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Abstract Hydraulics is often used to actuate mecha-
nisms in the applications of heavy machinery. In this
work, a linearization approach for hydraulically driven
multibody systems is presented. The approach allows
linearizing the equations of motion of general multi-
body systems with holonomic and nonholonomic con-
straints, augmented with the hydraulic equations of the
hydraulic subsystem. The derivation of this lineariza-
tion approach is of interest in many applications, such
as the performance of linear stability analyses. The pro-
cedure is tested with a three-dimensional multibody
model of a hydraulically actuated four-bar mechanism.
The validation of the approach is performed by means
of the forward dynamics simulation of the linear and
nonlinear systems. The results show the power of the
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approach, obtaining the linearized equations of motion
around the equilibrium position of the four-bar mecha-
nism multibody model in terms of the mechanical and
hydraulic parameters. A comparison of the proposed
procedure with a conventional counterpart approach is
included, demonstrating the great accuracy and com-
putational efficiency of the approach developed in this
work.

Keywords Multibody - Linearization - Hydraulics -
Dynamics

1 Introduction

Hydraulically actuated systems are widely used in
heavy machinery, being present in a large variety of
industries and research applications. Some examples of
hydraulic systems used in daily life are aircrafts (acti-
vation and motion of landing gears or flaps), hydraulic
lifts, mobile machines (cranes or excavators), hydraulic
power steering, braking systems of vehicles, hydraulic
jacks or shock absorbers. The modeling and simulation
of hydraulic systems enables evaluating their behav-
ior for a wide range of operating conditions. Position-
ing accuracy of the systems or identification of peak
stresses are examples of important issues that can be
addressed by means of simulation of hydraulic systems.

The use of the lumped fluid theory [1] allows obtain-
ing computationally efficient models of hydraulic cir-
cuits. This theory can be applied to hydraulic systems
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in which the effect of acoustic waves is negligible,
which is generally the case of mobile working machine
applications, where the motions are relatively slow and
pipelines are usually short. The lumped fluid method is
widely used in several works with hydraulically actu-
ated multibody systems [2—5] and modeling complex
hydraulic circuits for real-time simulation [6].

Different approaches exist to include the behavior of
hydraulic actuators in the simulation of multibody sys-
tems. One simplified technique is the kinematic guid-
ance of the variable corresponding to the endpoints of
the hydraulic actuator [7]. Nevertheless, including the
dynamics of the hydraulic actuator is necessary in many
applications [8,9]. From the standpoint of integration
of the multiphysics problem, two main approaches exist
in the literature: the monolithic approach and multirate
integration.

The first one, known as monolithic approach or uni-
fied scheme, consists of the combination of the multi-
body system and the hydraulic equations, obtaining a
single system of differential equations that can be inte-
grated in time [10, 11]. Docquier et al. [12] presented
a multibody model of a modern car equipped with a
novel suspension system using a monolithic scheme.
Ylinen et al. [13] proposed a hydraulic cylinder model
for dynamic simulations, coupling the hydraulic and
mechanical variables in a monolithic way. A mono-
lithic formulation, for combined simulation of multi-
body and hydraulic systems, based on the index-3 aug-
mented Lagrangian, was presented by Naya et al. [14].
Rahikainen et al. [15] combined the index-3 semi-
recursive formulation [16] and the lumped fluid the-
ory for hydraulically driven multibody systems, and
an improvement of the proposed monolithic formula-
tion was proposed by introducing the singular pertur-
bation method [2]. Lastly, within the monolithic frame-
work, the friction modeling in the hydraulic cylin-
der, which plays an important role in the accuracy
of the simulations and can introduce numerical stiff-
ness [17], was thoroughly studied by Jaiswal et al.
[5]. Four friction modeling approaches were compared
in terms of the work cycle, friction force, energy bal-
ance and numerical efficiency. As an alternative to the
monolithic schemes, in a second approach, known as
multirate integration, there exist different subsystems
that are integrated separately, exchanging information
between them in predetermined time intervals. This can
be carried out by using a single environment where
the different problems are integrated separately (co-
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integration) [18,19] or resorting to a different software
for each problem (co-simulation) [20-22]. Some rele-
vant aspects have been addressed in the literature, such
as co-simulation configuration [23], energy-based cou-
pling error minimization [23,24] or the multirate co-
simulation [25].

Different possibilities exist to carry out the lineariza-
tion of the equations of motion of multibody systems,
depending on the form of these nonlinear equations.
Some approaches are based on the direct lineariza-
tion of the Differential-Algebraic system of Equations
(DAE) [26-28], while others resort to a coordinate
partitioning to reduce the nonlinear DAE system to a
nonlinear system of Ordinary Differential Equations
(ODEs) [27,29,30]. Agindez et al. [30] proposed a
linearization approach, consisting in the linearization
of the index-2 DAE system and then the reduction to a
linear ODE system. The procedure, which showed an
excellent accuracy and computational efficiency with
complex multibody systems as the bicycle benchmark
of Meijaard et al. [31], achieves the maximum reduc-
tion of the linearized equations of motion of constrained
multibody systems. Nevertheless, to the best knowl-
edge of the authors, there is no procedure for system-
atically obtaining the linearized equations of motion
of hydraulically actuated multibody systems, which is
required in several applications.

First, an important application is the building of
state and input estimators, like Kalman filters, exist-
ing different works in the framework of hydraulically
driven multibody systems. Khadim et al. [32] pro-
posed a parameter estimation algorithm, consisting in
the combination of the augmented discrete extended
Kalman filter (ADEKF) with a curve-fitting method,
and Jaiswal et al. [33] presented a state estimator based
on an indirect Kalman filter. Secondly, another impor-
tant application is the performance of linear stabil-
ity analyses and the design of linear feedback con-
trollers. Hydraulic steering systems play a key role in
keeping the directional stability and tracking the steer-
handling capability of articulated steering vehicles
(ASVs). After some simplified models without con-
sidering the dynamics characteristics [34,35], where
the hydraulic steering system was modeled as a torsion
spring, the full-hydraulic steering control unit of the
steering system model was modeled as a directional
control valve by Pazooki et al. [36]. Several works
are devoted to improving the yaw stability of ASVs,
being some techniques increasing the damping at the
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articulation joint [37], introducing leakage across the
cylinders [34], or other active strategies as differential
braking [38], torque vectoring [35] and active steering
[39]. Gao et al. [40] analyzed the stability of an ASV
and designed a stability controller to avoid the oscil-
latory yaw motion, with the application of the optimal
control theory. An optimal tuned cascade control strat-
egy, based on feedback linearization, is proposed by
Nedi¢ et al. [41] to carry out the reference trajectory
of a 6-DOF parallel robot platform. An optimal design
of the parameters of the cascade load force controller
was effectively performed. In these applications, a lin-
earized version of the equations of motion is required.

The main objective of this work is to present an
approach for systematically linearizing the equations
of motion of hydraulically actuated multibody systems
with holonomic and nonholonomic constraints. The
procedure corresponds to an extension of the approach
presented and validated by Agundez et al. [30] for
mechanical multibody systems. The main advantages
of the proposed procedure are its computational effi-
ciency and accuracy, which are compared with a lin-
earization counterpart approach; the maximum reduc-
tion of the linearized equations of motion, which allows
the elimination of spurious null eigenvalues in the per-
formance of linear stability analyses; and the capac-
ity of the proposed approach to generate the exact lin-
earized equations of motion in terms of the mechani-
cal and hydraulic parameters of the multibody system
under study.

The paper is structured as follows. Following the
Introduction, Sect. 2 summarizes the main aspects
of the hydraulic modeling, using the lumped fluid
method, and presents the nonlinear equations of motion
of hydraulically actuated multibody systems. Next,
Sect. 3 develops in detail the linearization approach
and derives the resulting Jacobian matrix. In Sect. 4,
the use of the procedure is illustrated with a hydrauli-
cally actuated three-dimensional four-bar mechanism
model and validated by means of the forward dynamics
simulation of the linear and nonlinear systems. Finally,
Sect. 5 summarizes the main conclusions drawn from
the present work.

2 Formulation of the problem

In this section, the fundamental modeling aspects of a
hydraulic linear actuator system are presented. More-

over, the nonlinear equations of motion of hydraulically
actuated multibody systems with holonomic and non-
holonomic constraints are shown below.

2.1 Modeling of the hydraulic system

In this work, the lumped fluid theory is used to model
the hydraulic system. The hydraulic circuit is divided
into discrete volumes of uniformly distributed pressure.
Considering a discrete control volume V/, the evolution
of the pressure p is given by the following first-order
differential equation:

. B (& av
p=7<ZQk—E>, (1)

k=1

where Qy represents the incoming (positive value) or
outcoming (negative value) flows of the control vol-
ume, 1 ¢ is the number of hydraulic flows going in or out

V.
of the volume, s is the volume change term that usu-

ally represents the piston movement inside the cylinder
and B, is the effective bulk modulus of the hydraulic
volume, given by:

L < Vi )
Be  Boi (= VB

In Eq. (2), Byj is the oil bulk modulus, ¢ is the number
of subvolumes Vj forming the volume V and By is the
bulk modulus of the subvolume V.

The semi-empirical modeling method [42] is used
to describe the valves in the hydraulic circuit. First, the
volume flow rate through a directional control valve

Qg is:

04 = Co,UTAp| 2L 3)
d = Pl——»
v |Ap|

where C,, is the semi-empirical flow rate coefficient
of the directional control valve; Ap is the pressure
difference, which presents the same direction as the
volume flow rate; and U is a normalized spool dis-
placement, which determines the spool position in the
control valve. The time evolution of U is given by the
following first-order differential equation:
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. Ut — U
U= ref ) (4)
T

where Ut is the reference normalized spool displace-
ment and t is the time constant of the valve.

