and A a commutative k-algebra. A Hasse—
Schmidt derivation of A over k of length m > 0 (or m = o), is a sequence
D = (Do,D1,...,Dy) (or D = (Dg,Dy,...)) of k-linear endomorphisms of A
such that Dy is the identity map and

D, (zy) = Z Ds(z)D4(y), Vo,Va,y € A.

Btv=a

A such D can be seen as a power series D = Z;n:() Dyt in the quotient ring
R[[t]]/ (™), with R = Endg(A) (the ring of endomorphisms of A as k-module).
For ¢ > 1, the ¢th component D; turns out to be a k-linear differential operator of
order < ¢ vanishing on 1, in particular D; is a k-derivation of A.

The notion of Hasse—Schmidt derivation was introduced in [I] in the case where
k is a field of characteristic p > 0 and A a field of algebraic functions over k. This
notion was used to understand, among others, Taylor expansions in this setting.
But actually, Hasse-Schmidt derivations make sense in full generality.

If we are in characteristic 0 (Q C k), then it is easy to produce examples
of Hasse—Schmidt derivations: starting with a k-linear derivation § : A — A we
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consider its exponential:
o0 60‘ N
e ="y —t" € R[H]], R =Endi(A).

a=0

It is clear that e is a Hasse-Schmidt derivation of A over k (of infinite length).
This example also proves that, always under the characteristic 0 hypothesis, any
k-linear derivation § : A — A appears as the 1-component of some Hasse—Schmidt
derivation (of infinite length, and so, of any length m > 1) of A over k. This is what
we call “to be oo-integrable” (and so “m-integrable”, for each m > 1) (see [5]). But
if we are no more in characteristic 0, the situation becomes much more involved
and integrable derivations deserve special attention (see [8), 4, [13] for several recent
achievements in that direction).

As far as the author knows, two papers have been concerned with the descrip-
tion of Hasse-Schmidt derivations in terms of usual derivations, both in the case
where k is a field of characteristic 0. In [3] it is proven thatll, if A is a (possi-
bly non-commutative) k-algebra, then any Hasse-Schmidt derivation D = (Dy =
Id, Dy, D3, . ..) of infinite length of A over k is determined by a unique sequence
§ = (61,02,...) of classical derivations §; € Dery(A). Namely, the expressions
relating D and § are:

r+1

snzi% > DmDnQ...DnT,Dnzzn:% D Sy

r=1 nit-tner=n r=1 " nit-tnr=n
n;>0 n;>0

or in other words:
oo oo
Z D,t" = exp <Z 5nt"> .
n=0 n=1

A similar result is proven in [7]: any Hasse-Schmidt derivation D = (Do =
Id, D1, Do, ...) of infinite length of A over k determines, and is determined by
a sequence § = (d1,02,...) of classical derivations given by the following recursive
formula:

(n + 1)Dn+1 = Zér-l-an—ra n > 0.
r=0

An interesting reinterpretation of both results can be found in [2].

The goal of this paper is twofold: to give a survey of multivariate Hasse-Schmidt
derivations over a general commutative base ring k and a general commutative k-
algebra A, as defined in [9]; and to generalize the construction in [7] to this setting,.

One of our motivations is to understand the relationship between HS-modules,
as defined in [10], and classical integrable connections. The paper [11] is devoted
to prove that both notions are equivalent in characteristic 0, and the proof strongly
depends on the constructions and results of the present paper.

IThis result has been “rediscovered” in [12] for A a commutative algebra over a field k of
characteristic zero.
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A (p, A)-variate Hasse—Schmidt derivation of A over k is a family D = (D,)
of k-linear endomorphisms of A such that Dg is the identity map and:

Da(wy) = > Dg(x)D4y(y), Vo€ AVr,y e A,

Bty=a

aEA

where A C NP is a non-empty co-ideal, i.e. a subset of NP such that everytime
a€Aand o <a(ie. a—a’ €NP) we have &' € A. A simple but important idea
is to think on Hasse-Schmidt derivations as series D =} _. D,s® in the quotient
ring R[[s]]a of the power series ring R][s]] = R[[s1,..., Sp]], R = Endi(A), by the
two-sided monomial ideal generated by all s* with o € NP\ A.

The set HS} (A; A) of (p, A)-variate Hasse-Schmidt derivations is a subgroup
of the group of units (R[[s]]a)”, and it also carries the action of substitution maps:
given a substitution map ¢ : A[[s1,...,8p]]la = A[[t1,...,t,]]v and a (p, A)-variate

Hasse-Schmidt derivation D =) _, D,s“ we obtain a new (g, V)-variate Hasse—
Schmidt derivation given by:

peD := Z ©(s)Dy.
acA

This new structure is a key point in [10].

To generalize the construction in [7], we reinterpret the aforementioned recur-
sive formula by means of the “logarithmic derivative type” maps:

oD

2Z) eRlslla, i=1,....p,
o) € Rlsla, =1
where D* denotes the inverse of D. The starting point is to check that the coeffi-
cients of e(D) are always classical derivations, i.e. €(D) € Dery(A)[[s]]a-

e': D € HSY(A;A) — €'(D) := D* (si

Let us comment on the content of the paper.

In section 1 we have gathered some notations and constructions on power series
modules, powers series rings and substitution maps, most of them taken from [9],
and we study the maps €’, and their conjugate .

In section 2 we recall the notion and the basic properties of multivariate Hasse—
Schmidt derivations and of the action of substitution maps on these objects.

Section 3 contains the main original results of this paper. First, we see how
the & or & maps of section 1 allow us to associate to any multivariate Hasse—
Schmidt derivation a power series whose coeflicients are classical derivations, as
explained before. When Q C k we obtain a characterization of multivariate Hasse—
Schmidt derivations in terms of the &’ (or &) maps, and we prove that any multivari-
ate Hasse—Schmidt derivation can be constructed from a power series of classical
derivations. To finish, we study the behavior of the £’ maps of a multivariate
Hasse—Schmidt derivation under the action of substitution maps.

1. Notations and preliminaries

1.1. Notations. Throughout the paper we will use the following notations:
-) k is a commutative ring and A a commutative k-algebra.
)s={s1,...,8}, t ={t1,...,t5}, ... are sets of variables.
-) P (R; A): see Notation [[.2.4
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) Celp,a): see (LII).
-) per,Tep: see[[ 3.5
-) P see 223

1.2. Some constructions on power series rings and modules. Through-
out this section, k will be a commutative ring, A a commutative k-algebra and R
a ring, not-necessarily commutative.

Let p > 0 be an integer and let us call s = {s1,...,5,} a set of p variables.
The support of each o € NP is defined as supp« := {i | a; # 0}. The monoid NP
is endowed with a natural partial ordering. Namely, for «, 8 € NP we define:

a<p Loty FJyeNPsuchthat f=a+y <= o <p Vi=1l...,p.

We denote |a| := a1 + - + .

