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1. Introduction

Currently the theory of Lie superalgebras is one of the most actively studying branches
of the modern algebra and theoretical physics. The basic results on Lie superalgebras
theory can be found in [17]. Tt is well known that Lie superalgebras are a generaliza-
tion of Lie algebras. In the same way, the notion of Leibniz algebra can be generalized
to Leibniz superalgebras. Many works have been devoted to the study of these topics,
but unfortunately most of them do not deal with nilpotent Lie and Leibniz superalge-
bras.

It is a very well-known result that all the nilpotent Lie algebras of a specific dimen-
sion can be obtained by central extensions of nilpotent Lie algebras of lower dimensions.
Thus, in [11] the author used the Skjelbred-Sund method [24] for classifying all the
6-dimensional nilpotent Lie algebras over any field of characteristic not 2. The use of
central extensions was extended to Leibniz algebras [3] and moreover can be also applied
to superalgebras, Lie and Leibniz [12,13,19]. The crucial idea of central extensions con-
sists of the fact that any nilpotent Leibniz (super)algebra of a fixed finite-dimension is
a central extension of nilpotent (super)algebras of less dimensions. So, theoretically all
finite-dimensional (super)algebras can be obtained by applying central extension method.
Unfortunately, practically it is boundless problem to describe all finite-dimensional
(super)algebras. For instance, up to now it is known a complete list of nilpotent Lie
algebras of dimension not greater than 7.

The main purpose of the present work is studying central extensions for the class of
some solvable Leibniz superalgebras from two different perspectives. In particular, we
show that all the solvable Leibniz superalgebras with non-null center can be obtained by
central extensions of other solvable ones of lower dimensions.

Moreover, we select two very important nilpotent superalgebras N, the null-filiform
Leibniz superalgebra [4,18] and the model filiform Lie superalgebra [6]. For each of them
we follow two different procedures. On the first one, we compute its central extensions
(denoted by extnil(N)) and then study the maximal solvable extension of the superal-
gebras obtained by R(extnil(/V)) (here by R(NN) we denote a solvable Lie superalgebra
with nilradical N). However, on the second procedure, we consider first the maximal
solvable superalgebra R(N) and then we studied its central extensions extsol(R(N)).
Finally, we compare the results obtained at the end of the two procedures. Let us note
also, that along this study we compute central extensions of centerless superalgebras -
the maximal solvable considered - obtaining a common pattern for them which has been
proved for algebras and expressed in a conjecture for superalgebras.

2. Basic concepts and preliminaries
Recall that a vector space V is said to be Zs-graded if it admits a decomposition in

direct sum, V = Vi @ Vi, where 0,1 € Zy. An element 2 € V is called homogeneous of
degree i if it is an element of V;,i € Zo. In particular, the elements of Vg (resp. Vj) are
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also called even (resp. odd). For a homogeneous element x € V we denote |z| the degree
of z (either 0 or 1).

A Lie superalgebra (see [17]) is a Zo-graded vector space g = g5 @ g7 together with
an even bilinear mapping [+, ] : g X g — g which is agreed with Zs-graduation (that is,
l95, 95] C 95, 195, 91] C 91 and [g1, 97] C g5) and for any arbitrary homogeneous elements
x,y, z satisfies the conditions

2. (=)l [y, 2]+ (= D)1=y, [2, 2] + (=)W= 2, [z, 4]) = 0 — super Jacobi identity.

Clearly, g5 is an ordinary Lie algebra and g7 is a module over gg. In addition, the Lie
superalgebra structure also contains the symmetric pairing S?g; — gg.

Let us now recall the notion of Leibniz superalgebras. A Zs-graded vector space
L =Ly & Ly is called a Leibniz superalgebra if it is equipped with a product [, -] which
for an arbitrary element z and homogeneous elements y, z satisfies the condition

[z, [y, 2]] = [[z, 9], 2] — (—1)|y”z‘ [[z,2],y] - super Leibniz identity.

Note that if a Leibniz superalgebra L satisfies the identity [z,y] = —(—1)®II¥[y, 2]
for any homogeneous elements x,y € L, then the super Leibniz identity becomes the
super Jacobi identity. Consequently, Leibniz superalgebras are a generalization of Lie
superalgebras.

Taking into account that the following concepts and results that are valid for the Lie
superalgebra are true verbatim for the Leibniz superalgebras, we will give an exposition
for the Leibniz superalgebras.

Recall that the descending central sequence of a Leibniz superalgebra L = L & L
is defined in the same way as for Lie algebras: C°(L) := L, C**1(L) := [C*(L), L] for
all £ > 0. Consequently, if C*(L) = {0} for some k, then the Leibniz superalgebra L
is called nilpotent. Then, the smallest integer k such that C¥(L) = {0} is called the
nilindex of the Leibniz superalgebra L. Analogously, the derived sequence of L is defined
by D°(L) := L, DFTY(L) := [D*(L), D*(L)] for all k > 0. If this sequence is stabilized
in zero, then the Leibniz superalgebra is said to be solvable. Then, the smallest integer
k such that D¥(L) = {0} is called the index of solvability of the Leibniz superalgebra L
(denoted by index(L)). Evidently, all nilpotent Lie superalgebras are solvable ones.

At the same time, there are also defined two other crucial sequences denoted by C*(Lg)
and C*(Lz7) which will play an important role in our study. They are defined as follows:

CL;) = L;

2 27

CFH(L;) := [C¥(L5), L), k> 0,i € Zo.
We say that L has super-nilindez or s-nilindex (p, q) if satisfies

C*(Lg) #£0,  CTH(Ly) #0,  CP(Lg) =C(Ly) = 0.
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These last sequences allow us to introduce filiform Leibniz superalgebras. Therefore, a
Leibniz superalgebra L = L @ L7 is said to be filiform if Lg is a filiform Leibniz algebra
(those algebras with nilindex equal to dim(Lg) — 1) and the action of Lg over Lg has the
structure of filiform Lg-module, i.e., dim (C*~*(L1)/C*(L7)) =1 for 1 < i < dim(Lq).

Let us now denote by R, the right multiplication operator, i.e., R, : L — L given as
Ry (y) := [y, z] for y € L, then the super Leibniz identity can be expressed as R, , =
R,R, — (-1)*IVR,R,.

If we denote by R(L) the set of all right multiplication operators, then R(L) with
respect to the following multiplication

< Ra, Ry >:= R,Ry — (~1)" RyR, (2.1)

for R, € R(L);, Ry € R(L);, forms a Lie superalgebra. Note that R, is a deriva-
tion. In fact, the condition for being a derivation of a Leibniz superalgebra (for more
details see [18]) is d([z,y]) = (—=D)!¥¥[d(x),y] + [x,d(y)]. Since the degree of R, as
homomorphism between Zs-graded vector spaces is the same as the degree of the ho-
mogeneous element z, that is |R,| = |z|, then the condition for R, to be a derivation is
exactly R, ([z,y]) = (=1)*IW[R, (x),y] + [z, R.(y)]. This last condition can be rewritten
([, 9], 2] = (=1)12WWI[[z, 2], y] + [, [y, 2]] which is nothing but the super Leibniz identity.

Engel’s theorem and its direct consequences remained valid for Leibniz superalgebras.
In particular, a Leibniz superalgebra L is nilpotent if and only if R, is nilpotent for every
homogeneous element x of L. Furthermore, for solvable Leibniz superalgebras we have
that a Leibniz superalgebra L is solvable if and only if its Leibniz algebra Lg is solvable.
However, we do not have the analog of Lie’s Theorem and neither its corollaries even for
solvable Lie superalgebras.

