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Analysis of a chemo-repulsion model with nonlinear production:
The continuous problem and unconditionally energy stable fully

discrete schemes

F. Guillén-Gonzélez* M. A. Rodriguez-Bellido* and D. A. Rueda-Gémez*T

Abstract
We consider the following repulsive-productive chemotaxis model: Let p € (1,2), find

u > 0, the cell density, and v > 0, the chemical concentration, satisfying

Ou — Au—V - (uVu)=0 inQ, t>0,
Ov—Av+v=uP in, t>0,

in a bounded domain Q C R? d = 2,3. By using a regularization technique, we prove
the existence of solutions for problem (1). Moreover, we propose three fully discrete Finite
Element (FE) nonlinear approximations of problem (1), where the first one is defined in
the variables (u,v), and the second and third ones introduce o = Vv as auxiliary variable.
We prove some unconditional properties such as mass-conservation, energy-stability and
solvability of the schemes. Finally, we compare the behavior of these schemes throughout

several numerical simulations and give some conclusions.
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1 Introduction

Chemotaxis is the biological process of the movement of living organisms in response to a chemical

stimulus, which can be given towards a higher (chemo-attraction) or lower (chemo-repulsion)
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concentration of a chemical substance. At the same time, the presence of living organisms can
produce or consume chemical substance. A repulsive-productive chemotaxis model can be given

by the following parabolic PDE’s system:

Ou—Au=V-(uVv) inQ, t>0,
ov—Av+v=f(u) inQ, t>0,

where Q C R%, d = 2,3, is a bounded domain with boundary 9. The unknowns for this
model are u(x,t) > 0, the cell density, and v(x,t) > 0, the chemical concentration. Moreover,
f(u) > 0 (if w > 0) is the production term. In this paper, we consider the particular case in
which f(u) = wP, with 1 < p < 2, and then we focus on the following initial-boundary value
problem:

Ou —Au=V - (uVv) inQ, t>0,

ov—Av+v=uP in Q, t>0,

%:%:0 on 09), t > 0, )
u(z,0) = up(x) > 0, v(x,0) = vo(x) >0 in Q.

In the case of linear (p = 1) and quadratic (p = 2) production terms, the problem (2) is well-
posed (see |7, 13| respectively) in the following sense: there exist global in time weak solutions
(based on an energy inequality) and, for 2D domains, there exists a unique global in time strong
solution. However, as far as we know, there are not works studying problem (2) with production
uP, with 1 <p < 2.

Problem (2) is conservative in u, because the total mass [, u(-,t) remains constant in time, as

we can check integrating equation (2); in €,

i(/ﬂu(-,t}) =0, ie. Au(ﬁ) :/Quo i=mg, Vt>0. (3)

The first aim of this work is to study the existence of weak-strong solutions for problem (2) (in
the sense of Definition 3.1 below), satisfying in particular the energy inequality (9) below. The
second aim of this work is to design numerical methods for model (2) conserving, at the discrete
level, the mass-conservation and energy-stability properties of the continuous model (see (3) and

(9), respectively).

There are only a few works about numerical analysis for chemotaxis models. For instance, for the



Keller-Segel system (i.e. with chemo-attraction and linear production), in [9] Filbet proved the
existence of discrete solutions and the convergence of a finite volume scheme. Saito, in |20, 21|,
studied error estimates for a conservative Finite Element (FE) approximation. In [8], some error
estimates are proved for a fully discrete discontinuous FE method, and a mixed FE approxima-

tion is studied in [18].

Energy stable numerical schemes have also been studied in the chemotaxis framework. An
energy-stable finite volume scheme for a Keller-Segel model with an additional cross-diffusion
term has been studied in [6]. In [13, 14|, unconditionally energy stable time-discrete numerical
schemes and fully discrete FE schemes for a chemo-repulsion model with quadratic production
have been analyzed. In [15], the authors studied unconditionally energy stable fully discrete FE
schemes for a chemo-repulsion model with linear production. However, as far as we know, for the
chemo-repulsion model with production term u? (2) there are not works studying energy-stable

numerical schemes.

The outline of this paper is as follows: In Section 2, we give the notation and some preliminary
results that will be used throughout the paper. In Section 3, we prove the existence of weak-strong
solutions of model (2) (in the sense of Definition 3.1 below) by using a regularization technique.
In Section 4, we propose three fully discrete FE nonlinear approximations of problem (2), where
the first one is defined in the variables (u, v), and the second and third ones introduce o = Vv as
an auxiliary variable. We prove some unconditional properties such as mass-conservation, energy-
stability and solvability of the schemes. In Section 5, we compare the behavior of the schemes
throughout several numerical simulations; and in Section 6, the main conclusions obtained in

this paper are sumarized.

2 Notation and preliminary results

We recall some functional spaces which will be used throughout this paper. We will consider the
usual Lebesgue spaces L(Q), 1 < q < oo, with norm || - ||z¢. In particular, the L?(Q)-norm will
be denoted by || - ||o. From now on, (-,-) will denote the standard L?-inner product over 2. We
also consider the usual Sobolev spaces W™P(Q) = {u € LP(Q) : || 0% r < 400, Y|a| < m}, for

a multi-index a and m € N, with norm denoted by || - ||jym.». In the case when p = 2, we denote



H™(Q) :== W™2(Q), with respective norm || - ||,,. Moreover, we denote by

WP (Q) = {u e Wm™P(Q) : gz =0 on 8(2} ,

HL(Q):={c c H(Q): 0 -n=0o0n 00},

and we will use the following equivalent norms in H'(Q) and H(Q), respectively (see [19] and

[2, Corollary 3.5], respectively):

2
Jull? = |Vul2 + ( /Q u) | Ve H\(Q),

lo|lf = lle[|§ + l[rot oI + |V - oll5, Vo € Hy(%), (4)

where rot o denotes the well-known rotational operator (also called curl) which is scalar for 2D

domains and vectorial for 3D ones. In particular, (4) implies that, for all & = Vo € HL(Q),
IVollf = [IVoll§ + [1Av]3. ()

If Z is a general Banach space, its topological dual space will be denoted by Z’. Moreover, the
letters C, K will denote different positive constants which may change from line to line.

We will use the following results:

Theorem 2.1. ([10]) Let 1 < g < +00 and suppose that f € L1(0,T; L)), ug € Wz_%’q(ﬁ),

where

WAUQ) if <3,

w. Q) if ¢>3.

Then, the problem

Ou—Au=f inQ, t>0,
@:O on 092, t >0,
on

u(x,0) = ug(x) in Q,

admits a unique solution u in the class

we LU0, T; W4(Q)) N C([0, T): W™ #%(S)), dyu € LI(0, T; LI(R)).



Moreover, there exists a positive constant C = C(q,Q,T) such that

] HIOrull oo zizaon Hlull s o.rwaq) < CUIFlariza@) Hlvollg- 2.4 o )-

C(0T) W 7(0) @)

Proposition 2.2. ([1]) Let X be a Banach space, Q@ C X an open subset, U C Q a nonempty
convex subset and J : Q — R a functional. Suppose that J is G—differentiable in Q). Then, J is

convex over U if and only if the following relation holds
J(:L’l) — J(:L‘z) < 5J(131,."L‘1 — IL‘Q), Vai, 9 € U, x4 7A xo. (6)

Finally, we will use the following result to get large time estimates [16]:

Lemma 2.3. Assume that 6,38,k > 0 and d"* > 0 satisfy
(1+0k)d" ™ <d™+ kB, Vn>0.
Then, for any ng > 0,

d" < (14 6k)~(=mo)gno L 5718, Wi > n.

