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ABSTRACT. In this paper we consider a mathematical model that describes
the solidification of a binary alloy. We prove some existence and uniqueness
results for a regularized problem, depending on a small parameter e. We also
analyze the behavior of the regularized solutions as € — 0. Then, we consider
some associated optimal control problems. We prove existence and optimality
results and we present and discuss some iterative methods.

1. Introduction. The mathematical model. The solidification of metals is one
of the most difficult problems to model and analyze in engineering. The complex
nature of the processes is an obstacle to obtain solutions in a simple way.

Indeed, to accomplish this task, we have to use sophisticated mathematical mod-
els based on systems of nonlinear partial differential equations. However, by using
correctly the laws governing solidification processes and appropriate mathematical
and numerical techniques, it is possible to gain insight in the phenomena, obtain
products of good quality and, also, diminish the related costs.

This paper deals with the theoretical analysis and optimal control of a model of
solidification for a binary alloy. The plan is the following. In the remainder of this
Section we present the considered model and also a regularized version. Then, in
Section 2 we study the existence and uniqueness of the weak solution to the regula-
rized problem, as well as its behaviour as the regularizing parameter € goes to zero.
Section 3 deals with a first optimal control problem for the regularized solidification
problem; here, the control variable is a heat source. We deduce the existence of
optimal controls and we present the associated optimality system; some iterative
algorithms are also introduced and discussed. Finally, in Section 4, we consider and
solve a second optimal control problem where the solidification time plays a crucial
role.
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1.1. The example of a cavity. In order to present the basic ideas of solidification
processes, we consider a situation where the mould is modelled as a rectangular
cavity Q filled with an incompressible and diluted binary alloy, initially at liquid
state, with uniform temperature and composition, under the influence of gravity.
The components of the mould are the solute and the solvent; together, they form
the melting. The variable that indicates the proportion of solute in the melting is
called the concentration.

The alloy is deposited in the mould in such a way that, at time ¢ = 0, the tem-
perature of the left side of € is instantaneously dropped and kept under the cooling
point, while the other sides of Q are kept thermically isolated (see Figure 1.1). This
is the origin of a temperature gradient in the alloy. The coupled action of gravity
forces, convection, diffusion and reaction may introduce changes in the alloy density.

On the other hand, the region next to the left side of €2 experiences a phase
change, passing from the liquid to the solid state. The corresponding interface is
called the solidification front. In general, it may have a highly irregular geometry
and may exhibit dendritic forms for rapid solidification. The formation of dendrites
is a consequence of the instability of growth of the solidification front.

Remark 1. Solidification is a multi-scale problem, varying from meters to microm-
eters (and even nanometers). Because of this, it is very difficult to present a model
involving all the relevant variables and phenomena occurring at each scale. In this
paper, we will consider a model that can capture the dynamics of the phenomena
at the macroscopic (mould) scale. To describe appropriately the very rich and com-
plex dynamics of dendritic growth, it is necessary to consider other models (see
for instance [2], [15] and the references therein). On the other hand, in order to
avoid some technical (and maybe nontrivial) difficulties, latent heat effects have
been neglected.

After a while, the alloy is solidifies. If we analyze the composition of the resul-
tant material, we will probably find variations of the solute. These variations are
produced at two different scales: from the macroscopic viewpoint, the solidification
front acts like a filter on the solute, that is rejected from the solid to the liquid state
(this phenomenon is called macro-segregation); at another (microscopic) scale, the
solute is partially trapped by the dendrites of the solidification front, generating
highly concentrated solute grains (this is the micro-segregation phenomenon).

\ &€
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FIGURE 1. A schematic view of the cavity problem, with details of
the solidification front.

1.2. The solidification problem. In the sequel, €2 is a connected, open and
bounded open set in R¢ (d = 2,3) with Lipschitz-continuous boundary 052, such
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that 9Q =TpUT N, TpNTy =0 and 'y # (). Let us assume that 7' > 0 and let
us set @ :=Q x (0,7).

Since it is very difficult to work with the highly irregular geometry of solidification
front, it is convenient to perform an averaging process on the main variables of the
problem in a such way that the front is replaced by a smooth phase change zone
called the mushy or moisture zone, where we have coexistence of the liquid and
solid states. Then, an acceptable mathematical model for the solidification problem
is the following (see for example [3, 4, 5]):

¢t +V - (vg(c,0) — DVe) = 0, (1)

6, + V- (08— V) = ho, 2)

v+ V- (v@v—vVv)+ Fi(c,)v+Vp = FE(c0), (3)
V-v = 0. (4)

In (1)—(4), hg is a known function and, for any a and b, a ® b stands for the
tensor whose (¢,7) component is a;b;; ¢ and ¢; are respectively the concentration
and the liquid concentration of solute of the binary alloy; 6 is the temperature of the
moisture; v is the velocity of the liquid and p is the pressure; D, x and v are positive
constants, respectively denoting the diffusion coefficient of the solute, the thermal
conductivity and the kinematic viscosity; F; and E. are functions associated to the
internal and external forces acting on the system (1)—(4).

In general, F; and F; are bounded functions depending on ¢ and 6. By introducing
the solid fraction f; (the function denoting the proportion of solid in the mould)
and using the Carman-Kozeny approximation to model the effects in the mould as
a porous media and the Boussinesq approximation to model the thermic and solutal
stresses, we get the following expressions:

_ fs(c,0)*
o= Mg e ®)
F, = g(l + 5ccl(cv 9) =+ ﬂGQ) (6)

Here, M, denotes a positive constant depending on the material, g is the grav-
ity force, By and (. are constants representing the thermal and solute expansion
coefficients and one has

c= Csfs + (1 - fs)cb
where c; is the solid concentration of solute, given by ¢y = r¢; with 0 < r < 1.

1.3. The phase diagram. Assume that ¢ > 0. By using the solid fraction fs, we
can identify the following sets:

Q) ={xeQ: fo(x,t) =1}, U@)={xeQ: fi(x,t) =0},
Q) ={x e Q: fo(x,t) € (0,1)}.
This allows the solid and non-solid regions to be defined as

Qs ={(x,t) :x € Qs(t), t€(0,T)}
and
Qmi ={(z,t) :x € QA (t) UY(t), t€(0,T)},
respectively; here, “ml” stands for “moisture-liquid”.

The equations (1) and (2) must hold in the whole cylinder @, with v = 0 in Q.
The equations (3) and (4) must hold in Q.



3988 R. C. CABRALES, G. CAMACHO AND E. FERNANDEZ-CARA

The sets @ and Qs can be computed from the phase diagram by using the
values of ¢ and 6 (see Figure 2). In this diagram, 67 and 6. denote the fusion
and eutectic temperature, respectively. By simplicity, we assume that the solid and
liquid curves 6 = n,(c) and 6 = n;(c) are straight lines; they respectively indicate
the couples (¢, d) where the solid alloy begins to melt and the couples where the
liquid begins to solidify.

Specifically, we have:

mi(e) = by = (0 —6.)— and ny(c) = b5 — (6 — 0.)—,
Ce Ca
whee ¢, and ¢, are characteristic concentration values. Also, we can identify in the
phase diagram the following sets:

L = {(¢,0):c>c. or 0>n(c)}, (7)
M = {(c,0):0<c¢<c,, max(ns(c),0.) <86 <mnmc)}, (8)
S = {(¢,0):0<c<c., 80<max(ns(c),b.)}. (9)
0
O | 2

R P R —— -

q_______ - - - -

Q

FIGURE 2. A typical phase diagram for a binary alloy

The temperature and the concentration can be used to determine the solid frac-
tion fs through the following equalities:

0, if ¢ > ¢,
0, if0<c<ec., 6>nle),
fs(c,0) = n(c)—0 if0<c<ec, and (10)
n(Q) —max (7,(c),0.)°  max (ns(c), 0c) < 0 < m(c),
1, otherwise.

Taking into account this definition of f,, we can deduce that the liquid concentration
is given by:

Ce, if ¢ > ce,
ifo<c< 0
ale.0)= 1 poses e 02 m, (1)
(1= fo)e, if0<ec<e, max(ns(c),l:) <0 <mnlc),
0, otherwise.

In the sequel, we will always assume that hy = hl,, for some (small) non-empty
open set w C Q (1, is the characteristic function of w). In practice, this means



ANALYSIS, OPTIMAL CONTROL AND SOLIDIFICATION 3989

that we only act on the system through the right hand side of the transport-heat
equation (2), by imposing a heat source localized in w x (0,7).

In fact, it would have been more realistic to assume that the action is performed
through (a part of) the boundary, for instance by imposing a non-zero Dirichlet
condition on . However, this leads to a more complex analysis involving technical
difficulties and we have preferred to consider the present situation and deal with
distributed or internal controls.