We denote the set of Leibniz superalgebras with dimensions of even and add parts
equal to n and m, respectively, by Leib™™. Then Leib™™ forms the variety of Leib-
niz superalgebras. Let G(V') be the group of the invertible linear mappings of the
form f = f5 + fi, such that f;7 € GL(n,C) and f; € GL(m,C) (then G(V) =
GL(n,C)®GL(m,C)). The action of G(V) on Leib™™ induces an action on the Leibniz
superalgebras variety: two laws A1, Ay are isomorphic if there exists a linear mapping
f=fs+ fi € G(V), such that

Ma(a,y) = fE (M (fi(2), £5(9))), for any z € Vi, y € V3.

Furthermore, the description of the variety of any class of algebras or superalgebras
is a difficult problem. Different papers (for example, [5,7,15,16]) are dealt with the ap-
plications of algebraic groups theory to the description of the variety of Lie and Leibniz
algebras.

For a Leibniz superalgebra L = L® L the set Ann(L) := {x € L : [L,z] = 0} is called
right annihilator of L. It is easy to see that Ann(L) is a two-sided ideal of L and [z, 2] €
Ann(L) for any 2 € Lg. If we consider the ideal I := ideal < [z,y] + (—=1)/=W [y, 2] >,
then I C Ann(L).
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The set Center(L) = {x € L | [¢,L] = [L,z] = 0} is called the center of a superalge-
bra L.

2.1. Central extensions of Leibniz superalgebras

We recall some definitions regarding central extensions of Lie superalgebras (see for
instance [21] and references therein) and we extend these results to the case of Leibniz
superalgebras.

Thus, a Leibniz superalgebra epimorphism 7 : £ — L (or simply £ if there is no
confusion) is called a central extension of the Leibniz superalgebra L if the kernel of 7 is a
subset of the center of £. Central extensions of a given Leibniz superalgebra L = L@ Lt
are in correspondence with even 2-cocycles defined in the following way:

A bilinear map w : L x L — V' is called a 2-cocycle with coefficients in a linear space
V=VWeWif

w(ac, [y,z]) = w([x,y], Z) - (_I)WHZ'W([I?Z]’@/)

for all z,y, z € L. Additionally, if this 2-cocycle verifies the skew-supersymmetry condi-
tion, that is, w(x,y) = —(—1)1*IWw(y, ), then we get a Lie 2-cocycle.

The 2-cocycle w is said to be even if w(L;, L;) C Viy; for i,j € {0,1} = Zo and it is
said to be a 2-coboundary if there is a linear map f : L — V verifying w(z,y) = f([z,y])
for all z,y € L. We denote by Z2(L; V) the set of all even 2-cocycles from L to V and by
B2(L; V) the set of all even 2-coboundaries from L to V. Therefore the quotient space
HZ(L; V) := Z2(L;V)/B3(L; V) is called the even 2-nd group of cohomology.

If L is a Leibniz superalgebra and w is an even 2-cocycle of L with coefficients in a
superspace V', we define the superspace L, := L & V endowed with the bracket

['7']w :Zw@iw _>Zw7 (x@v7xl@vl)'_> [x7xl]®w(x7xl)

for z,2’ € L and v,v’ € V. This bracket provides Ew with Leibniz superalgebra structure
and the canonical projective map 7, : L, — L is a central extension; conversely all
central extensions of L are obtained in this manner.

Two even 2-cocycles wy : L x L — V and wy : L X L — V are cohomologous if and
only if w := ws — wq is an even 2-coboundary, that is, if there exists an even linear map
f L — V verifying w(z,y) = f([z,y]) for all 2,y € L. In this case, the assignment
©:x®v x® (f(x)+v) is an isomorphism from Ly, to L, with m,, o ¢ = m,,.

Note that, in particular, if the superspace V' = V4 @ Vi verifies V3 = {0}, then in
the corresponding central extension we are adding even elements, so we will refer to it
as even central extension. Analogously if Vi = {0}, then in the corresponding central
extension we are adding odd elements, so we will refer to it as odd central extension.
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3. Central extensions of some solvable Leibniz superalgebras

One of the differences between nilpotent and solvable (super)algebras is that for solv-
able ones we do not have the guarantee of the existence of a non-null center. Let us note
that the existence of a non-null center is crucial for considering central extensions. How-
ever, for a fixed nilradical if we consider all its solvable extensions, in general we obtain
infinitely many (super)algebras but only few of them are centerless. In some cases of
centerless (super)algebras are the solvable extension of maximal rank which are unique
(up to isomorphism). For instance, the uniqueness of the solvable extension of maximal
rank was shown for Lie and Leibniz algebras [2] and also holds for all the Lie and Leibniz
superalgebras studied up to now [8,9]. In any case, there is a huge amount of solvable
Leibniz superalgebras with non-null center and therefore it makes perfect sense the study

of them in terms of theirs central extensions.

Theorem 3.1. Let L be a solvable Leibniz superalgebra with non-null center. Then L is a
one-dimensional central extension of another solvable Leibniz superalgebra whose index
of solvability is either equal to index(L) or equal to index(L) — 1.

Proof. Counsider {e1,ea,...,e,} a homogeneous basis of L. Since Center(L) # {0} there
is no loss of generality in supposing e, € Center(L). Let us define L as the quotient
superalgebra by the ideal Ke,, i.e. L := L/ (Ke,) and the set A as follows

A ={(i,j) / leiye;) = Y_ Cljer with CJj # 0}
k=1

being [, ] the bracket product of the Leibniz superalgebra L. Consider, then, the central
2-cocycle over L defined by

Clien, if (i,j) € A
9(51-,5]-) =
0, otherwise.

It can be checked that the condition for 6 to be a Leibniz 2-cocycle derives from
the Leibniz superidentity in L. Thus, L can be regarded as the central extension L =
Zg + éen.

Only rest to check that L is also a solvable Leibniz superalgebra whose index of
solvability, index(L), is either equal to index(L) or equal to index(L) — 1. Since L is
solvable, name by s its index of solvability, that is, D*(L) = 0. With regard to L as vector
space we have D°(L) = L = spang{ey,...e,—1} and dim(D°(L)) = dim(D°(L)) — 1.
For the next, D'(L) = [D°(L), P°(L)] and since e,, € L' = [L, L], then dim(D*(L)) =
dim(D'(L)) — 1. However, from the second one for k > 2 we have
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_ dim(D*(L)), if e, ¢ [DE=1(L), DE=1(L)]
dim(D* (L)) =
dim(D*(L)) — 1, if e, € [D*~1(L), D*~1(L)].

Therefore, clearly L is solvable and either index(L) = s or index(L) =s—1. O

Next, we are going to illustrate the above Theorem in two important Leibniz superal-
gebras: one of them is Lie superalgebra, which is a particular case of Leibniz superalgebra,
and the other one is composed by non-Lie Leibniz superalgebra.

Let us remark first, that studying solvable Lie/Leibniz superalgebras represents more
difficulties than studying solvable Lie/Leibniz algebras, see [23]. Note that for a solvable
Leibniz superalgebra L, the first ideal of the descending central sequence D'(L) can
not be nilpotent, see [22]. However, in [8] the authors proved that under the condition of
D!(L) being nilpotent, any solvable Lie and Leibniz superalgebra over the real or complex
field can be obtained by means of outer non-nilpotent derivations of the nilradical in the
same way as it occurs for Lie and Leibniz algebras.

Thus, in our next result we are going to consider all the solvable extensions with
nilradical one of the most important nilpotent Lie superalgebras, i.e. K™, the only one
Lie superalgebra with maximal nilindex (for more details see Theorem 4.17 of [14]). This

Lie superalgebra can be expressed in an adapted basis {xg,z1,y1,...,ym} as follows
K2 (20, i) = —[yi, To] = Yit1, 1<i<m-—1,
[Wis Yma1—i] = Wms1—ivi] = (=1)zy, 1<i<$(m+1),

where the omitted products are equal to zero and m is an odd positive integer greater
than 1.