3 Analysis of the continuous model

In this section, we will prove the existence of weak-strong solutions of problem (2) in the sense

of the following definition.

Definition 3.1. (Weak-strong solutions of (2)) Let 1 < p < 2. Given (ug,v9) € LP(Q2) x
HY(Q) with ug > 0, vg > 0 a.e. in Q, a pair (u,v) is called weak-strong solution of problem (2)
in (0,400), ifu>0, v >0 a.e.in (0,400) x Q,

w € L0, +00; LP(Q)) N L3 (0, T; Whit3(Q)), VT > 0,
v € L®(0,+oo; H'(Q)) N L2(0,T; H*(Q)), VT >0,
Byu € Lnts (0,T; W s (Q)), 8y € L5(0,T; L3(Q)), VT >0,

the following variational formulation for the u-equation holds
T T T _10p_ 1. Lop_
/ (Opu, ) —I—/ (Vu, Vﬂ)—i—/ (uVv,Va) =0, Yue L7=6(0,T; W 7=-5(Q)), VI >0, (7)
0 0 0
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the v-equation holds pointwisely
ov—Av+v=uP ae (t,x) € (0,+00) x Q, (8)

0
the boundary condition @ _ 0 and the initial conditions (2)4 are satisfied, and the following

on
energy inequality (in integral version) holds for a.e. to,t1 with t1 > tg > 0:

5@4h%v@ﬂ)—£@d@%v@@)+¥/l(iHVuf”@»H3+HVv@Hﬁ> ds<0,  (9)

to

where

E(u,v) =

1
Il + 5901 (10)

Observe that any weak-strong solution of (2) is conservative in u (see (3)). In addition, integrating

LY [ -

(2)2 in Q, we deduce

3.1 Regularized problem

In order to prove the existence of weak-strong solution of problem (2) in the sense of Definition
3.1, we introduce the following regularized problem associated to model (2): Let ¢ € (0, 1), find

(uf, 2%), with u* > 0 a.e. in (0, +00) X €2, such that, for all T > 0,
W2 e X = {we L0, T;W53(Q)) N L3 (0, T; W3(Q)) : dyw € L3(0,T; L3(Q))},  (12)

and

Ot — Auf =V - (u*Vu(zf)) in Q, t >0,

Ozt — Azf + 25 = (uf)Pin Q, t >0, (13)
ou®  0z°

n - on =0 on 99, t >0,

u®(x,0) = ug(x) >0, 2°(x,0) = v§(x) — cAv§(x) in Q,

where v® = v(z¢) is the unique solution of the elliptic-Newman problem

v& — eAv® = 2° in Q, (14
€ 1

0 0 on 00,

on




(ug, 25) — (ug, z0) in L?(Q) x L*(R), ase — 0. (15)

Taking into account (12), system (13) is satisfied a.e. in (0,+00) x Q. From now on in this
section, we will denote v°(2°) solution of (14) only by v=. Observe that if (u, 2%) is any solution

of (13), then (3) and (11) are satisfied for (u,v) = (u®, v®).
Theorem 3.2. Let ¢ € (0,1). Then, there exists at least one solution of problem (12)-(13).

Proof. We will use the Leray-Schauder fixed point theorem. With this aim, we denote
X = L0, T3 L*(2)) N L*(0, T; H (2)),

and we define the operator R: X x X — X x X < X x X by R(¢, %) = (7, 2°), such that

(u®, 2¢) solves the following linear decoupled problem

Ot — Auf =V - (a3 .Vo®) inQ, >0,

Ozt — Azf = (uF)P —2fin Q, t >0, (16)
out  0z°

I~ om =0 on 99, t>0,

u®(x,0) = uf(z) > 0, 26(z,0) = v§(z) — cAv(x) in Q,

where v° = v(z%) and, in general, we denote a4 := max{a,0}. Then, (u®, 2%) is a solution of (13)
iff (u®,2%) is a fixed point of the operator R defined in (16). Let us check every hypotheses of
Leray-Schauder Theorem:

1. R is well defined. Observe that if 2. € X, from the H? and H3-regularity of problem (14)
(see [11, Theorems 2.4.2.7 and 2.5.1.1] respectively), we have that

7° € L®(0,T; H*(Q)) N L*(0,T; H3(Q)). (17)

Thus, we deduce that Vo© € L*(0,T; H'(Q)) N L*(0,T; H*(Q)) — L%0,T; L1(Q)).
Then, using this fact and taking into account that (¢, 2°) € X x X — L/3(0,T; L19/3(Q))?,
we obtain that V - (@5.Vo°) = Vs Vo® + a5 A% € L3(0,T;L3(Q)) and (@)P + 7 €
Lg(O,T;L%(Q)) for any p € (1,2) (using that u®, Av® € LIPTO(O,T;L%(Q))). Thus, ap-

plying Theorem 2.1 to (16), we deduce that there exists a unique solution (u¢, z¢) of (16),



(uf,2%) € X x X (where X is defined in (12)).

. All possible fixed points of AR (with A € (0, 1]) are bounded in X x X and «® > 0. In fact,

observe that if (u®, 2%) is a fixed point of AR, then (uf, 2%) satisfies

Opu® — Au® = AV - (u . Vo) in Q, t >0,

Ozf — Azf = A(uf)P — Xz in Q, t >0, as)
O O2¢ 18
n ~ on =0 on 09, t >0,

u®(z,0) = uf(x) >0, 2°(z,0) = vi(x) — cAvj(x) in €,

Multiplying (18)1 by v := min{u®, 0} and integrating in 2, we have

S 3+ V0 3 = A Vo, T ) = 0

which, taking into account that u§(z) > 0 a.e. in 2, implies that u® > 0 a.e. in (0, +00) x 2.

P . (uf)P~1 and —Av® respectively, and

Thus, u% = u®. Now, we test (18); and (18) by 5
adding both equations, the terms —)\Ll(vaE,V(us)p*l) and A(V(u®)P, Vv®) cancel,
=

and taking into account (14), we obtain

d
el p/2
i 0+ [ 9

+e[ V(Av7) |5 + | Av°[I5 = —AlIVee|[5 — Ael| Av®l§ < 0, (19)

where

1 1 €
£x(utv) = =l + IV IR + 518075,

2
Moreover, we observe that the function y*(t) = (/ ve(x, t) dw) satisfies (y°)'(¢t) +y°(t) <
Q

we(t), with we(t) = ||u6(t)||i€§ In fact, it follows by multiplying (11) (for (u,v) =
(uf,v%)) by / v®(z,t) dz and using the Young inequality. Therefore, 3°(t) = y°(0)e~" +
Q

t
/ e~ (=) w®(s) ds, which implies that
0

2
(/Qu (z,1) dm) < (/Qvo(a:) da:) 10 o iy VE > 0. (20)



Then, from (19)-(20) and using (5), we deduce the following estimates with respect to A:

(u,v%) is bounded in L(0, +o0; LP(Q) x H?(Q)),
(u¥)5 s bounded in L>(0, 4+o00; L2(Q)) N L2(0, T; HY(Q)) < L3 (0,T; L3 (),

uf is bounded in LP(0,T;L3(Q)) and v° is bounded in L2(0,T; H3()).
(21)

Then, from (21) we conclude that z¢ is bounded in X'. Moreover, testing (18); by u®, we

have
1
—— [ + Juf ] = —A(u* VT, Vu©) + [[uf||§ < §||u5||? + C(IIVvell? + 1) [u°I5,

from which, taking into account (21) and using the Gronwall Lemma, we deduce that u®

is bounded in X.

