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Abstract. Throughout this paper, we show on one hand, that there are
nilpotent and solvable Lie superalgebras with infinitely many local su-
perderivations which are not standard superderivations. On the other
hand, we show that every local superderivation is a superderivation on
the maximal-dimensional solvable Lie superalgebras with model filiform
or model nilpotent nilradical. Moreover, we extend the latter result for
Leibniz superalgebras by showing that every local superderivation is a
superderivation on the maximal-dimensional solvable Leibniz superal-
gebras with model filiform or model nilpotent non-Lie nilradical.
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1. Introduction

Local derivations were considered for the first time in 1990 by Kadison [22]
and also by Larson and Sourour [24]. In particular, Kadison showed that
each continuous local derivation from a von Neumann algebra into the dual
bimodule is a derivation. Let us note then, that the main problem studied
in relation to this research topic is to determine when a local derivation is a
derivation, see for instance [9,20]. Additionally, other problem that has been
largely studied is to find types of algebras containing local derivations which
are not derivations [1]. More recently, in [4,5,13] the authors studied the
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aforementioned problems for Lie algebras, proving in particular that every
local derivation of a semi-simple Lie algebra is a derivation and giving exam-
ples of solvable Lie algebras with local derivations which are not derivations.
Likewise, an analogous study has been developed for Leibniz algebras, see for
instance [6] and references therein.

Recently, studying local superderivations on semi-simple Lie superalge-
bras have drawn a lot of attention [14-16,27], however none of them tackle
local superderivations on solvable Lie superalgebras nor Leibniz superalge-
bras. Thus, this is the context of our work, studying local superderivations
on solvable Lie and Leibniz superalgebras. Note that studying solvable Lie
superalgebras presents more difficulties than studying solvable Lie algebras
[26]. In particular, Lie’s theorem is not verified in general and neither its
corollaries. Therefore, for a solvable Lie superalgebra L, L? := [L, L] can not
be nilpotent, see [25]. Nevertheless, in [11] the authors proved that under the
condition of being L? nilpotent, any solvable Lie and Leibniz superalgebra
over the real or complex field can be obtained by means of outer non-nilpotent
superderivations of the nilradical in the same way as occurs for Lie and Leib-
niz algebras.

In this frame, we investigate local superderivations of solvable Lie and
Leibniz superalgebras. First, we prove that there are nilpotent and solv-
able Lie superalgebras with infinitely many local superderivations which are
not ordinary superderivations (see Sects. 3 and 5). Second, we prove on the
maximal-dimensional solvable Lie superalgebras with model filiform or model
nilpotent nilradical that every local superderivation is a superderivation (see
Sect. 4). Finally, we extend this last result for the maximal-dimensional solv-
able Leibniz superalgebras with model filiform and model nilpotent non-Lie
nilradical (see Sect. 6).

2. Preliminary Results

2.1. Preliminary for Lie Superalgebras

A vector space V is said to be Zs-graded if it admits a decomposition into
a direct sum, V = V5 @ Vi, where 0,1 € Z,. An element X € V is called
homogeneous of degree |z if it is an element of V] ), [z| € Z,.

In particular, the elements of Vg (resp. Vi) are also called even (resp.
odd). A Lie superalgebra (see [21]) is a Zg-graded vector space g = g5 @ g1,
with an even bilinear commutation operation (or “supercommutation”) [-, ],
which satisfies the conditions

L. [1‘7 y} = _(_1)|m||y\ [y, $]7
2. (~1)1l o, [, 2 4 (~1) Iy, 2] + (<)M, 4] = 0 (super

Jacobi identity)
for all homogeneous elements x, ¥y, z € g.

Thus, gg is an ordinary Lie algebra, and g7 is a module over gg; the Lie
superalgebra structure also contains the symmetric pairing S?g; — gg.

Let us note that both the descending central sequence and the derived
sequence of a Lie superalgebra g = gg @ g7 are defined in the same way as for
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Lie algebras: C°(g) := g, C**1(g) := [C*(g),g] and D°(g) := g, Dk*1(g) :=
[Dk(g), D*(g)] respectively, for all k > 0. Thus, if C¥(g) = {0} (resp. D¥(g) =
{0}) for some k, then the Lie superalgebra is called nilpotent (resp. solvable).
Note that nilpotent Lie superalgebras are in particular solvable. Remark also,
that Engel’s theorem and its corollaries are still valid for Lie superalgebras.
Then, a Lie superalgebra L is nilpotent if and only if adyx is nilpotent for
every homogeneous element x of L. Additionally, a Lie superalgebra L is
solvable if and only if its even part Ly (a Lie algebra) is solvable. However,
Lie’s Theorem does not hold for solvable Lie superalgebras.

At the same time, there are also defined two other crucial sequences
denoted by C¥(gg) and C*(g1) which will play an important role in our study.
They are defined as follows:

C%(g7) =03, C" (g7) = [00, C" (g0)] k = 0, € Zo.
Let us recall now, the definition of superderivations of superalgebras [21].

A superderivation of degree s of a superalgebra L, s € Z,, is an endomorphism
D € End,L with the property

D(ab) = D(a)b+ (—1)*99%aD(b)

denote Ders(L) C EndsL the space of all superderivations of degree s. Then
Der(L) = Derg(L) @ Dery(L) is the Lie superalgebra of superderivations of
L, with Derg(L) composed by even superderivations and Dery(L) by odd
ones.

On the other hand, recall also that a homogeneous linear mapping
A : L — L of degree s is called a local homogeneous superderivation of de-
gree s if for any element x € L, there exists a superderivation D, : L — L
(depending on x) such that A(xz) = D,(x). Then, the set of all local su-
perderivations can be expressed

LocDer(L) = LocDerg(L) @ LocDery(L)

with LocDerg(L) (resp. LocDery(L)) composed by even (resp. odd) local
superderivations. For more details it can be consulted [14].