In the case of a throttle valve, the flow rate Q; is
expressed as:

A . 2
0, = CoIApI =2, with €, = CyAr | —. (5)
[Ap| Poil

In Eq. (5), A; is the area of the throttle valve, Cy is the
coefficient of discharge and py; is the oil density. The
expressions of the volume flow rates in Egs. (3) and (5)
correspond to a turbulent flow, with a Reynolds num-
ber of Re > 2400. The derivatives of these expressions
with respect to the pressure drop may lead to numeri-
cal problems for small pressure differences, since the
square root functions of Egs. (3) and (5) present a verti-
cal tangent for Ap — 0. Therefore, the laminar regime
of the volume flow rates is considered for pressure
drops lower than a predefined Apjip,, following a linear
relation with the pressure difference. In this study, it is
assumed that Apji, = 2 bar. The volume flow rate
through a directional control valve or a throttle valve
can be written as:

y1Ap Ap < Apiim

A
w_mmﬁ Ap > Apiim

0= (6)

where y; and y, are a function of the valve parame-
ters. To ensure the continuity of the laminar and turbu-
lent regimes at Apjim, corresponding to a volume flow

~ Apii
rate Qnim (see Fig. 1), the relation y; = ¥ 2Plim v
Aplim
is verified. From Eq. (3), y» = C,,U and y

Cy,U
Apiim

+/ Apiim in the case of a directional control valve,

C
" JApiim for throttle
Aplim

while y» = Cy, and y; =

valves.

The hydraulic actuation is performed by means of
a hydraulic cylinder, which transforms hydraulic pres-
sure into mechanical force. The force in the extension
direction of the cylinder, denoted by Fey1, is computed
as follows:

Feyi = A1p1 — Aapa — F, (7
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>

Apiim Ap

Fig. 1 Volume flow rate Q as a function of drop pressure Ap:
laminar and turbulent regimes

Fig. 2 Free-body diagram of the hydraulic cylinder

where A1 and A, are the piston and piston-rod side
areas of the cylinder, respectively; p; is the pressure
of the piston side chamber; p; is the pressure of the
piston-rod side chamber and F}, is the friction force,
arising from the contact between the seal material with
the cylinder wall and cylinder rod. Figure2 shows a
free-body diagram of the hydraulic cylinder.

Following Ref. [5], the Brown and McPhee model
[43] is numerically one of the most efficient approaches
to describe the friction force in hydraulically driven
multibody systems. This friction model incorporates
the Coulomb, stiction and viscous friction, and is valid
for both positive and negative relative tangential veloc-
ity. Therefore, the force F,, can be written as:

F, = F.tanh (41) +
Us
S

Us
1/35)\? L3
4 \ v 4

where F,. and F; are the Coulomb and static friction

forces, respectively, v is the Stribeck velocity and o>
is the coefficient of viscous friction.

(FS - FL) 2 +02*§3 (8)
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2.2 Nonlinear equations of motion of hydraulically
actuated constrained multibody systems

In the present work, a multibody system with n gen-
eralized coordinates, m holonomic constraints, / non-
holonomic constraints, a hydraulic system with r dis-
crete volumes and # normalized spool displacement
variables, which determine the spool positions of the
directional control valves, is considered. The equa-
tions of motion of a hydraulically actuated constrained
multibody system constitute an index-3 Differential-
Algebraic system of Equations (DAE), given by the
dynamic equilibrium equations, the holonomic and
nonholonomic constraints, the hydraulic equations and
the valves dynamics equations:

M (x)¥+D"(x)A = Q (x,%, p), 9)
C(x)=0, (10)
Cun (x,%) = B (x)% =0, (an
p=H(x,x,pU), (12)
U=WU,Uyg). (13)

In Egs. (9)—(13), x is the n x 1 vector of generalized
coordinates, which belongs to a domain of R"; p is
the r x 1 vector of pressures of the hydraulic system,
defined in R"; U is the u x 1 vector of normalized
spool displacement variables existing in the hydraulic
system; Uvr.r is the u x 1 vector of reference normal-
ized spool displacements; A is the (m + ) x 1 vec-
tor of Lagrange multipliers; M (x) is the n x n mass
matrix; Q (x, X, p) is the n x 1 vector of generalized
forces; H (x, x, p, U) corresponds to the right-hand
side of the pressure equations, which are built based on
Eq.(1); W (U, U ¢¢) is the right-hand side of the valves
dynamics equations, computed as defined in Eq. (4);
C (x) is the m x 1 vector of holonomic constraints;
and Cyj, (x, x) is the [ x 1 vector of nonholonomic con-
straints, linearly dependent on velocities. The matrices
B (x)and D (x) arel x n and (m +1) x n, respectively,
given by:

aC,; (x. % )
Bm=——%?ﬁ,0m=<%é?) (14)

where Cy = %.

The time derivative of the holonomic constraints
can be assembled with the nonholonomic constraints,

resulting in the following nonlinear index-2 DAE sys-
tem:

Mx)i+D" (x)A = Q(x.%, p),

D (x)x =0,
p=H(x,x,pU),
U=WU,Uf). (15)

3 Linearization approach for hydraulically
actuated multibody systems

Consider a reference solution of the system of equa-
tions (9)—(13), given by x°(1), x°(1), ¥°(r), A°(r),
p°(), p'O(t), U°(¢) and Uo(t). Therefore, the follow-
ing relations are verified:

M (xo) 0+ DT <x0) AV = 0 (xo, %0, po) , (16)

c(x*) =0, (17)
Coi (xo, xo) —B (xo> =0, (18)
P =H (x50, p°. U°), (19)
0’ =w (V. Uw). (20)

where the time dependence has been omitted for sim-
plicity.

First, the variations X, 55 ﬁ, A, P, ﬁ Uand U
with respect to this reference solution are defined as:

F=x—x" A=A—AY,
i:x—xo, p=p-— p
¥=3-i p=p-p"
U=U-U"°, U=v-0". Q1)

Performing the Taylor expansion of the dynamic equi-
librium equations:

(M (xo) +an: M (x)) (Ze‘)lxix)) i +) (§+:‘é°>
iz .

( )+ ; a (o7 (x))0~,+.‘.)(ix+A0)

o) 528 5225

0
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Equation (22) can be linearized by retaining up to first-
order terms. Using Eq. (16) yields:

M (xo) X+ w X
3 (DT (xO) AY)

ox

. 0
x+—Q
0 ap

+ DT (x0> A+ 23)

_ 0

. 00
= o X+ —

0
where the partial derivatives are evaluated for the refer-

ence solution. Similarly, the linearization of the veloc-
ity constraints in Eq. (15) leads to:

9 (D (x) xo)

¥ =0, 24
. x (24)

0

D (xo):é +

where it has been used that D (x°) x° = 0.

Furthermore, the Taylor expansion of the hydraulic
equations (12) with respect to the reference solution
yields:

1;)+ 1'70 =H (xo,ko, »°, UO)

+8H ~+3H ;+8H
ax | x| ap

U..
0

5. 0H
T

(25)

Simplifying by using Eq. (19) and retaining up to first-
order terms in Eq. (25):

. OH
p= 0x

P
0 ap

. OH
+_

L
T

U. (26)
0

T

Lastly, the Taylor expansion of the first-order differ-
ential equations (13) describing the valves dynamics
results in:

ow

U U.. 27)

U+ =w (V. Unr) +

0

Using Eq. (20) and that the second- and higher-order
derivatives in Eq. (27) are null yields:
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AN (28)
U,

To reduce the linearized equations of motion, the
generalized coordinate partition of Ref. [30] is used.
Given that the index-3 DAE system of equations (9)—
(13) present m nonlinear holonomic constraints, the n-
coordinates vector is split into m dependent coordinates
x4 and n — m admissible position coordinates x,: x =
(xa X4 )T. Moreover, the ! nonholonomic constraints
allow distinguishing between [ dependent admissible
velocities X4 and n — m — [ independent admissible
velocities x,; in the set of admissible velocities x,, and
therefore X, = (%ai Xaa )T. The same partition can be
considered at position level:

x = (X4i Xaa Xa) ", (29)

and for the vector of variations X:

%= (Fai Faa %a)' - (30)

The admissible dependent coordinates X,; and the
dependent coordinates X; can be grouped in the set
- N
Xga = (Xaa Xa) .

The following transformation matrix is defined:

_( Ton-m-1
re= < T a4 (x) > (3D

where T 4q (¥) = — (Dag (¥)) ™" Dq; (x). In Eq. 31),
I,_,,— is the identity matrix of dimensionn —m — [,
D, (x) is a (m + [)-square matrix, formed by the
columns of matrix D (x) associated with the coordi-
nates X4, and D,; (x) is built from the columns of
D (x) associated with the independent coordinates X 4;.
The steps of the approach to obtain the linearized equa-
tions of motion are listed below, with the main result
of each step shown in a box.

Step 1. Eliminate the Lagrange multipliers vari-
ations and reduce the linearized dynamic equa-
tions. By premultiplying Eq. (23) by TT (xo), the
Lagrange multipliers variations A are eliminated, given
that T7 (x%) DT (x°) = 0. By defining To = T (x"),
the linearized dynamic equations (23) become:
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. d (M (x) &
TEM(x°)£+Tg¥ i
0
T 0
e, 3 (DT (x)A) (32)
ax
T(9Q _Q 101
T<8x0+8x 8p p).

Step 2. Obtain a transformation at velocity level:
express the velocities ¥ in terms of the independent
velocities X ,; and positions x. Next, the objective is to
express Eq. (32) in terms of X ;; and its time derivatives.
By using the linearized velocity constraints (24), the
dependent velocities are written as follows:

idd =Tu (x0> -’éai +V (xo, X‘O) X, (33)
where
()= (o) 200D

' (34)

From Eq. (33), the following transformation at velocity
level is obtained:

=T (xo) Rui +V (xo, xo) 7, (35)

.0 O(n—m—l)xn
where V(x x ) =y (xo,io .
Step 3. Obtain a transformation at acceleration
level: express the accelerations x in terms of the
independent accelerations x ,;, velocities X and posi-
tions x. Secondly, the velocity constraints in Eq. (15)
are differentiated with respect to time:

Dwi=0 % pyi+d(x.i)=0. (36)

Xx. The linearization of

mmd@j):ﬁﬁgﬁﬁ-

Eq. (36) yields:

D (xo) ’%er i+%
0

(37)

From Eq. (37), the dependent accelerations x xdd can be
obtained as a function of X ,;, and the following relation
at acceleration level is derived as:

§:T<x0)§a,~+U<x0,x )x+V<x xo xo)x

(38)
with
v 0 ‘0) _ 0(n—m—l)><n od (39)
(x LX) = —(Ddd (xo))—l = . ,
0(n—m—l)><n
v (0. %0 50 3 (D (x)i° ad
(xxx) _(Ddd(xo 1( <3x ) +£0
0
(40)