. R is compact. Let {(u$,z5)}nen be a bounded sequence in X x X. Then (uf,z5) =

n~n n)»~n
R(us,, z5) solves (16) (with (u5,, z5) and (u5,, 25) instead of (u°, 2°) and (u®, %) respectively).

Therefore, analogously as in item 1, we obtain that V- (45, Vvy;,) and (uj,)? 425, are bounded
in Lg(O,T; Lg(Q)), and therefore, from Theorem 2.1 we conclude that {R(%5, 25) }nen is
bounded in X x X which is compactly embedded in X x X', and thus R is compact. Observe
that the compactness embedding comes from the continuous embedding (using embeddings

WHP(Q) < H*(Q), see [17, Theorem 9.6]):
X < L>®(0,T; HY?(Q)) N L¥3(0, T; H/1(Q)) « L?(0,T; H*?(Q)).

Then uf, 25 € L>(0,T; H/?(Q)) N L(0,T; H3?(Q)) and dyus, d2° € L¥/3(0,T; L¥3(Q)),

hence the compactness holds by applying the Aubin-Lions Lemma (see [22]).

. R is continuous from X x X into X x X. Let {(u5,z5)}neny C X X X be a sequence such
that

(u5,zr) — (u%,z°) in X x X, asn— +oo. (22)

n» n

Therefore, { (45, z5) }nen is bounded in X x X', and from item 3 we deduce that {(u$, 25) =

n»Tn

R(uE, %) Inen is bounded in X x X. Then, there exist (a¢,2°) and a subsequence of



{R(us, 25 ) }nen still denoted by {R(%5,, 25) }nen such that

R(W, %) — (45,5°) weakly in X x X and strongly in X' x X. (23)

n

Then, from (22)-(23), a standard procedure allows us to pass to the limit, as n goes
to 400, in (16) (with (uS,z%) and (uS, 25) instead of (u®,z°) and (uf, z%) respectively),
and we deduce that R(u®,z°) = (uf, 2%). Therefore, we have proved that any convergent
subsequence of { R(u5,, z5 ) }nen converges to R(uc, z°) strong in X x X', and from uniqueness

of R(u®,z%), we conclude that the whole sequence R(u5,z5) — R(u®,z%) in X x X'. Thus,

R is continuous.

Therefore, the hypotheses of the Leray-Schauder fixed point theorem are satisfied and we conclude
that the map R(u®, z%) has a fixed point (u®, %), that is, R(u®, 25) = (u®, 2¢), which is a solution
of problem (12)-(13). O
3.2 Existence of weak-strong solutions of (2)

Theorem 3.3. There exists at least one (u,v) weak-strong solution of problem (2).

Proof. Observe that a variational problem associated to (13) is:

T T T _10p_ 1,100
/0 (Opu®, u) —I—/O (Vu®,Vu) + /QT (u*Vo*,Vau) =0, Ya e L7»=6(0,T; W 7-5(Q))

T T T (24)
£z £ Vz 2. 7) = us)P. z 7 3 gt .
/0<at,>+/0<v ,v>+/0<,> /0<<>,>,v6L<o,T,H<Q>>

Recall that v* = v(2°) is the unique solution of problem (14). From (19) we have that (u®,v%)

satisfies the following energy equality:

d g € 4 g g g
& (U5, 0%) + EHV((U PG+ el Av®[lF + Vo = 0. (25)

Then, from (25) and using (20) we deduce the following estimates (independent of ¢)

{(u¥)%} is bounded in L>°(0, +00; L2(Q)) N L2(0, T; HY(Q)) < L3 (0,T; L3 (Q)),
{v*} is bounded in L*(0, +o0; H1(2)) N L?(0,T; H(Q)), (26)
{/eAvf} is bounded in L>(0, +o0; L2(Q)) N L2(0,T; H'(2)),

10



and therefore,

{uf} is bounded in L%®(0, +00; LP(Q)) N LP(0,T; L*(Q)) — L% (0, T; L¥ (Q)),
{2¢} is bounded in L*(0, +oo; L3(Q2)) N L0, T; H()),

{0} is bounded in [L%(O,T; Wl’%(Q))]’,

{0¢z°} is bounded in [Lg(O,T; HY(Q)).

(27)

Moreover, taking into account that from (26); we have that V((uf)?/?) is bounded in L?(0, T; L*(Q))
10p 10p_ 2

and from (27); u'~% is bounded in L5 0,T; L5 (€2)), we conclude that Vus = Zu'~ 2V ((uf)?/?)
p

5 5
is bounded in LP%(O, T; LP%(Q)) Therefore, we deduce that
. . Sp_ 1,52
{u®} is bounded in L#+3(0,T; W #+3(Q)). (28)
Notice that from (14) and (26)3, we can deduce that
|25 — v%|| oo r2nrzm < €l|AVE|| L2zt — 0 ase — 0. (29)
Then, from (26)-(29), we deduce that there exists (u,v), with

5p 5p 5p_ 1,50
u € L>®(0,+o00; LP(2)) N L3 (0,75 L3 (2)) N Le+3 (0, T; W43 (92)),
v € L®(0, +oo; HY(Q)) N L2(0,T; H*(Q)),

such that for some subsequence of {uf, 2%, v} still denoted by {u®, 2%,v°}, the following weak

convergences hold when € — 0,

W = weakly in LF(0,T; LF () N Lit3 (0, T; Wht (Q)),

v® — v weakly in L2(0,T; H2(R)),

2 — v weakly in L%(0,T; H()), (30)
Bpuf — Byu weakly-x in [L7=5 (0, T; W75 ()],

825 — 0w weakly- % in [L3(0,T; HY(Q))]".

\

On the other hand, taking into account (27)s and (28), the Aubin-Lions Lemma implies that

{u°} is relatively compact in L%(O,T; L*(Q)) (31)

11



(and also in L"(0,T;L"(2)), for all r < %p) In particular, since u* > 0 then u > 0 a.e. in

(0, +00) x €. Moreover, since the embedding L>(0, T; L*(Q2))NL%(0, T; H(2)) — Ls (0,T% L% ())
is continuous, from (26)2 we deduce that
Vof — Vo weakly in L5 (0,T; L% (Q)). (32)
10, 10
Thus, from (31)-(32) and using that u*Vv® is bounded in Iﬁlﬂﬁ(O7 T; LJPTPG(Q)), we deduce that
10p_ 10p

u*Vov® — uVov weakly in L3246 (0,T; L32+6(Q)). (33)

Moreover, since u® — w strongly in LP(0,T'; LP(Q2)), we have that

(uf)P — uP strongly in L*(0,T; L'()). (34)

Thus, taking to the limit when ¢ — 0 in (24), and using (30) and (33)-(34), we obtain that (u,v)

satisfies

T T T _10p_ 1. L0p_
/ (Opu, u) + / (Vu,Vau) + / (uVu,Va) =0, Yue L»=6(0,T; W 7-5(Q)), (35)
0 0 0

T T T T
[ewas [ vovas [(wa= [wa), verlonm@), @)
0 0 0 0
and therefore, integrating by parts in (36) and taking into account that u? € L%(O,T; L%(Q))
and v € L%(0,T; H?(2)), we arrive at

O —Av+v=uP in L%(O,T; Lg(Q))» (37)

v

with o 0 on 0f2. Notice that the limit function v is nonnegative. In fact, it follows by testing
n

(37) by v— and taking into account that vy > 0. Finally, we will prove that (u,v) satisfies the

energy inequality (9). Indeed, integrating (25) in time from ¢y to ¢1, with t; > ¢ty > 0, and taking

into account that

/t 1 %&(ua,va) = & (u(t1),v° (1)) — E(u” (o), 0" (to)) Vit < ta,

12



since & (uf(t),ve(t)) € WH(0,T) for all T > 0, is continuous in time, we deduce

ge(ua(tl), ’Ua<t1)) — E€<u5(t0)7v€(t0))
s [ CIv PP + s @I + I @R =0, o <

to

Now, we will prove that
E(ut(t),v°(t)) — E(u(t),v(t)), a.e. te[0,+00).
Since u° is relatively compact in LP(0,T; LP(2)), we have
u® — u strongly in LP(0,T; LP(Q)).