Let p > 1 be an integer and s = {s1, ..., sp} aset of variables. If M is an abelian
group and M][[s]] is the abelian group of power series with coefficients in M, the
support of a series m = Y mqas® € M[[s]] is supp(m) := {a € NP | m, # 0} C NP,
We have m = 0 < supp(m) = 0.

The abelian group M|[s]] is clearly a Z[[s]]-module, which will be always en-
dowed with the (s)-adic topology.

DEFINITION 1.2.1. We say that a subset A C NP is an ideal (resp. a co-ideal)
of N? if everytime v € A and « < o’ (resp. o < ), then o/ € A.

It is clear that A C NP is an ideal if and only if its complement A€ is a co-ideal,
and that the union and the intersection of any family of ideals (resp. of co-ideals)
of N? is again an ideal (resp. a co-ideal) of NP. Examples of ideals (resp. of co-
ideals) of NP are the 8 + NP (resp. the {a € N? | a < 8} ) with 8 € NP. The
{a € N? | || < m} with m > 0 are also co-ideals. Notice that a co-ideal A C NP
is non-empty if and only if {0} C A.

1.2.2 Let M be an abelian group. For each co-ideal A C NP, we denote by A,y
the closed sub-Z[[s]-bimodule of M|[s]] whose elements are the formal power series
> acne Mas® such that m, = 0 whenever a € A, and M]{[s]|a := M][s]]/Ans. The
elements in M{[s]|a are power series of the form ) _, mas®, mo € M. If f: M —
M’ is a homomorphism of abelian groups, we will denote by f : M[[s]]a — M'[[s]]a
the Z[[s]]a-linear map defined as f (3, . mas®) =3 .. f(ma)s®.

If R is a ring, then Ag is a closed two-sided ideal of R[[s]] and so R][s]]a is a
topological ring, which we always consider endowed with the (s)-adic topology ( =
to the quotient topology). Similarly, if M is an (A; A)-bimodule (central over k),
then M{[s]]a is an (A[[s]a; A[[s]]a)-bimodule (central over k[[s]]a).

For A’ C A non-empty co-ideals of NP, we have natural Z|[[s]]-linear projections
Tan 2 M([s]]a — M][[s]]as,that we call truncations:

TAA Zmaso‘ € M|[s]]la — Z mas® € M([s]]a.

If M is a ring (resp. an (A; A)-bimodule), then the truncations 7aa: are ring
homomorphisms (resp. (A[[s]]a; A[[s]]a)-linear maps). For A’ = {0} we have
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M][s]]ar = M and the kernel of 74¢0} will be denoted by M][[s]]a,+. We have a
bicontinuous isomorphism:

M{[s]]la = lim M{[s]]as
where A’ runs over all finite co-ideals contained in A.

DEFINITION 1.2.3. A k-algebra over A is a (not-necessarily commutative) k-
algebra R endowed with a map of k-algebras ¢ : A — R. A map between two
k-algebras 1 : A — Rand /' : A — R’ over Ais amap g : R — R’ of k-algebras
such that «/ = got.

It is clear that if R is a k-algebra over A, then R][[s]]a is a k[[s]]a-algebra over
Allslla-

NOTATION 1.2.4. Let R be a ring, p > 1 and A C NP a non-empty co-ideal.
We denote by #7(R; A) the multiplicative sub-group of the units of R[[s]]a whose
0-degree coefficient is 1. The multiplicative inverse of a unit r € R[[s]]a will be
denoted by r*. Clearly, %”(R; A)°PP = %P(R°PP; A). For A C A’ co-ideals we
have Tara (%P (R; A')) C %P(R;A) and the truncation map 7aa : #P(R; A') —
%P(R; A) is a group homomorphisms. Clearly, we have:

(1.1) U(R;A) = lim UP(R;A).

Alca
HA! < oo

Ifp=1and A= {i € N|i<m} we will simply denote %(R;m) := %*(R; A).
For any ring homomorphism f : R — R/, the induced ring homomorphism

f: R[[s]la — R'[[s]]a sends %P(R;A) into %*(R’; A) and so it induces natural
group homomorphisms %P (R; A) — %P(R'; A).

We recall the following easy result (cf. Lemma 2 in [9]).

LEMMA 1.2.5. Let R be a ring and A C NP a non-empty co-ideal. The units in
R][s]]a are those power series r =Y ro8* such that ro is a unit in R. Moreover,
in the special case where ro = 1, the inverse r* = 3" ris® of r is given by r§ =1

and
la|

rh o= Z(—l)d Z Tl Toa for a0,

d=1 a®eP(a,d)

where P(a, d) is the set of d-uples o® = (a,...,a%) with o € N® o £ 0, and
a4+ +at=a.

1.2.6 Let E,F be A-modules. For each r = >, rgs? € Homy(E, F)[[s]|a we
denote by 7 : E[[s]]a — F|[[s]]a the map defined by:

?(Z easo‘> =y < > ”3(6”)) =

agA acA \BHy=a

which is obviously a k[[s]]a-linear map. It is clear that the map:
(1.2) r € Homg(E, F')[[s]]a — 7 € Homye), (E[[s]]a, F[[s]]a)
is (A[[s]]a; A[[s]]a)-linear.
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If f: E[s]]a — F[[s]]a is a k[[s]]a-linear map, let us denote by f, : E — F,
a € A, the k-linear maps defined by:

= Zfa(e)so‘, Ve € E.
a€EA

If g : E — F[[s]]a is a k-linear map, we denote by ¢° : E[[s]]a — F[[s]]a the unique
k[[s]] a-linear map extending g to E[[s]]a = k[[s]]a®rE. Tt is given by:

(1.3) g° <Z easo‘> = Zg(ea)s

We have a k[[s]]a-bilinear and A[[s]]a-balanced map:
(= =) 2 (r,e) € Homy(E, F)[s]]a x E[s]]a +— (r,¢) := 7(e) € F[s]]a
The following assertions are clear (see [9, Lemma 3]):

1) The map (2] is an isomorphism of (A[[s]]a; A[[s]]a)-bimodules. When
E = F it is an isomorphism of k[[s]]a-algebras over A[[s]]a
2) The restriction map:

f € Homy g1 (E[sl]a, F[[s]]a) = flz € Homy,(E, F[[s]]a),

is an isomorphism of (A[[s]]a; A)-bimodules.

Let us call R = Endi(F). As a consequence of the above properties, the
composition of the maps:

(1.4) R[[s)]a “=5 Endyes (Ellslla) 2222 Homy (B, E[[s]]a)

is an isomorphism of (A[[s]]a; A)-bimodules, and so Homy(E, E[[s]]a) inherits a
natural structure of k[[s]]a-algebra over A[[s]]a. Namely, if g, h : E — E[[s]]a are
k-linear maps with:

= Zga(e)sa, h(e) = Zha(e)so‘, Ve € E, ga,hoa € Homy(E, E),

a€A acA

then the product hg € Homy(E, E[[s]]a) is given by:

(1.5) (hg)(e) = ( > (hﬁogv)(e)> s

NOTATION 1.2.7. We denote: 7
Homy, (E, E[[s]]a) := {f € Homy(E, E[[s]]a) | f(e) = e mod (s)E[[s]]a Ve € E},

Autgga (Ells]]a) =
{f € Autyg, (E[[s]]a) | f(e) = eo mod (s)E[[s]]a Ve € E[[s]]a}

Let us notice that a f € Homy(F, E[[s]|a), given by f(e) = > ca fa(e)s®, belongs
to Homy, (E, E|[s]]a) if and only if fo = Idg.