1.4. The regularized problem. Notice that the interfaces that separate the solid
and the non-solid region are not known a priori; this is a serious difficulty. Moreover,
the Carman-Kozeny term is singular in @), because the solid fraction f, reaches 1
there. Accordingly, we will introduce a parameter ¢ € (0, 1] and we will replace the
function Fj(c,0) defined in (5) by the following:

fs(e, 9)2

Ff o= Mo(l—fs(cﬁ)—i—&)?’ ) (12)
This leads to the so called regularized problem:
¢t +V - (vg(c,0) — DVe) = 0, (13)
0; + V- (vl —xV0) = hl,, (14)
v+ V- (v@v—vVv)+ F(c,0)v+Vp = F.(c0), (15)
V-v = 0. (16)

Now, the four equations (13)—(16) must hold in the whole set Q). The system is
completed with boundary conditions for ¢, 6 and v on 9Q x (0,T):

(DVe)-m = 0 on 992 x(0,7T), (17)
(xV0)-n = 0 on I'y x(0,7), (18)
9 = 0 on I'px(0,T), (19)
v = 0 on 90 x(0,7). (20)

Finally, we add initial conditions:
c(x,0) = co(x); 0(x,0) =0p(x); v(x,0)=wvo(x) in Q. (21)

Let us now justify the introduction of (13)—(16). Assume that, as ¢ — 0, the
associated solutions to (13)—(16) remain bounded. For small &, the term FF becomes
very large in the solid part of the domain, where f; ~ 1; thus, in this set the velocity
field is at least O(e?) and converges to zero. Contrarily, in any open set O CC Q,1,
F? remains bounded and converges in some sense to F;. This gives the motion
equation (3) in the limit.

This explanation clarifies the role of Ff in the regularized problem: FY is a
coefficient that blows up in the solidified part of the domain and remains bounded
in the other part (there, it is related to dissipation). These properties of Ff will be
established rigorously when d = 2 in Section 2.3.

2. Existence and uniqueness results. In this Section, we analyze the existence
of weak solutions to the regularized solidification problem. The problem is given
by equations (13)—(16) and the boundary and initial conditions are given by (17)-
(21). We will also prove a uniqueness result when d = 2. Finally, we will show
that, at least when d = 2, the solutions to the regularized problems converge (in an
appropriate sense) towards a weak solution to the original problem.
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The proofs of the results that follow are more or less standard. Maybe, the most
interesting points are the following:

e The estimates 0 < ¢ < c,.

e The energy estimates of ¢®, §° and v, that are independent of €.

o The fact that ¢ and 6° are actually strong solutions if c® and #° are regular
enough and

o The estimates of ¢¢ and 6° in a space of Hélder-continuous functions in Q
when d = 2.

Some previous works concerning this topic are [6, 10, 9].

2.1. Preliminaries and weak formulation. In the sequel, we consider the usual
Sobolev spaces, given by

WmP(Q) = { f € LP(Q): 9°f € LP(Q) V|a| <m}

for all m > 1 and 1 < p < +00. When p = 2, we write H™(Q) instead of W™2(Q);
we will denote by H{*(£2) the closure of C§°(92) in H™ (). Sometimes, we will also
need to work with the Sobolev spaces W"P(Q), where r € R, ; for the definitions
and main properies, see for instance [1]. If there is no confusion, we write LP instead
of LP(Q)), H™ instead of H™({2), etc.

For any 7 € [0, 1), we will denote by C*™7/2(Q) the space of functions ¢ € C°(Q)
that are Holder-continuous in the following sense:

oz, 1) — p(', 1))

sup < +00.
(@)@ )eq [T =27+t =]/
In general, we will denote by || - ||x the norm of the normed space X. If

X is a Banach space and 1 < ¢ < +o0, we denote by L%(0,T; X) the Banach
space of the X-valued (classes of) functions defined on the interval [0,7] that
are Li-integrable in the sense of Bochner. On the other hand, C°([0,7]; X) and
CP ([0, T)X) will respectively denote the spaces of continuous and weakly continu-
ous functions f : [0,7] — X. Sometimes we write L?(X) instead of L4(0,T;X),
etc.

Spaces of R%-valued functions, as well as their elements, are usually denoted by
bold faced letters.

We will consider the space

V) ={velCF(Q):V-v=0in Q}.

Let H and V respectively stand for the closures of V() in L*(Q) and H'(Q). Tt
is then possible to show that

H = {veLl*Q):V-v=0inQ, v-n=0o0n0dQ},
V = {veH)Q):V-v=0inQ},

where n is the outward unit normal vector to 92, see for instance [19].

In the sequel, we denote by C' a generic positive constant depending only on {2
and the other data of the problem. As usual, it may have different values in different
expressions. We will sometimes emphasize that the constants may have different
values by putting C1, Cs, ... We will emphasize that C depends on a specific data
D (a set, a parameter, ...), by writing C(D).
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For the weak formulation of the regularized solidification problem described by
(13)—(21), we will also need the following space:
Ho(Q) ={p e H'(Q):9p=00onTp}.
Notice that the function ¢; in (11) satisfies

c € Wh(R?). (22)

loc
This is a consequence of the fact that f, is Lipschitz-continuous. Moreover, ¢; = ¢,
for ¢ > ¢, and ¢, =0 for ¢ < 0.
From now on, we will assume that

h e L*(w x (0,7)), (23)
co € L™(Q), 0 < cp(x) <c. a.e. in Q, (24)
0y € L*(Q), (25)
vg € H, (26)
g € L>™(Q). (27)
Definition 2.1. We say that (¢, 0, v) is a weak solution of (13)—(21) if
ce L*(0,T; H () N L>(0,T; L*(2)), (28)
0 € L*(0,T; Ho(2)) N L>(0,T; L*(1)), (29)
ve L*0,T;V)NL®(0,T; H), (30)
the following relations hold in (0,7)
<ct,<p>—|—/ v'Vcl(cﬁ)go—l—/ DVc¢- -V =0, (31)
Q Q
(O, 1) —l—/ v-V91/1+/ xV0 -V = / h, (32)
Q Q w

(v, w) + (v~V)v-w+/VVU-Vw—i—/Ff(c,@)vnuz/ﬁé-w, (33)
Q 0 Q Q

for all ¢ € HY(Q2), ¥ € Hp() and w € V and
cli=o = co;  Olt=o0 = 0o, v|t=0 = vo. (34)

Let us assume that (23)—(27) holds. It can be shown that any (c, 6, v) satisfying
(28)—(30) and (31)—(33) also satisfies ¢ € C°([0,T]; L?(2)) and, furthermore, 6 €
CY([0,T]; L*(Q)) and v € C°([0,T); H) if d = 2 and 6 € C9([0,T]; L*(2)) and
v € C2([0,T); H) if d = 3; the argument is given below, in the proof of Theorem 2.2.
In particular, the initial conditions (34) make sense.

Another property satisfied by ¢ is the following. Let us introduce the quantity

g = /960(58),

i.e. the initial total amount of solute in the moisture. By using (24), we see that
0 < ¢y < ce|Q| < +o0. Furthermore, if we take ¢ = 1 in (31), a short computation
shows that

d

4 c(x,t):—/ (v-m)adl =0 Ve (0,7T).
dt Jo o0
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Thus, / c(x,t) is constant in time and
Q

/C(w,t) =cg= /co(w) vt e (0,7).
Q Q
In other words, the amount of solute in the moisture does not depend on time.

2.2. On the existence and uniqueness of solution of the regularized prob-
lem. In the proof of existence of a weak solution to the regularized problem, we
will use the following result:

Proposition 1. Assume that (c,0,v) is a weak solution to (13)—(21). Then
0<c(z,t)<c. ae in Q.
Proof. Let us denote by ¢4 (resp. ¢_) the positive (resp. negative) part of . For
each t € [0,7T], let us choose ¢ = ¢_(-,t) in (31). Since ¢ = ¢y — c_, taking into
account the definition of ¢;, we easily get:
1d
2dt
Integrating in time, we have

1 ¢ 1
—§||c-(~,t)lli2 - D/O Ve |72 ds = —5II(CO)-II%2 =0.

Therefore, ||c_(-,t)||z2 = 0 for all ¢, that is, ¢ > 0.
Now, for each t € [0,T], we choose ¢ = (¢ — ¢.)+(-,t) in (31). By using an
argument similar to the previous one, we obtain that

le~11Z> = D[[Ve|[72 = 0.

1 ! 1
(et t) = o) lz= + D/O IV (e = ce)4llZz ds = 5ll(co = o) [I72 = 0
for all ¢t € [0,T], whence ¢ < c.. O
Our first result concerns the existence of a solution to (13)—(21):

Theorem 2.2. There exists at least one weak solution (c,0,v) to the reqularized
problem (13)—(21), with 0 < ¢ < c..

Proof. We will introduce Galerkin approximations. To this end, we will consider
three “special” bases

Be={y¢r(x) : ke N}, Byp={9p(x): keN} and
By, ={wi(x) : ke N},
respectively in H(Q), Hg(Q2) and V.
It will be assumed that they are orthogonal for the scalar product in H' and

orthonormal for the scalar product in L?. Obviously, this is the case if the ¢}, are
the eigenfunctions of the Neumann Laplacian in §2, that is,

7Ag0k = )\k(pk, S Q,
Vor -n=0, x€df,
xllzz =1,

and similar definitions hold for ¥ and wy.

Let us fix m € N. We consider the m-dimensional spaces S, S and 87,
respectively spanned by the first m functions of B., By and B,.
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For any ¢, we define the approximations ¢, #” and v™ as follows:

M t) = > Mem(Den(@),
k=1

0" (@,t) = Y Erm(t)r(),
k=1

V(@ t) = Y opm(twi(a).
k=1
The coefficients Ag m (1), Ekm(t) and ox () are computed in such way that

(", or) + /’vm Ve (™ 0™) ek + /Dch Vo = 0, (35)
Q Q

(O ) + /

Q

o™ - VO, + / VO™ -V, = / hapy, (36)
Q w

(™ - V)o™ - wy, + / vVo™ - Vwy
? (37)
+/FZE(Cm79m)v7nwk :/Fé(cm79m)wk,
Q Q

(v, wi) +/

Q

forall k=1,...,m and
™ (-,0) = P.m(co), 0™(-,0) = Py m(00), v™(-,0) = Py m(vo). (38)

Here, P.,, : H'(Q) — 8™, Py : Ho(Q) — Sy and B, ,, : V — S are the
orthogonal projectors.