Moreover, for any T > 0,

T

1€ (= (8), v° () = E(u(t), v(0) | 10,7y = /0 |Ec(u”(t), v° (1) — E(u(t), v(t))|dt
1

T
<)
0o |P—

1
P
<C
=0

|u® — wll Lo o, 100y (U | o 0,750y + 1wl o0, 1520))F

(=170 = llu@®z.) + % (Vo O3 = IVe@)II5) + %IIAvsH% dt

(38)

(39)

1 £ £ € £
+§HVU - V’UHLZ(O,T;L?)(HVU HL2(0,T;L2) + HVUHLQ(O,T;LQ)) + §||A’U HQL2(07T;L2)‘ (41)

Then, taking into account that u® — w strongly in LP(0,7; LP(R2)), Vv® — Vu strongly in
L2(0,T; L?(2)) for any T > 0, and Av® is bounded in L?(0,T; L?(12)), from (41) we conclude

that & (uf(t),v°(t)) — E(u(t),v(t)) strongly in L'(0, T) for all T > 0, which implies in particular

(39). Finally, observe that from (40) we have that (uf)?/? — uP/? strongly in L?(0,T; L?(R2));

and since V((uf)P/? is bounded in L?(0,T; L*(Q)) we deduce that
V((u¥)P/?) = V(uP/?) weakly in L2(0,T; L*()).
Then, on the one hand

lim inf / (I @213 +lav @1 + 19001 )

e—0

t1 4
> / (EHV(U(t)pm)Hg T ||Vv(t)||%)dt Vi >t > 0,
to

13



and on the other hand, owing to (39),

lim inf | (uf (t1), v (t1)) — E-(uF (o), v% (t0))] = E(ultr), v(t1)) — E(ulto), v(to)),

e—0

for a.e. ty,tp : t1 > t9 > 0. Thus, taking liminf as ¢ — 0 in inequality (38), we deduce the

energy inequality (9) for a.e. tg,t1 : t1 > t9 > 0.

4 Fully discrete numerical schemes

In this section we will propose three fully discrete numerical schemes associated to model (2). We
prove some unconditional properties such as mass-conservation, energy-stability and solvability

of the schemes.

4.1 Scheme UVe

In this section, in order to construct an energy-stable fully discrete scheme for model (2), we
are going to make a regularization procedure, in which we will adapt the ideas of [3] (see also
[12]). With this aim, given € € (0,1) we consider a function F; : R — [0, +00), approximation of
f(s) = sP, such that F. € C%(R) and

P2 if s<e,

F!'(s) = P72 if e<s<e !, (42)
e2P if s>e L.
Then, F; is obtained by integrating in (42) and imposing the conditions F/(1) = p%l and
Fe(1) = P(pl—l) T p35;éop2j13)g+2€p (see Figure 1); and
(p—1)s+ (2 —p)e it s<e,
wls) = - = 4 it e<s<et, (@)
) F(s) R

(p—1)s+(2—-pet if s>l

14



3_ 2 —
sP+ 2 2;&j1?3§+25p (b) Fl(s) vs F'(s) := p%lsp 1

(a) Fe(s) vs F(s) :=

1
p(p—1)

(c) F/(s) vs F"(s) := P2

Figure 1 — The function F: and its derivatives.

Lemma 4.1. The function F. satisfies

gP—2g2

F.(s) > 1

Vs <e and F.(s)>CsP Vs > ¢, (44)
where the constant C' > 0 is independent of ¢.
Proof. Since F. € C?(R), using the Taylor formula as well as the definition of F. and F/, we

have that, for some sy € R between 0 and s,

1 2 —p\2 2 — 1
Fu(s) = F2(0) + FL(0)s + 5 FL/(s0)s* = (ﬁ) &P + ﬁe”_ls 5 (s0)s% (45)

Then, taking into account that F’(s) = eP~2 for all s < ¢, from (45) we have that: (a) if s € [0, €],

F.(s) > %51’_252; and (b) if s < 0, by using the Young inequality,

2 —p\?2 1 2 —p\?2 1 1
(o) 2 () @ - ge e = (o) g =

from which we deduce (44);. Finally, (44)2 follows directly from the definition of F; for s > e. O
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Remark 4.2. Notice that estimates in (44) imply that |s|P < K1F.(s) + Ka for all s € R, where

the constants K1, Ky > 0 are independent of .

Then, taking into account the functions F, its derivatives and a., a regularized version of problem

(2) reads: Find u. : Q x [0,7] — R and v : Q x [0,T] — R, with u.,v. > 0, such that

Opue — Aue — V- (ag(ue)Vo:) =0 in Q, ¢t >0,

Owe — Ave +v. =p(p— 1)F-(ue) in Q, t >0,

Qus _ OV _ o on 00, £ 0 10
om  om  ° ’ ’

ue(2,0) = ug(x) > 0, ve(x,0) = vo(x) >0 in Q.

Remark 4.3. The idea is to define a fully discrete scheme associated to (46), taking in general
e =¢e(k,h), such that e(k,h) — 0 as (k,h) — 0, where k is the time step and h the mesh size.

Observe that (formally) multiplying (46)1 by pF!(u.), (46)2 by —Awv,, integrating over © and

adding, the chemotaxis and production terms cancel and we obtain the following energy law

d 1
dt <pF€(u€) + 7|VU8’2>dw+ pFé/(ué‘)‘vué‘Qdm"i_ HV%H% =0.
dt 9} 2 Q

In particular, the modified energy

5E(u,v):/9<pF€(u)+;]VUF)dm

is decreasing in time. Thus, we consider a fully discrete approximation of the regularized problem
(46) using a FE discretization in space and the backward Euler discretization in time (considered
for simplicity on a uniform partition of [0, 7] with time step k = T/N : (t, = nk)"=Y’). Let Q
be a polygonal domain. We consider a shape-regular and quasi-uniform family of triangulations
of Q, denoted by {7h}r>0, with simplices K, hxg = diam(K) and h := maxge7;, hi, so that
Q= UKeThF- Further, let A}, = {a;};cz denote the set of all the vertices of T, and in this case

we will assume the following hypothesis:
(H) The triangulation is structured in the sense that all simplices have a right angle.

We choose the following continuous FE spaces for u. and v,:
(Un, Vi) C Hl(Q)z, generated by P1, P, with » > 1.
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Remark 4.4. The right-angled constraint (H) and the approzimation of Uy by Py-continuous
FE are necessary to obtain the relations (49)-(50) below, which are essential in order to obtain

the energy-stability of the scheme UVe (see Theorem 4.9 below).