2.2. Preliminaries for Leibniz Superalgebras

Let us note that many results and definitions of the above sub-section can
be extended for Leibniz superalgebras.

Definition 2.1. [2]. A Zy-graded vector space L = Ly @ Li is called a Leib-
niz superalgebra if it is equipped with a product [-,-] which for an arbitrary
element & and homogeneous elements vy, z satisfies the condition

[, [y, 2] = [[2, 9], 2] — (=1)¥I¥l[[2, 2],9]  (super Leibniz identity).

Note that if a Leibniz superalgebra L satisfies the identity [z,y] =
—(=1)I=lI¥l[y, 2] for any homogeneous elements x,y € L, then the super Leib-
niz identity becomes the super Jacobi identity. Consequently, Leibniz super-
algebras are a generalization of Lie superalgebras. Also and in the same way
as for Lie superalgebras, isomorphisms are assumed to be consistent with the
Zo-graduation.
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Let us now denote by R, the right multiplication operator, i.e., R, :
L — L given as R, (y) := [y, ] for y € L, then the super Leibniz identity can
be expressed as R|, , = R,R, — (—-1)*IVIR, R,

If we denote by R(L) the set of all right multiplication operators, then
R(L) with respect to the following multiplication

(Rq, Ry) := RoRy — (—1)" RyR, (2.1)

for R, € R(L);, Ry € R(L)j, forms a Lie superalgebra. Note that R, is a
derivation. In fact, the condition for being a derivation of a Leibniz superalge-
bra (for more details see [23]) is d([z,y]) = (=1)¥¥![d(z), y] + [z, d(y)]. Since
the degree of R, as homomorphism between Zs-graded vector spaces is the
same as the degree of the homogeneous element z, that is |R.| = |z|, then the
condition for R, to be a derivation is exactly R, ([z,y]) = (—=1)*IW[R_(2),y]+
[z, R.(y)]. This last condition can be rewritten [[z, y], z] = (—=1)/2IW/[[z, 2], y]+
[z, [y, z]] which is nothing but the super (graded) Leibniz identity. Let us re-
mark that the definition of local superderivation is a natural extension from
Lie theory.

Let us note also that the concepts of descending central sequence, nilin-
dex, the variety of Leibniz superalgebras and Engel’s theorem are natural
extensions from Lie theory.

Let V = V5 @ Vi be the underlying vector space of L, L = Lg ® L7 €
Leid™™  being Leib™™ the variety of Leibniz superalgebras, and let G(V') be
the group of the invertible linear mappings of the form f = f5+ fi, such that
fo € GL(n,C) and f; € GL(m,C) (then G(V) = GL(n,C)®GL(m,C)). The
action of G(V') on Leib™™ induces an action on the Leibniz superalgebras
variety: two laws A1, Ao are isomorphic if there exists a linear mapping f =
fo+ f1 € G(V), such that

Xa(@,y) = 5\ (fi(2), £5(y))), for any z € Vi,y € V.

Furthermore, the description of the variety of any class of algebras or
superalgebras is a difficult problem. Different works (for example, [3,7,10,18,
19]) are regarding the applications of algebraic groups theory to the descrip-
tion of the variety of Lie and Leibniz algebras.

Definition 2.2. For a Leibniz superalgebra L = Lg & L1 we define the right
annihilator of L as the set Ann(L) := {x € L: [L,x] = 0}.

It is easy to see that Ann(L) is a two-sided ideal of L and [z,z] €
Ann(L) for any x € Lg. This notion is compatible with the right annihilator
in Leibniz algebras. If we consider the ideal I := ideal [z, y]+ (—1)1*I1¥/[y, 2]),
then I C Ann(L).

Let L = Ly ® L7 be a nilpotent Leibniz superalgebra with dim Lz = n
and dim Ly = m. From Equation (2.1) we have that R(L) is a Lie super-
algebra, and in particular R(Lg) is a Lie algebra. As L7 has Lg-module
structure we can consider R(Lg) as a subset of GL(Vy) , where Vi is the
underlying vector space of Li. So, we have a Lie algebra formed by nilpo-
tent endomorphisms of V5. Applying Engel’s theorem we have the existence
of a sequence of subspaces of V7, Vj C V; C Vo, C --- C V,,, = V3, with
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R(Lg)(Vit1) C V;. Then, it can be defined the descending sequences C*(Lg)
and C*(Lg) and the super-nilindex in the same way as for Lie superalge-
bras. That is, C°(L;) = L;,C"““(L;) = [Ck(Lg%L()}, k> 0,i € Zy. If
L = L ® L7 is a nilpotent Leibniz superalgebra, then L has super-nilindex
or s-nilindex (p, q) if satisfies

CP'(Lg) #0,  CTN(Ly)#0,  CP(Lg) =C(L7) =0.