Proposition 3.1. Let L be a solvable centerless non-nilpotent Lie superalgebra with mil-
radical isomorphic to K*>™. Then L can be expressed as a one-dimensional central
extension: L = Lg + x1, where Ly is solvable non-nilpotent and index of solvability
equal to 3 =index(L) — 1 and 0 is a Lie central 2-cocycle non-coboundary.

Proof. Note that dim(K?™) = 2+m and K>™ has two generators. Then the dimension
of solvable extensions equals either dim(K%™) + 1 =3+ m or dim(K*™) +2 = 4+ m.
The latter corresponds with the maximal solvable case which is centerless. Therefore, we
focus on (m + 3)-dimensional case. Thanks to Proposition 4.2 of [8] we conclude that
if L is an (m + 3)-dimensional solvable Lie superalgebra over the real or complex field,
with L2 nilpotent and nilradical isomorphic to K2™, then there exists a basis, namely
{zo,21,2,91, ., Ym ) With {xo,x1, 2z} as a basis of Ly and {y1,...,¥ym} as a basis of L,
in which L can be expressed by the only non-null bracket products that follow
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[z0, ys) = —[¥i> To] = Yit1, 1<i<m-—1,
[Yi, Ymt1-i] = [Ym+1-i,¥i] = (_1)i+1$1a I<i< %(m—k 1),
[z, 20] = —[z0, 2] = a1m0 + f121
[2,21] = —[z1,2] = ((m — D)aq + 2a2)z1
m—2
[z,01] = —[y1, 2] = 2y1 + > Bryrrk, k odd
k=3
m—2
[0 = =[yir 2l = ((i = Do + a2)yi + Y Bryirw, 2<i<m, kodd
k=3
where either oy # 0 or ay # 0 and y;4, vanishes whenever ¢ + k ¢ {1,...,m}. It can be

checked that the only basis vector candidate to be in Center(L) is 1, moreover we have

Center(L) # 0 <= (m — 1)ay + 202 = 0.

Thus, there is no loss of generality in supposing for the case of ay = (1_3")a1 and a7 # 0.

Note, on the other hand, that 51 can be always supposed to be 0. In fact, by the following

change of basis

xgzxo—l—&ml, Ty=x, 2=z yi=y; foralli, 1<i<m-—1
g
one can assume that 1 = 0.
Let us consider L as the quotient superalgebra by the ideal K2y, i.e. L := L/ (Kz1)
and @ the central Lie 2-cocycle non-coboundary of L defined by the only non-null values
that follow:

(m+1).

DN | =

0T, Umr1—i) = OUmi1-i, i) = (1) ey, 1<i<

Therefore, L can be regarded as the central extension L = Ly + x;. Only rest to
check the index of solvability of both L and L. A straightforward computation leads to

index(L) = 4 and index(L) = 3 which concludes the proof of the statement. O

Next, we study an important class of solvable Leibniz non-Lie superalgebras. We
consider then, Leibniz superalgebras with non-null center whose nilradical is isomorphic
to the filiform non-Lie Leibniz superalgebra. Note that the maximal solvable extension,
which is centerless, was determined in [9]. Let us recall that the aforementioned filiform
non-Lie Leibniz superalgebra (denoted by LP™™) can be expressed by the only non-null
bracket products that follow:

(@i, 1] = xip1, 2<i<n—1
i, z1] = yjp1, 1<j<m—1
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Proposition 3.2. Let S{LP™™ and SoLP™™ be the complex solvable Leibniz superalgebras
with nilradical LP™™ - described below with x; and t; even basis vectors and y; odd ones.
Both S{LP™™ and Sy LP™™ are central extensions of solvable Leibniz superalgebras with
the same index of solvability as S; LP™"™, which is 2

S1LP™™ SoLP™™ :
[.’Ei,$1]:$i+1, QSZSTL—]., [xi,xl]:miﬂ, QSZSTL—].,
[yj, 21] = yj+1, 1<j<m—1; lyj, z1] = yjs1, 1<j<m—1
[z, t2] = @4, 2<i<m [Y;,ts] = yjs 1<j<m

where the omitted products are zero.

Proof. For L = S;LP™™, since Center(L) = Ky,,, we consider L := L/ (Ky,,) and
6 as the central Leibniz 2-cocycle non-coboundary over L defined by the only non-null
value 0(Y,,_1,T1) = Ym. Thus, L = Ly + Y. Only rest to check the index of solvability
of both L and L. A straightforward computation leads to index(L) = index(L) = 2
which concludes the proof of the statement for S; LP™™. Analogously, it can be done for
L = Sy LP™™ by considering L := L/ (K, ) and 6 the central Leibniz 2-cocycle defined
by 0(Tp—1,T1) = x,. O

Next, on the other hand, we study the structure of the central extensions of maximal
solvable Lie and Leibniz algebras which are, in particular, centerless. Let us recall that
we have from [1] and [2] the explicit expression for the maximal solvable Lie and Leibniz
algebras, respectively. Note that both algebras were obtained by adapting Mubarakz-
janov’s method [20]. Later in [10] the authors extended this expression for superalgebras
N = Ny @ Ny such that [Ny, N7] = 0.

For simplicity we start with Lie algebras, then from [1] we have the following structure
the maximal solvable extension, R = t®& N, being N a nilpotent Lie algebra, under the
condition dim(t) = dim(N/N?) = k. Note that k is exactly the number of generators of

the nilradical N. Thus, with respect to the basis {z1, 22, ... 2k, Z1,..., Tk, ..., Tpn }, being
{z1,...,2,} a basis of N and {z1,...,2%} a set of generators, we have
n
[z, 2] = =[x, 2] = Z v m, 1<i<j<n,
R: t=k1+1
[z, 21] = —[zi, %] = x4, <i <k,
[i, 2] = =2, ] = i ji, k+1<i<n, 1<j<k,

where the omitted products are zero and «;; is the number of entries of a generator
basis element x; involved in forming non generator basis element x;.

If we call by w a generic central 2-cocycle over R, we have the following two lemmas.
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Lemma 3.1. If [z;,2;] = 0, then w(x;,x;) = 0.

Proof. Since z; is either a generator, i.e. 1 < i < k, or it is generated, i.e. k+1<i < mn,
there is no loss of generality in supposing that exists [, 1 <[ < k such that

[, z1] = —[z1,mi) = ;1T with «a;; # 0.
Now, from the condition of 2-cocycle
w(z, [xi, 75]) = w(lz, @], 25) — w2, 5], )
we get
0= —(as; + ajw(zi, x;).

As oy is a positive integer by definition and o is either zero or a positive integer,
then we get w(z;,2;) =0. O

Lemma 3.2. If [z;, z;] = 0, then w(x;, z;) = 0.

Proof. Analogously as in the previous Lemma, there is no loss of generality in supposing
that there exists [, 1 <[ < k such that

[, z1) = —[z1, @) = iz with o # 0.
Now, from the condition of 2-cocycle

w(z, [z, ZJ]) = w([z1, 1], Zj) —w([a, Zj]vxi)
we get oy jw(x;, z;) = 0 and then w(x;, 2;) =0. O

Theorem 3.2. Let R = t@N be the mazimal solvable extension of a milpotent Lie al-
gebra N, under the condition dim(t) = dim(N/N?) = k. Then, there exists a basis of
R, {z1,...,&n,21,22,..., 2}, where {x1,...,2,} is a basis of N in which all the non-
split central extensions of R will be determined only by the 2-cocycles non-coboundaries
w(zi, 25)-

Proof. On account of the explicit expression for R obtained in [1] together with
Lemma 3.1 and Lemma 3.2, we have that the only central 2-cocycles non-coboundaries,
i.e. elements in HZ(R; V) = ZZ(R;V)/B3(R; V) are exactly w(z;, z;).