We denote the Lagrange interpolation operator by II"* : C(Q) — Uy, and we introduce the

discrete semi-inner product on C(€2) (which is an inner product in Uy) and its induced discrete

seminorm (norm in Up,):

(u1, u2)" == /QHh(UIUQ)a ulp = 1/ (u, u)h. (47)

Remark 4.5. In Uy, the norms |- |, and || - ||o are equivalents uniformly with respect to h (see

[51)-

We consider also the L2-projection Q" : L*(Q) — U}, given by
(Q"u,@)" = (u, @), Vi € Up, (48)

and the standard H'-projection R" : H'(Q) — Vj,. Moreover, owing to the right angled con-
straint (H) and the choice of P;-continuous FE for Uy, following the ideas of 3] (see also [12]),
for each ¢ € (0,1), we can construct two operators AL : U, — L>(Q)4*¢ (i = 1,2) such that
Alu” are symmetric matrices and Alu” is positive definite, for all u” € Uy, and a.e. in Q, and
satisfy

(ALu™)VITM(FL(u") = Vu"  in Q, (49)

(A2uMVITMFL(u™)) = (p — D)VI"(F.(u))  in Q. (50)

Basically, Alu" (i = 1,2) are constant by elements matrices such that (49) and (50) holds by
elements. In the 1-dimensional case, A% are constructed as follows: For all u €Uy and K € Ty,

with vertices all and al*, we set

ul(af)—uh (af) _ 1 ~ h(o K h( K
A = i) FheE) — ey 1 u'(ag) #Futar), -
: K 1 : h(oK h(oK
Tk (oK) if (aO):u (ar'),
FU(uh(ag))
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for some £ € K, and

0)) ( Fluh(€1)) ¢ hy K P
AZ(u)| g = : —FL(uP(af)) I (a (£2)) 0 D
it uM(al) =ul(al),

o
22
~ |~

= D Fara)

for some &1, & € K. Following [3] (see also [12]), these constructions can be extended to dimen-

sions 2 and 3, and from (51) the following estimate holds:
2 PeTe < eTAL (M) I < eP72¢Te, Ve e R, W € U (53)

Now, we prove the following result which will be used in order to prove the well-posedness of the

scheme UVe.

Lemma 4.6. Let || - || denote the spectral norm on R, Then for any given ¢ € (0,1) the

function A2 : Uy, — [Lo°()]9%? satisfies, for all ult,ul € Uy, and K € T;, with vertices {af* }¢_,,

ICAZ(ut) — AZ(uf)) x|

< 32202 max{1, (p — 1)=20 2} max {Juf(af) — o (af))] + o () — i (a) },(54)

=1,...,

where aé( is the right-angled vertex.

Proof. The proof follows the ideas of [4, Lemma 2.1], with some modifications. For simplicity
in the notation, we will prove (54) in the 1-dimensional case, but this proof can be extended to

dimensions 2 and 3 as in [4, Lemma 2.1]. Observe that, from (52)

[(AZ(ul) = A2(u)) k|| < [(AZ(uf) — A2(ulf o)) k| + [(AZ(uf o) — AZ(u3)) k|
Fl(p11) (&1) F{(&)  Fl(pa)

F! B B
=)~ w0 Y Ee) e o

where qu € P (K) with u?}Q(a{)() = uf(al) and ub(a{() = uf(alf), u1; (i = 1,2) lie between
ul(all) and uf(alf), pg; (i = 1,2) lie between uf(all) and ul(ak), and & (i = 1,2) lie between

ul(af’) and uf(aff). Then, first we will show that

=1 ) - ] < 320D max( (0 D202l ) - e (50)

for uft(al’) # ub(all), because the case ul(all) = ub(alf) is trivially true. With this aim, we
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consider v; (i = 1,2) lying between u}(aX) and u(al’) such that

: (57)

and therefore, from the definitions of &;, v; and py;, i = 1,2, given after (55) and (57), we deduce
(ug(ah’) — uf(ad ) Fl(m) = (uh(af) — uf(al ) FL(&) + (uf (af’) — o (af ) FL(p1),  (58)

(ub(ad) — i (ag ) FL (v2) = (ub(ag) — ui(ar)) FY (&) + (uf(af’) — uf () FL (u12).  (59)

Then, for uf(all), u?(ak’) and uf (alf), there are only 3 options: (1) u?(af’) lies between u} (alf)

and ul(all); (i) ul(alf) lies between ul(al’) and uf(alf); and (iii) u’(all) lies between uf (alf)

and uf (k).
Notice that from (42)-(43), we have that F! and (p — 1)% are globally Lipschitz functions with
constants eP~2 and 1 respectively, and ﬁ < P72, Then, in case (i), taking into account that

all intermediate values p15, 7, & (i = 1,2) lie between uf(ak’) and u/(al’), we have

Fi(pn)  Fi(&) Fi(p) = Fi(pa2)

R B3] ) R oy
Fl(p2)  Fl(&) Fl(&1) — Fl(&)
-1 Fl(n2)  FU(&) +(p_1)‘ F!(&)

< (p—1)2P2 | gy — puo| + |12 — &| + (p — De2P2 g — &

< 3max{L, (p — 1))}l (aff) — u(afd)|. (60)

In case (ii), all intermediate values p14, 7, & (i = 1,2) lie between uf (alf) and u/(aff), and from

(58)-(59) by eliminating the term (uf(ak) — ul(al)), we have the equality

F/(&)  F!(p2)

hi K hi K F/(&) Fl(p11) (o h( K hi K F () [ Fi(&) Fl(n)

uy(a — U7 (& = (U9y — Uq (A
1\<1 1\<¢0 290 1\<¢0 FE//(/-LIQ)

Fl(&) Fl(y1)

Fl'(&2)  FI/(v2)

as in (60), we obtain

-1 - - 2

< P P3max{1, (p - 1) v 2)}Iu (ag") — uj(ag)l[uf (ar’) — uf (ag))l,
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and therefore, dividing by |ul(alf) — u(al"))| we arrive at

< 3277 max{1, (p — D2 }ul (af) — ui(ag)].

In case (iii), by arguing analogously to case (ii), from (58)-(59) we have

F/(&)  F!(p2)

which implies (61). Therefore, we have proved (56). Analogously, we can prove that

< 3e2(P=2) max 1, (p — D22yl @k — b (ald)).
Fé,(§2) Fg//(,u22) = {1 ) Hui'(ar) 2(ar)

(p_ 1) ‘ Fé(ﬁl) Fal<,u21)

Thus, from (55), (56) and (62) we conclude (54).

Let Ay, : V), — Vj, be the linear operator defined as follows
(Ap", ) = (Vo", Vo) + (v, 7), Vo € V).
Then, the following estimate holds (see for instance, |14, Theorem 3.2]):
[ lyprie < C[Apv™[lo, YO € V.

Thus, we consider the following first order in time, nonlinear and coupled scheme:

e Scheme UVe:

Initialization: Let (u”,0%) = (Q"ug, R"vy) € Uy, x V.

n—1 ,n—1
e s Ue

Time step n: Given (u ) € Up, X V3, compute (ul,v?) € Uy x V}, solving

(Sul, )" + (Vul, Va) = —(A2(u?) Vo, Va), Ya € Uy,
(6:02,0) + (A2, 0) = p(p — 1)(IT"(FL(ul)), ), Vo € Vp,

n _ ,n—1

k

where, in general, we denote d;a™ :=

ot [ - 0] -y oy 52 [

(61)

(63)

(64)

Remark 4.7. (Positivity of v') By using the mass-lumping technique in all terms of (64)2

excepting the self-diffusion term (Vol, V), and approzimating Vi, by Py-continuous FE, we can

prove that if vt > 0 then v > 0. In fact, it follows testing (64)2 by v = " (v™_) € V},, where
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v = min{v, 0} (see Remark 3.10 in [15]).