3. Local Superderivations of the Model Filiform Lie
Superalgebra
We start our study with one case of nilpotent Lie superalgebra. Among all of
them one that has been proved to be very relevant due to its properties is the
model filiform Lie superalgebra since all the other filiform Lie superalgebras
can be obtained from it by means of infinitesimal deformations [8]. These
infinitesimal deformations are given by the even 2-cocycles Z3(L™™, L™™).
We consider then, the model filiform Lie superalgebra L™ that is, the sim-
plest filiform Lie superalgebra which is defined by the only non-zero bracket
products that follow

L. [x1, 2] = =[x, 1] =xir1, 2<i<n-—1
[T, 9] = =y 2] = yjp1, 1<j<m—1
with a basis {z1,...,z,} of (L™™)g and a basis {y1,...,ym} of (L™™);.
For an even superderivation D of L™"™ we have D(L7"™) C L{"™ and
D(LY™) C LP™. Then we set

D(w1) =Y arw, D(ws) =Y bixk, D(y) = iy
k=1 k=1 =1

Applying induction and the even superderivation condition for the prod-
ucts [z1, ;] we derive

D(«Tz) = ((Z — 2)a1 + bg).%'i + Z bp—itoxr, 3<1< n.
k=i+1

Similarly, from the products [x1,y;] we get

D(y;) = (( — Da1 +c1)y; + Z Ct—j1Yt; 2= J<m.
t=j+1

Finally, from the product [z2,y1] we obtain b; = 0. Thus, we conclude
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Derg(Ln’m)

ai as as Ay 0 0 0

0 ba b3 by, 0 0 0

0 0 ai +by ... b1 0 0 0
=10 0 0 . (n—=2)ay + ba 0 0 0

0 0 0 0 c1 co Cm

0 0 0 0 0 ay + ¢ Cm—1

0 0 0 0 0 0 .. (m—=1)ai+c

Let now D be an odd superderivation of L™™. Then we have

D(x1) =Y aryr, D(x2) = by, D) = iy
k=1 k=1 t=1

According to the odd superderivation condition on the products of L™™
and induction, similar to even superderivation case, we obtain

D(x;) = Y broitoyr, 3<i<mn,
k=i—1

n
D(y;) = Z Ci—jt12y, 2<j7<m.
t=j+1

Considering superderivation property for the products [z2,y;] and [z,
Xp], we get ¢; and b; =0, 1 <i < m—n+1 with m > n. Thus, we conclude

0 0 0 AP 0 aq a9 .o (€29
0 0 0 ... 0 b by ... bn
o 0 0 ... 0 0 b ... bp-1
o 0 0 ... 0 0 0o ... b1
Dert(L™) =0 0 0 0 0 0 0 |,
0 Co c3 - Cn 0 0 0
0 0 Co Cpn—1 0 0 0
0 0 0 Co 0 0 0
0 0 0o ... 0 0 0o ... 0

where b; =0, 1 <i <m—n+1 with m > n.
Theorem 3.1. Der(L™™) % LocDer(L™™).

Proof. Consider the homogeneous linear mappings A; : L™™ — L™™ ¢ £ 2
of degree 0 defined on the basis vectors of L™™ by

Ay(z1) = 1, Ai(z2) = 22, Ar(xsg) =tas, Av(x;) = Ai(y;)
—0,4<i<n, 1<j<m.
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Clearly, A, is not an even superderivation (because its matrix does not
fit with the general matrix of even superderivations).

Consider the following superderivations:

e d; is the resultant even superderivation after replacing a; by 1 and all
the rest of parameters by 0 on the general matrix of Derg(L™™),

e dy is the resultant even superderivation after replacing bs by 1 and all
the rest of parameters by 0 on the general matrix of Derg(L™™),

e d, is the even superderivations defined by d; := d; + (t — 1)ds.

Clearly,

Ap(r1) = di(21), A(22) = da(x2), Ar(x3) = di(23),
Ap(z:) = do(w:) = A(yj) = do(y;), 4<i<n, 1<j<m

being dy the null superderivation.

For an arbitrary element e = a1z + -+ - + ap®n + B1y1 + - - - + B Ym of
L™™ we have

Aie) = arxy + asxs + agtas.

Define superderivation d. as follows d.(x;) = de(y;) =0 with 4 <i <n
and 1 <7 <m and

de(x1) = Brx1 + Boxg + f3x3,  de(x2) = Y2x2 + Y323,
de(w3) = (B1 +2)x3,

where (1, B2, 03,72,73 are some unknowns parameters. From A(e) = d.(e)
we derive 51 = 1 and the following linear system of equations

P2

aq 0 (e %) 0 53 o a2
0 o1 Q3 Qo Y2 O43(t - 1) ’
V3

which always has a solution with respect to unknowns (2, O3, 72, v3. Thus, we
obtain the existence a superderivation d. such that d.(e) = A¢(e). The proof
is complete. O

Remark 3.1. In fact, in the proof of Theorem 3.1 we show the existence of
infinitely many local superderivations on the model filiform Lie superalgebra
L™™ (n > 3) which are not superderivations. Note also, that analogously it
can be found infinitely many odd local superderivations which are not odd
superderivations.

Along the next sections, we consider non-nilpotent solvable Lie and
Leibniz superalgebras with different types of nilradical, starting with abelian
nilradical.
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4. Local Superderivations of Maximal-Dimensional Solvable
Lie Superalgebras with Model Filiform and Model
Nilpotent Nilradical

In this section first, we consider the maximal-dimensional solvable Lie super-
algebra with model filiform nilradical [12]. This superalgebra is unique for
each pair of dimensions (n,m) and can be expressed by the only non-null
bracket products that follow:

SL™™
[v1, 2] = —[zs, 1] = @iq1, 2< i <n—1, [t1,y;] = —[y;,t1] = Jy;, 1 <j<m,
[1,y5] = [y, z1] = yjt1, 1 <G <m—1, [ta,m:] = —[ws, t2] = x4, 2 <4 < m,
[t1, 4] = —[wi, t1] = izs, 1 < i<, [ts,y5] = —[yj,ta]l =y, 1 <j<m,

with {z1,...,2n,t1,t2,t3} a basis of (SL™™)g and {y1,...,ym} a basis of
(SL™™)5.

Its superalgebra of superderivations was obtained in [12]. Next, we prove
the following result.