Step 4. Obtain a transformation at position level:
eliminate the dependent coordinates X; by using
the linearized holonomic constraints. To achieve
the maximum reduction of the linearized equations of
motion, the approach of Ref. [30] removes the depen-
dent coordinates X 4 by linearizing the holonomic con-
straints:

0C
axai 0

~ aC

Xai

oC
Xad +

Fa=0. (41

0x 44 0

Therefore, Eq. (41) allows expressing the dependent
coordinates X4 as a function of X,; and X 44:
@O.
0

. ac |\ '/ acC
Xg=—| —
d 0 axui 0
(42)

0xy
The use of Eq. (42) leads to the following transforma-
tion at position level:

- aC

Xad

F= ViR + Ve “Raa, (43)
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where
I(n—m—l)
Vgsai — le(n—m—l) ,
(| Y ac
x4 0 0X 4i 0
01—m—1yx1
yiad — I (44)
_(ac| ) c
dxg 0 0X g4 0

Step 5. Express the velocities ,\L’ad in terms of x,;,
X, and X,4: use of the time derivative of the holo-
nomic c0n§traints. Furthermore, an expression of the
velocities x,4 as a function of X,;, X,; and X, can be
derived from the time derivative of the holonomic con-
straints and the nonholonomic constraints. Computing
the time derivative of the holonomic constraints:
Cy(x)x =0, 45)
the linearization of Eq. (45) with respect to the refer-
ence solution yields:

(46)

Resorting to Eq. (46), the following transformation is
obtained:

X=Thi, + V%, (47)
where
Th T
—(Cx, (x°)) " Cx, (x°) )
0(11—m)><n (48)
Vi o A (Ce@ )

L (L)) s

Step 6. Express the velocities J:éad in terms of Xx,;,
X, and X,4: use of the nonholonomic constraints.
Finally, the nonholonomic constraints (11) are lin-
earized:

@ Springer

.0
B(x°)£+ B(B;z)x> F=0 49)
0
Substituting Eq. (47) in Eq. (49):
B (x*) Thi.+( B (+)vi+ w =0
' (50)

and defining B (xo) = B (xo) T'S, the following

expression for the velocities X 44 is obtained:

nh,ad ~

;ad = Ugh’ai;ai + Vgh’aiiai + V() Xad, (51

where

nh,ai __
Uy™ =—

(Bas () Bui (x°).
2 (B0

Vgh’”i =— (Bad (xo))71 B (x0> vhy —

h,ai
) VO ,
0
h,ad
)Vo |
0

(52)

P (B (x)ic")

b o) (o)

Step 7. Obtain the linearized equations of motion
and the Jacobian matrix. The transformations at
velocity level (result of Step 2), acceleration level
(result of Step 3) and position level (result of Step 4),
given by Eqgs. (35), (38) and (43), respectively, are used
in the linearized dynamic equations (32) (result of Step
1) and the linearized hydraulic equations (26). Further-
more, including Eq. (51) (result of Step 5 and Step 6)
and Eq. (28), yield the following linear ODE system of
equations:

Xai = my! (Ro‘_’o + So) Vg’aifm + mglRoToJLfai

= _ _ 0 _
+ mal (ROVO+SO) VS’“dxadero ng % D,
0
(53)
¥aa = Vi " Fai + UG 20 + Vy"“Raa. (54

)
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L hai ~ oH 2 had = s (e oz o= =m\T .
p= HOVO Xai + —| ToXa + HOVO Xad By defining X = (X, X4 Xqa p U ) , the lin
ox |, . . . .
ol oH earized equations of motion (53)—(56) can be written
+ T P+ U U, (55) as a first-order system of the form X = J X, where J
P lo 0 is the Jacobian matrix:
0¢1—m—1) I—m—1 On—m—1)xi O0—m—)xr  |Om—m—1)xu
B = . B B = B 0 Q
m ! (R()V() + S()) Vg’m m 1R()T() m ! <ROV() + S()) Vg'ad m ng 5 O(nfm,[)xu
0

J _ Vgh,al Ugh,al Vgh,aa’ ler 0[><u (61)

hoai oH had oH oH

HyVy —| To HyV\y i i

ox |g ap |y aU |y
ow
0ux(n—m—l) 014><(n—m—l) Ouxl Ouxr W 0
In Eq. (61), the following blocks of the Jacobian
matrix verify:
. aW _ 121 c R(nfmfl)x(nfmfl)’ J22 e R(nfmfl)x(nfmfl)’
U = w . U, (56) Jn € R(n—m—l)xl’ Jou € R(n—m—l)xr’

where ‘-/0 =V (xo, J&O) and the matrices mq, Ry, So,
H ) are given by:

mo=TTM <x0> To. (57)
Ry=T7 (% - M (x0> U (xo,x°)> . (58)
So=13 (52| —m (=) v (" 4.5°)
RICCLETTRYOIR I
. 0
Ho = %0 %Of/o. (60)

Note that the linear ODE system (53)—(56) is com-
prised of n — m — [ linearized dynamic equations, /
equations associated with the linearized nonholonomic
constraints, r linearized hydraulic equations and u lin-
ear equations associated with the valves dynamics. It
must be pointed out that, in contrast to the holonomic
constraints, which are nonlinear algebraic equations
that can be eliminated after the linearization, the non-
holonomic constraints cannot be eliminated due to their
non-integrable nature.

J31 e Rlx(n—m—l)7 J32 e Rlx(n—m—l)’

J33 € R J41 € Rrx=m=l)
J1p € Rr>=m=h) Ji3 e R™

Jag e R7, Jas e R™,

Jss € R4,

(62)

The size of the Jacobian matrix (61)is 2n—2m—I+r+
u) X (2n —2m —I1+r +u). This Jacobian matrix repre-
sents the maximum possible reduction of the linearized
equations of motion of a general hydraulically actuated
multibody system with holonomic and nonholonomic
constraints. In the particular case of a multibody sys-
tem only with holonomic constraints (I = 0), the Steps
5 and 6 previously presented are not necessary and the
linearized equations of motion (53)—(56) become:

;ai = mal (R()‘_/() + S()) Vg’aiiai

— 2 _ 00| .
+m01R0T0xai—|—m01Tga— ,
Pl
vz, + M pog. M Mg
= X — Xgi + — — ,
p 0Yo ai 0% | 0Xai ap OP U |,
B ow ~
U=—| U, (63)
U |,

@ Springer



A. G. Agtindez et al.

- . T
and defining X = (}ai Xui P U) , the first-order

system X = J X is obtained, with the Jacobian matrix:

O., which corresponds to a revolute joint between the
cylinder and the ground link, and G». The input link is
connected to the coupler by means of the revolute joint

0(n—m) I(n—m) 0(n—m)><r 0(11—m)><u
_ = 1 _ d
m ! (R()V() + S()) Vg’al m 1R()T() m lT(l; E O(n—m)xu
0
= i oH oH oH .
I HoV! LA L oH (64)
ax |g ap U |y
oW
0 - 0 _ 0 —
ux(n—m) ux(n—m) uxr U o

4 Validation of the approach with a
three-dimensional hydraulically actuated
four-bar mechanism model

In this section, the procedure developed in Sect. 3 is val-
idated with the forward dynamics simulation of a three-
dimensional hydraulically driven four-bar mechanism
model. Moreover, a comparative analysis between the
proposed approach and a conventional linearization
counterpart procedure is performed. The comparison
is made in terms of the preliminary steps required to
compute the linearized equations of motion; the size of
the resulting Jacobian matrix; the capability to analyti-
cally obtain the coefficients of the Jacobian matrix; the
computational efficiency and the accuracy.

4.1 Description of the four-bar mechanism model
with hydraulic actuator

The hydraulically actuated four-bar mechanism presents
four rigid bodies: the ground link (inertial frame) is des-
ignated as body 1; the input link is denoted as body 2;
the coupler is body 3, and the output link corresponds
to body 4. The centres of mass G j, with j = {2...4},
correspond to the origins of the body frames. The origin
of the inertial frame is located at O, which also cor-
responds to the revolute joint connecting body 1 with
body 2. The hydraulic actuation is performed by means
of ahydraulic cylinder, consisting of the cylinder cham-
ber and the piston-rod, whose masses are assumed to be
negligible compared to those of the mechanism links.
The endpoints of the hydraulic cylinder are placed at
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C, and the revolute joint D allows the rotation of the
output link with respect to the coupler. The output link
is connected with the ground link by means of the rev-
olute joint O>. A setof n = 10 generalized coordinates
is used to describe the system, with the n x 1 vector of
coordinates x given by:

x = (X6, Y6, 26, V2 02 ¢2 ¢32 Pas s Ol)T~ (65)

The position of G, is located by means of the coordi-
nates xg,, ¥G, and z¢,, and the orientation of the input
link is determined with the angles vr», 6> and ¢, the
latter being the rotation of the input link in the Y1 Z-
plane; the angle ¢3; represents the relative rotation of
the coupler with respect to the input link; and ¢43 cor-
responds to the relative rotation of the output link with
respect to the coupler. Note that the constraints of the
multibody system must ensure that the motion of the
mechanism takes place in the Y| Z;-plane. Moreover,
the length of the hydraulic cylinder (distance between
the points O, and point G») is given by the coordi-
nate s. Lastly, o corresponds to the angle between the
hydraulic cylinder and the horizontal axis Y;. Figure 3
shows a three-dimensional view of the four-bar mech-
anism model, with the numbering of the bodies, all the
coordinates and the body frames. The orientation matri-
ces of the body frames, expressed as a function of the
elemental rotation matrices, are given by:

Ry (x) = Ry, Ro, Rgs),
R4 (x) = R3Ry,,,

R3 (x) = R2R¢32,
R, (x) = szRﬂzRa’
(66)



An efficient and accurate linearization

Fig. 3 Three-dimensional
four-bar mechanism model
with hydraulic actuation:
numbering of the bodies,
coordinates and body
frames

Table1 Listof the mechanical parameters of the four-bar mech-
anism model, with the corresponding numerical values

Parameter Symbol Numerical value
Length of link 1 Ly 10 m

Length of link 2 Ly 2m

Length of link 3 Lj 8m

Length of link 4 Ly 5m

Distance O, O dp 1m

Mass of link 2 my 2kg

Mass of link 3 m3 8 kg

Mass of link 4 n S5kg

where R, (x) determines the orientation of the hydraulic
cylinder.