For each m, (35)—(37) is an ordinary differential system for the unknowns A ,, (¢),
&k,m(t) and o ., (t). It is complemented with the initial conditions (38). This initial
value problem has a local in time solution (¢™,6™,v™) defined in some interval
[0,¢™). In order to prove that "™ = T', we need to show some a priori estimates.

If we multiply equations (35), (36) and (37) by Agm(t), &k.m(t) and ok m(t),
respectively, and we sum over k, we obtain (using that ™ € V):

1d
sl B4 DIVEn e = = [ o Vatem oy
1 Q

ld m m m

e AP N T

l1d m||2 m||2 m gm m e(.m gm m|2

S lom Iz vIVerz. = [ B em)om — [ Freromer]
Q Q

Now, we have to estimate the terms in the right-hand side of these inequalities.
By using (22) and Holder and Young inequalities, we can bound the first term as
follows:

= ’/cl(cm,Om)vm~ch‘
Q

/vm Ve (™, 0m™)c™
Q
(39)

<

| I

IVe™ (|72 + Cllo™ 122
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By using Poincaré and Young inequalities, we find the following for the second term:
m 2 X m||2
BO™ < Collhl2aqe) + 3 190" 3. (40)
w

Finally, for the third term we have

1
B, 67) 0| < Callomiao" 2 + i+ g™

o (41)
< Cy+ Csl[v™ |72 + C5[10™ 122
Taking into account (39)—(41), we deduce that
1 d m m m
(e + 107 s + o 32) )

<Co(1+ Al Z2w)) + Cr (Il 72 + 16172 + Csllo™[I72) -

Let us introduce f := [[¢™(¢)||72 + 0™ (¢)]|32 + [[v™(¢)||32. Then, integrating
(42) with respect to t, we obtain:

f(t) < f<0)+0/0 (1+ ||h\\%z<w)>ds+0/0 £(s) ds

T t
< f(0)+0/0 (1+ Hh||%2(w))ds+(}/0 f(s)ds

From Gronwall’s lemma, we have for all ¢ € [0, T]

T
ft) < (f(0)+0/0 1+ 1120172 0) ds) et

We conclude that ¢ =T and, also, that the following estimates hold:
¢™ and @™ are bounded in L2?(0,T; H') N L*(0,T; L?),
v™ is bounded in L?(0,T;V)N L>(0,T; H).
Unfortunately, (43) does not suffice to pass to the limit in (35)—(38). We also
need uniform estimates of ¢*, 6" and v}*, for instance in L°(0,T;(H*(Q))"),
L7(0,T; (He(2))") and L°(0,T; V') for some o > 1. We will now prove that this is
indeed the case.
Thus, we first notice that

(e, pr) = —/vm Ve (™, 0™)or — /Dch - Vg
Q Q

forall k =1,...,m. Consequently, ¢j* = Pcym (=v™ - Ve (™, 0™) — DAC™), where
P (Hl(Q))/ — S is the usual orthogonal projector. In view of the choice that
we have made of B., we have:

P (—0™ - Ve (™, 0M) — DAcm)H

(43)

et llry = |
< Clla(c™, 0™)v™ + DVe™|| .
< C (0" 2 + IV [22)
which is uniformly bounded in L?(0,T), by (43). Consequently,
et 2o, (mryy < C i d=2,3.

(HYY

A similar argument shows that
167" 2oy < C (107 0™ 22 + [IVO™ |22 + Al L2 - (44)
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Notice that
107 0™ (|2 < Cll07 ]| pal[0™ || s
< Ol0™1 321V 0™ (|2 o™ 122 Vo™ || 2 (45)
<O+ C|Vem |3 + ¢ Vo3
where « = 1/2 for d = 2 and a = 1/4 if d = 3. From (43), (44) and (45), it is
immediate that
16F" | e (0,75 (340)) < C
where 0 =2 if d =2 and 0 = 4/3 if d = 3. In a very similar way, it can be shown
that
v | o 0,5 vy < C.
Therefore, the classical compactness method can be applied in order to deduce
a strong convergence property and we can now pass to the limit in (35)—(38):
We can extract several subsequences of {¢"(t)}, {6™(t)}m and {v™(t)},, , all
them being indexed again with m, with appropriate convergence properties:
™ — ¢ weakly in L?(H'), weakly-+ in L>°(L?) and strongly in L?(L?),
0™ — 0 weakly in L*(Hy), weakly-* in L>°(L?) and strongly in L*(L?),
v™ — v weakly in L*(V), weakly-* in L°°(H) and strongly in L?(H).
Here, the notation has been abridged. For instance, L?(H') stands for L?(0,T;
HY(Q)), etc.
These sequences can be chosen in such way that they converge a.e. in Q. It is
now well known that we can take limits in (35)—(37) and obtain

<ct,gpk)+/v-Vcl(c,e)gpk—i—/DVoV@k = 0,
Q Q

<9t,wk>+/gv-vowk+/va9-vwk _ /wi“”’“
(vt,wk>+/Q(U~V)v-wk+/QVV'u-Vwk

+/Ff(c,9)v~wk: F(c,0) - wy,
Q Q

for all £ > 1.
It is also clear that one can take limits as m — +o0 in (38). Indeed, we have

™ (-,0) = ¢(-,0) weakly in L?

and
¢™(-,0) = P.n(co) — co strongly in L2,
whence ¢(-,0) = ¢g. Similarly, we can prove that 6(-,0) = 6y and v(-,0) = vy.

Recall that the functions ¢} are uniformly bounded in L?(0,T; (H'(2)') and this
implies ¢; € L2(0,T; (H*(2)') and, consequently, ¢ € C°([0,T]; L*(Q2)).

When d = 2, the functions 6" are uniformly bounded in L?(0,T; (He(2))")
whence, again, § € C°([0,T]; L?(Q2)). For a similar reason, we also have v €
C°([0,T]; H). When d = 3, 6 is only uniformly bounded in L*/3(0,T; (Hq(2)))
and all we can deduce is that 8 € C2 ([0, T]; L3(£2)), see [19]. Analogously, we only
get in this case v € C2([0,T); H).

In view of proposition 1, we see that (c, 0, v) is a weak solution of the regularized
problem (13)—(21). O
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We will now prove that, when d = 2, (13)—(21) possesses at most one weak
solution:

Theorem 2.3. Assume that d = 2. Then (13)—(21) possesses exactly one weak
solution.

Proof. Let us assume that (¢!, 0!, v!) and (c?, 6%, v?) are weak solutions of the re-
gularized problem and let us set (c,8,v) = (c!, 0%, v!) — (c?,6%,v%). Then we have
for some p:

e+ V- (vig(c, 0 —vie(?,60*) —DVe) = 0 (46)
0, + V- (v'0r —v*0* — Vo) = 0 (47)
v, + V- (v @v—v? @v? —vVo) + Flot — F20? + Vp
= F.(c',0%) — F.(c%,0%) (48)
Vv = 0 (49)

where we have put FF = Ff(ck, 0%) for k = 1,2
By summing and Substractmg V- (vie(c?, 2)) in (46), v16? in (47) and v! ® v?
and Flv? in (48), we obtain:

e+ V- (vl —cf]+vef —DVe) = 0, (50)

0; +V - (v'0 +v0* —xVO) = 0, (51)

v+ V- (v @v—v®v? - VvVv)+ Flo + (F}! — F?)v? + Vp (52)
= (8o + Be(cr — 7))g,

V.o = 0. (53)

Here, we have put cf = ¢;(c¥, %) for k = 1,2.
Now, we multiply (50), (51) and (52) respectively by ¢, § and v and we integrate
in space:

1d D
——|lcll3: + = Vel3e = /clz'v -Ve + / [c] —civ' - Ve, (54)
2dt 2 o o

35101 + S19013 = [ 6o, (55)

3 0l 5 IVolEa + [ Fllof == [ V- wo0?) o
Q Q

(56)
- [ = FRt ot [ B+ Bl — g .
Q
In view of (22), we have
/gvvcgmwﬁruww; W5 >0 (57)
Q
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and, on the other hand,

‘/ [cll—cﬂ'vl-Vc
Q

SCAWHWWﬂWd

< C(llellzs +10llza) 1o [ g4l Vel 2

1/2 1/2 1/2 1/2 58
< C (el 2INVels + 10121V ) [0 g Vel 22 (58)

4/3 2/3
< O)|Velf22 + Csllvt [ Lallel 22 + 8|Vl 322 VOI125° + Csllvt|[44]16]2

< C6|[Velza + Co|IVOIIZ2 + Csllvtza (101122 + llellZ2) -

(Notice that the last three inequalities only hold when d = 2).
Let us introduce the function H. : [0,1] — R, with H.(f) = Mof*(1 — f+¢)3
for all f € [0,1]. From (12), we can write:
Fl —F = F{(c',0") = F{ (% 0%) = H(fu(c", 01)) — He(fo(c?,6%))

7

= H{([)(fs(c",0") = fo(?,6%) = HI(f)(ar?c + by %0)

for some f,al2, b12 € L>®(Q), with 0 < f < 1. Then

S ’7s

'—/Q(F} — F?)v? v

=%/H&M@%+@%w?v
Q

(59)
< [ [eljo*ljol + Ca | 10?0l
Q Q
Arguing as before, we thus find that
‘ —/ (E} = F2)v* v <CS (|Velli2 +IVO||72 + |[Vvl[32)
! (60)

+Csllv*| 74 (el + 1911Z2)

for all 6 > 0.
Finally, since g € L*°(Q2), we also have

sa/ww+@/w—ﬁw
Q Q

1
< Ca [ [dljol + C: | 1l oy
Q Q

Aww+&@%mmgm

< C (llellZz + 1911Z2 + llvlZz) -
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Therefore, taking into account (54)—(61), we obtain that

1d
5@(”0\@2 + (161172 + IIvIIQLz) +C([Vel2a + V0|32 + [ Vol|22)

< C (L[t lgs + lv2lIze) (lelize + 19172 + llvlZ2) |

and, from Gronwall’s lemma and the fact that v* € L4(Q), we see at once that
c=0=0,v=0and (c',0',v!) and (c?, 62, v?) must coincide.
This ends the proof. O

2.3. Generalized solutions for the true solidification problem. In this Sec-
tion, we will consider the original solidification system (1)—(4), completed with
adequate boundary and initial conditions. First, we will specify what is a weak
solution to this problem. Then, we will prove that, at least when d = 2, the control
belongs to L*° and the initial data are regular enough, the solution to the reg-
ularized problems (13)—(21) converge in an appropriate sense to a weak solution
of (1)—(4).