Theorem 4.1. On the mazximal-dimensional solvable Lie superalgebra with
model filiform nilradical, every local superderivation is a superderivation.

Proof. First, we are going to express in a more suitable way for our purpose
the solvable Lie superalgebra SL™". Thus, after applying an elementary
basis transformation one can express the table of multiplications SL™™ in a

new basis {e1,...,€n,€n41,- ., Entm} as follows:
le1,e;] = —[es, e1] = e;x1, 2<i<n-—1,
le1, €ntj] = —[entj.€1] = entjr1, 1<j<m—1,
S [t ei] = —lei, th] = e, 1<i<n+m,
[to, ;] = —[es, ta] = €4, 2<i<n,
[t3; ents] = —[en+jita] = enty, IL<j<m.

In [12] the authors proved every superderivation is exactly the adjoint
operator of an element of SL™™. Let us fix an arbitrary element z = y;t1 +
Yoto + Y3tz + Zg:n ,ep of the superalgebra SL™™, then for its adjoint
operator ad, we obtain

n+m n+m
ad,(t1) = — Z pPpep, ad(t2) Zﬂpep,ad (t3) Z Bpep,
p=1 p=2 p=n-+1
n+m—1
ad.(e1) = me1 — Zﬁpep+1 — Y Breprn,
p=n+1

ad.(e;) = (iv1 +72)ei + freit1, 2 <i<mn,

ad;(en+j) = (R + 1) +73)ents + Brenyjtr, 1< j<m.
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Later on, when needed, from this general expression we will distinguish
between even and odd superderivations. Let us consider now an arbitrary
local superderivation A : SL™™ — SL™™. Since the value of a local su-
perderivation on any vector coincides with the value on this vector of a su-
perderivation, in particular on the basis vectors we have the following expres-
sion:

n+m n n+m

Aty) = - Z pPrpep,  Altz2) = — Zﬁ&pepv Alts) = — Z B3 peps
p=1 p=n-+1
n+m— 1
Aler) =761 — Z Spepi1 = D Sipepia,
p=n+1
Ale z‘)Z(Wz’1+%2)€i+5i1€i+1, 2 <i<n,
A<€n+1) ((n+ J)’Ynﬂ,l + Yn+j, 3)€n+J + Ontj1€n4j+1, 1<j<m.

The goal now is to show that the expressions for ad, and A coincide.
Firstly, we will show this coincidence on the generators of the basis vectors,
ie. ty,ta,ls3,e1,e2 and e,11. Let us consider A(sto—t1) with a fixed s verifying
2 < s <n. Thus as A is linear we obtain

n+m n
A(sty — t1) = sA(tz) — Aty) = Z PPrLpep — 325247617
p=1 p=2
n+m
= ﬁl 1e1 + Z pﬁl,p 352,;0 ep + Z pﬁl,pepa
p=2 p=n+1

on the other hand and by definition the above coincides with the value of a
superderivation, named d° on the vector sto — t1, thus
n+m
A(sty —t1) = d°(sta — t1) = fier + Z (PB, — sB;)ep + Z PByep,
p=n+1
comparing the coefficients of es on both expressions it follows that s(51 s —
B2.5) = 0 and B s = fa,s. Repeating this process for all the possible s with
2<s<m,leads to 815 =25, 2 <s<n.
Let us consider now A(st3—t1) with a fixed s verifying n+1 < s < n+m.
Since A is linear map, we obtain

n+m n+m

sA(ts) — A1) = > pBipep—5 D Bspep = Praer + Zpﬂl,pep
p=1 p=n+1 p=2
n+m
+ Z (pﬁl,pep - S/BB,p)ep»
p=n+1

on the other hand and by definition the above coincides with the value of a
superderivation, named d° on the vector stz — t1, thus

n+m

A(sty —t1) =d°(stz —t1) = 1€1+Zp5 ép + Z pﬁe _Sﬁ )€p,

p=n+1
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as above, comparing the coefficients of e; on both expressions it follows that
s(B1,s — Bs,s) =0 and f1,s = f3,s. Repeating this process for all the possible
swithn+1<s<n+m,leads to 51,5 = 35, n+1 < s <n+m. Renaming
Bi p we have

n+m n n+m
A(tl) = - Z pﬁpepa A(tQ) = - Zﬂpepa A(753) = - Z ﬂpep-
p=1 p=2 p=n+1

Let us now consider A(t; — 3ta — e1), on one hand we have

n—+m n—1
A(tl) - 3A(t2) - A(el) Z pﬂpep +3 Z 61,6;,; Y1,1€1 + Z 617p€p+1
p=1 =2
n+m—1
+ Z S1pepr1 = (=F1 —71)e1
p=n+1
n
+02e2 + 2(3@) —PBp +01p-1)ep
p=3
n+m
—(n+1DBntrenii+ Y (Grp-1—DBp)ep,
p=n+2

on the other hand and by definition the above coincides with the value of a
superderivation, named d¢ on the vector ¢t; — 3ty — e1, thus

A(tl — 3t2 - 61)

n+m n
=d(ti—3ta—e1) =— Y pe,+3> Ble,
p=1 p=2
n+m—1
—ier + Zﬂ ep+1 + Z Byept1
p=n+1
= (=B = )er + Bsea + 2(36; —pBS+B5y)
p=3
n+m
xep — (n+1)8; 1ent1 + Z ( 1 —pﬁ;)€p7
p=n+2

considering the coefficients of e; and e3 we obtain ¢; 2 = 2. On account of
Aty — (i+1)ta —e1) inductively we get 61, = (; for i verifying 2 < i <n—1.