The lengths and masses of the links are denoted by
L and m, respectively, with j = {1...4}, and d; is
the distance between the revolute joints O, and O1. The
moments of inertia of the bodies, which are assumed to
be slender rods, are expressed with respect to their cen-
tres of mass and are given by I; = [, = Em-/l‘§
and I_ jyy = 0. The products of inertia are also zero

because of the symmetries of the bodies. Table 1
summarizes all the mechanical parameters (geometric
and inertial) of the multibody system, including their
numerical values, being shown in Fig. 4. The mechan-
ical parameters shown in Table 1 are grouped in the set
P,.

Given that n = 10 coordinates are used, a total of
m = 9 holonomic constraints are required, since the
number of degrees of freedom of the multibody system
isng = n —m = 1. The set of holonomic constraints
C (x) is given by:

rol
up-v
u - v
C(x)= ro, = Li = 09y 1. (67)
Yro2 Y
di +70.6, _Zrolcz

r0.6, ~ 106G,

In Eq. (67), the first five constraints arise from the
revolute joint connecting bodies 1 and 2 in O1, since
this joint allows only the rotation of body 2 in the
Y1Z-plane. The absolute position vector of the rev-

@ Springer



A. G. Agtindez et al.

®43
L, q-
(™
&G,
L

Fig. 4 View of the four-bar mechanism in the ¥ Z;-plane: parameters L ; and d;

olute joint O is rp,; v is the unit vector along the
X»-axis, expressed in the body frame 1, which is con-
strained to be parallel to the X;-axis by means of the
fourth and fifth holonomic constraints; and u, u, are
unit vectors, perpendicular to the X;-axis. These vec-
tors are computed as follows:

_2 T
ro, =re, + Rarg, o, 16, = (%6, ¥6, 26,)
T

_ L
oo = (0-20) Lui=(010)".
cos (Yr2) cos (62)

sin (yr2) cos (62)
—sin (67)

u=(001)", v=
(68)
In the next two holonomic constraints of Eq. (67), rgz

and r (Z)z are the Y and Z-components of the vector r g,,
which is computed as follows:

ro, =ry+r3+ry, (69)

where

T
- _ L
ro=rg,+ R2FZG2C, rézc = (0 =2 O) ;

=3
r3 = R3rCD,

- - T
ra = Riiy,, Fho, =(0Ls0) . (70)

Finally, the last two holonomic constraints arise from
the Y and Z-components of the loop formed by the
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hydraulic cylinder, the ground link and the input link,
which involves the vectors ro.G,, ¥ 0,0, and r 9,G,:

_ T
ro.G, = Rc7 0.6, Fo,6,=(0s50) ,
T
_ _ L,
rOIG2=R2r20162’ r201(;2=<070> s
T
roo.=(0-d 0) . (71)

4.2 Description of the hydraulic circuit

The hydraulic circuit considered in this work consists
of a double-acting hydraulic cylinder, a throttle valve,
a directional control valve, a pump, a tank and the con-
necting hoses. For sake of simplicity, leakage in the
hydraulic components is neglected. The hydraulic cir-
cuit is divided into three control volumes, denoted by
V1, V2 and V3. These control volumes are highlighted
in Fig. (5) and are given by:

Vi=Vy,
Vo = Vp, + Asla,
V3 = Vp, + Azls. (72)

In Eq. (72), Vi, Vi, and Vj, are the volumes of the
hoses of the corresponding control volumes; A, and
A3z are the surfaces of the piston and piston-rod sides
sections, respectively; and [», [3 are the lengths of the
piston and piston-rod sides. These lengths are a func-
tion of the coordinate s and can be computed as:
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lr(s)=s—c1 —c2,
l3(s)=1—1(s), (73)

where ¢ is the length between the revolute joint O,
and the base of the cylinder chamber, c¢; is the length
of the piston and [ is the length of the cylinder chamber.
The dimensions cy, c» and [, and the lengths /5, I3 are
shown in detail in Fig. 5.

The pressures of the control volumes pj, p> and p3
can be computed, following Eq. (1), as follows:

. B,

pP1= 7811 (QA] - QAz) ,

. B .

P2 = Ve; (Q4, — A28),

. B .

p3 = V3 (A35 — Qp,), (74)

where B,,, B., and B,, are the effective bulk moduli of
the corresponding control volumes. These moduli are
computed following Eq. (2):

1 _ 1 Vi, 1 _ 1 Vi, Azl
Be, Boii  ViBy Be, Boi  VaBy  VaB.’
1 1 V Asl
_ s 3l3 (75)

Be;  Boi V3B,  V3B.
with By and B, being the bulk moduli of the hoses
and the hydraulic cylinder, respectively. The volume
flow rates Q4,, Q4, and Qp, of Eq. (74) are defined
as shown in Fig. 5. The parameters of the hydraulic
circuit are listed in Table 2, with their corresponding
numerical values being those of Ref. [5]. The hydraulic
parameters shown in Table 2 are grouped in the set Pj,.

Equations (74) of the hydraulic circuit can be writ-
ten in vector form as in Eq. (12): p = H (x, X, p, U).
Note that, in the hydraulic circuit of the present exam-
ple, there is only one directional control valve, and thus
only one normalized spool displacement U is required.
Therefore, the equations of motion of the hydrauli-
cally actuated four-bar mechanism model are given by
the dynamic equilibrium equations, which are com-
puted following Ref. [44], the set of holonomic con-
straints (67), the hydraulic equations (74) and Eq. (13),
which describes the dynamics of the directional control
valve. The following index-3 DAE system is obtained:

Mx)i+C"(x)A=Q(x.% p).

C(x)=0,

p=H(x,x,pU),

. Ut — U

[ iy (76)
T

Note that, due to the absence of nonholonomic con-
straints, the matrix D (x) defined in Eq. (14) becomes
Cy (x).

4.3 Computation of the Jacobian matrix

Prior to the linearization, the equilibrium of the four-bar
mechanism multibody model is defined. In the equilib-
rium configuration, which corresponds to the neutral
position of the directional control valve (U = 0), the
coordinates are given by:

0_(,0 .0 .0 00 +0 0 0 0,.0\T
x _(szyGZZGz V) 03 ) 95, day 5”@’

a7
where
L,
x?}'z = O’ yg'z = 7 cos (¢(2)) ’
Ly .
G, = sin (99). v =0,
2
09 =0, §0 = \/dlz + <%> +diL;cos (qbg), (78)
sin (¢9)
tan (O{O) = ﬁ
+ JE—
cos (¢9) I
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Fig. 5 Scheme of the hydraulic circuit

Given an equilibrium angle of the input link ¢>(2) , the
values of the coordinates in the equilibrium configu-
ration can be obtained from the holonomic constraints
particularized for the equilibrium position: C (x°) =
0. The angles ¢>§)2 and ¢23 are numerically obtained
from nonlinear equations, while the remaining coor-
dinates can be determined analytically with Eq. (78).
Furthermore, by using the dynamic equilibrium equa-
tions and the hydraulic equations particularized for the
equilibrium position:

M (xo) 04 pT <x0> A= @ (xo, 0, po) . (79)

1')0 =H (xo, %0, po, UO> , (80)

Az

G &)

Y

where U° = 0 and £° = ¥° = 1')0 = 0 in the
equilibrium, the pressures p~ are obtained:

T
P’ = (" pYpY) . (81)
with
=03 Y =3, x°, P, P). (82)

Note that, in Eq. (82), g(pg, xV, P, P;) allows
obtaining the equilibrium pressure P(z) as a function of
pg, and is given by:

g ((ma +m3) sin (¢9 — ¢%3) + (m3 + my) sin (@9 + 263, + ¢3))

A

8 (mo + 2m3 + my) sin (qbg + ¢23)
2A sin (a0 — q‘)g) sin (¢23)

2A; sin (a0 — ¢9) sin (¢;)

(83)
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Table 2 List of the hydraulic parameters and numerical values

Hydraulic parameter Symbol Numerical value
Pressure of the pump PP 7.6 MPa
Pressure of the tank (atmospheric pressure) pT 0.1 MPa
Density of the oil Poil 850 k—%

m
Bulk modulus of the oil Boil 1500 MPa
Bulk modulus of the hoses By, 550 MPa
Bulk modulus of the hydraulic cylinder B, 31,500 MPa
Volume of the hose (control volume 1) Vi, 471 x 1075 m
Volume of the hose (control volume 2) Vi, 3.14 x 1077 m
Volume of the hose (control volume 3) Vi, 7.85 x 107> m
Semi-empirical flow rate constant of the directional control valve Cy, 2.138 x 1078 m3/ (s «/PT:\)
Flow discharge coefficient of the throttle valve Cy 0.8
Diameter of the piston D, 80 mm
Diameter of the piston-rod Ds 35 mm
Length of the cylinder chamber l 0.9 m
Constant 1 cl 0.43 m
Constant 2 (length of the piston) 2 I m
Coulomb friction F, 210 N
Static friction F; 830 N
Stribeck velocity Vg 1.25-107% m/s
Coefficient of viscous friction e} 330 Ns/m
Time constant of directional control valve T 0.0045 s

Lastly, the Lagrange multipliers in the equilibrium
A are also derived from Egs. (79), leading to:

A= (0A9A%00A2A%00)", (84)

with the nonzero Lagrange multipliers being:

0 _ 8 0
A2 = 8sin (0 — ¢9) sin (¢35) w1 (< Pu).