Our arguments are similar to those in [14, 7, 10]; see also [6, 9] for some results
for related stationary problems. Notice that, for stationary problems, the passage
to the limit as € — 07 is much simpler, since it is relatively easy to check that ¢°
and 6 belongs to a compact set of C°(Q) and v belongs to a compact set of H.

As in the previous Section, it will be assumed that (22)—(27) hold. Additionally,
we will suppose that

00,00 S Co(ﬁ)

Definition 2.4. We say that (¢, 6, v) is a weak solution to the solidification model
(1)-(4), (17)-(21) if

c€ L*(0,T; H ()N C°(Q),

6 € L*(0,T;Ho(2)) N C°(Q),

v e L0, T3 V) N Cy([0, T); H),
the equalities (31) and (32) are satisfied for all ¢ € H'(Q2) and ¢ € Hg(Q2) and ¢
a.e. in (0,7),

v=0 in int Qs,

//Q(v‘wt+('U'V)U‘IU+VV'U'vw+Fi(CaG)U"w)//QFe(C,G)ow

for all w € CF°(Q) with Supp w C Q. and V - w = 0, the first two equalities
of (34) hold and, finally,

v(x,0) =vo(x) in Qpyy(0).
The following result holds:
Theorem 2.5. In addition to the previous assumptions, let us assume that d = 2,

h € L*®(w x (0,T)), co € H*(Q), 6y € H*(Q) and vo € H. Then, there erists at
least one weak solution to the solidification model (1)—(4), (17)—(21).

Proof. We will first prove that, under the present conditions, for each ¢ > 0 the
unique solution to the regularized problem solves this system in the strong sense
and the ¢ and 6° belong to a compact set in C°(Q). Then, it will be shown that
an appropriate subsequence converges to a weak solution of (1)—(4), (17)—(21).
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Let € > 0 be given and let (¢°, 6%, v%) be the unique solution to (13)—(21). Then
¢, 6° and v° are uniformly bounded respectively in L*>(Q) N L%(0,T; H (1)),
L>(0,T; L2(2)) N L2(0,T; He(2)) and L>(0,T; H) N L*(0,T; V).

Indeed, if we take w = v®(-,t) in (33) (resp. ¥ = 6°(-,t) in (32)) for ¢ a.e.
in (0,7), we get

1d 13 g £ £ 1 £ g 1 £ £
307 B 4 o B+ [ FEE 0P < O f (14, 0)]+ 67
Q Q
< o @+l
Q
and

1 d 13 13 13 I3
5 s - xIver Iz = [ hee < [ e

Taking into account that F7 > 0, we easily deduce from these inequalities that
16°][ oo (2) + [10°][ L2 (340) + 10l Loe 21y + [V [ 22(v) £ C (62)

and, in particular, v¢ is uniformly bounded in L>(0,7;H) N L?(0,T;V). In a
similar way, it can also be checked that

HC€||L2(H1) S C
Since d = 2, the previous estimates imply that v is uniformly bounded in L4(Q).
Let ¢ be given, with 2 < q < 4. Then 6y € H2(Q2) NHg () C W2~ 74(Q). Hence,

in view of theorem 9.1, Chap. IV in [13], the following holds: 65 € L4(0,T; W24(2)),
05 € L1(Q), 6° solves (14) in the strong sense and

0% Laqw2.ay + 10¢ || La(q) < Cy- (63)

Also, similar arguments show that ¢ € L4(0,T;W?4(Q)), ¢ € LY(Q), c*
solves (13) in the strong sense and

[l Laqwzay + lletllLag@) < Co- (64)

In view of (63) and (64), the sequences {¢°} and {6°} are bounded in a space of
Hoélder-continuous functions. More precisely, one has

[l gormrag) + 105l omragy < Cr (65)
@ @

for all 7 € (0,1); see [13], p. 80. Consequently, ¢ and 6° belong to a compact set
in C°(Q) and we have the following at least for a subsequence:

¢ —c and 0° — 0 weakly in L*(H?), (66)
& — ¢ and 0 — 0; weakly in L*(Q), (67)
€ — ¢ and 6° — 0 strongly in C°(Q). (68)
On the other hand, it is not restrictive to assume that
v — v weakly-x in L°°(H) and weakly in L*(V), (69)
v® = v weakly in L*(Q). (70)

Let us introduce the open set
Qmi = {(x,t) € Q: fs(c(zx,1),0(x,t)) <1}.
We will now see that, at least for a subsequence, one has

v® — v ae in Q. (71)
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To this end, we first notice that @Q,,; can be written as a countable union of open
sets of the form O x I, with

O0cQ, Ic(0,T) (anopen interval), sup fs(c,0) < 1. (72)
OoxI

Indeed, we first have

Qui=J QL. with Q1) ={(2,t) € Q: fulc(z,1),0(x,1)) <1 —%};

n>1

then, any QSZZ) can be written as a countable non-decreasing union of compact sets

Kr(ff ); finally, each K,(# ) can be covered by a finite union of sets O x I satisfying
(72).
Consequently, it will suffice to check that, for any such set O x I, we have

v®* = v ae in OxI (73)

at least for a subsequence.
Thus, let @ and I be given, satisfying (72). Let us introduce the space V(O),
with

VO)={weH}O):V-w=0 in O} (74)

and let us denote by V(O)’ the dual of V(O). Let u® denote the restriction to
O x I of the field v¢. We obviously have

w2, m51 (0)) < C- (75)

On the other hand, for any w € V(O) and any ¢ € I, one has:

(u§, w) = /vi w = / (v V)w - v° +vVv°® - Vw — (FF — F{v°) - w)
Q Q
< COXI) (1+ o770 + Vo |z2) lwllv o),

where we have used (69), (70) and the fact that, for any sufficiently small ¢, F¥ is
uniformly bounded in O x I. These estimates show that

[uilvoy < COx 1) (1+ [v°]Zs + Vo7 L2)

and, consequently,
uill2(rv o)) < C(O x I). (76)

From (75) and (76), we deduce from well known compactness results that u®
belongs to a compact set in L?(O x I). Therefore, we get (73) at least for a
subsequence, as desired. This proves (71).

From (70) and (71), we obtain:

v® = v strongly in LP(Q,) Vp € [1,4).
On the other hand, (69) and (71) give
(v° - V)v° — (v V)v weakly in LY3(Q,n1). (77)

We can now take limits in the equations satisfied by ¢¢, §¢ and v°. Thus, using
(66)—(77), we find that ¢ and € satisfy (31), (32) and the first two equalities of (34).
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Also, using (69), (70) and (68), the following is found for every w € C°(Q) with
Supp w C Q. and V- w = 0:

//Q (—v-wi+ (v-V)v-w+ vV - Vw + (Fi(c,0)v — F(c,0)) - w)

= lim// (—v® - w + (v° - V)v° w4+ vVt - Vw + (Ffv® — EY) -w) = 0.
Q

e—0

In order to check that U’f,:o = vp in 2,,;(0), we argue as follows.

Let O CC 2,,,;(0) be a non-empty open set and let us denote again by V(O) the
space (74). Let p > 0 be such that O x [0, p] C Qi U (2 x {0}); the definition of
@ and the fact that ¢ and € are uniformly continuous prove that such a p exists.
Let us denote by u® (resp. u) the restriction of v¢ (resp. v) to O x (0, p) and let uy
be the restriction of vy to @. Then

1w 20,0111 (0)) + U5 || o0 (0, p522(0)) < C

and an argument similar to the proof of (76) shows that

w1 2(0,0:v(0)) < C(O % (0, p)).

Hence, u® can be regarded as a continuous V (0O)’-valued function and, also, as a
weakly continuous L*(O)-valued function. Furthermore,

lw]lcoqo,pv (0)) < C(O x (0, p))
and
1(u®, ) 20y llcoo, < CO % (0,p),9) Vo € L*(0).

This shows that w can also be regarded as a L*(O)-valued weakly continu-
ous function and uf|,—q converges weakly in L?(O) to u|,—o. But we also have
ufl;—o = up. Therefore, ul;—g = up in O and, since O is arbitrary, the desired
initial condition is satisfied by wv.

Let us finally prove that v = 0 in int Q;. To this purpose, we will view again
(ve,p®) as a weak solution to (15) satisfying (62).