The isomorphism in (L4) gives rise to a group isomorphism:

(1.6) r € UP(Endi(E); A) — T € Autyq), (E[s]]a)
and to a bijection:
(1.7) € Autgg, (Ellslla) ¥ [l € Homy (E, E[[s]]a).

So, Hom,, (E, E[[s]]a) is naturally a group with the product described in (L3]).
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If R is a (not necessarily commutative) k-algebra and A C NP is a co-ideal, any
continuous k-linear map h : k[[s]]a — k][[s]]a induces a natural continuous left and
right R-linear map:

hr = 1dr®@ih : R[[s]]a = R&xk[[s]]a — Rl[[s]]a = ROxk[[s]]a
given by:

hr <Z raso‘> = Zrah(s

If 0 : k[[s]]a — K[[s]]a is k-derivation, it is continuous and g : R[[s]]a — R[[s]]a
is a (R; R)-linear derivation, i.e. dgr(sr) = s0g(r), 0r(rs) = dgr(r)s, Or(rr') =
Og(r)r’ +ror(r’) for all s € R and for all r,r’" € R][[s]]a

The set of all (R; R)-linear derivations of R[[s]]a is a k[[s]]a-Lie algebra and
will be denoted by Derg(R|[[s]]a). Moreover, the map:

0 € Dery(k[[s]]a) — or € Derr(R[[s]]a)
is clearly a map of k[[s]]a-Lie algebras.

The following definition provides a particular family of k-derivations.

DEFINITION 1.2.8. For each ¢ = 1,...,p, the ith partial Euler k-derivation is
Xt = si% : k[[s]] — k[[s]]- It induces a k-derivation on each k|[[s]]a, which will be
also denoted by x*.

The FEuler k-derivation x : k[[s]] — E[[s]] is defined as:

P
X = ZXia X (Z caso‘> = Z |a|cas®
i=1 o o

It induces a k-derivation on each k[[s]]a, which will be also denoted by x.
The proof of the following lemma is easy and it is left to the reader.

LEMMA 1.2.9. Let E be an A-module and r =}, rgs? € Homy (A, E)[[s]]a a
formal power series with coefficients in Homy (A, E). The following properties are
equivalent:

(1) r € Derg(A, E)[[s]]a-

(2) For any a € Al[s]]a we have [r,a] = 7(a).
(3) 7 € Dergjg) 5 (Alls]]a, E[[s]]a).

(4) 7la € Derk(A E[[s]]a)-

In particular, for each r € Derg(A)[[s]|a, we have that 7 € Deryg), (A[[s]]a)
(see [[2:0) and that the A[[s]]a-linear map

(1.8) r € Dery, (A)[[S]]A — T Del‘k[[s]]A(A[[S]]A)

is an isomorphism of A[[s]]a-modules. Moreover, Dery(A)[[s]]a is a Lie algebra
over k[[s]|a, where the Lie bracket of § = )" _ d45% ¢ =) €as® € Dery(A)[[s]]a

is given by:
[0,e] = e —ed = Z ( Z [55,av]> s,

[¢] Bty=a

and the map (L.8) is also an isomorphism of k[[s]]a-Lie algebras.
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LEMMA 1.2.10. Let d : k[[s]]a — E[[s]]a be a k-derivation and R = Endy(A).
Then, for each r € R][s]]a we have Dp(r) = [04,T].

PROOF. We have to prove that 04 ((r,a)) = (0r(r),a) + (r,04(a)) for all a €
Al[s]]a. By continuity, it is enough to prove the identity for r = r,s%, a = ags”
with o, € A, 7o € R, ag € A:

4 ((r,a)) =04 (7(a)) = va(ralag)s®s’) = ra(ap)d(s*)s” +ra(ap)s*d(s”) =
0r(r)(a) +7(04(a)) = (Or(r), a) + (r,04(a)).

O
DEFINITION 1.2.11. For any k-derivation 0 : k[[s]]a — k[[s]]a and any r €
%P (R; A) we define:
e%(r) ;== r*0r(r), E°(r) :=0gr(r)r*,
and we will write:

E(r) =Y e(r)s”, 2(r)=) & (r)s*.

We will simply denote:
-) €(r) = &%(r), E(r) ;== %(r) if 0 = x* (the ith partial Euler derivation),
t=1,...,p.
-) e(r) :==&°(r), &(r) :=2%(r) if 0 = x is the Euler derivation.

Observe that 2°(r) = r£°(r) 7* and, for any co-ideal A’ C A, we have Taa/(€°(r)) =
e®(tan/(r)), Tan (°(r)) = °(7an/(r)). Moreover, if E is an A-module and R
Endg(A), then

() =7 oa, 7] =7 0T — 04, Z(r) = [0a, 77 =04 — FOAT L.
The proof of the following lemma is straightforward.
LEMMA 1.2.12. For each r € %} (R; A), the maps:
0 € Derg(k([s]]a) — €°(r) € R[s]]a, 0 € Derg(k([s]]a) —> 2°(r) € R[[s]]a
are k[[s]]a-linear.

In particular:
p
e(r) = &'(r), &r) =Y &)
i=1 i=1
LEMMA 1.2.13. Let 0,0 : k[[s]]a — k[[s]]a be k-deriations andr,7" € %} (R; A).
Then, the following identities hold:
(i) 8°(1) = (1) = 0, (r'r) = &%(r) + r*e°(')r, E(rr") = E°(r) +
re°(r')rr.
(i) e(r*) = —re(r)r* = —2%(r).
(i) P1(r) = [22(), 2% ()] +0n (7' (1) = 0 (2(7)).
PROOF. The proof of (i) is straightforward. For (ii) and (iii) one uses that
Op(r*) = —r*og(r)r*. O

~—
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1.2.14 For each r € %#P(R;A) and each i =1, ...

el(r) =1 x5 (r) = (Z rZs“) (Z ;TS

Z |a|ras®

a

== ()

and so, by using Lemma [[.2.5] we obtain:

o]
gl(r) = Z <Z(—1)d1 < Z
§i€>A0 d=1 a®eP(a,d)
la|
e(r) = Z (Z(_l)dl ( Z |
\Z\Efo d=1 a®e?(a,d)
In a similar way we obtain:
la|
£i(r) = Z (Z(_l)d_l ( Z
2f§% d=1 a®eP(a,d)
o]
) =2 (D—l)‘“ ( > |
a€EA d=1 a®eP(a,d)

|a|>0

. () — =i
In particular, we have €’,(r) = g,

and eo(r) =go(r) = 0:

)= Y eh(r)s®, E(r)
e(r) =Y ealr)s®, &)=
|a|>0

,p we have:

)= (% i,

EE

)Sa7
)Sa,

=20 2 iy

a  \Bty=a

d a
adrar - Tad>> s,
allrgr - Tad>> s“.
atror - 'f'ad>> s,
allrgr - 'f'ad>> s®.