0 _ 8 0
As = 8sin (0 — ¢9) sin (¢35) 12 (<7 Pn).

o_ 8 (m3 + my) 0 0 0 0
Ag = “asin (8%) (cos (263 + 263, + ¢43) + cos (643)) »

8 .
Af = sin (4 ((m3 + ma) sin (263 + 263, + ¢3;)
+ (m3 + 3my) sin (¢33)) - (85)

In Eq. (85), w1 (xo, Pm) and uo (xO, Pm) are func-
tions of the coordinates in the equilibrium position x°
and the mechanical parameters P,:

11 (x°, Pp) = — (m3 + ma) (sin («” + ¢9 + 263, + ¢5)
+sin (3¢ — o’ + 265, + ¢3;))
+ (2my + 4m3 + 2my) sin (e + @9 + ¢l3)
+ (2my + 3m3 + my) sin (43 — @ + ¢5)
+ (2my + 3m3 + my) sin (ao — ¢g + ¢>23)
— 2 (m2 + ms3) sin (qbg S ¢23)
— 2 (m3 +my)sin (¢3 — & +2¢% + ¢%3) ,
1 (<2, Por) = (ms + ma) (cos (0 + 93 +20% + 94)
+cos (3¢5 — o’ + 205, + ¢43))
— (2my + 4ms3 + 2my) cos (ao + ¢>g + ¢23)
+ (m3 + myg — 2m») cos (¢8 —a¥ 4+ qﬁ%)
+ (2my + m3 + my) cos (oto — ¢g + d)%)
+2 (my + m3) cos (¢ + a — pls)
— 2 (m3 + ma) cos (¢9 — o + 203 + ¢35) - (86)

Given that the system presents one degree of free-
dom, the input link angle ¢, is chosen as indepen-
dent coordinate. The sets of independent and depen-
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dent coordinates X,; and X4, defined in Eq. (30), are
therefore given by:

%a = (%6, 56, Zc, V2 02 ¢32 Pa3 § &)T.
(87)

Xui = @2,

The use of Eq. (64), particularized for the equilibrium
of the four-bar mechanism model, leads to the follow-
ing Jacobian matrix:

01|/0 0 O0|O

viva|0 vy wg| O

0 O|vs —vs 0] O
J=10 vglvz —v7 0| O ) (88)

0vg|0O O OO

00|0 O 0—l

T

where the coefficients vy in Eq. (88), withk = {1...8]},
are functions of the coordinates and pressures in the
equilibrium, x° and p°, respectively, and the geo-
metric and hydraulic parameters P, and Pj: vy =
Vk (xo, po, P,, Ph). In the computation of the lin-
earized hydraulic equations, the laminar regime of the
volume flow rates through the directional control valve
and the throttle valve described in Eq. (6) has been con-
sidered. Note that, in this case,n = 10, m = 9,/ = 0,
r = 3andu = 1, and therefore the Jacobian matrix (88)
is2n—2m—Il+r4+u)x 2n—2m—I+r+u) = 6 x6.

4.4 Numerical results: validation of the approach

To validate the results obtained from the linearization,
the forward dynamics simulations of the nonlinear four-
bar mechanism multibody model and the linear sys-
tem are performed. To carry out the numerical integra-
tion of the nonlinear system (performed with MATLAB
ODE15s solver), the holonomic constraints in Eq. (76)
are differentiated twice with respect to time, leading to
the following index-1 DAE system:

M @)%+ CT(x)A = Q(x,%,p)+ Qy (),
Cr(x)¥ =—Cy (x)% —2BC (x) — y>C (x),
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p=H(x,x,pU),
b= Yot =Y (89)
T

Note that the differentiation of the holonomic con-
straints may result in the violation of the constraints.
Therefore, Baumgarte stabilization method [45] is used
in Eq. (89) to avoid numerical drift, 8 and y being
the Baumgarte stabilization constants. To minimize the
numerical drift of the constraints, while keeping the
numerical cost of integration reasonably low, a numer-
ical value of B = y = 50 has been used. It has been
verified that the results of the forward dynamics sim-
ulation are not dependent on the numerical values of
these stabilization constants. Since the linearization has
been performed around the equilibrium, corresponding
to the neutral position of the directional control valve
(U = 0), a reference normalized spool displacement
Ut = 0 is considered in the simulation. The equi-
librium position x° in Eq. (77) is considered as initial
condition at position level: x (0) = xY, with the fol-
lowing numerical values:

x6,(0)=0m, g, (0) =0.5m,

26, (0) ~ 0.866 m, ¥, (0) =0,

62 (0) =0, #2 (0) = 60°, (90)
¢32 (0) >~ 322.1°, a3 (0) =~ 266.4°,

5(0) =+/3m, a (0) = 30°.

The exact numerical values in Eq. (90), corresponding
to ¢ (0) = 60°, can be computed by solving the holo-
nomic constraints for this equilibrium angle, as detailed
after Eq. (78). Moreover, x (0) = 019« at velocity
level and the equilibrium pressures p° given by Eq. (82)
are considered as initial pressures: p (0) = p,, with
pg = 3.5 MPa:

p1(0) = p2(0) =~ 2.82 MPa,

p3 (0) = 3.5 MPa. (Y]
Note that the exact numerical value of p> (0) is com-
puted by using Eq. (82). The term Q,, (x) in Eq. (89) is
the generalized force vector associated with the exter-

nal torque M, which is applied in the input link of the
mechanism:
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My
t—tt<t1
_ 1
My=1My n<t=<n ©2)
0 t>1

The external torque M, whose time evolution is
described in Eq. (92) and shown in Fig. 6, linearly
increases with time until ¢+ = #;, maintaining its max-
imum value My until + = 1, when it is suddenly
removed. Note that this torque deviates the multibody
system from its equilibrium position. In the present
case,t] =1s,tp =1.5sand My =250 N - m.

Furthermore, the forward dynamics simulation of
the linear system is performed. From Eq. (88), the lin-
earized equations of motion are given by:

P = o,

@y = vigy + va@) + v3 2 + vaps,

e

1 =Vsp1 — Vspa,
P2 = ve@a + v1p1 — v1pa,
p3 = vs@n,
B U
U=——. (93)
T

The numerical integration of the linear system of equa-
tions (93) is performed from ¢ = #, onwards, which cor-
responds to the instant of time when the external torque
disappears. Therefore, d;z (1), (12), p (t2) and U (1)
are considered as initial conditions for the numerical
integration, with:

¢ () = ¢ (1) — @7, @ () = ¢ (1) ,

M,

M,

4 t t

Fig. 6 Time evolution of the external torque M, acting on the
input link

pn)=p@) - p° U () =0, (94)

where the numerical values of ¢; (), (;32 (r2) and p (12)
are obtained from the forward dynamics simulation of
the nonlinear system.

The time evolution of the linear system can be pre-
dicted from the linear stability analysis. The eigenval-
ues are computed for three different scenarios, corre-
sponding to different values of the friction force param-
eters F., Fy and o7. Denoting as F}, F; and o} the
numerical values of F,, F; and op used in Ref. [5],
with F¥ =210 N, F;¥ = 830 N and ¢} = 330 Ns/m,
Table 3 shows the numerical values of the eigenval-
ues A, with k = {1...6}, obtained from the Jacobian
matrix (88). The results are shown with fourteen deci-
mal digits for those readers who may wish to compare
their results.

In the linear system of equations (93), it can be seen
that the linear hydraulic equation of 132 can be obtained
from a linear combination of the linearized equations
of 15 1 and 53, which leads to one of the null eigen-
values shown in all the scenarios of Table 3. The sec-
ond null eigenvalue arises from the linear dependence

between the linear equation of 133 and ¢». Furthermore,

the eigenvalue ¢ = ——, which is associated with the
T

linearized equation of the valve dynamics in Eq. (93),
is obtained in all the cases, since this equation is decou-
pled. Lastly, the eigenvalues 13, A4 and A5 correspond
to the remaining three linearized equations. The numer-
ical values of A3, A4 and A5 are highly sensitive to the
variation of the Coulomb friction F,, the static friction
F and the coefficient of viscous friction 7.

Overdamped scenario. In the first case, with F, =
F}, Fy = F} and 03 = o5, the system is overdamped
and A3, A4 and A5 are negative real eigenvalues.
Figure 7a shows the time evolution of the variation
of the coordinate ¢; (t) with respect to the equilib-
rium position ng = 60°, in the nonlinear and linear
dynamic simulations. According to the time evolution
of the external torque M» in Eq. (92), the angle ¢» (¢)
increases and deviates from ¢>g fort < t;,witht; = 1s.
Next, fort; <t < tp, with r, = 1.5 s, M5 is constant
and the angle maintains its value over time. Lastly, for
t > 1y, the external torque vanishes and the input link
approximately returns to its equilibrium position. Fig-
ure 7b shows in detail the time evolutions, in the non-
linear and linear cases, of the variations of ¢; (1) with

@ Springer



A. G. Agtindez et al.

Table 3 Numerical values
of the eigenvalues Ay, with
k = {1...6}, for different
values of F,, F; and o,

Parameters F,, F, 0p Eigenvalues )

Overdamped scenario
Fe=F}! F,=F;, oy =0} A =A=0

A3 =01, A =02, A5 =03

1
Ao = ——
T

01 = —214.391 064 647 542 79
02 = —1391.806 074 561 452 48
03 = —23151.790 385 426 780 86

Underdamped scenario (high friction)

F, 1F* F, IF* ! * A A 0
= —FF F,=— , 0 = —O = =
CTT0 T T 10 P T 1072 =
A3 =01 + 021, A =01 — 021, A5 =03
1
Ao = ——
T

o1 = —80.729 034 121 409 15
02 = 540.252 532 251 993 72
03 = —23151.853 275 473 938 63

Underdamped scenario (low friction)

1 1 1
FcziF* FS F* (o)

s = — N = —of AM=rm=0
100 ° 100 ° 10072 =
A3 =01+ 020, A4 =01 — 020, A5 =03
1
Ao = ——
T
01 = —8.492 296 459 350 75
02 = 546.184 749 847 040 98
03 = —23151.859 132 706 153 51
Fig. 7 Overdamped x10™* x10™
. . 20 - . 20 : .
scenario: ¢, (t) in the —— 69 — 09 (NL)
nonlinear (NL) and linear — -6 (@)
(L) dynamic simulations 15 é2 — ¢ (NL)| 1 15F
@ 6y — ¢3 (L) /E?
= =
= 10 = 10}
\ |
< <
5 5
0 0
0 0.5 1 1.5 2 25 1.48 1.5 152 154 156 1.58 1.6
Time, t (s) Time, ¢ (s)
(a) Variation of ¢o (t) with respect to ¢9 over (b) Detail of the variation of ¢2 (¢) with re-
time spect to ¢g, for t > ta
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respect to ¢g = 60° fort > 1. Moreover, Fig. 8arepre-
sents the evolution of p; and p> over time, and Fig. 8b
shows the time evolution of p3. In all the figures, the
nonlinear responses are denoted by NL and the linear
results are labelled with L. It can be seen that the linear
responses accurately reproduce the nonlinear results.

Underdamped scenario (high friction). Secondly, the
numerical values of the friction parameters are reduced

I, L, [
to F, = EFC’ F;, = l—Fs and 0o = —o,. In

this scenario, the system is underdamped: as shown in

Table 3, the eigenvalue As remains real and negative,
while A3 and A4 are, in this case, a complex conjugate
pair of eigenvalues with negative real parts.