From De Rham’s lemma, we have Vp® € W—12°(0,T; H'(Q)) and

VP [lw 1.0 0,11 () < C-
Indeed, we can write (15) in the form
(55,0) =0 Y EV(Q),
where
S i=v] + V- (v° @v° —vVv°) + Ff(c5,60°)v° — F(c5,6°)
is uniformly bounded in W=1°°(0,T; L*(2)) N L*(0, T; H™*(Q)). Accordingly, S
can be viewed as a distribution in L*(Q;W~1°°(0,T)) that vanishes when it is
applied to any ¢ in V(Q), see for instance [18]; therefore, S must be a gradient,
that is, S = —Vp° for some Vp° uniformly bounded in H'(Q;W~1(0,T)) =
W=Lbee(0.T; H ' (Q)).
Thus, it can be assumed that
Vp® — Vp weakly-+ in W10, T; H™(Q)). (78)
Let ¢ € C(Q) be given, with K := Supp ¢ C int Q,. Notice that
fs(c5,6°) =1 and €3Ff — 1 uniformly in K as & — 0. (79)
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Also,
0:53// (vi + (v° - V)v° —vAv+ Ffoe + Vp* — F°) -
Q

== [[ w07 o £ - B
Q

+ Vég// vangoJre?’// Ffo® -
Q Q

Taking limits as € — 0 and using (65), (69), (78) and (79), we deduce that

[0

Since this must hold for all ¢ € CF(Q) with Supp ¢ C int s, we find that v
vanishes in int Q.

This shows that (c, 8, v) solves the solidification problem in the sense of defini-
tion 2.4 and ends the proof. O

Remark 2. The regularity assumptions on ¢g and 6y have been needed to ensure the
uniform Holder-continuity of ¢® and 6° and thus the compactness of these functions
in C°(Q). On the other hand, the last passage to the limit in the previous proof
relies, among other things, on the fact that

//Qvi-so:—//vat

and consequently converges as ¢ — 0.

Remark 3. Observe that, if d = 3 and (¢%,60°,v°) is a weak solution to the reg-
ularized problem for every &, we can only prove that v° is uniformly bounded in
L*/3(Q), see [8, 19]. But this is not enough to obtain (63) and (64) and we cannot
deduce that ¢ and 6° belong to a compact set of C°(Q); we would need a uni-
form estimate in L%/?(Q), see [13]. It is at this point that the argument begins to
fail in the three-dimensional case. Consequently, the analog of theorem 2.5 in the
three-dimensional case is open.

3. Some first optimal control problems for the regularized solidification
model. Let us consider some first (standard) control problems for the regularized
solidification system (13)—(21). The underlying goal is to govern the growth of a
solidification front (and its geometrical shape) by imposing a heating mechanism
that acts on the non-empty subset w C €.

A mathematical formulation can be obtained under the form of an optimal control
problem. More precisely, we will try to minimize an appropriate cost function
subject to (13)—(21) and some additional constraints on the control h.

In this Section, we will propose several choices for the cost functional (see the
definitions (81) and (82) below). In each case, our purpose will be to achieve three
main tasks:

e To prove the existence of an optimal control.

e To characterize the optimal controls or, at least, to obtain necessary conditions
for optimality.

e To provide iterative algorithms for the computation of optimal controls.



ANALYSIS, OPTIMAL CONTROL AND SOLIDIFICATION 4003

A very interesting question is what happens when € — 0, i.e. which is the behavior
of the solutions to the optimal control problems when we take limits in (13)—(21)
and we approach the original solidification model. This is a difficult question. It
will not be analyzed in this paper, but will be the objective of a forthcoming work.

Let J = J(h,c,0,v) be a cost function. The considered optimal control problem
will have the following general form:

Find (h*,c*, 0%, v*) € £ such that
{ J(h* e*,0%,v*) = min J(h,c,6,v), (80)
(h,c,0,v)€E

where £ is a non-empty set that will be specified later.

In practice, any (h, ¢, 0,v) € € will be assumed to satisfy (13)—(21). Furthermore,
it will be realistic to consider appropriate constraints on h, i.e. to impose that h
belongs to a set of admissible controls Uy,q C L*(w x (0,T)).

Let «a, B, v be nonnegative constants and let us assume that N > 0. We will
consider the following two possible choices of J, that seem reasonable:

First Choice: Let c4,04 € L?(Q) and vg € L*(Q) be given. We set

sheow) =5 [[1e-cl+ 5 [[o-0a2+ [[ o-vip
Q Q Q

N (81)
3L
Second Choice: Let ¢, 0. € L?(Q) and v, € L*(Q) be given. We now set
J(h,c,0,v) /\ x,T) — c.(x)|? + B/\@wT 0. ()|
(82)

N
+$/anfmmW+—// h?
2 Jg 2 JJuxom)

As usual, these objective functions correspond to the goal of having (¢, 8, v) close
to a desired state in the cheapest feasible way.

3.1. The existence of optimal controls. Let us fix a non-empty set U,q C
L?(w x (0,T)). Let us set

E={(h,c,0,v): h €Uy, (c,0,v) solves (13)—(21) }.

Notice that € is a non-empty subset of L?(w x (0,T)) x E, where E is the energy
space for the weak solutions to (13)—(21), i.e. the space of triplets (¢, 8, v) satisfying
(28)—(30). Of course, E is a Banach space for the norm

lellzzary + llellzoe 2y + 10122y + 10l oo 22y + Illz2 vy + 0l Lo (Er)-
Let us consider the control problem (80). The following result holds:

Theorem 3.1. Assume that U,g is weakly closed in L?(w x (0,T)) and the following
hypotheses are satisfied:

1. FEither J is a coercive functional, that is,
J(h",c", 0", v") = 4oo if (h",c",0",v") € &, [[A"|L2(wx(0,1)) — +00,

or Uyq 1s a bounded set.
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2. J is sequentially weakly-+ lower semicontinuous, that is, if (h™,c", 0™ v™) —
(h,c,0,v) weakly-+ in L*(w x (0,T)) x E, then
liminf J(R™, ", 6", v™) > J(h,c,0,v).
n—-+o0o

Then, there exists at least one solution to (80), that is, an optimal control and its
associated state.

Proof. The argument is standard and well known. However, for completeness, we
will give a sketch.

Let {(h™,c™, 0™, v™)} be a minimizing sequence for (80). Then all the control-
states (h™,c",0",v™) belong to £ and the h" are uniformly bounded in L?(w x
(0,7)). Indeed, if this were not the case, it could be assumed that ||A™|| 12 (4 x (0,7)) —
+00, whence we should have J(h", ", 0™, v™) — 400, which is an absurd.

From the estimates in the proof of theorem 2.2, we easily get

0<c" <ce, |(c"0"v")|eg<C,
and
It 20,7 @))yy + 108 | Lo (0,750 (2))) + 10E Lo 0,777y < C,

where 0 =2 if d =2 and 0 =4/3if d = 3.

Consequently, at least for a new minimizing (sub)sequence, we have the weak
and/or weak-x convergence of A", ¢, 0™, v™, ¢}, 67 and v} in appropriate spaces
and the strong convergence of ¢, §" and the components of v" in L?(Q). Thus, as
in the proof of theorem 2.2, we deduce that the limit (h*,c*, 6*,v*) belongs to &,
i.e. h* € U,q (here we use that Uy,q is weakly closed) and (c*, 6*,v*) solves (13)—(21)
for h = h*.

We also have

liminf J(R", ", 0", v™) > J(h*, c*, 0, v").

n—-+oo

Hence, (h*,c*, 0%, v*) solves (80) and the proof is achieved. O

Remark 4. The hypotheses in this result are satisfied when J is given by (81)
or (82) and U,q C L?*(wx (0,T)) is non-empty, closed and convex. Typical examples
are the following:

Usa = L*wx(0,T))

Uy = {heLQ(wx(OT)'|h|<R a.e. }

Uy = {heLwx(0,T)) Zhj 17,(t), hj € L*(w)}
Jj=1

where R > 0 and the I; C (0,7") are disjoint intervals. Consequently, in these cases,
there exists at least one solution to (80).

3.2. The optimality system. Next, we will deduce the optimality system asso-
ciated to the previous control problems. We will need a regularity assumption on
the optimal control-state (h*, c*, 6%, v*):

The set of points (x,t) where 0* = n(c*) or max(ns(c*),0.) is negligible.  (83)

In the case of the cost functional (81), the following holds:
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Theorem 3.2. Assume that Uy,q C L*(w x (0,T)) is non-empty, closed and convex
and J is given by (81). Let (h*,c*, 0%, v*) be an optimal solution to (80) satisfy-
ing (83) and assume that (c*,0* v*) is the unique state associated to h*. Then,
there exists (¢, v, w) € E such that one has:

i +v* - Vi — DAc* =0,

0F +v* - VO* — xA0* = h*1,,

vy + (v* - V)v* — vAv* + (FF)*v® + Vp* = F,

Vvt =0, (84)
(DVe*) - n=0, v*=0 on 90 x (0,7),

(xVO*) n=0 on 'y x(0,T), 6*=0 on T'px(0,T),

c*(z,0) = L(z); 0*(x,0) =0%=x); v*(x,0)=v%x) in Q.

— ¢y — (Doct)*v* -V — DAY = ((D.E)* — (D.F5)*v*) - w
+a(c* = cq),

iy — vV — XAY = (De )" — (DeFE) v*) - w
+(Dgcr)*v* - Vo + B(0" — 0a),

—wy — vAw — (v* - V)w + (Vo*)'w + (Ff)*w + Vr

= —¢Vef — VO +y(v* —vg), (85)
V-w=0,
(DV¢) - n=0, w=0 on 90 x(0,T),
(xV¥) - n=0 on Ty x(0,T), v»=0 on I'p x (0,T),
o(x, T)=0; ¥(x,T)=0; w(x,T)=0 in Q.
// (W + N )(h—h*) >0 Vh€Upa, h* €U (86)
wx (0,T)

Notice that the same conclusion is obtained if (h*, ¢*, 6*,v*) is only a local min-
imizer of J.