In a similar way from A(t; — (n + 2)ts — e1) and considering the co-
efficients of e,; and e, 2 we obtain 61,41 = 3,41, after and considering
the coefficients of e,41,€en42 and e,43 in A(t; — (n + 3)t3 — e1) we obtain
01 nt+2 = Pnt2. Therefore, by considering A(t; — (n+j+1)t3 —eq) inductively
we get 01 pntj = Pntj with 1 <7 <m — 1. In summary, we have then

n+m—1

Aer) =mer — Zﬁpezﬂrl Z Bpep+1-

p=n-+1
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Let us now consider A(t; — (i + 1)t2 + ¢;) with a fixed i verifying 2 <
i <n—1. Then

n+m

Atr) = (1 + 1DA(t2) + Ales) = Z PByep+ (i +1) Y Byep
=2

(Z%,l +i2)ei + 01641
= —prer+ -+ di1eiqr-
On the other hand, we have
Aty — (i 4+ Dta + ;) = d°(ty — (i + 1)t + €;)

n+m

== pBlep+(i+1)> Be,
p=1 p=

+(ivy +95)e; + Bieir1 = —B5e1 + - + PBieit

which leads to d; 1 = ;1. By repeating this process for all ¢ with 2 <7 <n-1,
we conclude that §; ; = f; for all ¢, 2 <4 <n — 1. Summing up

A(e;) = (171 +vi2)e + Preirr, 2 <i<n.
From A(es + e,,4;) we have
Alez) + Alents) = (292,10 +v2.2)e2 + Bres + (0 + ) Vnijn
+Yn+,3)€n+5 + Ontj1€ntjtis
and on the other hand
Alez + enij) = d°(e2 + entj) = (297 +73)e2 + Bies + (0 + j)ri
+75)en+s + Bientj+1,

which leads to 0y 451 =61, 1 <j<m—1.
Consequently, there is no loss of generality in supposing

n+m n n—+m
- Z pBpep,  A(t2) = — Zﬁpepa A(ts) = — Z Bpéep,
=2 p=n+1
n+m—1
Aler) =mer — Z Bpept1 — Z Bpept+1, Ale2) = (271 + 12)e2 + Pres,
p=n+1

A(el) = ( 7,1 +sz 2)61 +5161+17 3 < 7 < n,
Alent1) = ((n+ )71 +v3)ent1 + Brenso,

A<€n+J) ((n + ])'Vn-&-ml + Yn+j, 3)€n+J + ﬁlen+]+lv 2<j<m-—1,
A(€n+m) = ((n + m)’Yn—&-m,l + ’Yn—&-m,S)en—i-m

At this point we are going to distinguish between even and odd local
superderivations. Recall that {t1,t2,%3,€e1,...,e,} are even basis vectors of

SL™™ and {ep41, .., €ntm} 0dd ones. Thus, if A is an odd local superderiva-
tion in particular A is a homogeneous linear mapping of degree 1,

A:(SL™™)g — (SL™™)1 and A: (SL™™); — (SL™™)g.
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Therefore, the only non-null values on the basis vectors for an odd local
superderivation are exactly:

n+m n+m n+m—1
Alt) == > pBrep. Alts)=— > Bpep, Aler) =~ > Bpepsr.
p=n+1 p=n+1 p=n+1

Then every odd local superderivation is a standard odd superderivation.
Regarding even local superderivations A : (SL™™)5 — (SL™™)5 and A :
(SL™™); — (SL™™); we have

A1) = - Zpﬁpepv A(t2) = — Zﬁpepv A(ts) =0, A(er)

p=1 p=2
n—1
= v1€1 — E Bpep+1,
p=2

Ae2) = (2v1 +v2)ez + Pres, Alei) = (ivi,1 + vi2)ei + Preir1, 3< i< n,
Alent1) = (n+ )71 +y3)ent1 + Brenya,
Alent;) = (0 + ) n+j1 + Intjs)ent; + Brentjr, 2 < <m.

Only rest to prove that v; 1 = Yn+j,1 = V1, Vi,2 = 72 and yp4j,3 = ¥3 in
order to have a standard even superderivation. Let us consider A(t; — (j +
Dty +er—(j —Deg + ﬁem) with a fixed j verifying 2 < j <n — 1, on
one hand we have

1

A(t1) — (G + DA(t2) + Aer) — (7 — 1)A(e2) + G=2)!

Alejt1)

= - Zpﬂpep =+ (] + 1) Zﬂpep +vie1
p=1

p=2

n—1
~ " Byeps1 — (= 1)(271 +2)e2 — (j — 1)Bres +
p=2

1
(j—2)! i—2)
=(m—PFer— (- 1)(271 +72 = Blea — [(j — 1)A

02— (j — 2)Bsles = > _[Bro1 — ( + 1 — k)Brlex — [B;

k=4

1 .
+ o (G + Dy + vj+1.2)€41 + ( !51€j+2

1 ‘
a (7 —2) (7 + Dvjtra +vi41,2)le541 + -
on the other hand
i . 1
(= (G + Dtz +er = (G~ Dea + M€j+1)

= (1 —Ber — (G — D2 +75 — B3)e2 — [(j — 1)BY
J
+85 — (7 —2)85les — > (871 — (G + 1 — k)Biles — B

k=4
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((G+ D +98)lejr1 + -

(=2
On account of the coefficients of e, ..., e;11 we have
) =Bt =" -0,
(2) 291 +73 — B3 =2 + 72 — B2,
(3) (G-DBT+85—-(—2)85=0G—1)p1+ 82— —2)Bs,
(k) 4 <4 Bi 1 —(U+1=k)BE =Br—1— (G +1—k)Bk,
1 1
(J+1) Bs — m((]’ + 191 +73) =B85 — m((]’ + Dvjt1.1 4 vi+1,2)-

The following linear combination of the above equations

G-+ +Z et

leads to (§ +1)yj+1,1 +7vj41,2 = (j + 1)1 + 72. Repeating this process for all
7 with 2 < j <n —1 allow us to assume

A(ei) = (i% + 72)ei + fieir1, 3 <i<n.