Figure 9a shows the time evolution of the variation
of the coordinate ¢ (¢) with respect to the equilibrium
position qbg = 60°, in the nonlinear and linear dynamic
simulations. Note that, until r = t, = 1.5 s, the time
evolution of ¢; () is similar to that shown in the over-
damped scenario in Fig. 7. Nevertheless, for t > 1;,
the system exhibits its underdamped behavior by oscil-
lating around the equilibrium position q)g . These oscil-

Fig. 8 Overdamped 29 351
scenario: time evolution of —p1 (NL)
the pressures in the 288t (L) 35
nonlinear (NL) and linear = 2 z g)L )
(L) dynamic simulations. E £ 349
The difference between the = 2861 =)
pressures pj and p», both in s £ 348 75 (NL)
the linear and nonlinear 0.84 —p3 (L)
cases, is negligible because 347
the dynamic simulation is
H H 2.82 3.46
performed in the laminar 148 15 152 154 156 158 16 148 15 152 154 156 158 16
regime .
g Time, ¢ (s) Time, t (s)
(a) Time evolution of p; (t) and p2 (t) (b) Time evolution of p3 (t)
Fig. 9 Underdamped 5 x10° 5 x10°
scenario (high friction): — ¢y — <z‘>% (NL)
¢2 (¢) in the nonlinear (NL) L5 L5 — b= (L)
and linear (L) dynamic o ot
simulations & &
Z 05 Z 05
| 0 | or
& — 2 — 93 (NL) &
051 [ — ¢y — ¢) (L) -0.5
-1 -1F
-1.5 -1.5
0 0.5 1 1.5 2 2.5 1.48 1.5 152 154 156 1.58 1.6
Time, t (s) Time, ¢ (s)
(a) Variation of ¢z (t) with respect to ¢3 over (b) Detail of the variation of ¢ (t) with re-
time spect to @9, for t > to
Fig. 10 Underdamped 29 353
scenario (high friction): 2.88 3.52
time evolution of the
pressures in the nonlinear ~ 286r . 351
(NL) and linear (L) dynamic & 284t £ 35
simulations. The difference 2 apl S S
between the pressures pj g ’ £
and py, both in the linear 2.8 3.48
and po.nlinear cases, is 278k 347 75 (NL)
negligible because the —rs (1)
EOR : : 2.76 3.46
dynamic simulation is 148 15 152 154 156 158 1.6 148 15 152 154 156 158 1.6
performed in the laminar Time, ¢ (s) Time, ¢ (s)

regime

(a) Time evolution of py (t) and p2 (¢)

(b) Time evolution of p3 (t)
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Fig. 11 Underdamped 5 x10° 5 x10°
scenario (low friction): —— ¢ — ¢ (NL)
¢ (1) in the nonlinear (NL) b2 — 65 (L)
and linear (L) dynamic Ir 1
simulations & g
S =z
) =% 0 WWWA A rsrsrr]
l\, ¢2 — 65 (NL) L,
© $2— 45 (L) ©
-1t -1
2 -2
0 0.5 1 2 25 1.6 1.8 2 22
Time, ¢ (s) Time, t (s)
(a) Variation of ¢ (t) with respect to ¢J over (b) Detail of the variation of ¢ (t) with re-
time spect to qbg, for t > ta
Fig. 12 Underdamped 2.9 3.54
scenario (low friction): time
evolution of the pressures in
the nonlinear (NL) and = .
linear (L) dynamic s &
simulations. The difference E s
between the pressures p 8 £
and py, both in the linear
and nonlinear cases, is
negligible because the
dynamic simulation is
performed in the laminar ) .
regime Time, t (s) Time, ¢ (s)
(a) Time evolution of p1 (t) and p2 (¢) (b) Time evolution of ps (t)
lations did not exist in Fig. 7, due to its overdamped 2000 —
behavior. The same applies to the pressures p (¢) and —T
pa2 (1), shownin Fig. 10a, and p3 (¢), plotted in Fig. 10b. 1500
. Z Lol
Underdamped scenario (low friction). Lastly, in = 000
the third scenario, the numerical values of the fric-
tion parameters are significantly reduced, with F, = 500
[ R o,
MFC’ Fy=—Fand 0 = —o0,. . | | | |
As in the previous case, the system is underdamped, 0 2 4 6 8 10
with the corresponding eigenvalues shown in Table 3. $ (mm/s)

Note that, despite there is very small variation in As,
the real parts of A3 and 14 substantially decrease. The
underdamped behavior is shown in Fig. 11a, b, with the
time evolution of the variation of the coordinate ¢ (¢)
with respect to the equilibrium position ¢g = 60°. Fur-
thermore, the pressures p; (¢) and p; (¢) are shown in
Fig. 12a, and p3 (¢) is plotted in Fig. 12b. Due to the
reduction of the friction, the amplitude and frequency
of the oscillations in Figs. 11a, band 12a, b significantly
increase with respect to those of the second scenario.
In the particular case of no friction force (F, = Fy =
o0y = 0), the time evolutions of ¢, (¢) and the pres-
sures are qualitatively similar to those of this scenario

@ Springer

Fig. 13 First-order Taylor approximation of the friction force
F,

(F. = LF* F, = LF* and oy = La*)
T 100 ¢ T T 1000 27 100727
given that there exists a second source of dissipation
due to the throttle valve, and the eigenvalues A3 and
A4 present negative real parts. The numerical values
of F, = 100 x, FT = %FY* énd ('rz = L%*
have been chosen to improve the visualization of the
oscillations of the system.
As in the overdamped case, the linear responses

of the underdamped scenarios accurately reproduce
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the nonlinear results for small amplitude oscillations.
Moreover, a decrease in the numerical value of the max-
imum external torque My in Eq. (92) further improves
the results of the linear model, since the multibody sys-
tem is closer to its equilibrium position. In contrast,
when the external torque is too high, the multibody sys-
tem deviates significantly from the equilibrium posi-
tion, and therefore the linear model ceases to be valid.

Mx)i+D"(x)A = Q(x.%, p),
D(x)¥=Q(x. %),
p=H(x,x,pU),

U=WU,U), (95)

a(D )
where Q, (x, x) = —Mi Defining ¥ = v,

x
Egs. (95) can be rewritten as the following DAE system:

In On Onxr 0n><u 0n><(m+l) x v
0, M (x) 0%, 0,54 DT (x) v Q(x, v, 17)
0(m+l)><n D (x) 0(m+l)><r 0(m—i—l)><u 0(m+l) P = Qd (xs v) (96)
0 0 I, 0, xu 0r><(m—i—l) U H(x,v, p, U)
Ou Xn Ou Xn Ou Xr Iu 0u><(m+l) A w (U’ Uref)
A(x) S(x,v,p,U,Urer)
Alternatively, by defining X = (x vpU )T,

Despite the linearized system accurately reproduces the
nonlinear system in all the cases, the results in the over-
damped scenario are better than in the underdamped
cases. This can be explained with the linearization of
the friction force. Figure 13 shows the friction force F,
presented in Eq. (8), with F, = 210 N, F; = 830 N
and o = 330 Ns/m, together with its first-order Tay-
lor approximation, denoted as Tl}. It can be seen that
the linear approximation is excellent for low values of
the velocity $, as is the case of the overdamped sce-
nario. Nevertheless, the approximation becomes worse
for larger values of s, which is the case of the under-
damped scenarios.

4.5 Comparison of the proposed linearization
procedure with a conventional counterpart
approach

The proposed linearization approach is compared with
a conventional counterpart. This counterpart procedure
is based on the linearization of an ODE system and the
numerical computation of the required partial deriva-
tives by using finite differences. The main steps of this
counterpart procedure are shown below.

Consider the index-2 DAE system (15). The velocity
constraints D (x) x = 0 can be differentiated once with
respect to time, leading to the following index-1 DAE
system:

Eq. (95) can be expressed as follows:

)¢ _
( A) = AT @) f (X, Uret) = F (X, Urer) . (97)
where the matrix A and the vector f are defined in
Eq. (96). Denoting the first 2n + r 4+ u components of
F (X, Urer)as F (X, Urr), the following ODE system
is obtained:
X=FX Uep. 98)
Note that the last m + [ equations of Eq. (97) provide
the expressions of the Lagrange multipliers A.

The linearization of the ODE system (98) with
respect to an arbitrary reference solution X0 =

( x0 %0 p° U° )T leads to the following Jacobian matrix:

_OF

T=73%

99)

—(Jl...

- I In).
0

In Eq. (99), N = 2n +r + u and J; represents the
Jjth column of the Jacobian matrix, with j = {1 --- N}.
The term J ; is computed as follows:

oF

B _ F(X"+hej) = F (X° — he;)
=%,

2h '
(100)

Jj

0
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where the partial derivative in Eq. (100) can be numer-
ically computed by using central finite differences. In
Eq. (100), & is the step used in the computation of the
finite differences, and e; corresponds to the jth col-
umn of the identity matrix I y. Note that the Jacobian
matrix (99)is 2n +r +u) x 2n +r + u).

A detailed comparison between the linearization
approach proposed in Sect. 3 and this counterpart pro-
cedure is performed by means of the hydraulically
actuated four-bar mechanism model described in Sub-
sects. 4.1 and 4.2. First, a qualitative comparative anal-
ysis is carried out. The preliminary steps required to
compute the Jacobian matrices (61) and (99) differ sig-
nificantly. The counterpart approach first computes the
index-1 form of the nonlinear DAE system (96); then
obtains the first-order ODE system (98) by remov-
ing the equations associated with the Lagrange mul-
tipliers and finally performs the linearization, obtain-
ing the Jacobian matrix (99). In contrast, the proposed
linearization approach follows the steps described in
Sect. 3. The DAE system (15) is first linearized along
the reference solution; then, a coordinate partition in
terms of independent and dependent coordinates is used
to reduce the linearized dynamic equations and elim-
inate the variations of the Lagrange multipliers (see
Eq. (32)); next, the linearized constraints at velocity
and acceleration levels are used to express the com-
plete set of velocity and acceleration variations X and
X interms of the independent ones, X 4; , X 4; ; and finally,
the linearized holonomic constraints are used to express
the variations of the dependent coordinates X 4 in terms
of the independent ones X,;. All these steps lead to a
reduced system of linear equations, which in the case of
amultibody system with only holonomic constraints as
the four-bar mechanism, is only expressed in terms of
the variations of the independent coordinates X,; and
their time derivatives.