(r) = 0 whenever «; = 0, i.e. whenever ¢ ¢ supp a,

=1

5

>

1€supp «

> Ea(r)s®,

|a|>0

(r)s®,

and £*(r),g%(r),e(r),2(r) € R[[s]]a + (see (LZZ)). The following recursive identities

hold:
QT = Z T3 5;(7“) = Z Ei(r) rg,
Bt+y=«a Bty=«a
vi >0 ~v;>0
el (r) = airg — Z T3 Efy(r), ZL(r) = ayre — Z Efy(r) rg,
Bt+y=a Bt+y=a
181,73 >0 181,73 >0
for all @ € A with «; > 0, and:
1.9) o= Y sy = Y 507
Btvy=a Btvy=a
[vI>0 [v|>0
£a(r) = |afra — Z B E’Y(T)7 Ealr) = |a|ra — Z gv(r) B
B+y=a B+y=a
[B],1v1>0 [B1,1v]>0
for all @ € A.

REMARK 1.2.15. After (L9]), our definition of £ generalizes the construction in

7.
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LEMMA 1.2.16. For any r € %P(R;A) and any i,5 = 1,...,p the following

identity holds: o o _ _
Xk (€'(r) = xR (£7(r) = [£'(r),€’ (r)].
PROOF. Since [x*, x?] = 0, it is a consequence of Lemma [L2Z.13] (iii). O

NoTATION 1.2.17. Under the above conditions, we will denote by AP(R;A)
the subset of (R[[s]]a,+)” whose elements are the families {6°};<;<, satisfying the
following properties:

(a) If 6* = 2 la]>0 5t s we have 6!, = 0 whenever a; = 0.
(b) For alli,j =1,...,p we have x% (67) = X% (87) = [67, 67].
Let us notice that property (b) may be explicitly written as:
(1.10) bl — ;b = > [65,08]
Btv=a
Birv;>0
foralli,5 =1,...,p and for all @« € A with a;,c, > 0. Let us also consider the
map:
X {6} € AP(R;A) — > 6" € R[[s]]a ¢
i=1
After Lemma [[L2.T6] we can consider the map:
e:De %p(R,A) — {Ei(’f‘)}lgigp S AP(R,A)
and we obviously have ¢ = Xoe.

ProPoOSITION 1.2.18. Assume that Q C k. Then, the three maps in the follow-
ing commutative diagram:

UP(R;A) —S— AP(R; A)

\ l

A+
are bijective.

PROOF. The injectivity of € is a straightforward consequence of (IL9). Let us
prove the surjectivity of . Let 7 = ) T,8“ be any element in R[[s]]a 4. Since
Q C k, the differential equation

xY)=Y7, Y €R[s]]a

has a unique solution r € R[[s]]a with initial condition ro = 1, i.e. r € %P(R; A).
It is given recursively by:

la|re = Z raTy, €A lal >0,

Btvy=a
[v[>0

and so e(r) = 7. To finish, the only missing point is the injectivity of 3. Let
{6}, {n'} € AP(R;A) be with >, 8" = >, n. It is clear that 6/, = 1’ whenever
la| = 1. Assume that dj = 7} for all i = 1,...,p whenever |3| < m and consider
a € A with || = m. By using (II0) and the induction hypothesis we obtain:
a0l — i, = Y 05,8 = > [hnl] = ami, —ainl, Vi, j € suppa.

Bty=a Bty=a
Bi»vj>0 Bisvj>0
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The above system of linear equations with rational coeflicients joint with the linear

equation:
6(1 - nau
i€supp @ i€supp «

gives rise to a non singular system and we deduce that ¢°, = 7, for all i € supp «,
and so o), =n}, foralli=1,...,p. O

Notice that Lemma [[.2.T6] and Proposition [[L2.I8 can also be stated with the
#' and Z instead of the % and ¢.

1.3. Substitution maps. In this section we give a summary of sections 2
and 3 of [9]. Let k be a commutative ring, A a commutative k-algebra, s =
{s1,...,sp},t ={t1,...,tq} two sets of variables and A C N?,V C N? non-empty
co-ideals.

DEFINITION 1.3.1. An A-algebra map ¢ : A[[s]]a — A[[t]]v will be called a
substitution map whenever ord(p(s;)) > 1 for all ¢ = 1,...,p. A such map is
continuous and uniquely determined by the family ¢ = {¢(s;),i =1,...,p}.

The trivial substitution map A[[s]]a — A[[t]]v is the one sending any s; to 0.
It will be denoted by 0.

The composition of substitution maps is obviously a substitution map. Any
substitution map ¢ : A[[s]]a — A[[t]]v determines and is determined by a family:

{Ce(p,a),e e V,a e A la| <le|} € A, with Cp(yp,0) =1,

such that:
(1.11) @ <Z aaso‘> = Z Z C.(p,a)aq | t°.
aEA eev ‘;‘ES‘Ae‘

In section 3, 2., of [9] the reader can find the explicit expression of the C.(p, ) in
terms of the ¢(s;). The following lemma is clear.

LEMMA 1.3.2. If A’ € A C NP are non-empty co-ideals, the truncation Taa: :
Al[slla — A[[s]lar is clearly a substitution map and Cg(Taas, ) = dap for all
a €A and for all B € A" with |af < |8].

DEFINITION 1.3.3. We say that a substitution map ¢ : A[[s]]a — A[[t]]v has
constant coefficientsif ¢(s;) € k[[t]]v foralli = 1,...,p. Thisis equivalent to saying
that C.(p,a) € k for all e € V and for all a € A with |a| < |e|. Substitution maps
which constant coefficients are induced by substitution maps k[[s]]a — k[[t]]v.

1.3.4 Let M be an (A; A)-bimodule.
Any substitution map map ¢ : A[[s]]a — A[[t]]v induces (A; A)-linear maps:
= p®ldy : M([s]]a = Alls]]a®aM — M([t]lv = Allt]lv®aM
and

v = Iy B : Mislla = MBaAllsla — M(itlly = MEaA[lt]]v.
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We have:
oM (Z maso‘> = Zcp(so‘)ma = Z Z C.(p,a)m, | t°,
aEA aEA eeV ‘;‘ES‘AC‘
MP (Z masa> = Zma@(sa) = Z Z maCe(p, a) | t°
aEA aEA eeEV ‘;é‘Aﬁ‘

for all m € M[[s]]a. If M is a trivial bimodule, then ¢ = 2. If ¢ 1 A[[t]]y —
Al[u]]q is another substitution map and ¢” = ¢ o ¢/, we have ¢}, = paro¢hy,,
m®" = Mo m¢.