4.1.1 Mass-conservation, Energy-stability and Solvability

Since & = 1 € Uy and v = 1 € V},, we deduce that the scheme UVe is conservative in u”, that is,
(’LL?, 1) = (u?a 1)h = (u?_la 1)h == (UO, 1)h = (UO, 1) = (Qhu0> 1) = (an 1) ‘= Mo, (65)

and we have the following behavior for fQ vl

([ o) =sto-v) [ nme - [ o (66)

Definition 4.8. A numerical scheme with solution (uZ,vl) is called energy-stable with respect

to the energy
1
€l (u,v) = p(Fe(u), )" + §HWII3 (67)

if this energy is time decreasing, that is EM(ul,v?) < EM(ul=1, w21 for alln > 1.

Theorem 4.9. (Unconditional stability) The scheme UVe is unconditionally energy stable
with respect to EM(u,v). In fact, if (u?,v") is a solution of UVe, then the following discrete

energy law holds

ke*Pp

k _
0L (ul, 1)+ 62 I+ 10 Vo2 I5+pe* P | VuZ 5+ (An— 1) VRZ I3+ Vo2 |5 < 0. (68)

Proof. Testing (64)1 by @ = pII"(F!(u?)) and (64)3 by © = (A —I)v?, adding and taking into ac-
count that A%(u?) are symmetric as well as (49)-(50), the terms —p(A2(u?)Vo?, VIT*(F!(u?))) =
—p(Vo2, A2 () VIR (FL(un)) = —p(p — 1)(Vo2, VI (F.(u2))) and p(p — 1)(IA(F. (), (4 —
) = p(p — 1)(VIT"(F.(u?)), Vo) cancel, and using that VII*(F/(u?)) = Al(u?)"1Vu? we
obtain

p(6yu, FL(ul)) +p / (Vu)T- AL ()L VP d
Q

1 k
+0(SIVUEIR) + 516V ezl + 1(An — 023 + Vo2 I = 0. (69)
Moreover, observe that from the Taylor formula we have

3 3 3

— n n n— n 1 n n— n— n
Ff(u? I)ZFE(UE)+F€/(UE)(UE l_us)—’_iFs”(eu +(1_9)u 1)(“’5 l_u )27
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and therefore,

n n n k n n— n
- FL(u?) = 0 (Fulul) ) + 5L (0u? + (1= O)uz ™) (0?2, (70)

Then, using (70) and taking into account that II" is linear and F”(s) > €27 for all s € R, we

have
G Pl = b [ TNEG0) 5 [ TE O+ (1= 0y )
> 0, 1) + 5 ™)
Thus, from (69), (53), (71) and Remark 4.5, we arrive at (68). O

Corollary 4.10. (Uniform estimates) Assume that (ug,vo) € L?(Q) x HY(Q). Let (u?,v?)
be a solution of scheme UVe. Then, it holds

n 1 n . — m m m Co
PUE). 1)+ 24k S (o= VU4 1y = D+ [92F) < -y, ¥ 1,
m=1
(72)
n+no Cl
EOY D ol s < S(1+kn), Yn>1, (73)
m=ngo+1 (p_ 1>

where the integer ng > 0 is arbitrary, with the constants Coy,C1 > 0 depending on the data

(Q, ug, vy), but independent of k, h,n and . Moreover,

2P and |ju”

< CoK

Hh n 2 < P
I ()| < L

YK, VYn>1, 74
1) (74)

where u?_ := min{u?,0} < 0 and the constant K > 0 is independent of k,h,n and €.

Remark 4.11. (Approximated positivity of u') From (74)1, the following estimate holds

mae [T (u) 3 <

n> (p—1)2

Proof. First, taking into account that (u®,v°) = (Q"ug, R"vg), ug > 0 (and therefore, u° > 0),

as well as the definition of F;, we have that

1 C 1 1
h(y0 0y _ h 0 2012 < h((,0)2 Lio,,012
) = p [ MR + 51V < S [ 10+ ) + 5190
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C
p—1

< -
=51

1 1 Co
(13 + 19018 + = ) < = (luolld + ol + =) < & =5547)

(p—

where the constant Cy > 0 depends on the data (2, ug, vg), but is independent of k, h,n and e.

Therefore, from the discrete energy law (68) and estimate (75), we have

n

EX W) + kD (P PIVUlIE + 1(An — Do + |V 15) < E8(u0,0°) < 12 (76)
m=1
Moreover, from (66), the definition of F., Remark 4.2 and (76), we have
| o) =] [ o) <hoto—1) [ 0(E@) < k5 (77)
Q Q Q p—1

where the constant C' > 0 is independent of k,h,n and . Then, applying Lemma 2.3 in (77)
(for 0 =1and 8 = %), we arrive at

P
/v? /vg /tho
Q Q Q

which, together with (76), imply (72). Moreover, adding (68) from m = ng+1 to m = n+nyp, and
using (63) and (72), we deduce (73). On the other hand, from (44);, we have 3eP~2(ul_(z))? <

F.(u?(x)) for all u? € Uy; and therefore, using that (IT"u)? < I1"(u?) for all u € C(Q), we have

C
<(1+k)™ + =(1+k)™" T

p—1

p—2 hun 2 }pr h u® 2 h u”
17 [ < ot [ i) < [ mhmn) < S

where estimate (72) was used in the last inequality. Thus, we obtain (74);. Finally, taking into

account that [IT"u|P < 1" (JulP) for all u € C(Q), as well as Remark 4.2 and (72), we have

Co K
(p—1)2

2|, = /Q Mhan P < /Q I (ju2 ) < /Q (K P (ul) + K) < e

arriving at (74)s. O

Theorem 4.12. (Unconditional existence) There exists at least one solution (ul,vl) of

scheme UVe.

Proof. The proof follows by using the Leray-Schauder fixed point theorem. With this aim, given

(u?=1, 071 € Uy, x V},, we define the operator R : Uy, x V}, — Uy, X Vi, by R(,9) = (u,v), such
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that (u,v) € Uy x V}, solves the following linear decoupled problems
Lo _h NS I RS 2o~ _
u e U, s.t. %(u,u) + (Vu,Va) = %(ua ,u)' — (AZ(w)Vo,Va), Yue Up,

1 1 ~
veV, st %(U,Tj) + (Apv,0) = %(v?_l,@) +p(p — V)(TM(F.(7)),v), Yo € V.

The hypotheses of the Leray-Schauder fixed point theorem are satisfied as in Theorem 3.11 of
[15], but applying in this case Lemma 4.6 in order to prove the continuity of the operator R.
Thus, we conclude that the map R has a fixed point (u,v), that is R(u,v) = (u,v), which is a
solution of the scheme UVe. O

4.2 Scheme USe

In this section, in order to construct another energy-stable fully discrete scheme for (2), we are
going to use the regularized functions Fy, F! and F! defined in Section 4.1 and we will consider
the auxiliary variable o = Vwv. Then, another regularized version of problem (2) reads: Find

u. : Q2 x [0,T] = R and o : Q x [0,7] — R?, with u. > 0, such that

Oue — Aug — V- (uzo:) =0 in Q, t >0,
0o +rot(rot .) = V(V-0.)+ 0. =puV(F(ug)) inQ, t>0, 78)
aauez(), o.-n=0, [rot o.x n] =0 ond, t>0,

n

| ue(2,0) = uo(@) > 0, 0.(3,0) = Vuo(x), in .

tang

This kind of formulation considering o = Vv as auxiliary variable has been used in the con-
struction of numerical schemes for other chemotaxis models (see for instance [14, 15, 23]). Once

problem (78) is solved, we can recover v, from u. by solving

Ove — Ave +v. =ul inQ, t>0,
0v,
On
ve(x,0) = vo(x) >0 in Q.