Finally, let us consider A(t; +e1 — enq1 + enH) for a fixed j verifying
2 < 7 < m. Then on one hand, we have

A(t1) + Aler) + Alent1) + Alent ;)

n—1

= - Zpﬂpep + 71e1 — Z ﬂpep-‘rl + ((n + 1)71 + 73)6n+1 + Bien+2
p=1 p=2
(1 + ) Vntj1 + Ynrsz)ents + Brenijp
=(m—B)er+ -+ ((n+ )y +3)ens1 + Brenta + (0 + J)yntin

+7n+j,3)en+j + /Blen+j+1~
On the other hand, we get

d®(t1) +d°(e1) + d°(eny1) + d°(enyy)
=1 —BPer+ -+ ((n+ D +75)ens1 + Bienya + ((n+ )71

+75)enti + Blentjt1
which leads to ((n + j)Vn+4j1 + Ynts,3) = ((n+j)y1 + v3). Hence, we obtain
A(en+j) = ((’I’L +])’Yl + 73)en+j + 5len+j+1; 2 S J g m,

which completes the proof of the theorem. O
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Let us consider now the maximal-dimensional solvable Lie superalge-
bra with model nilpotent nilradical [12]. We denote this superalgebra by

SN(ni,...,ng, 1lm,...,my,) and it can expressed by the following products:
(1, 2;] = —[z;, 21] = @541, 2<j<nq,
(@1, Tny ooty 4i] = = [Fnypegny 1 1] = Ty, it 1o 1<j<k—1,2<i<n;,
(1, y5] = —lys, #1] = yj41, 1<j<m;—1,
(1, Ymy 4 tmy4i] = —[Ymatootm+ir ©1] = Ymggoogmyivr, 1 <7 <p—1, 1 <3 <mjy — 1,
[t1, 2] = —[x;, 1] = iz, 1<i<n+- - +ng+1,
[t1,y5] = —ly;. ta] = Jus, 1<j<mi+- - +my,
[t2, mi] = —[zi, t2] = @y, 2<i<n +1,
[ti+2 Tnytoogny+i] = —[Tnipognyis big2] = Ty, 1S3 < k=1, 2<4<njp +1,
[t vl = —[yi, t1] = s, 1<i<my,
(1 Ymtotms il = = Umytotms i 1] = Ymaopm i 1 <G <p—1, 1 < i <myyg,
with {@1, ..., Zn,4omgr1s t1s oo by, B, .-+, 1, ) even basis vectors and {y,

<5 Ymy+--+m, y 0dd basis vectors.

In [12] it is proved that all the superderivations are inner, then and
following the spirit of the proof of the theorem for model filiform nilradical
we have the next result. We omit the computations because they are rather
cumbersome and do not contain any new idea.

Theorem 4.2. On the mazximal-dimensional solvable Lie superalgebra with
model nilpotent nilradical, SN (n1, ..., ng, 1| m1,...,my) every local superder
-iwation is a superderivation.

5. Local Superderivations of Solvable Lie Superalgebras with
Non-model Nilradical

Along this section, we use an example of solvable Lie superalgebra whose
nilradical is a non-model one, in particular the nilradical is the only one Lie
superalgebra of maximal nilindex K™ (for more details regarding K>™ see
Theorem 4.17 of [17]). We build over this solvable Lie superalgebra infinitely
many local superderivations which are not superderivations.

Thus, consider for any m odd positive integer m > 3, the (m + 3)-

dimensional solvable Lie superalgebra L™*? (named L’lnjsm 1. o in [11]).
For that Lie superalgebra there exists a basis, namely {z, z1, 22, yl, cey Ym ]
with {z,z1,22} even basis vectors and {y1,...,ym} odd basis vectors, in

which L™*3 can be expressed by the only non-null bracket products that
follow:

[z1,9i] = —[yi, T1] = Yiv1, 1<i<m-—1,
WisYma1-i) = Wmr1-i,0i) = (1) g, 1<i<G(m+1),
[2,21] = —[21,2] = 21 + 22

[z, 2] = —[x2,2] = 22

[Z’yl] = —[yl, ] = 27Tmy1,

[z, 0] = —[wi, 2] = ((i — 1) + 252y, 2<i<m,
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being its nilradical:

2m (1, 9] = —[yi, v1] = Yiz1, 1<i<m-—1,
N\ Wi ymr1-1) = Wmerr-i,ps) = (1) ey, 1<i< 5(m+1)
Note that [-, -] is the standard skew-symmetric bracket product whereas

(+,-) denotes the symmetrical ones, recall that a Lie superalgebra structure
g = gy ® g1 contains in particular the symmetric pairing S?g; — gg. More-
over, because of these symmetric products K 2™ is not a model nilpotent Lie
superalgebra.
Consider now the even superderivations on L™*3 that is d € Derg

(L™*3) with

d(z) = apz + a1y + aaxo,

d(7;) = oz + a1 w1 + igra, 1 <0< 2,

d(y;) = Bjiy1 + Bjay2 + -+ + BimYm, 1<j<m.

A straightforward computation leads to the following general matrix of
any even superderivation on L™%3 :

0 (&3] (65 0 0 0 0

0 a11 19 0 0 0 0

0 0 o1 0 0 0 0

0 0 0 11— 0 0
Derg(L™™) =10 0 0 0 P2 - 0

. : . . . . . —Qg

0 0 0 0 0 0 ... Buom

with 8 = ((i — 1) + Z*Tm)all for 7, 1 <7 < m. Note also, from the matrix
that 3; ;41 = —a1 and 3;; = 0 for the remaining possibilities.