In fact, for all the remaining non-null central 2-cocycles, i.e. elements in Z3(R;V),
w(zi, x;) and w(x;, z;) it is verified that the corresponding bracket products [z;,z;]
and [z;, z;] are also non-null and therefore these 2-cocycles are also 2-coboundaries. i.e.
elements in B2(R;V). Therefore they do not determine any element in HZ(R;V) =
Z3(R;V)/B2(R; V) which concludes the proof of the statement. O
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Remark 3.1. The above Theorem also holds for Lie superalgebras R such that [Ry, Ry] =
0. In fact, in [10] the authors extended the expression for maximal solvable extension of
such type of superalgebras R = {@ N with dim(t) = dim(N/N?). In particular R admits
a basis

/ /
{Z17z27"'Zklazla"'azkzwrla"'axkla'",xnayla"wykzw"aym}

where {x1,..., 2k, Y1, ., Yk, } are generators of N being k = kj + ko and such that the
table of multiplications of R has the following form:

[2i,25] = —[j, 2] = Y A, 1<i<j<n,

t=ki1+1

m

[xuy]] y]axz = Z 5 ]yt7 1S2Sn71§.]gma

t=ko+1
[xhzi} 7[2’1,1'1] = Ty, 1 S 1 S kla
[ijzé]:_[zé‘vyj]:yﬁ 1§]§k27
[z, 2] = —[z, 2] = oy ja, Fi+1<:<n, 1<75<k,
[z, 2] = —[2}, Ti] = & j74, ki +1<i<n, 1<j<ko,
[yiazj] = _[Zjvyz] ﬂz,jyu ko +1<4< m, 1<75< kl,
[y, 5] = =125, vl = Bi ;jyis ky+1<i<m, 1<j<ky,

where the omitted products are zero and

e «; ; is the number of entries of a generator basis element z; involved in forming non
generator basis element x;,
o o j 1s the number of entries of a generator basis element y; involved in forming non
generator basis element x;,
o (i ; is the number of entries of a generator basis element x; involved in forming non
generator basis element y;,
!

* [} ; is the number of entries of a generator basis element y; involved in forming non

generator basis element ;.

Analogously as it was obtained for Lie algebras we have that all the non-split central
extensions of R will be determined only by the 2-cocycles non-coboundaries

w(zi, 25), W(Zi72';'), w(z“z])
Remark 3.2. It should be noted that the above remark is also extendable for Leibniz
algebras and superalgebras having been described the corresponding multiplication table
in [1].
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On the second part of the present paper let us consider first a very important class of
nilpotent Leibniz superalgebra, i.e. the null-filiform Leibniz superalgebra [4,18], we call
it N. We follow now two different procedures:

PROCEDURE 1. On the first one, we compute its central extensions extnil(N) (see
Section 4) and then study the maximal solvable extension of the superalgebras obtained
R(extnil(N)) (see Section 6).

PROCEDURE 2. However, on the second procedure, we consider first the maximal
solvable superalgebra with nilradical N, R(N) and then study its central extensions
extsol(R(N)) (see Section 5).

Finally, along Section 6 we compare the results obtained at the end of the two proce-
dures.

4. Classification of central extensions of null-filiform Leibniz superalgebras

Along this section, we focus on k-dimensional central extensions of null-filiform Leibniz
superalgebra, NF™™ which can be expressed by the law:

[yiayl] = Ty, 1 SZS’I’L,
N, ) Bl =gy, 1sism—1
lj x] =yj41, 1<j<m—1,
[z, 1] = xip1, 1<i<n—1,
where {x1,x9,...,2,} and {y1,¥ya2,...,ym} are bases of the even and odd parts respec-

tively. Moreover, in order to have a non-trivial odd part we have only two possibilities
for m (m = n or m = n+1). For more details it can be consulted [4]. Firstly, we consider
even and odd central extensions.

4.1. Even central extensions of null-filiform Leibniz superalgebras

Lemma 4.1. Let V = V5 ® V1 be a vector superspace with Vg = spanf{vi,ve,..., v} and
Vi = {0}. Then:

(i) The even 2-cocycles ZE(NF™™; V) are given by the following expression

w(Ti, 1) = anv1 + aigv2 + - - - + QR 1<i<n
w(yhyl) = blvl —+ b21}2 + -+ bk'Uk

W(Yi, Y1) = Gi—1101 + Gim12V2 + -+ im1 k0%, 2<1<m

with a;;,b; € C for1 <i<nand1 <j<k.
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(ii) The even 2-coboundaries B3(NF™™;V) are given by the following expression

w(xi,m) = a;1v1 + a;pv2 + - - - + aipVk, 1<i<n—1
W(y1,y1) = byvy + bovg + - - - + brvp

Wi, Y1) = Qim1,101 + Gim12V2 + -+ A1 k0, 2<i<n

with a;5,b; € C for 1 <i<n—-1and1<j<k.

iii) The even 2-cocycles belonging to H2(NF™™: V) are given by the following expres-
0

sion
o [fm=n,

W(Tp, 1) = Ap1v1 + GpaVs + -+ + Anilg, anj € C, 1 <5 <k.
o [fm=n+1,

W(Zn, T1) = Q101 + Ap2v2 + - - - + Ank Uk,

W(Ym, Y1) = An1v1 + AoV + - -+ aupVs, an; €C, 1 <j<k.

Proof. The result derives from the definition of even 2-cocycles and coboundaries. O

Proposition 4.1. A k-dimensional even central extension of null-filiform Leibniz super-
algebra N F™™ is isomorphic to one of the following non-isomorphic superalgebras:

NF™™@C* NF' g Ch !l (ifm=n+1), M"™"aC* ! (if m=n)

with M1 being the Leibniz superalgebra expressed by the law:

[yi, y1] = @i, 1<i<n,
Al (T3, 1) = %yiﬂ, 1<i<n—1,
Wi, r1] = yjr1, 1<j<n—1,
(s, 21] = 2541, 1<4<n,
where {x1,22,...,%n, Tny1} and {y1,y2,...,yn} are bases of the even and odd parts,

respectively.

Proof. By applying Lemma 4.1 we obtain the following multiplication table for the k-

dimensional even central extension of NF"™"™:
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[Yi, y1] = x4, 1<i<n,
[sz’,yﬂ:%yz‘ﬂ, 1<i<m-—1,
[y, 21] = Yjs1, 1<53<m-1,
[, 1] = ®iy1, 1<i<n—1,
[T, T1] = an1v1 + an2v2 + - - + Gnpvr,

[Ym,Y1] = @n1v1 + anave + -+ + apgvr, fm=n+1,

with a,; € C, 1 < j < k. Note that if a,; = 0 for all j, 1 < j <k, then we clearly obtain
the superalgebra NF™™ & C*. On the contrary, i.e., if there exists a,; # 0 for some j,
then after setting &, 11 = Gn1v1 + Gnave + - - - + anrvp we get either NFnHLntl g Ch-1
(ifm=n+1)or Mt CF 1 (ifm=n). O

4.2. Odd central extensions of null-filiform Leibniz superalgebras

Lemma 4.2. Let V. = V5 @ Vg be a vector superspace with Vg = {0} and Vi =
span{vi,ve,...,vx}. Then:

(i) The even 2-cocycles ZE(NF™™; V) are given by the following expression

w(Ti,y1) = %(ailvl +ajpva + - +agvr), 1<i<n

<
w(Yi, T1) = a1v1 + Qigve + -+ - + Qi Vk, I1<i<n
with a;; € C for1 <i<mnand1 <j<k.
(ii) The even 2-coboundaries B3(NF™™;V) are given by the following expression

w(zi,y1) = (anvi + apve + - +agug), 1<i<m-—1

w(ys, 1) = aj1v1 + aipve + - -+ + Ak, 1<i1<m-—1
with a;; €C for1<i<m—-1and1 <j<k.