Proof. Let us take h = h* + am with a € Ry (small), m € L?*(w x (0,T)) and
h* 4+ am € Ugq. Let (c, 0,v) be a state associated to h. We can then write

(c,0,v) = (¢",0",v") + a(z,y,u) + a(z;, vy, uy),

with
2z +v* - V((Deer)*z + (Docr)*y) + w - Vef — DAz =0,
ye +v* - Vy+u-V0* — xAy =ml,,
u + (v* - V)u + (u- V)v* —vAu + (FF)*u (87)
H((DeF7)* 2 + (Do )" y)v™ + Vq = (D E)*z2 + (Do Be) "y,
V-u=0,
and

zéﬁt +v* - V((Dear)* 2, + (Docr)*y,) +ul, - Vef — DAZ, = —Z,,
y:z,t +v* - Vy, +u, - V0" — xAy, = =Y + (D FY)* 2,

Uy + (07 V)ug + (u, - V)o© —vAu, + (F7) u, (83)
+(DoF5) ye)v™ + Vg = (DeFe) 2, + (Do Fe) "y, — Ua,
V-ul, =0.

Here, we have used the following notation:
o =alc,0%), (Decr)” = Deci(c,0)|c=cr6=0-, (F7)" = F7(c",07),...

The functions (z,y,u) and (2}, y,,u,) must satisfy the same boundary conditions
than (c*, 6*,v*) and homogeneous initial conditions at ¢t = 0.
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We have
Zo =V ((a(e,0) = ) (u+uy) + Z3)
where
Zy = |~ (erle,0) = ) — ((Decr)* (= + 24) + (Do) (y + 91)) | 0°
= [D1a(z + 23) + D2,aly + yo)] v
Similar expressions hold for Y, and U,:
Yo =aV - ((y+ya)(u+uy))
and
U =aV - ((u+uy) ® (u+uy)) + (F(c,0) = (F7)")(u+ug) + Up,

where

UL = B |Haled) ~ ) = (D + ) + (Do) -+ )| 9
[ SOFEC0) = (FE)) — (DLF?) (e 4+ 50) + (DaFF) (r+40)| o°
= [Dra(z+2) + Daa(y + a)l 9 + [Ds.a(2 + 20) + Daaly +y,)] 0"

Here, Dy , and Dy, (resp. D3, and D, ,) denote appropriate combinations of the
partial derivatives of ¢; (resp. F¥). For instance,

1
Dy, = / Deci(c* +sa(z + 2.),0% + sa(y +v,)) ds — (D.c)*. (89)
0

Let us see that (z,y,u), (2, y,,u,) € E, with
Iz 9, wlle < Cllmll2xory, (20 ye wa)le =0 as a— 0. (90)

Taking into account that (h*,c*,0*,v*) € £, 0 < ¢ < ¢, and ¢; € WH*°(R?), from
the usual energy estimates for linear parabolic systems, we easily deduce the first
part of (90): by multiplying the first, second and third equations in (87) respectively
by z, y and u, integrating in space and setting e := (z,y, ) and p := min(D, x, V),
we find that

d * *
Slelie + ulVelzs < (L+ VO + IV [2:) llellZe + lImlu|z:

for all t € (0,7"). This leads to the desired estimate.

Also, ||(2},y.,ul)|lg is bounded, independently of a. More precisely, using the
expressions of Z,, Z!, Y,, U, and U} and introducing €}, := (2}, y,,u,), we now
have

d
@H%H%z + ul Ve, |17
< (L4 IVO 172 + [Vo* 172 + [IVyll7e + [VulZ:2) lleg )72 + Ma
for all t € (0,T), where M, = P, + Q4 + Ry + Sa,

P, = c/|cz<c,9>—c7|2|u\2, Qu = C/ |F7 (e, 0) = (F7) Plul®, - (91)
Q Q

Rai=C [ [1D1aPl? + D3yl (02)
Q
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and
Sy =C / [1D3,a P (V2 + Vo™ ) + [ Daa PVl + Vo )] . (93)
Q

First, since M, < C(1+ ||Vz||2, + [|[Vy||2. + |[Vv]|[2,) for all a and ¢, we deduce
that ||(2},y,,u, )|z is bounded by a constant depending on |[m[ 2w x (0,7))-

Secondly, observe that this yields uniform bounds for z; , and y;, , respectively
in L°(0,T; (H'(2))") and L7(0,T; (He(2))"). Indeed, it suffices to consider the
first two equations in (88) and notice that Z, and Y, are uniformly bounded in
these spaces. As a consequence, at least for a subsequence, we have that z/, and v/,
converge strongly in L2(Q).

In view of (91) and Lebesgue’s theorem, we find that

T T
/ P,(t)dt - 0 and / Q. (t)dt — 0. (94)
0 0
On the other hand, we also have
T T
/ Ru(t)dt —0 and / Su(t)dt — 0. (95)
0 0

Indeed, the uniqueness of (¢*, 0*, v*) and the regularity assumption (83) imply that,
for instance, D1 , — 0 a.e. in Q, since ¢; is C! in a neighborhood of any (c, ) with
0 # m(c) and 6 # max(ns(c),0.). The same is true for Dy ,, D3, and Dy ,.
Consequently, Lebesgue’s theorem also leads to (95).

From (94) and (95), we find that

T
/ M, (t)dt — 0.
0

t t
He;\liz(t)w/o Hw;n%z(s)dsgc/() M,(s)ds Vit e [0,

Since

we deduce that, at least for a subsequence, the second part of (90) is fulfilled. Since
this argument can be applied to any subsequence of {(z.,y.,u, )}, the convergence
must hold for the whole sequence. This proves (90).

By hypothesis, J(h,c,0,v) — J(h*,c*,0*,v*) > 0. Dividing by a and taking
limits as @ — 07, we see that

// (" — ca)z + BO" — 02)y + (v — va) +N//MOT) “m>0. (96)

Let us introduce the linear (adjoint) system (85). From classical arguments, it
is clear that (85) possesses at least one weak solution (¢, 4, w) € E. Furthermore,
a straighforward integration by parts yields the following identity:

// (¢ — ca)z + BO" — Ba)y + (0" — va) //MOT

This, together with (96), gives the inequality

//wx(O,T) W+ NE)m > 0.

Since this must hold for any m of the form m = h — h* with h € Uyq, we find (86).
This ends the proof. O
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For the second choice of the cost functional, given by (82), a very similar reult
can be obtained:

Theorem 3.3. Assume that U,q C L*(w x (0,T)) is non-empty, closed and convex
and J is given by (82). Let (h*,c*,0%,v*) be an optimal solution to (80) satisfy-
ing (83) and assume that (c*,0%,v*) is the unique state associated to h*. Then,
there exists (¢, 9, w) € E such that one has (84),

— b1 — (Do) v* -V — DA = (DeFo)* — (DoFE)*v*) - w,
= — v - Vi — xAY = (Do F.)* — (Do Fy )™ v™) - w
+(Dger)*v" - Vo,
—w; — vAw — (v* - V)w + (Vo*)lw + (Ff)*w + Vr
= — ¢V — V",
V-w=0,
(DV9) - n=0, w=0 on 90Qx(0,T),
(xVy) - n=0 on Iy x(0,T), v=0 on I'px(
¢(waT) = Oé(C*(SC,T) - Ce(w)); ?ﬁ(ﬁﬂvT) = ﬁ( (SC,T
w(x,T) =vy(v*(x,T) — ve(x)) in Q.

and (86).

(97)

0,7),
) = 0c(x)) in Q,

Again, notice that the same holds if (h*,c*,0*,v*) is a local minimizer.

Remark 5. Observe that theorems 3.2 and 3.3 do not assert that h — J(h, ¢, 8, v) is
differentiable at A*. In fact, nothing indicates that this function is well defined, since
in general a control h close to h* can have several associated states. Nevertheless,
we have been able to express the variation of J at (h*,c*,6*, v*) in the direction
determined by m in the form

//wx(o,T)(w R m

where 1) solves, together with ¢ and w, the adjoint system (85) or (97). For this
reason, we can interpret (1) + Nh*)|,x(0,r) as the “gradient” of h +— J(h,c,0,v)
at h*.

Remark 6. In the most simple case, Uyq = L*(w x (0,7T)), and (86) means that
1
h= —Nw in wx(0,T). (98)

More generally, since U,q is a closed convex set of L?(w x (0,7)), (86) is equivalent
to

1
h = Puq (—N¢|wx(o,T)> ) (99)

where P,q : L?(w x (0,T)) + Uy,q is the orthogonal projector.

3.3. Some iterative algorithms. We will now propose some iterates to compute
the solution to the previous optimal control problems.

For simplicity, we will only refer to the case where J is given by (81) and, con-
sequently, the optimality system is (84)—(86). The adaptation to the case (82) is
straightforward and will not be given.