Theorem 5.1. Der(L™%3) G LocDer(L™*?).

Proof. Consider the homogeneous linear mappings A, : L™+3 — [m+3
(t # 1) of degree 0 defined on the basis vectors of L™*3 by

A(z) =0, A(zq) = z1, Axe) =tze, A(y;) =0, 1 <j<m.

It can be easily checked that A is not an even superderivation because
its matrix does not fit with the general matrix of even superderivations.
Nevertheless, for any ¢ the map A; is an even local superderivation. Indeed,
we have

A (z) = do(2), A(xr) =di(z1), A¢(w2) = tdi(x2),
A(y;) = do(y;), 1<j <m,

where d; is the resultant even superderivation after replacing a;; by 1 and
all the rest of parameters by 0 on the general matrix of Derg(L™*3) and dy
is the null superderivation.
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Analogously to proof of Theorem 3.1 for a fixed element e = apz +
a1x1 + agxe + Bry1 + - - + BimYm we have Ay(e) = ajzy + astas.

Now our goal is to prove the existence of a derivation d. such that
Ase) =de(e).

Let de(2) = de(y;) = 0 be with 1 <4¢ < m and

de(x1) = a121 + a2, de(z2) = azxs

where a1, as, a3 are unknowns. From the constraint A;(e) = d.(e) we have
that a; = 1 and the following equation ajas + as(ag — t) = 0. This equation
always has solution with respect to unknowns as, ag. Replacing one of theses
solutions of d. we get that A; is a local superderivation.

O

Remark 5.1. In fact, in the proof of Theorem 5.1 we show the existence of
infinitely many local superderivations on the (m + 3)-dimensional solvable
Lie superalgebra L™*3 which are not superderivations. Note also, that anal-
ogously it can be found infinitely many odd local superderivations which are
not odd superderivations.

6. Local Superderivations of Maximal-Dimensional Solvable
Leibniz Superalgebras with Model Filiform and Model
Nilpotent Non-Lie Nilradical

We consider the maximal-dimensional solvable Leibniz superalgebra with fil-
iform nilradical [12]. This superalgebra is unique for each pair of dimensions
(n,m) and can be expressed by:

[z, 21] = @ig1, 2<i<n-—1,;
[y, 1] = yj+1, 1<j<m-—1
[t1,21] = —x1,
x1,t1| = 71,

SLPTT Lci,,tl]] = (i—2)z, 3<i<n;
[ijtl]:(j_l)ij 2< 7 <my
[, t2] = @3, 2<1<m
[ijt3]:yj7 1<7<m;

with {z1,22,...,@y,,t1,t2,t3} a basis of (SLP™™)5 and {y1,y2,..-,Ym} a
basis of (SLP™™)1. Its superalgebra of superderivations was obtained in
[12]. Next, we prove the following result.

Theorem 6.1. On the mazximal-dimensional solvable Leibniz superalgebra with
model filiform nilradical, every local superderivation is a superderivation.
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Proof. We rewrite the table of multiplications of the superalgebra SLP™™
as follows:

[ei,el]:elqrh 2§i§n—1;
[en+j7€1] = €n+j+1a 1 S ] S m — 1;
[t1,e1] = —ex,

n,m . elatl = ée1,

SLPTT Lutl]} = (i — 2)ei, 3<i<m
lentirti] = (G — Dentj, 2<j<my
lei, t2] = ei, 2<1<m
[entjst3] = €ntj, 1<j<mg

The superderivations of SLP™™ are inner [12]. Let us fix an arbitrary
element

n+m

z = 1ty + yato + y3t3 + Z Bpep
p=1
of SLP™™. Then for its right operator R, we obtain
R.(t1) = —Bier R.(t2) = R.(t3) =0,
( = M€l
R.(ei) = ((i = 2)7 +y2)ei + freiv1, 2<i<n—1,
R.(en) = ((n —2)71 +72)en,
R.(ent;) = ((G— D)y +73)entj + Brensjir, 1 <j<m—1,
R.(entm) = ((m — 1)y1 +73)enim.

In [12], we prove that all superderivations are even. Let us consider
an arbitrary local superderivation A : SLP™" — SLP™™. Similar to Lie
superalgebra we have that:

A(tl) = —517161 A(tg) = A(tg,) = 0,
A(el) = 71,1€1

Ales) = ((2 = 2)vi1 +vi2)ei + Bijgeirt, 2<i<n-—1,
Alen) = ((n — 2)’771,1 + 'Vn,2)ena
A(
A(

1) =
)
)
) =

enij) = ((J = DY¥ngj1 + Yntj3)ents + Bnrjienijrr, 1 <j<m—1,
€n+m) = ((m - 1)7n+m,1 + '7n+m,3)en+m-

The goal now is to show that the expressions for R, and A coincide.
Firstly, we will show this coincidence on the generators of the basis vectors,
ie. t1,ta,t3,e1,e9 and e,1. Let us consider A(t; + es). Thus as A is linear
we obtain

Aty +ez) = A(tr) + Alez) = —B1,1€1 + 2,12 + B2 1€3,

on the other hand and by definition the above coincides with the value of a
superderivation, named R® on the vector t; + es, thus

A(ty +ez) = R°(t1 +e2) = —Bfer +vy5e2 + fies,

comparing the coefficients of e; and es leads to 821 = 31,1. Let us consider
Aty + 6]‘) = —fr1e1 + ((j — 2)’}/]',1 + ’ng)ej + Bj1ej41 for 3 < j <n—-1
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and on the other hand and by the definition of local derivation we get that
Re(t1+e;) = —ffer+((7 —2)7§ +75)e; + B5e;j+1. Comparing the coefficients
of e; and ej4; we obtain 31 = 811 for 3 <j <n—1.