(iii) The even 2-cocycles belonging to H3(NF™™; V) are given by the following ezpres-
sion

o Ifm=n+1,
dim(HZ(NF™™;V)) =0
o Ifm=n,

W(Tn, Y1) = 5(An101 + anava + - -+ + anpvr),

W(Yn, Y1) = An101 + Gp2ve + - - + kU, an; €C, 1<j<k
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Proof. The result derives from the definition of even 2-cocycles and coboundaries. O

Proposition 4.2. A k-dimensional odd central extension of null-filiform Leibniz superal-
gebra NF™™ is isomorphic to one of the following non-isomorphic superalgebras:

NF»™ g CF, NF™ Tl gCr ! (ifm=n).

Proof. By applying Lemma 4.2 we obtain the following multiplication table for the k-
dimensional odd central extension of NF™™:

[yi,yﬂ:xi, 1<1<n,
[zi,91] = 5Yit1, 1<i<m-—1,
[Ys> T1] = Yjv1, 1<53<m—-1,
[zi, 1] = Tiy1, 1<i<n—1,
[Tn, y1] = %(amm + apova + -+ angug), if m=mn,
[Un, T1] = Gn1v1 + A2V + - - - + Ak, if m=n,

with a,; € C, 1 < 7 < k. Note that if a,; = 0 for all j, 1 < j < k, then we clearly
obtain the superalgebra NF™™ @ C*. On the contrary, i.e., if there exists an; # 0 for
some 7, then after setting y,, 41 = @101 + Gnave + - - - + appvr we get NEWHL @ CF-1
which occurs if m=n. O

4.3. General central extensions of null-filiform Leibniz superalgebras

Throughout this section we deal with general central extensions, that is, which are
neither even nor odd.

Lemma 4.3. Let V = V5 @ Vg be a vector superspace with Vg = span{vi,ve,...,vr} and
Vi = spanf{uy,us,...,u}. Then:

(i) The even 2-cocycles ZZ(NF™™; V) are given by the following expression

w(Ti, 1) = anv1 + a2V + - - - + RV, 1<i<n
w(y1,y1) = bivy + bovg + -+ - + by

W(Yi, Y1) = @i—1101 + Gi—12V2 + -+ Gi—1 k0, 2<i<m
w(wi, y1) = %(C“ul+Ci2“2+"'+cuul), 1<i<n
w(Yi, 1) = cirur + cipua + - -+ + cipug, 1<i<n

with a;;,b5,¢t €C for1<i<nandl1 <j<k, 1<t
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(ii) The even 2-coboundaries B3(NF™™; V) are given by the following expression

w(zi, x1) = a;1v1 + aiova + - - - + ARV, l1<i<n-—1
w(y1,y1) = bivy + bovg + -+ - + by

w(ynyl) =ai—1,101 + ai—1202+ -+ a1 g0k, 2<i<n
w(Ti,y1) = %(Cnul + cipug + - + cuuy), 1<i<m-—1
w(yi, 1) = ciruy + o + -+ - + ciuy, l<i<m—1

with a;j,b5,cpp €C for 1 <i<n, 1<p<m-—-1landl1 <j<k 1<t

(iii) The even 2-cocycles belonging to HY(NF™™; V) are given by the following ezpres-
sion

e [fm=n,
W(Tp, 1) = Ap1v1 + apova + -+ + angvk, an; €C, 1 <5<k
W(Tn, Y1) = %(Cmul + Cnaug + -+ cu),
W(Yn, T1) = Cpiu1 + Cpous + -+ - + Cuuy, et €C, 1<t <L
e Ifm=n+1,
W(Tp, 1) = Ap1v1 + Anave + -+ + apk Uk,

W(Ym, Y1) = An1v1 + Apave + - -+ ankVk, anj € C, 1 <j <k,
Proof. The result derives from the definition of even 2-cocycles and coboundaries. O

Proposition 4.3. A (k + )-dimensional general central extension (neither even nor odd)
of null-filiform Leibniz superalgebra N F™™ is isomorphic to one of the following non-
isomorphic superalgebras:

NFE»™ @ CF and

° Ifm =n+1: N Frtlntl o) Ckti-1
° ]fm =n: Mn+1,n e (Ck—&-l—l; NFn,n-i—l @ Ck+l_1, Rn+1,n+1 @ Ck+l—2

with M"Y as described in Proposition 4.1 and R*1"+ the Leibniz superalgebra ex-
pressed by the law:

[yiayl] = Ty, 1 S 1 S n,
[ ] =3yiy1, 1<i<n,
[Yj, 1] = yjp1, 1<j<nm,
[ =iy, 1<i<n,

Rn+1,n+l .
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where {x1,T, ..., Tn,Tni1} and {y1,Y2,...,Ynt1} are bases of the even and odd parts
respectively.

Proof. By applying Lemma 4.3 we obtain the following multiplication table for the (k+1)-
dimensional general central extension of N F™™:

Yis Y1) = 1<i<n,

i, 1) = 3Yit1, 1<i<m-—1,
Yj, T1] = Yj11, 1<j<m-—1,
iy T1) = Tig1, 1<i<n—1,

[
[
[
[
[Tn, 1] = an1v1 + anave + - - + Angvk,
[
[
[

Yms Y1] = An1V1 + Gnave + - + Gnkk, Ifm=n+1
Tnyy1] = 2(Cnaiur + Cpous + -+ ), fm=n
Yn, T1] = Cp1U1 + Cpotiz + -+ + Ciuuy, ifm=n

with apj,cne € C, 1 < j <k, 1 <t < [. Note that if a,; = ¢, = 0 for all j, ¢,
1<j <k, 1<t<I, then we clearly obtain the superalgebra NF"™™ @ C**!. Next, for
studying the remaining possibilities we distinguish separately two cases depending on if
m=mnorm=mn-+1.

Thus, if m = n and c,¢ = 0 for all ¢, then a,; # 0 for some j. In this case after setting
Tpt1 = Ap1V1 +ApaVa + -+ vk, we get ML @ CE+=1 On the contrary, if a,; = 0
for all j, then c,¢ # 0 for some t. After stabilizing yn4+1 = cp1u1 + Cpatz2 + -+ - + criuy,
we get NF" L @ CFH=1 Finally if a,; # 0 for some j and c,; # 0 for some ¢, after
setting @, .1 and y,, as before we obtain R**+17+! @ Ck+i=2,

For the case of m = n + 1, the only remaining possibility is a,; # 0 for some j. In
this case after setting z,41 = @101 + Anovo + - - - + appv, we get NEHL+L g ChH-L
which concludes the proof. 0O

Thus, we get the following general result.
Theorem 4.1.

(I) A k-dimensional even central extension of null-filiform Leibniz superalgebra N F™™
is isomorphic to one of the following non-isomorphic superalgebras:

NFvmgck, NFLrHl g =l (ifm=n41), M""gCF ! (ifm=n).

(IT) A k-dimensional odd central extension of null-filiform Leibniz superalgebra N F™™
1s isomorphic to one of the following non-isomorphic superalgebras:

NF»™ g CF, NF™"ftlgoCr 1 (ifm=n).
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(ITI1) A (k + l)-dimensional general central extension (neither even nor odd) of null-
filiform Leibniz superalgebra N F™™ is isomorphic to one of the following non-
isomorphic superalgebras:

NF™™ g CF! and
o Ifm=n+1: NFrthntl g ChHi-t

° [fm =n: Mn+1,n P (Ck+l_1, NF”’"+1 D (Ck—&-l—l’ Rn+1,n+1 &) (Ck+l_2

with M™T1" gnd RS g5 described in Proposition 4.1 and Proposition 4.3, respec-

tively.