For all m € M([[s]]a and all a € A[[s]]v, we have:

e (am) = p(a)prm(m), ap(ma) = pp(m)p(a),
(4

ie. wu is (p; A)-linear and ;¢ is
compatible with the augmentations, i.e.:
(1.12)

par(m) = mo mod (6) M([t]]v, rrp(m) =mo mod (6)M([t]]v, m € M([s]]a

If ¢ is the trivial substitution map (i.e. ¢(s;) = 0 for all s; € s), then ¢ :
M[[s]]a — M][[t]]y and ;¢ : M|[[s]]a — M][t]]v are also trivial, i.e. pp(m) =
wmp(m) =my, for all m € M|[s]]v

©)-linear. Moreover, pas and ,,¢ are

1.3.5 The above constructions apply in particular to the case of any k-algebra R
over A, for which we have two induced continuous maps: ¢r = @®Idg : R[[s]]a —
R[[t]]v, which is (A; R)-linear, and rp = Idr®y : R[[s]]a — R|[[t]]v, which is
(R; A)-linear. For r € R|[[s]]a we will denote per := pgr(r), rep := go(r). Explic-
itly, if r =3 ros® with a € A, then:

(1.13) cp.rzz ZC o, t°, r-gpzz raCe(p, a) | t°.

eeVvV eeVvV aEA
| \<\ | lal<lel

From (LI2), we deduce that:
we UP(R; A) C UUR; V), UP(R;A)ep CUY(R;V),
and pel = lep = 1.

If ¢ is a substitution map with constant coefficients, then ¢yr = ¢ is a ring
homomorphism over ¢. In particular, per = rep and pe(rr’) = (per)(per’).

If ¢ = 0: A[[s]]a — A[[t]]v is the trivial substitution map, then Oer = re0 = 7
for all r € R[[s]]a. In particular, Oer =170 =1 for all r € %P (R; A).

If u = {u,...,u,} is another set of variables, 2 C N" is a non-empty co-ideal and
¥ : R[[t]]v — R[[u]]q is another substitution map, one has:

belper) = (Yop)er, (rep)eth =re(op).
Since (R[[s]]a)’” = R°PP[[s]]a, for any substitution map ¢ : A[[s]]a — A[[t]]v we
have (pr)" = g and ( )" = @ Rovs.
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For each substitution map ¢ : A[[s]]a — A[[t]]v we define the (A; A)-linear
map:

s : f € Homy (A, A[[s]]a) — @u(f) = o f € Homy (4, A[[t]]v)
which induces another one @5 : Endyi)), (A[[s]]a) — Endype)) (A[[t]]v) given by:

P(f) = (s« (fla)" = (o fla)® V[ € Endyg)4 (Alls]]a)-
More generally, for any left A-modules E, F' we have (A4; A)-linear maps:

(pp)« : f € Homy (B, F([s]]a) — (¢r)«(f) = ¢r o f € Homy(E, Fl[t]]v),
(pr)« - Homye (E[[s]]a, Fl[s]]a) — Homye (E[[t] v, F([t]]v),
(pr)<(f) = (proflE)".

Let us consider the (A4; Awodule M = Homy(E, F). For each m € M|[[s]]a and

for each e € E we have pp(m)(e) = or (m(e)), ie.

(1.14) e (m)ls = g (ls),

or more graphically, the following diagram is commutative (see (I4])):
M[[s]]a —== Homys), (E[s]]a, F[[s]]la) ~o5> Homk(E, F[s]]a)

(1.15) sml lm (or). J
M{[t]lv —== Homyy)o (E[[t]]v, Fl[tllv) 5 Homy(E, F[[t]]v).

In order to simplify notations, we will also write:

pof = (pr)(f) Vfe Homk[[s]]A(E[[S]]AvF[[SHA)7

and so we have pem = @em for all m € M([[s]]a. Let us notice that (pe f)(e) =
(prof)(e) foralle € E, ie.:

(116)  [(peNlr = (prof)lz = pro (flp), but in gencral po f # pro .|

If ¢ = 0 is the trivial substitution map, then for each k-linear map f =3  fos®
E — E[[s]]a (resp. f =3, fas® € Endp(E)[[s]|a = Endye, (E[[s]]a)), we have
Oef = fo0 = fy € Endi(E) C Homy(E, E[[s]]a) (resp. Oef = fe0 = f& = fo €
Endys) 4 (E[[s]]a))-

If ¢ : A[[s]]a — A[[t]]v is a substitution map, we have:

pe(af) = pla)(pef), (fa)ep = (fep)p(a)
for all a € A[[s]]a and for all f € Homy(FE, E[[s]|a) (or f € Endyg), (E[[s]]a))-
Moreover:

(pr)«(Homy (E, M[[s]]a)) € Homy (E, E[t]]v),
oo (Autiip, (Bllsl]a)) € Autgiy (Blt])v),
and so we have a commutative diagram:
Y (R; A) —> Autdyy, (Blls]la) 2> Homg (B, E[ls])a)

(1.17) ﬂ lwf) J(w)*

(R V) ——= Autgyy (Ellt]lv) > Home(E, F[[t]]v).

restr.
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Now we are going to see how the £'(r),z'(r),e(r),2(r) (see [L214) can be ex-
pressed in terms of the action of substitution maps.

Let us consider the power series ring A[[s, 7]] = A[[s]]®aA[[7]], and for each
i=1,...,p we denote o' : A[[s]] — A[[s, 7]] the substitution map (with constant
coefficients) defined by:

"(Sﬂ)_{sj it g £
Let us also denote o : A[[s]] — A[[s, 7]] the substitution map (with constant coeffi-
cients) defined by:

o(si)=s;+s7 Yi=1,...,p,

and ¢ : A[[s]] = Al[s, 7]] the substitution map induced by the inclusion s — sU{7}.
We often consider ¢ as an inclusion A[[s]] — A[[s, 7]].

It is clear that for each non-empty co-ideal A C NP, the substitution maps
o' 0,0 A[[s]] = Al[s, 7]] induce new substitution maps A[[s]|a — A[[s, 7]]ax{0,1}:
which will be also denoted by the same letters. Moreover, as a consequence of
Taylor’s expansion we have:

o'(a) = a+x4(a)r, o(a) =a+xa(a)T
where y' = Siaisi and x = >, x* (see Definition.2.g).
The proof of the following lemma is clear.
LEMMA 1.3.6. The map € : R[[s]]a+ — %P1 (R; A x {0,1}) defined as:

§< Z raso‘>—1—|— Z TaS*T

a€A,|a|>0 a€A,|a|>0

is a group homomorphism.

Let us notice that the map & above is injective and its image is the set of
r € UPTH(R; A x {0,1}) such that suppr C {(0,0)} U ((A\ {0}) x {1}).

PROPOSITION 1.3.7. For each r € UP(R; A), the following properties hold:

(1) r(cter) = £(e°(r)), (0" om)r™ = E(E' (1))
(2) r*(oer) =&(e(r)), (gor)r™ = £(E(r)).