An important advantage of the proposed approach
is that it leads to the maximum possible reduction of
the linearized equations of motion. For the general
case of a hydraulically driven multibody system with
holonomic and nonholonomic constraints, the Jaco-
bian matrix (61)is 2n —2m — [ +r +u) x 2n —
2m — | + r + u), while the conventional counter-
part is a bulky linearization procedure that provides
an augmented Jacobian matrix (see Eq. (99)), which is
2n +r 4+ u) x 2n + r + u). Therefore, the proposed
approach provides 2n — 2m — [ + r + u eigenvalues,
among which 2 (n — m — I) +r + u correspond to the

@ Springer

real spectrum of the problem, and / spurious null eigen-
values are obtained, associated with the linearized non-
holonomic constraints (54). In the particular case of a
holonomic multibody system, the proposed approach
leads to 2 (n — m) + r + u eigenvalues, which corre-
spond to the real spectrum, and no spurious eigenvalues
are obtained. In contrast, the use of the counterpart lin-
earization approach results in 2n 4 r + u eigenvalues,
with 2(n —m —[) + r + u eigenvalues correspond-
ing to the real spectrum, and 2 (m + /) spurious null
eigenvalues associated with the m+/ dependent coordi-
nates. In the particular case of the four-bar mechanism
model, the proposed approach leads to the Jacobian
matrix (88), which is 6 x 6, obtaining the eigenval-
ues Ag, with k = {1...6}, of Table 3. Conversely, the
Jacobian matrix (99) is 24 x 24, obtaining the six eigen-
values 1, of Table 3 and eighteen additional spurious
null eigenvalues. Therefore, the use of the proposed
approach allows for the reduction of the linearized
equations of motion and the elimination of the spurious
null eigenvalues associated with the dependent coordi-
nates, while retaining all the stability information.

Another important advantage to highlight is the
power of the proposed approach. This procedure allows
generating the exact linearized equations of motion as
a function of the geometric, dynamic and hydraulic
parameters of the multibody system under study. In
the particular case of the four-bar mechanism model,
the coefficients vy of the Jacobian matrix (88), with
k = {1...8}, are computed analytically as a function
of the coordinates and pressures in the equilibrium, x°
and pY, respectively, and the geometric and hydraulic
parameters P, and Py: vy = i (xO, po, P,, Ph).
This significantly eases the performance of detailed
eigenvalues sensitivity analyses, since the eigenval-
ues of the system are parameterized in terms of the
design parameters. In contrast, the analytical computa-
tion of the Jacobian matrix (99) is not possible for com-
plex multibody systems with large number of coordi-
nates, constraints and long kinematic chains, since the
symbolic computation of the inverse matrix A~ (x)
in Eq. (97) is required. For this reason, the Jacobian
matrix (99) is numerically computed by using finite
differences.

A quantitative comparative analysis is also included.
The computational efficiency and accuracy of the pro-
posed and counterpart approaches are compared. The
computational efficiency is assessed by means of the
required time of computation of the Jacobian matri-
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ces (88) and (99). For the particular case of the four-bar
mechanism model, the average time of computation of
the Jacobian matrix (88) is 0.005 s. In contrast, the
required time for computing the Jacobian matrix (99)
is 0.016 s. The assessment was carried out by using
a computer HP with Intel(R) Core(TM) i7-6700HQ
2.6 GHz and 12 GB of RAM. Therefore, the proposed
approach is more efficient, with a time of computation
approximately three times lower for the four-bar mech-
anism.

Regarding the accuracy, the conventional counter-
part provides an approximation of the Jacobian matrix,
whose accuracy is highly sensitive to the step & used
in the computation of the finite differences in Eq. (99).
In contrast, the proposed approach leads to the exact
linearized equations of motion. To compare the accu-
racy of both approaches, the relative errors €3 and €4
in the computation of the eigenvalues A3 and A4 of the
overdamped scenario (see Table 3) are computed. Fig-
ure 14a, b show the variations of the relative errors €3
and €4, respectively, with the step A. To ease the visu-
alization, a logarithmic scale is used for the X-axis. In
Fig. 14a, b, it can be seen that the relative errors €3 and
€4 significantly increase for very low and high values
of the step h. The counterpart approach provides the
most accurate results of the eigenvalues A3 and A4 for
an intermediate value of h ~ 10_5, with €3 >~ 0 and
€4 =~ 0. Therefore, the choice of an appropriate step
is crucial for the accuracy of the alternative procedure.
On the other hand, this problem does not arise in the
proposed approach, since the linearization procedure
presents a high capability to compute the exact Jaco-
bian matrix. The use of a first-order finite difference
formula (as for example the forward finite difference)
to numerically calculate the Jacobian matrix could cer-
tainly decrease the computational burden of the coun-
terpart approach due to a smaller number of function
evaluations required, at the cost of decreasing the accu-
racy of the approximation.

5 Conclusions and future work

In this work, a linearization approach for systemati-
cally linearizing the equations of motion of hydrauli-
cally actuated multibody systems with holonomic and
nonholonomic constraints has been presented. The pro-
posed procedure provides the exact linearized equa-
tions of motion of the multibody system, and enables

the computation of the Jacobian matrix analytically
or numerically. The procedure has been validated by
means of the forward dynamics simulation of a three-
dimensional four-bar mechanism model. By compar-
ing the time evolution of the input link angle and
the pressures of the hydraulic circuit in the nonlin-
ear and linear systems, it has been shown that the lin-
earized model accurately reproduces the results of the
nonlinear multibody system. The procedure presents a
great power, which is demonstrated by generating the
Jacobian matrix as a function of the mechanical and
hydraulic parameters of the three-dimensional four-bar
mechanism model. This allows performing a linear sta-
bility analysis of the system, computing the eigenval-
ues for different scenarios. In this particular case, the
eigenvalues have been computed for three-different set
of values of the Brown and McPhee friction model
parameters. The results show that these eigenvalues
are highly sensitive to the Coulomb and static friction
forces and the coefficient of viscous friction. Despite
the linearized model reproduces well the results of the
nonlinear system in the vicinity of the equilibrium con-
figuration for all the scenarios, the results of the over-
damped case improve compared to those of the under-
damped cases, given that the linear approximation of
the friction force becomes better in the overdamped
scenario. The proposed approach is also compared with
acounterpart procedure, presenting several advantages.
First, the maximum reduction of the linearized equa-
tions of motion is obtained, which simplifies work-
ing with the resulting Jacobian matrix. In the perfor-
mance of linear stability analyses, this leads to the
elimination of the spurious null eigenvalues associated
with the dependent coordinates of the multibody sys-
tem model. Secondly, the proposed approach is more
efficient than its counterpart. The computational effi-
ciency is assessed by means of the required time of
computation of both Jacobian matrices for the hydrauli-
cally driven four-bar mechanism. A time of computa-
tion of approximately three times lower was obtained
with the proposed approach. Lastly, the accuracy of
the procedure was also demonstrated. While the pro-
cedure developed in this work provides the exact Jaco-
bian matrix of the system, the counterpart approach
is highly sensitive to the step used in the numerical
computation of the partial derivatives required in the
Jacobian matrix. To illustrate this, the variation of the
relative errors with the step, in the computation of the
eigenvalues of the system, was shown.
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Fig. 14 Relative errors €3 5 T . 5 T y
and €4 in the computation of
the eigenvalues A3 and X4: =4 : < :
influence of the step 4 used o : 3 :
in the central finite s 3 : 33 :
. < : ~ :
differences scheme (100) = : & :
2 o} ; g2
g 8
oy i o J
0 AN e J 0 e
-10 -8 -6 -4 2 10 -8 6 -4 2

Step, logyo(h)

(a) Relative error €3 in the computation of Ag

It is important to note that, in this study, the lin-
earization has been carried out around the equilibrium
position of the four-bar mechanism multibody model.
Therefore, the resulting Jacobian matrix presents con-
stant (time-independent) coefficients, which are a func-
tion of the multibody system parameters. In contrast,
in other applications, as state observers based on the
linearized equations of motions like Kalman filters, a
linear approximation of the dynamics of the multibody
system is required at each instant of time. In this case,
the Jacobian matrix must be updated and its coeffi-
cients vary throughout the reference solution. In future
work, the proposed procedure will be used for develop-
ing state observers and linear feedback controllers of
hydraulically actuated multibody systems.

Acknowledgements This work was supported by Grant
FPU18/05598 of the Spanish Ministry of Science, Innovation
and Universities.

Funding Information Funding for open access publishing:
Universidad de Sevilla/CBUA

Data availability The datasets generated during and/or analyzed
during the current study are available from the corresponding
author on reasonable request.

Declarations

Conflict of interest The authors declare that they have no con-
flict of interest.

Open Access This article is licensed under a Creative Com-
mons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium
or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Com-
mons licence, and indicate if changes were made. The images or
other third party material in this article are included in the article’s
Creative Commons licence, unless indicated otherwise in a credit
line to the material. If material is not included in the article’s Cre-
ative Commons licence and your intended use is not permitted by

@ Springer

Step, logyo(h)

(b) Relative error €4 in the computation of A4

statutory regulation or exceeds the permitted use, you will need
to obtain permission directly from the copyright holder. To view
a copy of this licence, visit http://creativecommons.org/licenses/
by/4.0/.