Remark 4.1. We will refer to the superalgebras obtained in Theorem 4.1 as
extnil(VF™™),

5. Central extension of maximal solvable superalgebras with nilradical N F™™

Throughout this section we obtain all central extensions of the maximal solvable
superalgebra with nilradical NF™™ named R(NF™™). This Leibniz superalgebra,
which is unique, was obtained in [8] and can be expressed by the following multipli-
cation table

[yhyl]:xia 1§Z§’I’L, [yjaxl]:yj+17 1§J§m_17
R(NF™™) [2i,91] = FVit1, 1<i<m—1, [z5,71] =211, 1<i<n—1,
[x;, 2] = 2ix, 1<i<n, [2,21] = —2x1,
[yjaz] = (2] - ]-)y]7 1 S J S m, [Z7y1] = —Y1,
where the omitted brackets are equal to zero, being {x1,...,%,, 2} even basis vectors
and {y1,...,ym odd ones. We distinguish between even and odd central extensions.
5.1. Even central extensions of R(NF™™)
Lemma 5.1. Let V = V5 @ Vi be a vector superspace with Vg = span{vi,va,...,vx} and

Vr ={0}. Then
(i) The even 2-cocycles ZZ(R(NFEF™™); V) are given by the following expression

oJxi,xl)zai1v1+aigvg+---+aikvk, 1<i:<n-1

&

(

W(Z,l‘l) = byv1 + bovg + -+ - + brvg
(ﬁlvz) = —bjv; — bovg — - - - — brUg
(

w(Tit1,2) = (20 + 2)(a;1v1 + aipv2 + -+ + ajvg), 1<i<n-—1
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w(z,z) = crv1 + cav2 + -+ - + VK
w(yl,yl) = %(*blvl — b2U2 — e — bkvk)

W(Yit1,91) = Q;1V1 + @202 + - -+ Q5 KV, 1<i<n-1
with a;5,b5,¢;, € C for 1<i<n—1and1 <j<k.

(ii) The even 2-coboundaries B3(R(NF™™); V) are given by the following expression

w(Ti, 1) = av1 + ai2V2 + - -+ + QiR 1<i<n-1
w(z,x1) = byvy + bava + - -+ + brvy

w(x1,2) = —=bjvy — bovg — -+ - — brv

w(Tit1, 2) = (20 4+ 2)(a;1v1 + aigve + -+ apvg), 1<i<n-—1
w(yr,y1) = 5(=b1vy — bgvy — -+ — buy)

W(Yit1, Y1) = @101 + Qi 2U2 + - -+ + Q5 KUk, 1<i1<n-1

with a;;,b; € C for1<i<n—-1and1<j<k.

iii) The even 2-cocycles belonging to HE(R(NF™™);V) are given by the following ex-
(iif) Y ging to Hg 9 y g
pression

w(z,z) =civ1 +cova+ - +egvg, ¢ €C, 1<j<k.

Proof. Since R(NF™™) contains, in particular, the bracket products of N F™™ we obtain
first the following restrictions for the 2-cocycles

w(i, 1) = @01 + GigV2 + - - + Ak Vk, 1<i<n
w(yla yl) =bivy + bavg +-- -+ bkzvk
W(Yi,y1) = @i—1101 + AQi—12V2 + -+ Gi—1 Vs, 2<i1<m

Now, by applying the 2-cocycle condition, w(z, [y, 2]) = w([z,y], 2) — (=D)¥*lw([z, 2], y)
for the ordered triple {z,y, z} we get the relationships given in the table:

2-cocycle condition Relationship

{#n, 2,21} w(@n, 1) =0

{z;,z,21},1<i<n-—-1 (2t + 2Qw(zs, z1) = w(Tit1,2), 1 <i<n-—1
{z,zi,21},1<i<n-1 w(z,2i41)=0,1<i<n-1

{z,z1,2} w(z,z1) = —w(z1, 2)

{z, 91,91} w(y,y1) = —3w(z,z1)

{Yn+1, 2,01}, ifm=n+1 WWnt1,y1) =0, if m=n+1
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Thus, we obtain the expression for the 2-cocycles of the statement. The rest derives
from the definition of 2-coboundary and the expression of the superalgebra. 0O

Proposition 5.1. A k-dimensional even central extension of R(NF™™), the maximal
solvable Leibniz superalgebra with nilradical null-filiform, is isomorphic to one of the
following non-isomorphic superalgebras:

R(NF™™) @ C*, ext R(NF™™) @ Ck~!

with exty R(NF™™) being the Leibniz superalgebra expressed by the law:

[y, 1] = @i 1<i<n, lyj, x1] = yjr1, 1<j<m—1,
[:c“y1]= 2y2+17 1<i<m-1, [z5z1]=wi11, 1<i<n-—1,
[x;, 2] = iy, 1<i<n, [2,21] = =21,
[yj» 2] = (J—D%,1§j§m7 [2.51] = =1,
[2,2] =

where {x1,xa,...,Zn, 2,0} and {y1,Y2,...,Ym} are bases of the even and odd parts re-

spectively.

Proof. By applying Lemma 5.1 we obtain as multiplication table for the k-dimensional
even central extension of R(NF™™) the one composed by the multiplication table of
R(NF™™) together with the product

[2,2] = c1v1 + cov2 + -+ + Uk

with ¢; € C, 1 < j < k. Note that if ¢; = 0 for all j, 1 < j < k, then we clearly obtain
the superalgebra R(NF™™) & CF. Contrariwise, i.e., if there exists ¢;j # 0 for some j,
then after setting v := c1vy + cova + - - - + v we get ext; R(NF™™) @ CF—1. 0O

Remark 5.1. We will refer to the superalgebras obtained in Proposition 5.1 as
extsolR(NEF™™).

5.2. 0dd central extensions of R(NF™™)
Theorem 5.1. Any odd central extension of R(NF™™) is a split Leibniz superalgebra.

Proof. Suppose we have V. = V5 @ V5 a vector superspace with Vz = {0} and
Vi = span{vy,va,...,v;}. First, from the bracket products of NF™™ we obtain first
the following restrictions for the 2-cocycles

w(zi,y1) = 2(anvy + aiva + - +ag), 1<i<n

w(¥i, 1) = a;101 + Q202 + - - + QiR Vg, 1<:<n



L.M. Camacho et al. / Linear Algebra and its Applications 656 (2023) 63-91 83

with a;; € C for 1 <4 <nand 1< j <k Now, by applying the 2-cocycle condition for
the ordered triple {z,y, 2z} we get the following relationships given in the table:

2-cocycle condition Relationship

{yjsz,21}, 1< <m—1 w(yjt1,2) = (25 + Dw(yj,z1), 1 <j<m—1
{#z y1,2} w(z,y1) = —w(y1, 2)

{z1yj,2},2<j<m w(z,y;) =0,2<j<m
{zi,y1,2},1<i<m—1  (2i+ Dw(zi,y1) = sw(yit1,2), 1 <i<m—1
{zn,z,y1},if m=n w(xp,y1) =0,if m=n

{Yn,z,z1}, if m=mn wW(Yn,z1) =0, if m=n

Thus, it is not difficult to check that all the 2-cocycles are also 2-coboundaries and
then dim(HZ(NF™™;V)) = 0, which proves the statement of the Theorem. 0O

Corollary 5.1. Any k-dimensional odd central extension of R(NF™™) is isomorphic to
R(NF™™) @ C*F
6. The maximal solvable Leibniz superalgebra with nilradical extnil(IN F™™)

Along this section we compute R(extnil(NF™™)), i.e., the solvable Leibniz superal-
gebras with nilradical extnil(INF™™). These superalgebras occur to be unique and they
are the maximal solvable. We consider the central extensions of null-filiform Leibniz
superalgebras non-split, that is A" +t%" and R*T17+!,

6.1. The mazimal solvable Leibniz superalgebras with nilradical M

The procedure to obtain the maximal solvable superalgebra is described in [8].