PROOF. It is a straightforward consequence of Taylor’s expansion formula:

oler =14+ X5(r)T, cer =1+ xr(r)T.

Let us notice that in the above proposition, the action ce(—) : R[[s]]a —
R[[s, T]]ax{o0,1} is simply considered as an inclusion.
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2. Multivariate Hasse—Schmidt derivations

2.1. Basic definitions. In this section we recall some notions and results of
the theory of Hasse—Schmidt derivations [1}, [6] as developed in [9].

From now on k will be a commutative ring, A a commutative k-algebra, s =
{s1,...,8p} aset of variables and A C NP a non-empty co-ideal.

DEFINITION 2.1.1. A (p, A)-variate Hasse—-Schmidt derivation, or a (p, A)-va-
riate HS-derivation for short, of A over k is a family D = (Dy)aea of k-linear maps
D, : A — A, satisfying the following Leibniz type identities:

Do=Tda, Da(xy)= Y Dg(z)D,(y)
Bty=a
for all z,y € A and for all @« € A. We denote by HS}(A; A) the set of all (p, A)-
variate HS-derivations of A over k. For p = 1, a 1-variate HS-derivation will be
simply called a Hasse-Schmidt derivation (a HS-derivation for short), or a higher
derﬁzatioﬂ, and we will simply write HSy,(A;m) := HS;(4;A) for A = {g € N| ¢ <
m
}

Any (p, A)-variate HS-derivation D of A over k can be understood as a power
series:

> Dus® € R[[s]]a, R =Endi(A),
aEA
and so we consider HS, (EA; A) C R[[s]]a. Actually HS?(A; A) is a (multiplicative)
sub-group of #?(R;A). The group operation in HS} (A4; A) is explicitly given by:
(D,E) € HS}(A; A) x HSY(A; A) — Do E € HSY(A; A)
with:
(DoE)o = Y DsoE,,

Bty=a
and the identity element of HSY(A; A) is I with Iy = Id and I, = 0 for all o # 0.
The inverse of a D € HSY(A; A) will be denoted by D*.

For A’ € A C NP non-empty co-ideals, we have truncations:
Taar : HSP(A; A) — HSP(A; A),
which obviously are group homomorphisms. Since any D € HSY(A; A) is deter-
mined by its finite truncations, we have a natural group isomorphism
(2.1) HSP(A) = lim HSP(A; A).

Alca
tA <oo

The proof of the following proposition is straightforward and it is left to the
reader (see Notation [[2.4] and [[22.6)).

PROPOSITION 2.1.2. Let us denote R = Endy(A) and let D = )" Dys® €
R][[s]]a be a power series. The following properties are equivalent:

(a) D is a (s, A)-variate HS-derivation of A over k.
(b) The map D : A[[s]]a — A[[s]]a is a (continuous) k[[s]|a-algebra homo-
morphism compatible with the natural augmentation A[[s]]a — A.

2This terminology is used for instance in [6].
3These HS-derivations are called of length m in [8].
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(¢) D € %P(R;A) and for all a € A[[s]|a we have Da = D(a)D.

(d) D e %P(R;A) and for all a € A we have Da = D(a)D.
Moreover, in such a case D is a k[[s]]a-algebra automorphism of A[[s]]a.
NoOTATION 2.1.3. Let us denote:
Hom,:_alg(A, Al[s]]a) :== {f € Homp_a1z(A, A[[s]]a), f(a) =a mod (s) Va € A},
At g4 —alg (Alls]]a) =
{1 € Autygapa—ws(Al]la) | £(@) = a0 mod (s) Va € A[fs]la}
It is clear that Hom, ), (A, A[[s]]a) C Homy (A, A[[s]]a) and
Autfe) s —aig(Allslla) © Autyyg, (Allsl]a)
(see Notation [[277)) are subgroups, and we have group isomorphisms (see (7)) and

(@L.8)):

(22)  HSP(A;A) P28 Aut g, —ag(Allsl]la) “25 Homy . (A, Als]]a).

The composition of the above isomorphisms is given by:
(2.3)

D € HSP(A;A) v @p = la€ A~ Y Da(a)s”

acEA

For each HS-derivation D € HS}(4; A) we have D = (®p)°, ie.:

D <Z aaso‘> = Z@D(aa)sa

a€EA aEA

€ Homls—alg(Av A[[SHA)

for all 3~ aqs® € A[[s]]a, and for any E € HS?(A; A) we have ®pop = Do®p. If
A’ C A is another non-empty co-ideal and we denote by maa : A[[s]]a — A[[s]]ar
the projection (or truncation), one has @, ,(py = maa o ®p.

2.2. The action of substitution maps on HS-derivations. Now, we recall
the action of substitution maps on HS-derivations [9 §6]. Let s = {s1,...,sp},
t = {t1,...,tp} be sets of variables, A C NP, V C N7 non-empty co-ideals and let
us write R = Endy(A).

Let us recall Proposition 10 in [9].

PROPOSITION 2.2.1. For any substitution map ¢ : A[[s]]a — A[[t]]v, we have:
1) ¢ (Homy (A, Alls]]a)) € Homy . (A, Allt]]v).
2) e HS}(A;A) C HS}(A; V),
3) o Aut g, —alg(Alls]]a) C Autgyo —ag(Allt]]v)-

Then we have a commutative diagram:

Homy_,14(A, Allslla) -5 HSE(4;A) —— Autyg), —aig(Alls]la)n

(2.4) o| lsa-(—) Jee)

Homy_ 1, (A, Allt]lv) $——5 HSE(4; V) —— Autyjy)g —ag(Allt]v)-
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In particular, for any HS-derivation D € HS}(A; A) we have peD € HS}(A;V)
(see [[3.H). Moreover ®,ep = poPp.

It is clear that for any co-ideals A’ C A and V' C V with ¢ (Ay/A4) C
V', /V 4 we have:
(25) Tvv/((poD) = QD/.TAA/(D),
where ¢’ : A[[s]]ar = A[[t]]v’ is the substitution map induced by .

2.2.2 Let u = {u1,...,u,} be another set of variables, Q@ C N" a non-empty
co-ideal, ¢ : A[[s]]a — A[[t]]lv, ¥ : A[t]]lyv — A[[u]]q substitution maps and
D, D’ € HSY(A; A) HS-derivations. From [[3.5] we deduce the following properties:

-) If we denote E := peD € HS{(A; V), we have

(2.6) Ey=1d, E.= Y C.(p,a)Da, Ve€V.
el

-) If ¢ = 0 is the trivial substitution map or if D =1, then peD =L.

-) If ¢ has constant coefficients, then pe(DoD’) = (peD)o(peD’) and (peD)* =
peD* (the general case is treated in Proposition [Z2.3]).