=0 ondf, t>0,

Observe that (formally) multiplying (78); by pF.(u.), (78)2 by o, integrating over Q and adding

both equations, the terms p(u.V(F.(u.)), o) cancel, and we obtain the following energy law

d

1
it J, (ot + gloP o [ pE! Vet ol =o.
Q Q
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In particular, the modified energy &.(u,o) = / <pF5(u) + %\o’|2>da§ is decreasing in time.
Then, we consider a fully discrete approximationgof the regularized problem (78) using a FE
discretization in space and the backward Euler discretization in time (considered for simplicity
on a uniform partition of [0,7] with time step k¥ = T/N : (t, = nk)"=Z)). Concerning the
space discretization, we consider the triangulation as in the scheme UVe, imposing again the
constraint (H) related with the right angled simplices. We choose the following continuous FE

spaces for ug, o, and v.:
(Un, Zp, Vi) € HY(Q)3,  generated by Py, P,,, P, with m,r > 1.

Remark 4.13. The right-angled constraint (H) and the approzimation of Uy, by Py -continuous
FE are again necessary in order to obtain the relation (49) and estimate (53) for AL, which are

essential in order to obtain the energy-stability of the scheme USe (see Theorem 4.17 below).
Then, we consider the following first order in time, nonlinear and coupled scheme:

o Scheme USkt:
Initialization: Let (u°, %) = (Q ug, Q" (Vo)) € Uy X .

Time step n: Given (u2~ 1,077 1) € U, x ), compute (u?,0) € Uy, x Xy, solving

(Spul, )" + (Vul, Va) = —(ule?, Va), Ya € Uy,

(79)
(6:07,6) + (Bpo, &) = p(ul VII'(F!(ul)), ), V& € Xy,

where Q" is the L?-projection on Uy, defined in (48), @h is the standard L2-projection on Xy,

and the operator By, is defined as
(Bpoyl,0) = (rot ol tot 6) + (V- -0, V-0)+ (0l,0), Vo e Xy.
We recall that II" : C(Q) — Uy, is the Lagrange interpolation operator, and the discrete semi-

inner product (-,-)" was defined in (47).

Remark 4.14. Notice that the right-angled constraint (H) is necessary in the implementation
of the scheme UVe (in order to construct the matricial function A2(u™)); but, for the implemen-

tation of the scheme USe, this hypothesis (H) is not necessary.

Remark 4.15. Following the ideas of [15], we can construct another unconditionally energy-
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stable nonlinear scheme in the variables (ul, o) without imposing the right-angled constraint
(H), replacing the self-diffusion term (Vul,Vu) by V - (WVHh(Fa’(u?))) However, this

scheme has convergence problems for the linear iterative method as p — 1 and € — 0.

n

Once the scheme USe is solved, given v?‘l €V}, we can recover vl = v

(ul) € Vj, solving:
(002, 0) + (V2, Vo) + (v2,0) = p(p — 1)(Fe(ul),v), Yo € V. (80)

Given u! € Up, and vg‘_l € Vj,, Lax-Milgram theorem implies that there exists a unique v’ € V},
solution of (80). Moreover, notice that the result concerning to the positivity of v solution of

scheme UVe established in Remark 4.7 remains true for v7 in the scheme USe.

4.2.1 Mass-conservation and Energy-stability

Observe that the scheme USe is also conservative in u (satisfying (65)), and we have the following

i ([or)=pto- [ Ry [,

Definition 4.16. A numerical scheme with solution (ul, o) is called energy-stable with respect

3 n.
behavior for [, vl

to the energy
1
& (u, ) = p(Fe(u), 1)" + 5ol (81)

if this energy is time decreasing, that is EM(ul, o) < EL(ul™L, 0m71) for alln > 1.

Theorem 4.17. (Unconditional stability) The scheme USe is unconditionally energy stable
with respect to EMu,a). In fact, if (u?, a?) is a solution of USe, then the following discrete
energy law holds

ke*Pp

BER (T, o) +

k _
62115 + 511002115 + pe* PIVuZ [§ + o2 < 0. (82)

Proof. Testing (79)1 by @ = pII"(F(u?)), (79)2 by & = " and adding, the terms
p(urVII*(F!(u.)),om) cancel, and using that VIT*(F/(u?)) = Al(u?)~'Vu?, we arrive at

n n n ny— n 1 n k n n
o FL))" +p [ (V)AL ) Vuldat 6 (1o 2IE) + 5160216 + 021 = .

which, proceeding as in (70)-(71) and using Remark 4.5 and estimate (53), implies (82). O
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Corollary 4.18. (Uniform estimates) Assume that (ug,vo) € L*(Q) x HY(Q). Let (u?, o?)
be a solution of scheme USe. Then, it holds

Co

T vn>1, (83)

1 - _
p(F=(ul), )" + SllollF + kY (pe* P IVul[§ + [lo7) <
m=1
with the constant Cy > 0 depending on the data (2, ug,v), but independent of k,h,n and &; and
the estimates given in (74) also hold.

Remark 4.19. (Approximated positivity of ul) The approximated positivity result for u?

established in Remark 4.11 remains true for the scheme USe.

Proof. Proceeding as in (75) (using the fact that (u°,0°) = (QMug, Q"(Vy))), we can deduce

that

1 C
p [ )+ 5l0°0 < (54)

where the constant Cy > 0 depends on the data (€2, ug, vg), but is independent of k, h,n and e.

Therefore, from the discrete energy law (82) and estimate (84), we have

Co

n
ez, o) k) (p? PIVU I + o) < &0, 0%) < =,

m=1

which implies (83). Finally, the estimates given in (74) are proved as in Corollary 4.10. O

4.2.2 Well-posedness

The following two results are concerning to the well-posedness of the scheme USe.

Theorem 4.20. (Unconditional existence) There exists at least one solution (ul,o?) of

scheme USe.

Proof. The proof follows as in Theorem 4.5 of [15], by using the Leray-Schauder fixed point

theorem. O

Lemma 4.21. (Conditional uniqueness) If k f(h,e) < 1 (where f(h,e) T +o00 when h | 0 or

e} 0), then the solution (u2,o?) of the scheme USe is unique.

Proof. The proof follows as in Lemma 4.6 of |15]. O

27



4.3 Scheme USO

In this section, we are going to study another unconditionally energy-stable fully discrete scheme
associated to model (2). With this aim, we consider the following reformulation of problem (2):

Find u: Q x [0,7] = R and o : Q x [0,T] — R?, with « > 0, such that

Ou—Au—V - (uo)=0 in , t >0,
Oro +rot(rot 0) = V(V-0)+0o=V(uP)in Q, t>0, (55)
g—z:(), o-n=0, [rot o xn] =0 ondQ, t>0,

u(x,0) = ug(x) >0, o(x,0) = Vug(x), in Q.

tang

Once system (85) is solved, we can recover v from u by solving

Ovw—Av+v=uPin Q, t >0,
90 =0 on 9Q, t >0, (86)
v(z,0) = vo(x) >0 in Q.

Observe that (formally) multiplying (85); by /p%lupfl, (85)2 by o, integrating over {2 and adding

both equations, the terms %(ua,V(u”_l)) and (V(uP),o) vanish, we obtain the following

energy law

d 1 1 4
= v lof?)d 2V (@P?)2d )
G | Gt + o) das [ 290 Piat o
1
p—1
Then, taking into account the reformulation (85)-(86), we consider a fully discrete approximation

1
In particular, the modified energy &(u,o) = / ( |ulP + §|0\2) dzx is decreasing in time.
Q

using a FE discretization in space and the backward Euler discretization in time (considered for
simplicity on a uniform partition of [0, 7] with time step k = T/N : (t, = nk)"=}). Concerning
the space discretization, we consider the triangulation as in the scheme UVe, but in this case
without imposing the constraint (H) related with the right-angles simplices. We choose the

following continuous FE spaces for u, o and v:
(Un, Zp, Vi) € HY(Q)3,  generated by Py, P,,, P, with m,r > 1.