The following algorithms rely on the ideas in the proof of theorem 3.2. Specifi-
cally, we notice that, if (h, ¢, 6,v) € £ and the couple (¢, #) is “regular” in the sense
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of (83), then for any m € L?(w x (0,T)), any small a > 0 and any state (c/,0’,v")
associated to A’ = h + am, one has

J(W,c,0 v = J(h,c,0,v) —i—a// (¥ + Nh*)m + aO(a),
wx(0,T)

where v is, together with ¢ and w, the unique solution to

—¢1 — (Decr)v - Vo — DAY = ((DF) — (D FY)v) - w
+a(ec —¢q)

—tpy —v - Vi) — xAY = (Do F.) — (Do F})v) - w
+(Dgcr)v - Vo + (0 — 04)

—w; —vAw — (v V)w + (Vv)'w + (Ff)w + Vr (100)

—¢Ver —PVo + (v — vq)

(DV¢) - n=0, w=0 on 90 x(0,T)

(xV¥) - n=0 on I'ny x(0,T), v =0 on I'p x (0,7)

o, T)=0; Y(x,T)=0; wx,T)=0 in Q

and O(a) = 0 asa — 07.
The first proposed algorithm is the following;:

ALGORITHM 1
a. Choose k0 € U,q;
b. Then, for given n > 0 and h™ € U,4, do until convergence:
1. Solve (84) with h = h™, to obtain (c*, 6™, v"™);
2. Solve (100) with (¢, 0,v) = (¢, 0™, v™), to obtain (¢",¢", w™);
3. Set d" = (Y™ + Nh")|ux(0,r) and find p" such that
J (") = infs0 57 ().
Here, j™(p) is the value of J at any (h™ — pd™, c"(p), 0™ (p)v"(p)),
where (¢"(p),0™(p),v™(p)) is a state associated to h™ — pd™;
4. Set A"t = P y(h™ — pmd™).

TABLE 1. The optimal step gradient method with projection.

Let us assume that (84) possesses exactly one weak solution (c,6,v) for each
h € Uy,q (this is the case if d = 2) and that all the (h, ¢, 6, v) € £ satisfy (83). Then
algorithm 1 must be viewed as a classical optimal step gradient method.

Since (84) is nonlinear and we have to solve this system by using an iterative
scheme, it is reasonable to introduce a variant where we perform mixed loops. This
is described in Table 2.

Remark 7. A natural choice of the convergence criteria can be

K" = B L2 wx 0,1)) < KIE T L2 wx 0,1))

for k small enough. Notice however that this can be not completely significative
for linear and not superlinear convergence. Consequently, this should be followed
by an additional test where we check whether the necessary optimality conditions
are satisfied. On the other hand, since the numerical computation of p" can be
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ALGORITHM 2
Choose h° € Uy,q and (¢71,07 v~ 1) € E;
Then, for given n > 0 and A" € U4, do until convergence:
1. Solve (84) with h = h™, ¢;, Ff and F, computed at (¢~ 67~1)
and v - V replaced by v"~! - V, to obtain (¢, 7, v");
2. Solve (100) with (c,0,v) = (¢, 6™, v™), to obtain (¢",y™, w");
3. Do as in step 3 of algorithm 1;
4. Do as in step 4 of algorithm 1.

Sl

TABLE 2. A “mixed-loop” alternative to algorithm 1.

expensive, it may be convenient to simplify algorithms 1 and 2 by replacing step 3
by the following:

3’.  Set d" = (Y™ + Nh")|ux(o,1) and p™ = p (a prescribed positive constant).

Of course, we can also consider a variant by performing step 3 only a few times (for
instance for n = 10,20, 30,...) and keeping in between the same fixed p (equal to
the last computed p™).

A second and more efficient and accurate strategy is to consider conjugate gra-
dient methods. This leads to algorithms similar to those above, where the main
difference is that the descent direction d” is close but not identical to the “gradi-
ent” (wn + Nhn)|w><(0’T).

Let us set
R/ // oo

for all f,g € L?(w x (0,T)) with g # 0. The proposed conjugate gradlent algorithm
(with projection) is given in Table 3.

There, G stands for one of the functions G or Ga; the choice G = G; (resp. G =
Gs) corresponds to the Fletcher-Reeves (resp. Polak-Ribiere) version; see [12] for
more details.

Remark 8. Of course, we can modify algorithm 3 as we did in remark 7 in order
to avoid large computational costs concerning p”. We can also linearize the state
systems by simply computing ¢;, FF and F, at the previous (¢"~1,0"!) and re-
placing v™ by v™ ! in the transport terms. This leads to the analog of algorithm 2.
We omit the details.

4. Minimizing the time needed to approach a desired state. In this Section,
we will consider another optimal control problem for (13)—(21), where the time
needed to approach a desired state plays an essential role. We will prove an existence
result and, then, we will deduce the optimality system.

4.1. An existence result. Let us fix Ty > 0 and let us introduce a closed convex
set Uyq C L2 (w x (0,Tp)) and the set

E ={(hyc,0,v): h € Upq, (c,0,v) solves (13) —(21) in 2 x (0,Tp) }.
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ALGORITHM 3
Choose h° € U,q;
Perform one gradient step, i.e.
1. Solve (84) with A = h°, to obtain (¢, 8°,v°);
2. Solve (100) with (c,8,v) = (c°,0°,v°), to obtain (¢°, %, w°);
3. Set d" = (Y™ + NRh")|ux(0,1), etc.
c. Then, for given n > 1 and h" € U,q, do until convergence:
1. Solve (84) with h = h"™, to obtain (c", 6™, v™);
2. Solve (100) with (¢, 8,v) = (¢, 0™, v™), to obtain (¢™, "™, w");
3. Set fr=(4" + NA") | 0.1y C"=G(f", f771), d" = f7 + ("
and compute p™ as in step 3 of algorithm 1 with this new d";
4. Do as in step 4 of algorithm 1.

S

TABLE 3. The optimal step conjugate gradient method with projection.

Again, & C L?*(w x (0,Tp)) x Eg, where Ej is the energy space for the solutions to
(13)—(21) in 2 x (0,Tp).
Let 6 > 0 be given and let us set

I(h,c.0,0) = LT*(6:0.,5) // L (101)
0

where 6, € L?(Q) and, by definition,
T*(0;0.,0) =inf{ T € [0, o] : |0(-,T) — O¢l|z2 < d}

(eventually, we can have T*(0;6,,0) = +00).
We will consider the following optimal control problem:

Find (h,¢,0,0) € & such that

I}AL7Aa9A7A = i Ih7 aea
(GO0 = ), e, T 00

(102)

Theorem 4.1. Assume that the set of (h,c,0,v) € & such that I(h,c,0,v) < 400
is non-empty. Then, there exists at least one solution to (102).

Proof. The set U, is weakly closed in L?(wx (0,Tp)) and I is coercive. Accordingly,
we only have to check that this functional is sequentially weakly-* lower semicon-
tinuous for the norm of Fj.

Let {(h™,c™, 0™, v™)} be a sequence in & such that k" — h weakly in L2(w x
(0,Tp)) and (¢™, 0™, v™) — (¢,0 ;0) weakly-+ in Ey. Then, arguing as in the proof
of theorem 3.1, we see that (¢,6,9) must solve (13)-(21) in Q x (0,Tp) for h = h.

We have
liminf// |n"|? > // A2,
n=+00 J Jux(0,To) wx (0,To)

On the other hand, if we set T := T*(6"; 0., 0) and T* := T*(0; 0., §), we also have
liminf 700 > T*. (103)

n—-+oo
Indeed, if this assertion is false, it can be assumed that the T}’ converge to a time
T that satisfies _
T= lim T;<T" (104)

n—-+oo
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We will use the following result, whose proof is postponed to the end of this para-
graph:
Lemma 4.2. Under the assumption (104), we necessarily have:
(00, T) = be,9)12 < 6]lz2 Vb € Hy(Q). (105)

In particular, if (104) holds, one has ||6(-, ) OellL2 < 6. On the other hand, in
view of the definition of T* and the fact that T < T*, we must also have ||0(-,T) —
Oc|lz2 > 0, which is the opposite inequality. Thus, we get an absurd and, necessarily,

liminf T7 > T*.

n—-+oo
This completes the proof of theorem 4.1. O

Proof of lemma 4.2. Let ", T and T be as in the proof of theorem 4.1 and let us
assume that (104) holds. We can write the following:

[0, T) — O, 0) 2] <10, T) = 0(-,T5%),9) 2|
F1OC,TE) = 0", T2), ) 2| + (07 T = O, ) 12

Let us estimate the three terms in the right hand side of (106). To this end, we will
use the following well known result by J. Simon (see [17]):

(106)

Lemma 4.3. Let us consider three Banach spaces X C B C'Y with compact embed-
ding X — B and continuous embedding B — Y. Let F be bounded in L>°(0,T; X)
and let OF /0t := {0f /0t : f € F'} be bounded in L"(0,T;Y), where r > 1. Then,
F is relatively compact in C°([0,T); B).

Since A" is uniformly bounded in L?(w x (0,7p)) and the states (c™, 6", v™) are
uniformly bounded in Ey, we also have
168 | Lo 0, 105000 (20)) < C

(recall that 0 = 2 if d = 2 and 0 = 4/3 if d = 3). This is a consequence of the
identities
0y = h"1, +xA0" =V - (0"0")

and was already deduced in similar contexts in the proofs of theorems 2.2, 3.1
and 3.2.