<) YelpeD) = (Yop)eD.
The following result is proven in Propositions 11 and 12 of [9].
PROPOSITION 2.2.3. Let ¢ : A[[s]]a — Al[[t]]v be a substitution map. Then,
the following assertions hold:
(i) For each D € HSY(A; A) there is a unique substitution map @7 : A[[s]|a —
Al[t]]y such that (m) 0P = @oD. Moreover, (peD)* = P o D*,
o' = o and:
Celp, f+v)= > Csle f+9)Dy(Ch(9",v)
a8 v

for all e € A and for all f,v € V with |f 4+ v| < |e].
(ii) For each D,E € HSY(A; V), we have po(DoE) = (peD)o(¢pP e E) and
((pD)E = pP°E . In particular, ((pD)D = .
(iii) If v is another composable substitution map, then (@otp)P = @¥*P oqpP .
(iv) If ¢ has constant coefficients then P = .

3. Main results

3.1. The derivations associated with a Hasse-Schmidt derivation.
In this section k will be a commutative ring, A a commutative k-algebra, R =
Endy(A), s = {s1,...,sp} a set of variables and A C NP a non-empty co-ideal.

LEMMA 3.1.1. Let 0 : k[[s]]a — k[[s]]a be a k-derivation and D € HS}(A; A)
a HS-derivation. Then, for each a € A[[s]]a we have dg(D)a = dr(D)(a)D +

D(a)or(D).
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PrOOF. By using Lemma [[.2.T0 we have:

Or(D)a =0g(Da) — Do s(a) =or(D(a)D) — D(04a(a))D =
04(D(a))D 4 D(a)or(D) — D@4(a))D = dg(D)(a)D + D(a)dr(D).

From now on, we will denote to simplify 9 =0 and 24 = 0.

PROPOSITION 3.1.2. Let d : k[[s]]a — k[[s]la be a k-derivation. Then, for
any D € HSY(A; A) we have £°(D),g°(D) € Dery(A)[[s]|a,+ = Derg(A4)[[s]]a N
R[s]]a,+-

PROOF. Remember that £°(D) = 9(D)D* and °(D) = D*o(D) (Definition
[[2.171). We will use Lemma [[.2.9] and Lemma BI.1l For any a € AJ[s]]a we have:

(2(D)D*)a = (D)D" (a)D* = [3(D)(D* ()P + D(D* (a))2(D)] D =

—_—

3(D)(D*(a)) + ad(D)D* = (3(D)D*)(a) + a (3(D)D*),

and so [0(D)D*,a] = (O(/b\)_l/)*)(a) and 9(D)D* € Derg(A)[[s]]a. The proof for
€°(D) is completely similar. O

ExXAMPLE 3.1.3. If D € HSi(A;m) is a l-variate HS-derivation of length m,
then:

£1(D) = Dy, e3(D) = 2Dy — D3, £3(D) = 3D3 — 2D1Dy — DoDy + D3 . ..

Let us recall that the map ¢ : R[[s]]a.+ — %PT*(R; A x{0,1}) has been defined
in Lemma [[.3.60 The proof of the following lemma is clear.

LEMMA 3.1.4. For each § € Dery(A)[[s]|a,+ we have £(5) € HSPT(A; A x
{0,1}).

So we have a group homomorphism £ : Dery(A)[[s]]a,+ — HS%+1 (A;Ax{0,1})
whose image is the set of D € HS?™ (4; A x {0,1}) such that supp D C {(0,0)} U
((AN{0}) x {1}).

The following proposition provides a characterization of HS-derivations in cha-
racteristic 0.

PROPOSITION 3.1.5. Assume that Q C k, R = Endi(A) and D € UP(R;A).
The following properties are equivalent:
(a) D e HSL(A4;A).
(b) €°(D) € Dery(A)[[s]]a for all k-derivations 0 : k[[s]]a — k[[s]]a-
(¢c) e(D) € Derg(A)[[s]]a-

PROOF. The implication (a) = (b) comes from Proposition B.1.2] and (b) =
(c) is obvious. Let us prove (¢) = (a). Write 6 = e(D), i.e. xzg(D) = D¢. After
Proposition ZT.2] we need to prove that Da = D(a)D for all a € A, and since

D a — D(a)D belongs to the augmentation ideal of R[[s]]a and Q C k, it is enough

to prove that x g (D a— D(a)D) = 0. By using that x 4(a) = 0 and Lemma [[.Z.10



HASSE-SCHMIDT DERIVATIONS VERSUS CLASSICAL DERIVATIONS 19

we have:
R (Da - 5(a)D) = xg(D)a+ Dx4(a) — x4(D(a))D — D(a)xz(D) =
Déa—xgr(D)(a)D — D(xA( ))D — D(a)D§ =
Daé+ Dd(a) — xp(D)(@)D — D(a)D§ =
D(a)D 6§ + D(8(a))D — (D 3)(a)D — D(a)D§ = 0.

O

THEOREM 3.1.6. Assume that Q C k. Then, all the maps in the following
commutative diagram:

HS} (A; A) —— AP(R; A) N (Dery,(A)[[s]]a,+)"
\ J{E
Dery,(A)[[s]]a+
are bijective.
PROOF. It is a consequence of Proposition [[L2Z.18 and Proposition B.1.5 O

A similar result holds for g instead of .

REMARK 3.1.7. Let us notice that, in Theorem B1.6, HS}(A4;A) carries a
group structure (non-commutative in general) and an action of substitution maps,
and on the other hand Dery(A)[[s]]a + carries an A[[s]]a-module structure and a
k[[s]]a-Lie algebra structure, but the bijection € : HS}(A; A) = Dery(A)[[s]]a + is
not compatible with these structures. The formulas expressing the behavior of &
with respect to the group operation on HS-derivations or the behavior of e~! with
respect to the addition of power series with coeflicients in Derg(A), turn out to be
complicated and have a similar flavor to Baker-Campbell-Hausdorff formula.

3.2. The behavior under the action of substitution maps.

DEFINITION 3.2.1. Let S be a k-algebra over A, r € #7(S;A), D € HS}(4; A),
r" € S[[s]]a and ¢ € Derg(A)[[s]]a. We say that
-) ris a D-element if ra = D(a)r for all a € A[[s]]a
-) v is a §-element if ' a = ar’ + §(a) 1g for all a € A[[s]]a
It is clear that D € HS}(A; A) C %P(Endi(A); A) is a D-element. For D =1
the identity HS-derivation, a r € %P (S; A) is an I-element if and only if  commutes
with all a € A[[s]]a. If E € HS}(A; A) is another HS-derivation, r € %7(S; A) is a
D-element and s € %P(S; A) is an E-element, then rs is a (D o E)-element.

The following lemma provides a characterization of D-elements. Its proof is
easy and it is left to the reader.

LEMMA 3.2.2. With the above notations, for eachr =3 rqos* € UP(S;A) the
following properties are equivalent:

-) 7 is a D-element.
-) br =1 D*(b) for all b e Alls]|a

-) r* is a D*-element.
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) Ifr=32,ras®, we have raa =3 5 ., Dg(a)ry for all a € A and for
all a € A.
-) ra= D(a)r for all a € A.