Proposition 6.1. Any non-nilpotent outer derivation d of M™tY" is of the form

n—j+1
d(y;) = (27 — Dary; + Z aiYitj-1, 1<j<mn,
n—i+2 =3
d(z;) = 2ia z; + Z Ak Thti1, 1<j<n-—1,

k=3
d(zy) = 2najz,,

d(xpt1) =2(n+ Va1 Tpiq.

Proof. We compute all derivations. It is easy to check that the odd derivations are nilpo-
tent. Moreover, among the even basis derivations there is only non-vanishing parameter
a1. Note also that we have eliminated the inner derivation R,, which corresponds exactly
with the only non-null parameter a; = 1. O

The next corollary gives the dimension of the solvable Leibniz superalgebra.
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Corollary 6.1. Any solvable non-nilpotent Leibniz superalgebra L over the complex field,
with L? nilpotent and nilradical a central extension of nulfiliform Leibniz superalgebra,
that is, isomorphic to M"t1"  has dimension dim(M"+1m) 4 1.

Proof. The dimension of the solvable Leibniz superalgebra is bounded by the maximal
number of nil-independent derivations of the nilradical. O

We have the following result using the similar arguments that in Section 5 of the
paper [8].

Theorem 6.1. Let L be an (2n + 2)-dimensional solvable non-nilpotent Leibniz superalge-
bra over C with L? nilpotent and nilradical isomorphic to M™Y. Then L is isomorphic
to the following superalgebra

i y1] = w4, 1<i<n,

[2i,91] = FYit1, 1<i<n-—-1,

[Yyj: x1] = Yjt1, 1<j<n-1,
R(M™Y + [, x1] = .$z'+1, 1< Z <mn,

[x4, 2] = 2ix,, 1<i<n+1,

[Yi,2] = (2i = 1)y;, 1<i<m,

[2,21]) = =21,

[Zvyl] = -

Proof. In this theorem we use the same techniques as in the Section 5 of the paper
8. O

6.2. The mazimal solvable Leibniz superalgebras with nilradical R™H1n+!

The procedure to obtain the maximal solvable superalgebra is described in [8] and it
is similar as the above subsection.

Proposition 6.2. Any non-nilpotent outer derivation d of R**1"+1 is of the form

n—j+2
d(y;) = (2j — Dary; + Z aiYi+j-1, 1<j<n,
n—i+2 =3
d(x;) = 2iayz; + Z AkThti—1, 1<j<n-1,
k=3

d(xn) = 2nalxna
d($n+1) = 2(7’L + 1)a1xn+1.

Proof. We compute all derivations. It is easy to check that the odd derivations are nilpo-
tent. Moreover, among the even basis derivations there is only non-vanishing parameter
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a1. Note also that we have eliminated the inner derivation R, which corresponds exactly
with the only non-null parameter as = 1. O

The next corollary gives the dimension of the solvable Leibniz superalgebra.

Corollary 6.2. Any complex solvable non-nilpotent Leibniz superalgebra L such that L?
nilpotent and its nilradical is a central extension of nulfiliform Leibniz superalgebra, that
is, isomorphic to R" T4 " has dimension dim (R 1.

Proof. The dimension of the solvable Leibniz superalgebra is bounded by the maximal
number of nil-independent derivations of the nilradical. O

We have the following result using the similar arguments that in Section 5 of the
paper [8].

Theorem 6.2. Let L be a complex (2n + 3)-dimensional solvable non-nilpotent Leibniz
superalgebra such that L? nilpotent and its nilradical is isomorphic to R*T1"+1. Then L
is isomorphic to the following superalgebra:

i, y1] = i, 1<i<n,

[2i, 1] = FVit1, 1<i<n,

[yj, z1] = yj+1, 1<j<n,
RR"+1’n : [xi,xl] = Tj+1, 1 S ) § n,

[x4, 2] = 2ix, 1<i<n+1,

[Yi, 2] = (20 = V)y;, 1<i<n+1,

[z, 1] = —2x1,

[Z7y1] = -

Proof. In this theorem we use the same techniques as in the Section 5 of the paper
8. O

6.3. Comparison of extsolR(NF™™) with R(extnil( N F™™))

All the Leibniz superalgebras R(extnil(INF™™)) obtained along this section occur to
be unique and centerless and that fact does not correspond with any central extensions
extsol(R(N)).

We repeat now the two different procedures but for a very important class of filiform
Lie superalgebras [6], i.e. the model filiform Lie superalgebra N = L™™. Thus:

PROCEDURE 1. On one hand, first obtain the one-dimensional central extensions of
N, (denote it by extnil(N), see Section 7).

PROCEDURE 2. On the other hand, consider maximal solvable Lie superalgebra,
R(N), with nilradical N. And then describe its central extensions, extsol(R(N)). We
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compare extsol(R(N)) and R(extnil(N)). On that occasion we do not compute explicitly
R(extnil(N)), we do the comparison in a more theoretical way.

7. One-dimensional central extensions of model filiform Lie superalgebras

In this section we deal with the description of the one-dimensional central extensions
of the model filiform Lie superalgebra, L™™, which is defined by the only non-zero
products

Lrm (1, 25) = =[5, 21] = 2301, 2<i<n—1
N eyl =~y o) =y, 1<i<m—1

where {z1,...,2,} is a basis of (L"™")g and {y1,...,Ym} is a basis of (L™");. Note that
L™™ is the most important filiform Lie superalgebra, in complete analogy to Lie algebras,
since all the other filiform Lie superalgebras can be obtained from it by deformations
[6]. In particular, we will describe the one-dimensional central extensions by means of
Lie 2-cocycles.

Recall that Lie 2-cocycles and Lie superalgebras are particular cases of Leibniz 2-
cocycles and Leibniz superalgebras, respectively. Due to the difficulty of the problem we
consider only one-dimensional central extensions and therefore, we will have either even
central extensions or odd central extensions.

Proposition 7.1. Any one-dimensional even Lie central extension of the model filiform
Lie superalgebra L™™ can be expressed with respect to the basis {x1,...,Tn, Vs Y1, -, Ym}
by the following multiplication table, where the omitted products are equal to zero:

[x1, 2] = —[zi, 21] = Tig1, 2<i<n-1

[z1,y5] = =y, 21] = Y, 1<j<m-1

(21, Zn] = —[Tn, 21] = @10,

[2i, 7] = —[xj, 2] = (=1)lag,itj_2v, 2<i<j<mn, i+jodd 5<i+j<n+2
Wi, i) = s, vi) = (1) by i joqv, 1<i<j<m, i+jeven 2<i+j<m+1

bezng (alnaa23aa25a .. 'ab117b137 . ) € C1+LHT_1J+LMT+1J

Proof. From the definition of even Lie 2-cocycles and coboundaries and on account
of V.= V5@ V§ =< v > ®{0}, we obtain that the even Lie 2-cocycles belonging to
Z2(L™™; V) are given by the following expression

w(z, ;) = —w(xg, 1) = a,v, 2<i<n
w(zi,z;) = —w(wj, ;) = (=1)'ag,itj_2v, 2<i<j<n,i+jodd, 5<i+j<n+2

w(ylay]) = w(y]7yl) = (_1)i+1b1,i+j—lv7 1 S 7 S.] S m, Z+j even, 2 S Z+.] S m+1
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. n—1 m+1 . . .
being (a12,...,a1n,a23, a5, ..,b11,013,...) € Ccrtlrz 7], Likewise, we obtain

that the even Lie 2-coboundaries B2(L™™; V') are given by the following expression
w(z1,2i) = —w(@i, 71) = av, 2<i<n-—1

being (ai2,...,a1,—1) € C" 2 Therefore, the even Lie 2-cocycles belonging to
HZ(L™™;V) are given by

w(x1,xp) = —w(Tp, 1) = a1,
w(zi,z;) = —w(wj, x;) = (=1)'ag,itj_ov, 2<i<j<n,i+jodd, 5<i+j<n+2
w(yi,yj) = wyj, vi) = (1) bipv, 1<i<j<m,i+jeven, 2<i+j<m+]1

m

being (a1, as3,ass,...,b11,b13,...) € clilz I+ Z‘HJ, which proves the result of the

statement. O

Proposition 7.2. Any one-dimensional odd Lie central extension of the model filiform Lie
superalgebra L™™ can be expressed with respect to the basis {x1,...,Tn, Y1, -, Ym,V} by
the following multiplication table, where the omitted products are equal to zero:

[x1,z;] = =[5, 21] = Tig1, 2<i<n-1

[z1,y5] = =y, 1] = Y, 1<j<m-—1

[21, Y] = =[ym, 21] = cimv,

[22,y5] = —[y;, x2] = c25v, 1<j<m

[zi,y;] = —[y;, 2] = (—1)coipj2v, 3<i<mn, 4<i+j<m+2
being (Cim,Ca1s - - - Com) € C™FL

Proof. From the definition of even Lie 2-cocycles and coboundaries and on account of
V =Vy® Vf = {0}& < v >, we obtain that the even Lie 2-cocycles belonging to
ZZ(L™™; V) are given by the following expression

w(zy,yy) = —w(y;, 1) = ciyv, 1<7<m
w(z2,y;) = —w(y;, v2) = c25v, 1<j<m
w(zi,y;) = —w(y;, @) = (—1)'coitj2v, 3<i<n, 4<i+j<m+2

with ¢;; € C for all 1 <3 < 2,1 < j < m. Likewise, we obtain that the even Lie

2-coboundaries B3(L™™; V) are given by the following expression
w(z1,y;) = —w(y;, #1) = ciju, 1<j<m—1

with ¢1; € C forall 1 < j < m—1. Thus, we get the following expression for HZ(L™™:; V)



88 L.M. Camacho et al. / Linear Algebra and its Applications 656 (2023) 63-91

W(-Tl,ym) = _W(yrml'l) = CimU,
w(x%yj) = _W(yj,xg) = C25, 1 < ] <m

w(ziy) = —w(yj zi) = (—1)caipjo2v, 3<i<n, 4<i+j<m+2
being (cim, ca1, - -+, C2m) € C™FL which proves the result of the statement. O

Remark 7.1. All the one-dimensional central extensions of L™™ we will denote by
extnil(L™™).

8. One-dimensional central extensions of maximal solvable Lie superalgebra with
model filiform nilradical

Along this section we obtain all one-dimensional central extensions of the maximal
solvable Lie superalgebra with nilradical L™™ named R(L™™). This Lie superalgebra,
which is unique, was obtained in [8] and can be expressed by the following multiplication
table

x1, %) = =[x, 1] = Tiq1, 2<i1<n-—-1,
r1,y5] = —[y;, v1] = Y1, 1<j<m-1;
Zla‘rl] - _[xhzl] =7,

[

[

[
R(L™™) 1 < [z1,%;

[

[

[

| = —[=
22, %] = —[xi, 22] = T, 2<i<m;
Z3ayj]:_[ijz3]:yj7 1§.]< )
where the omitted brackets are equal to zero, being {x1, ..., z,, 21, 22, 23} even basis vec-
tors and {y1, ..., ym} odd ones. We distinguish between even and odd central extensions.

Proposition 8.1. Any one-dimensional even Lie central extension of the maxzimal solvable

Lie superalgebra R(L™™) can be expressed with respect to the basis {x1,...,xn, 21, 22, 23,
VYL, -, Ym by the following multiplication table, where the omitted products are equal
to zero:

(21, 25] = —[24, 1] = Tiy1, 2<i<n—1;

[z1,9;] = —[y;, 1] = Yj+1, I1<j<m-1

[zlv'rl] = —[331721] =1,

[21, 2] = —[xi, 2] = (i — 2)x;, 3 <1< my

[21,9;] = =[yj, 21l = G =Dy, 2<7<m;

(22, 5] = —[2i, 22] = 23, 2<i<m

[2'37%]:_[%723]—9]» ]-<.7<m7

(2
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with (612,613,023) € C3.

Proof. From the definition of even Lie 2-cocycles and coboundaries and on account
of V.= V5@ VF =< v > ®{0}, we obtain that the even Lie 2-cocycles belonging to
ZZ(R(L™™); V) are given by the following expression

w(zy, ;) = —w(x;, 1) = a0, 2<i<n-1
w(z1,21) = —w(x1,21) = b11v,

w(z,x) = —w(zi, 2) = (1 —2)ar—1v, 3 <i<n;
w(z2,x2) = —w(x2, 22) = baav, 3<i<m
w(ze, ;) = —w(®i, 22) = a1,i-10, 3<i<n
w(zi, zj) = —w(zj, 2;) = ¢, 1<i<j<3

Likewise, we obtain that the even Lie 2-coboundaries B3(R(L™™); V) are given by the
following expression

w(zy, ;) = —w(x;, 1) = a,;v, 2<i<n-—1
w(z1,21) = —w(x1, 21) = b11v,

w(z,x) = —w(zi, 2) = (1 —2)ar—1v, 3 <7< n;
w(z2,x2) = —w(x2, 22) = baav, 3<i<m
w(ze, ;) = —w(x;, 22) = a1 410, 3<i<

Therefore, the even Lie 2-cocycles belonging to HZ(R(L™™); V) are given by
w(zi, zj) = —w(zj,2) = cjv, 1<i<j<3
which proves the result of the statement. O
A straightforward computation leads to the following result:

Proposition 8.2. Any one-dimensional odd Lie central extension of the maximal solvable
Lie superalgebra R(L™™) is isomorphic to R(L™™) & C.

Remark 8.1. We will call all the one-dimensional central extensions of R(L™™) by
extsol(R(L™™)).

8.1. Comparison of extsolR(L™™) with R(extnil(L™™)) and Conjecture

In [8] the authors proved that under the condition of t? being nilpotent, any solv-
able Lie superalgebra over the real or complex field can be obtained by means of outer
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non-nilpotent derivations of the nilradical in the same way as it occurs for Lie alge-
bras. Moreover, these outer non-nilpotent derivations are even superderivation, see [10].
Therefore, for any solvable Lie superalgebra t with t2 nilpotent, we have a decomposition
into semidirect sum: v = te_gn such that

[t,n] Cn, [nyn]Cn, [t Cn

Therefore, for obtaining the maximal solvable Lie superalgebra with nilradical each
family of extnil(L™™), i.e. R(extnil(L™™)), we consider for each family of extnil(L™™)
its maximal torus composed by even derivations, t = Span{T},T5,T5}. Note that the
dimension of the torus is the same as the number of generator basis vectors of the
family of superalgebras, which is always three. Then t is Abelian (i.e., [t,f] = 0) and
the operators adp (T € t) are diagonal. By calling ¢; the new even basis vectors which
derive from the action of the maximal torus we obtain for R(extnil(L™™)) the basis
{z1,..., Tn,t1,t2,t3, 0,91, .. ., Ym }. Thus, R(extnil(L™™)) is non-split verifying [¢t;,¢;] =
0 for all 4,5 and this does not correspond with any non-split Lie superalgebra obtained
in extsol(R(L™™)).

Analyzing the results obtained throughout the paper one can suppose the following
conjecture:

Conjecture. Let R(N) = f@N be the maximal solvable extension of a nilpotent Leibniz
superalgebra N, under the condition dim(t) = dim(N/N?) = k. Then, there exists a
basis of R(N), {z1,...,&n,t1,t2,...,tx}, where {x1,...,2,} is a basis of N in which
all the non-split central extensions of R(N) will be determined only by the 2-cocycles
non-coboundaries w(t;,t;).
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