In view of lemma 4.3, 6" belongs to a compact set in C°([0,Tp]; B) for any
Banach space B with L*(Q2) C B C (Hg(f2)), the first embedding being compact.
In particular, " — 0 strongly in C°([0, Tp); (He(R2))) and

)
(0C-. T3) = 0" (-, T70), ) 12| < ClOC, T7) = 07, Tl oy 1M1, — 0 (107)
0

for all ¢ € Hy(€2). Also, since T; — T and 6 € CO([0,Tp]; L2(R2)), we have
6(-,T) — (-, T) weakly in L%(), whence

Finally,
(07 (-, T7) = Ocs )2 <107, T5) = Ocl[L2[¢ll 22 < 0l[9llz> (109)
by the definition of T)*. From (106) and (107)—(109), we deduce at once (105). O
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4.2. The optimality conditions. Our second goal will be to characterize the solu-
tions to (102) in terms of appropriate optimality conditions, i.e. to deduce a system
of equations that the optimal solution, together with some appropriate multipliers,
must satisfy.

Let us introduce the function ®, with

®(T,h) = ; + g //WX(&TD) |n|>  Y(T,h) €[0,Ty] x L*(w x (0,Tp)). (110)

Then, (102) can also be written in the form

Minimize ®(T,h)
Subject to T € [0,Tp]

111
(h,c,0,v) € & (111)
16¢-,T) = bellL> < 6
For obvious reasons, it can also be written in the slightly different way
Minimize ®(T,h)
Subject to T € [0, Tp] (112)

(h,c,0,v) € &
10(-,T) = bellrz =0

where the condition for 6 at T" has been reformulated as an equality constraint.
The following result holds:

Theorem 4.4. Let the assumptions of theorem 4.1 be satisfied and let (T, ﬁ) be a
solution to (112), with associated state (¢,0,). Let us assume that T € (0,Tp),
(¢,8,) is the unique state associated to (T, h), the set of points (z,t) where § =
n(€) or max(ns(é),8.) is negligible,

3k > 0 such that t € [T — k,T) — 0(- ) € L*(Q) is C* (113)
and
(é(aT) _eevét('7T))L2 <0 (114)

and let us denote by E the energy space associated to T. Then, there exist A € R
and (¢,¥,w) € E such that one has:

é+-Vé—DAE=0

O, + - VO — yAD = hl,,

Oy 4 (9 - V)0 — vAD + () + Vp* = F,

V-9=0 (115)

(DVé)-m =0, 8=0 on 992x (0,T)
(xVO) -mn=0 on Ty x(0,7), §=0 on T'p x (0,T)
é(x,0) = A(x); O(x,0) =0%x); o(z,0)=0%(x) n Q
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— 6 — (Del)d -V — DAG = ((DCE) — (Dcﬁ’f)'b) cw

Py — - V) — YAY = ((D(,Fe) - (DgFf)f;) Cw
+(Dpér)v - Vo
—w; — vAw — (¥ - V)w + (Vo)'w + (Ff)w + Vr

— —¢Vé — VO (116)
V-w=0
(DV¢) - m=0, w=0 on 9 x (0,T)
(xVY)-m=0 on Tnx(0,T), »)=0 on Tpx (0,T)
ox,T) =0; ¢(x,T) = O(x,T) - 0c(x)); wx,T)=0 in Q
/ WA N —h) 20 Vh €U, b€ Usa, (117)
wx (0,77
T = P[O,To] (_)\(é( aT) - 967 ét( aT))LQ) y (118)
16, T) = bell > = 5. (119)

In (118), Pz, stands for the usual orthogonal projector on [0, Ty].

Remark 9. The assumption we have made on T serves to discard trivial cases.
The first two assumptions on (¢, é) are regularity hypotheses. The assumption
(113) plays the role of a qualification hypothesis; this is explained in remark 10. On
the other hand, it is a reasonable assumption, at least when U,q = L?(w x (0,7));
this will be clarified below, see remark 11.

Remark 10. In order to understand the situation and to interpret theorem 4.4,
it is convenient to argue as follows. Let us provisionally replace (13)—(21) by the
much simpler system

0, — AO = hl, in Qx(0,Tp)
0 =0 on 09 x (0,Tp) (120)
0(xz,0) = 0°(xz) in Q

Let (T, h) be a solution to the problem

Minimize ®(T,h)
Subject to T € [0, Tp]
(h, 0) satisfies (120)
16, T) = Oellz2 = &

(121)

and assume that T € (0,Tp), h € int Uyq. Let 6 be the state associated to h and
assume that (113) holds. We can view (T',h) as a minimizer of ® subject to the
equality constraints
E(h,0):= (6, — A0 — h1,,0(-,0) — 6y) = (0,0)
52

1
V(T,0) = 5lI0(,T) - Oz — 5

Moreover, R(E’ (iL, é) is closed. Therefore, thanks to the classical Lagrange’s theo-
rem, there exist multipliers A\g, A and (¢, 1) (not simultaneously zero) with

)\07>\€Ra ¢=¢($7t)» 77:77<w)



ANALYSIS, OPTIMAL CONTROL AND SOLIDIFICATION 4015

and

0= Xo ((T, h), (S,m)) + X (V'(T,6),(S.,9)) — (), E'(h,6)(m, y))

TM// OThm)

A (06 1) = 00,00 1) 2+ (B, T) = 0,y (- )12 )
- [ ¢ =y =) oyt e

for all S, m and y. The first consequence is that
XTI + MO, T) = 0.,0,(-,T)) 2 = 0. (122)

The second consequence is that, for all y, one has
/ o ¢(yt - Ay - mlw) - )‘(é( 7T) — 0., y( 7T))L2 + (77, y( ) 0))L2 =0 (123)

and, after some computations, this leads to:
—tpy —AY =0 in Qx(0,7)
Y =0 on 9N x (0,T) (124)
V(x,T) = MNl(z,T) — b.(x)) in Q
and
n(x) = ¢Y(x,0) in Q, (125)
Finally, we also have
Y4+ ANh=0 in wx(0,T). (126)
We see from (122), (124) and (125) that A cannot be zero. For, otherwise, we would
also have A\g = 0, 1) = 0 and 7 = 0, which is impossible. The function ¢ — 3 L16(-,t)—
6.||3. is non-increasing at ¢ = T'; consequently, (é( , ) 0., 0t( ))Lz <0. Itis
immediate from (122) that, if the strict inequality holds, then Ay # 0. We can thus
assume in this case that A\g = 1 and (126) and (122) respectively become

Y+ Nh=0 in wx(0,7) (127)
and X .
T ==XNO(-,T) = 0¢,0,(-,T)) 2. (128)
In this way, we obtain an optimality system similar to (115)—(119).

Remark 11. Let us consider again (121), where we assume that 7' € (0,T),
h € int Uqa and (113) is satisfied. We have already seen that, necessarily, 0, 7)—
Oc,0:(-, T)) > < 0. If we have (6(-,T) — 0,,0:(-,T)) 2 = 0, the identities (122)
and (126) show that A\p = 0 and

Y=0 in wx(0,7).

But then 1) = 0, because the solutions to systems of th kind (124) satisfy the
unique continuation property, see for instance [16]. From (125), we also have n = 0.
Taking into account the final condition satisfied by % and recalling that at least one
multiplier must be nonzero, we deduce that

O(z,T) = (x) in wx (0,T).

But this is obviously absurd. Consequently, (6(-,T") — 0¢,0,(-,T))> < 0. This
shows that (114) is a reasonable assumption at least when U,q = L*(w x (0,Tp)).
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Proof of theorem J.J. Let us introduce S € R, m € L?(w x (0,7T)) and a € R, such
that

T:=T+aSe0,Ty], h:=h+amecly, |0(-,T)—0.% =0 (129)

and let (¢, 0,v) be a state associated to h.
In view of (129),

0§<I>(T,h)—¢(T,iz)=a<TS+N// m)
wX(O,To)

ST+ N / / im2
wx(0,T0)

for any small a > 0, whence

TS + N// hm > 0. (130)
U.)X((],T())

As in the proof of theorem 3.2, we can write

L@
>

(¢,0,v) = (¢,0,0) + a(z,y,u) + a2, yh,ul)

with (z,y,u) and (2, y,,u.,) solving systems respectively similar to (87) and (88),
together with homogenous boundary and initial conditions. Arguing as we did
in that proof, we see that (z,y,u), (2}, s, u,) € Eo and ||(2),y,,ul)||g, — 0 as
a — 07. Moreover,

02”9(7T)_9A6H%2A_52:”(0(’T)_A b g
= ”0( 7T) - 9( 7T)||2 + 2(9( aT) - 0( 7T)79(' aT) - e)L2
Taking into account that
0(-,T)—0(-,T) = ay(-,T) + aby(-, T)S + a O(a) in L*Q)

where O(a) — 0, we easily deduce that

- (é( aT) - 067 ét( 7T))L2 S = (é( aT) - 067y(' 7T))L2~ (131)
Let us introduce A € R with
—(0(-,T) = 0c,0,(- . T)) 2 A =T (132)

and let (¢, v, w) € E be the solution to (116).
Thanks to (114), A is well defined. Furthermore,
TS =—0(,T) = 0c,0,(-,T)) 12 AS
= (MO, T) = 0c), y(-, 1))

= (77[]( 7T)v y( 7T))L2

and, using the equations and boundary and initial conditions satisfied by (¢, %, w)
and (z,y,u), we see after some integrations by parts that

TS = // Pm.
wx(0,To)
In view of (130), this yields

//WX(O’TO)(w + Nhym > 0.
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On the other hand, since 7' € (0,Tp) and X is given by (132), the equality ( 8)
trivially satisfied. Consequently, the couple (7', h), the associate state (¢ 0, ),

the multiplier A € R and the adjoint state (¢, v, w) satisfy (115)—(119).

This ends the proof. O

Remark 12. The optimality system can be used to deduce iterative algorithms for
the computation of an optimal (T, k, ¢,6,?). This will be the goal of a forthcoming
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