The following proposition reproduces Proposition 2.2.6 of [10].

PROPOSITION 3.2.3. Let S be a k-algebra over A, D € HS}(A; A), ¢ : A[[s]]a —
Alu]ly a substitution map and r € %P (S; A) a D-element. Then the following iden-
tities hold:

(a) @gs(r) is a (peD)-element.
(b) os(rr’) = ps(r)eE (") for all v € R[[s]|a. In particular, pg(r)* =
3 (r*)-
Moreover, if E is an A-module and S = Endy(E), then the following identity holds:
(c) (per, R (e)) = ¢ ((r,e)) for all e € E[[s]|a. In other words: ¢poT =
(o) 0.
Lemma [[.2.70] and Proposition can be generalized in the following way.

PROPOSITION 3.2.4. Let S be a k-algebra over A, D € HS}(A; A), r € %P(S; A)
a D-element and 0 : k[[s]]a — k[[s]]a a k-derivation. Then, the following properties
hold:

(1)

Ya = ®(D),a)r + (D,a)d(r) for alla € A
(2) e%(r) is a

) is a e®(D)-element and €°(r) is a €°(D)-element.
(

1) Since §(a) = 0 we have:

(
ProoOF.
o(r)a=46(ra) =12 (ﬁ(a)r) =0((D,a)r) = (0(D),a)r + (D,a)d(r).

(2) For all a € A we have:

e(rya=r*o(r)a O (D(/_\D/)(a)r + E(a)a(r)) =

e~

ﬁ*(O/(\/D)(a))r* T+ B:‘(f)(a))r*a(r) =¢e%(D)(a)1s + ac’(r).

The proof for °(r) is similar. O
Let us consider two sets of variables s = {s1,...,sp} and u = {u1,...,u,}, and
let us denote by {v!,...,vP} the canonical basis of NP: vi = §;.

THEOREM 3.2.5. For each non-empty co-ideals A C NP, Q C N7, each substi-
tution map ¢ : A[s]|la — Al[u]lo and each HS-derivation D € HS}(A;A), there
exists a family

(NIl [1<j<q1<i<peeQnen|n<lbca

such that for any k-algebra S over A and any D-element r € UP(S;A), we have:

(3.1) El(per) = Y NIej(r) VeeQVi=1,..q
o<|nl<lel
i€supp h
Moreover, Ni,lh = Z g;iCr(eP, B+h— v")D3(Cy(p,v")), where f,g € Q, B €A,
f.9.8

f+g=ce, |B+h|—1<|f| and g; > 0, whenever e;, h; > 0, and Ni),lh = 0 otherwise.
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PROOF. Let us write r =} _\7s* For each @ € A and each j =1,...,¢
we have:

X (p(s%)) = X <H w(&-)‘”) = aip(s)® | T els)™ | X (es0) =

a; #0 1<l<p

Zai‘p(sa_vi)xj(sp(si))zzai< Z C.(p,a—v?) ) Zec (p, v )uc | =

a;#0 a;#0 le|>al—1

doail X | D €Calpa—v)Coulpn) |u| =) ZM

o ; #0 lel>]e| e el =e a; #0 \>\0¢\
€0\ le/1z]al-1 7>0
e >0
with:
T, . " 7 i
Ma),e = E €; Cd(@, a—=v )Ce” (<Pa v )
e el =e
le/|>|a]—1
e;-/>0

for ¢ € suppa and e € Q with e; > 0 and |e] > |a|. If either o; = 0 or e; = 0, we
set Mjofe = 0. So, for each j =1,...,q we have:

e (per) = (por) X/ (por) =+ = (p"er") <Z xj(cp(sa))m> =

a€A

(Z ( Z CG(SDDva)TZ> “e> Z Z aiMi’fera ue |l =

ec \|a|<|e| e; >0 \a\i\c\
o ; #0

g g Vth(gaD, ‘LL)’I”#Mf,’_;TV u (2
ej>0 f+g=e
lul<I£].lvI<lal
gj>0,i€suppu
E E uin(ch,ﬁ +7)D,3(M]’ )r r, | u® =

cj>0
\B+w\<\f\ 0<\ I<lgl
g]>0 i€supp v

Z Z Z Z Cf( 75 + ’Y)DZ’ (Mf)fq) I/Z'T:’r'l, u® =

e;>0 | 0<[|h[<|e| y+v=h
i€supp h i€supp v \ﬁ+‘y\<\f\
lvI<lgl,g;>0

e
g g g euyylr r, | ut,

ej>0 \ 0<|h|<|e| y+v=h
i€supp h i€supp v
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where equality (x) comes from the fact that r* is a D*-element (see Lemma [B:2.2)
and

Y Cp@” B+)DEMEL) i v > 0,65 > 0,]e] > v+,
j71: — f+g:ﬁ
Newa el o

0 otherwise.

But, for h = v + v, we have:

N = Gl B DM, -
ft+g=e
[B+~I<If]
[v[<lgl,g;>0

Y Ci@”BHNDs| D 9/Cylpr —v)Cyi(p,v') | =

ftg=e 9’ +g"" =g
[B+~I<If] g’ |>v|—1
[vI<lgl,9;>0 g;/>0

Y. giCs(e", 8 + 8" +7) Dy (Cy(p,v — ")) D (Cyr(ip,0")) =

f+9 +9" =e
18" +8" +~I<|f]
lvl=1<lg’l,9% >0

Yooog|l > CieP 8"+ +8) Dy (Cylpv—07) [ Dii (Cyrlio0h))

ptg'’=e f+a'=p
18" +h|—1<]p| 1B" +~+8"1<|
g5 >0 lv|—1<lg’|

> gl Ce", B+ + v —0") D (Cyr(0,0Y))
ptg''=e
18" +h|=1<]p
gg-/>0

where equality (x) comes from Proposition [Z23] and so Ng;}'w only depends on
h =~ 4+ v. By setting:

N2, = Z 9;Cs(@", B+ h —v")DE(Cy(gp, v"))

ft+g=e
[B+h|—1<|f]
95>0

for e;,h; > 0,|e| > |h| and N7 := 0 otherwise, we have N/ = N2'  and so:

e,y eyt

(9]
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l(per)=--- = Z Z Z Ngﬁvyzr ry, | u® =

>0 \ 0<[h|<[e| y+v=h
o€supp h i€supp v

E E E Ne,YJrl,VZr r, | u® = E E N7, E virir, | u® =

e; >0 \ 0<|h|<[e| v+v=h e;j>0 \ 0<|h[<[e] ~y+v=h
i€supp h i€supp v i€supp h i€supp v

Z Z Neh h ) u‘.

e;j>0 \ 0<|h[<[e]
i€supp h

COROLLARY 3.2.6. Under the hypotheses of Theorem [3.2.8, we have:
el(peD)= Y  NIie(D) VeeQVi=1,....q

0<[h|<][el
i€supp h
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