References

1. Watton, J.: Fluid Power Systems: Modeling, Simulation,
Analog and Microcomputer Control. Prentice-Hall Inc.,
New York (1989)

2. Rahikainen, J., Kiani, M., Sopanen, J., Jalali, P., Mikkola, A.:
Computationally efficient approach for simulation of multi-
body and hydraulic dynamics. Mech. Mach. Theory 130,
435-446 (2018)

3. Rahikainen, J., Gonzdlez, F., Naya, M., Sopanen, J.,
Mikkola, A.: On the cosimulation of multibody systems and
hydraulic dynamics. Multibody Syst. Dyn. 50, 1-25 (2020)

4. Jaiswal, S., Rahikainen, J., Khadim, Q., Sopanen, J.,
Mikkola, A.: Comparing double-step and penalty-based
semirecursive formulations for hydraulically actuated multi-
body systems in a monolithic approach. Multibody Syst.
Dyn. 52(2), 169-191 (2021)

5. Jaiswal, S., Sopanen, J., Mikkola, A.: Efficiency compari-
son of various friction models of a hydraulic cylinder in the
framework of multibody system dynamics. Nonlinear Dyn.
104, 1-19 (2021)

6. Baharudin, M.E., Rouvinen, A., Korkealaakso, P., Mikkola,
A.: Real-time multibody application for tree harvester truck
simulator. Proc. Inst. Mech. Eng. Part K J. Multi-body Dyn.
228(2), 182-198 (2014)

7. Gonzalez, M., Luaces, A., Dopico, D., Cuadrado, J.: A
3d physics-based hydraulic excavator simulator. In: ASME
World Conference on Innovative Virtual Reality, Vol. 43376,
pp 75-80 (2009)

8. Vaculin, O., Kriiger, W.R., Valasek, M.: Overview of cou-
pling of multibody and control engineering tools. Veh. Syst.
Dyn. 41(5), 415-429 (2004)

9. Valasek, M.: Modeling, simulation and control of mecha-
tronical systems. In: Simulation Techniques for Applied
Dynamics, pp. 75-140. Springer (2008)

10. Briils, O., Arnold, M.: The generalized-« scheme as a linear
multistep integrator: towards a general mechatronic simula-
tor. In: International Design Engineering Technical Confer-


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

An efficient and accurate linearization

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

ences and Computers and Information in Engineering Con-
ference, Vol. 4806, pp. 61-71 (2007)

Pfeiffer, F., Foerg, M., Ulbrich, H.: Numerical aspects of
non-smooth multibody dynamics. Comput. Methods Appl.
Mech. Eng. 195(50-51), 6891-6908 (2006)

Docquier, N., Poncelet, A., Delannoy, M., Fisette, P.: Multi-
physics modelling of multibody systems: application to car
semi-active suspensions. Veh. Syst. Dyn. 48(12), 1439-1460
(2010). https://doi.org/10.1080/00423110903509335
Ylinen, A., Marjamiki, H., Mikinen, J.: A hydraulic cylin-
der model for multibody simulations. Comput. Struct. 138,
62-72 (2014)

Naya, M.A., Cuadrado, J., Dopico, D., Lugris, U.: An effi-
cient unified method for the combined simulation of multi-
body and hydraulic dynamics: comparison with simplified
and co-integration approaches. Arch Mech Eng 58, 223-243
(2011)

Rahikainen, J., Mikkola, A., Sopanen, J., Gerstmayr,
J.: Combined semi-recursive formulation and lumped
fluid method for monolithic simulation of multibody and
hydraulic dynamics. Multibody Syst. Dyn. 44(3), 293-311
(2018)

Cuadrado, J., Dopico, D., Gonzalez, M., Naya, M.A.: A
combined penalty and recursive real-time formulation for
multibody dynamics. J. Mech. Des. 126(4), 602—-608 (2004)
Marques, F., Flores, P., Claro, J.C., Lankarani, H.M.: Mod-
eling and analysis of friction including rolling effects in
multibody dynamics: a review. Multibody Syst. Dyn. 45(2),
223-244 (2019)

Cardona, A., Geradin, M.: Modeling of a hydraulic actua-
tor in flexible machine dynamics simulation. Mech. Mach.
Theory 25(2), 193-207 (1990)

Bauchau, O.A., Liu, H.: On the modeling of hydraulic com-
ponents in rotorcraft systems. J. Am. Helicopter Soc. 51(2),
175-184 (2006)

Peiret, A., Gonzdlez, F., Kovecses, J., Teichmann, M.: Multi-
body system dynamics interface modelling for stable mul-
tirate co-simulation of multiphysics systems. Mech. Mach.
Theory 127, 52-72 (2018)

Gomes, C., Thule, C., Broman, D., Larsen, P.G.,
Vangheluwe, H.: Co-simulation: a survey. ACM Comput.
Surv. (CSUR) 51(3), 1-33 (2018)

Schweiger, G., Gomes, C., Engel, G., Irene Hafner, J.,
Schoeggl, A.P., Nouidui, T.: An empirical survey on co-
simulation: promising standards, challenges and research
needs. Simul. Model. Pract. Theory 95, 148-163 (2019)
Benedikt, M., Holzinger, FR.: Automated configuration
for non-iterative co-simulation. In: 2016 17th Interna-
tional Conference on Thermal, Mechanical and Multi-
Physics Simulation and Experiments in Microelectronics
and Microsystems (EuroSimE), pp. 1-7. IEEE (2016)
Sadjina, S., Pedersen, E.: Energy conservation and coupling
error reduction in non-iterative co-simulations. Eng. Com-
put. 36(4), 1579-1587 (2020)

Gonzilez, F., Naya, M.A., Luaces, A., Gonzalez, M.: On
the effect of multirate co-simulation techniques in the effi-
ciency and accuracy of multibody system dynamics. Multi-
body Syst. Dyn. 25(4), 461-483 (2011)

Escalona, J.L.., Chamorro, R.: Stability analysis of vehicles
on circular motions using multibody dynamics. Nonlinear
Dyn. 53(3), 237-250 (2008)

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

Gonzilez, F., Masarati, P., Cuadrado, J., Naya, M.A.:
Assessment of linearization approaches for multibody
dynamics formulations. J. Comput. Nonlinear Dyn. 12(4),
041009 (2017)

Pappalardo, C.M., Lettieri, A.: Stability analysis of rigid
multibody mechanical systems with holonomic and non-
holonomic constraints. Arch Appl Mech 90, 1961-2005
(2020)

Peterson, D.L., Gede, G., Hubbard, M.: Symbolic lineariza-
tion of equations of motion of constrained multibody sys-
tems. Multibody Sys.Dyn. 33(2), 143-161 (2015)
Garcia-Agtndez, A., Garcia-Vallejo, D., Freire, E.: Lin-
earization approaches for general multibody systems val-
idated through stability analysis of a benchmark bicycle
model. Nonlinear Dyn. 103(1), 557-580 (2021)

Meijaard, J.P., Papadopoulos, J.M., Ruina, A., Schwab,
A.L.: Linearized dynamics equations for the balance and
steer of a bicycle: a benchmark and review. Proc. R. Soc. A
Math. Phys. Eng. Sci. 463(2084), 1955-1982 (2007)
Khadim, Q., Kiani-Oshtorjani, M., Jaiswal, S., Matikainen,
M.K., Mikkola, A.: Estimating the characteristic curve of
a directional control valve in a combined multibody and
hydraulic system using an augmented discrete extended
kalman filter. Sensors 21(15), 5029 (2021)

Jaiswal, S., Sanjurjo, E., Cuadrado, J., Sopanen, J., Mikkola,
A.: State estimator based on an indirect kalman filter for a
hydraulically actuated multibody system. Multibody Syst.
Dyn. 54(4), 373-398 (2022)

Horton, D.N.L., Crolla, D.A.: Theoretical analysis of the
steering behaviour of articulated frame steer vehicles. Veh.
Syst. Dyn. 15(4), 211-234 (1986)

Azad, N.L., Khajepour, A., Mcphee, J.: Robust state feed-
back stabilization of articulated steer vehicles. Veh. Syst.
Dyn. 45(3), 249-275 (2007)

Pazooki, A., Rakheja, S., Cao, D.: Kineto-dynamic direc-
tional response analysis of an articulated frame steer vehicle.
Int. J. Veh. Des. 65(1), 1-30 (2014)

Azad, N.L., Khajepour, A., McPhee, J.: Effects of locking
differentials on the snaking behaviour of articulated steer
vehicles. Int. J. Veh. Syst. Model. Test. 2(2), 101-127 (2007)
Peng, H., Eisele, D.D.: Vehicle dynamics control with
rollover prevention for articulated heavy trucks. In: Proceed-
ings of 5th international symposium on advanced vehicle
control. University of Michigan, Ann Arbor (2000)

Azad, N.L., Khajepour, A., McPhee, J: Stability control of
articulated steer vehicles by passive and active steering sys-
tems. Technical report, SAE Technical Paper (2005)

Gao, Yu., Shen, Y., Tao, X., Zhang, W., Giiveng, L.: Oscilla-
tory yaw motion control for hydraulic power steering artic-
ulated vehicles considering the influence of varying bulk
modulus. IEEE Trans. Control Syst. Technol. 27(3), 1284—
1292 (2018)

Nedic, N., Stojanovic, V., Djordjevic, V.: Optimal control of
hydraulically driven parallel robot platform based on firefly
algorithm. Nonlinear Dyn. 82(3), 1457-1473 (2015)
Handroos, H.M., Vilenius, M.J.: Flexible semi-empirical
models for hydraulic flow control valves. J. Mech. Des.
113(3), 232-238 (1991)

Brown, Peter, McPhee, J.: A continuous velocity-based fric-
tion model for dynamics and control with physically mean-

@ Springer


https://doi.org/10.1080/00423110903509335

A. G. Agtindez et al.

ingful parameters. J. Comput. Nonlinear Dyn. 11(5), 054502 Publisher’s Note Springer Nature remains neutral with regard

(2016) to jurisdictional claims in published maps and institutional affil-
44. Schiehlen, W.: Multibody system dynamics: roots and per- iations.

spectives. Multibody Syst. Dyn. 1(2), 149-188 (1997)

45. Baumgarte, J.: Stabilization of constraints and integrals
of motion in dynamical systems. Comput. Methods Appl.
Mech. Eng. 1(1), 1-16 (1972)

@ Springer



	An efficient and accurate linearization approach for hydraulically actuated multibody systems with holonomic and nonholonomic constraints
	Abstract
	1 Introduction
	2 Formulation of the problem
	2.1 Modeling of the hydraulic system
	2.2 Nonlinear equations of motion of hydraulically actuated constrained multibody systems

	3 Linearization approach for hydraulically actuated multibody systems
	4 Validation of the approach with a three-dimensional hydraulically actuated four-bar mechanism model
	4.1 Description of the four-bar mechanism model with hydraulic actuator
	4.2 Description of the hydraulic circuit
	4.3 Computation of the Jacobian matrix
	4.4 Numerical results: validation of the approach
	4.5 Comparison of the proposed linearization procedure with a conventional counterpart approach

	5 Conclusions and future work
	Acknowledgements
	References