We consider now A(t; + e,41) and similar as the above we have that
Brnt1,1 = B1,1. Analogously, if we take A(t; + €,4;) with 2 < j <m —1 we
have that ﬁn+j,l = ﬁl,l with2<j7<m—1.

Consequently, there is no loss of generality in supposing

t1) = —Biea, A(t2) = A(t3) =0,
e1) = el A(e2) = y2e2 + Pres,
€ ) ((Z - 2)77, 1 +'Y'L 2)67, + 51614»17 3 < 7 < n— 1 A(en) = ((’I’L - 2)'}/71,1 +’Yn,2)en7

entj) = ((J — D¥n+41 + mn+j,3)entj + Brengjtr, 2<j<m—1,

A

A

A(

Alent1) = v3ent1 + Bren+t2,

A(

A(en+7n) = ((m - 1)'Yn+m,l + 'Yn+'m,3)en+7n-

Let us consider A(t1 +e1 + ez +e3) = (y1 — B1)er +vyaea + (b1 + 73,1 +
v3,2)e3 + [freq on the other hand and by definition the above coincides with
the value of a superderivation, named R on the vector t1 4+e1 + e2 + e3, thus

Aty +e1+ea+ez) =R(t1 +e1+ea+e3) = (7] — BY)er + v5e2
+(BT +11 +15)es + Biea.

On account of the coefficients of ey, ..., es we have

(1) 1 = B =17 = 61,
() 72ﬂ

(3 )731+732+/51—71 + 5 + 61,
(4) B

From (1) + (2) 4 (4) we have that 71 +v2 = v{ + 75 and from (3) — (4)
we get 31+ 732 =77 + 75 Then, y31 + 732 =711 + 72

Now, we study A(t1 +e1 + ez + ¢;) for 4 < j < n and we obtain the
following equations:

(1) 1 = B =171 - 61,

(2) 72:’757

(3) B = B,

4) G=2v1+72=0—-211+%,

From (j—2)x (1)+(2)+(j —2) x (3) we get (j—2)77+75 = (j —2)11+72
and from (4) we leads to (j — 2)yj1 + 72 = (J — 2)71 + 72
We now consider the vectors ¢1 4 e1 + €,41 + e,y for a fixed j verifying
2 < 7 <m. For j =2, we have that
A(t1) + Aer) + Aleny1) + Aleng2) = (11 — Br)er +y3ent1 +
(V42,1 + V2,3 + B1)ent2 + Bienys

on the other hand, we get

RE(t1) + R°(e1) + R(ent1) + R(eny2) = (V1 — Bi)er +v5€n+1
+(0f + 75 + BY)ent2 + Bients,
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which leads to
( ) - ﬁl = fo - ﬁfv
(2) 13 =15,
(3) Yn+2,1 + Ynt2,2 + B =f +75 + B,
(4) /= Bt
From (1) + (2) + (3) we obtain v; + 3 = 7§ + 75 and from (3) — (4) we
get Yni2,1 + Ynt2,3 = 71 + 3.
We repeat the calculations for the vectors ¢; + e1 + ey41 + ep4; With
3 < j < m and we derive the following equations:

(1) m = B =11 — b7,
( ) 73 - 737
(3) =B,
(4) (.7 1)7n+j,1 + Vnt4,3 = (J— i+ V5,

From (j—1) x (1)4(2)+(j—1) x(3) we get (j—1)yf+75 = (G—1)n+7s
and from (4) we derive (j —1)Vn4j1+Vntj3 = - +y3 with3 <j <m
which completes the proof of the theorem. O

Let us consider now the complex maximal-dimensional solvable Leibniz
superalgebra with model nilpotent non-Lie nilradical [12]. We denote this

superalgebra by SNP(ny,--- ,ng, 1lmq,...,mp) given by:
[z, 1] = )41, 2<j<nq;
[Ty totmytis T1] = Ty porfon i1, 1<j<k-1,2<i<nj;
[y]vxl]—yﬁrla 1<3<m —1;
(Y- tmjtis T1] = Ymy+oobmyrivr,  1<F<p—1, 1<i<my — 1
[t1,21] = —x1,
[z1,t1] = 21,
[z, t1] = (i — 2)x;, 3<i<ng+1;
[Tny oty +in 1] = (0= 2)Toy gy, 1 <G <k—1,3<i<n;+1;
lyj. t1] = (i — D)yj, 2< <
(Y +-- +mJ+z7t1] (i — 1)ym1+---+mj+i7 I1<j<p—1 2<i<myy,
[, ta] = 24, 2<i<n;+1;
[Ty totnytis tj+2] = Togtootny+is 1<j<k-1 2<i<mnj+1
v, t1] = vj, 1<j<ma;
(Y4 tmgtis Uy 1] = Ymytooodm i 1<j<p—-1 1<i<myy;
with {Z1, ..., Toytongt+1s Ty e ooy b1, Ehye e ,t;} even basis vectors and {y;,

<oy Ymy+--4m, ; odd basis vectors.
In [12] it is proved that all superderivation are inner. Analogously to
Theorem 6.1, we have the following result.

Theorem 6.2. On the mazximal-dimensional solvable Leibniz superalgebra with
model nilpotent non-Lie nilradical, SNP(n1, ..., ng, 1m1,...,my) every lo-
cal superderivation is a superderivation.
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Proof. The proof is carrying out by arguments that used in the previous
theorem. We omit the proof of this theorem because the computations are
rather cumbersome and do not contain any new idea. O
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