Then, we consider the following first order in time, nonlinear and coupled scheme:

o Scheme USO:
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Initialization: Let (u®, %) = (Q ug, Q" (Vo)) € Up X .

Time step n: Given (u"~!, 0" ') € Uy x T}, compute (u”, ") € Uj, x 3y, solving

(Spu™, w)h + ﬁ((uﬁ)z_pV(Hh((uﬁ_)p_l)), Va) = —(u"o™,Va), Yae Uy, (&7)
(640™,0)+ (Bro™, o) = %(U”V(Hh((u’j_)p_l)),&), V& € Xy,

where ! := max{u",0} > 0. Recall that Q" is the L2-projection on U}, defined in (48), Q"
is the standard L?-projection on Xy, I : C(Q) — Uy, is the Lagrange interpolation operator,
(Bpo", o) = (rot o™,rot &) + (V- 0",V - )+ (6",6) and the discrete semi-inner product
(-,)" was defined in (47). Once the scheme USO is solved, given v"~! € V},, we can recover

v =v"(u") € V}, solving:
(00", 0) + (V", Vo) 4+ (v",0) = ((u]})P,0), Yo € V). (88)

Given u™ € Uy, and v~ € V},, Lax-Milgram theorem implies that there exists a unique v € V},

solution of (88).

Remark 4.22. (Positivity of v™) Imposing the geometrical property of the triangulation where
the interior angles of the triangles or tetrahedra must be at most w/2, the result concerning to

the positivity of v™ stablished in Remark 4.7 remains true for the scheme USQO.

4.3.1 Mass-conservation, Energy-stability and Solvability

Since u =1 € Up, and v = 1 € V},, we deduce that the scheme USO is conservative in u", that is,
(1) = (", )" = @ 7L D" =+ = (u°,1)" = (uo,1) = mo, (89)

and we have the following behavior for [, v™:

()= -

Definition 4.23. A numerical scheme with solution (u", ™) is called energy-stable with respect
to the energy
1 1
EMu, o) = ﬁ((u'f')pu "+ 5“‘7”(2)7 (90)

if this energy is time decreasing, that is E"(u", a™) < EM(u™1, ™1, for all n > 1.
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Theorem 4.24. (Unconditional stability) The scheme USO is unconditionally energy stable
with respect to EM(u, a). In fact, if (u™, &™) is a solution of USO, then the following discrete

energy law holds

6" (u", o )+ 56”5+ 1) /Q(U+)2 PV ((u)P~h) Pda+ o™ T < 0. (91)

Proof. Testing (87)1 by u = p%lﬂh((u’_ﬁ)p_l), (87)2 by & = o™ and adding, the terms
),

oy (P V(I (g )P 1)

701 ") cancel, and we obtain

_ 1 k
P e ()P dz S al|o 2 + S 160”3
p—1Jq 2 2

T —pl)? /waw‘v(ﬂh((u?)p1>>!2dw+ lo™ |12 = 0.(92)

1
Denoting by F(u") = —(u'})?, we have that I is a differentiable and convex function, and then,
p

from (6) we have that
- (P = L F @ - ) >
and therefore,

[tz ([ ntran) = o ([ ntqnm). (93)

Therefore, from (92) and (93) we deduce (91). O

Corollary 4.25. (Uniform estimates) Let (u”,0") be a solution of scheme USO. Then, it
holds for all n > 1,

1 Lo, - p 2 - . C
p g o kD ((p_l) / (W 2PV (T ()P Y)) B+ [l ||%) < S
(94)
/ ) < C, (95)
Q

with the constants Cy,Cy > 0 depending on the data (£, ug,vo), but independent of (k,h) and n.

Proof. In order to obtain (94), by multiplying (91) by k and adding from m = 1 to m = n, it suf-
fices to bound the initial energy £"(u®, o). Taking into account that (u°, 60) = (Q"ug, Q" (Vvy))
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and up > 0 (and therefore, u® > 0), we have
C 1 C
EMu o) < —— [ TM((u")* +1) + §HUOH% < E(HUOH% + Jlvol§ + 1).

On the other hand, by considering «” = min{u",0} > 0, taking into account that |u"| =

2u} — ", using the Holder and Young inequalities as well as (89), we have

[t [ e =2 [ nt - [
Q Q Q Q

< c(/g(nh(ug))ul) < c(/ﬂnh((ui)p)ﬂ). (96)

Therefore, from (94) and (96), we deduce (95). O

Theorem 4.26. (Unconditional existence) There exists at least one solution (u™,o™) of

scheme USO.

Proof. The proof follows as in Theorem 4.5 of [15], by using the Leray-Schauder fixed point

theorem. O

5 Numerical simulations

In this section, we will compare the results of several numerical simulations using the schemes
derived through the paper. We have chosen the 2D domain [0, 2]? using a structured mesh (then
the right-angled constraint (H) holds and the scheme UVe can be defined), the spaces for u
and o have been generated by Pi-continuous FE, and all the simulations have been carried out
using FreeFem-+ software. We will also compare with the usual Backward Euler scheme for

problem (2), which is given for the following first order in time, nonlinear and coupled scheme:

e Scheme UV
Initialization: Let (u°,v°) € Uy x Vj, an approximation of (ug,vg) as h — 0.

Time step n: Given (u"~1,v"~1) € Uj, x V},, compute (u",v") € Uj, x V}, by solving

(0pu™, u) + (Vu™,Vau) = —(u"Vo™,Vau), Yu € Uy,
(0p0™,0) + (V" Vo) + (v",0) = ((u})?,0), Yo € V),
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Remark 5.1. The scheme UV has not been analyzed in the previous sections because it is not
clear how to prove its energy-stability. In fact, observe that the scheme UVe (which is the
“closest” approximation to the scheme UV considered in this paper) differs from the scheme
UV in the use of the reqularized functions Fr and its derivatives (see Figure 1) and in the
approximation of the cross-diffusion and production terms, (uVv,Vu) and (uP,v) respectively,

which are crucial for the proof of the energy-stability of the scheme UVe.

The linear iterative methods used to approach the solutions of the nonlinear schemes UVe, USe,

USO0 and UV are the following Picard methods:

(i) Picard method to approach a solution (ul,v!) of the scheme UVe:
Initialization (I = 0): Set (u2,v0) = (u2~1,v2~1) € Uj, x Vj.
Algorithm: Given (ul,v!) € Uy x V3, compute (utt! vi1) € Uy x Vj, such that

(Wt @) + (Vul™, Va) = g (ul ™" a)" — (A2(ud) VoL, Va), Va € Uy,

€

1
k
L, 5) + (At 5) = 2021, 5) + plp — DIPEL(ulH), 5), Vo € Vi,

€

lug™t — wulflo b — wllo
choosing the stopping criteria max Ue , Ve < tol.
||ua||0 ||veH0

(ii) Picard method to approach a solution (uZ?,o?) of the scheme USe:
Initialization (I = 0): Set (u?,00) = (21,077 !) € U, x .
Algorithm: Given (ul,a'l) € U, x Zp,, compute (v, ol1) € Uy, x 3y, such that

(Wt @) + (Vult, va) + (ultlol, va) = (w2, a)h, Vu € Uy,

1
wlu (ult
polh, @)+ (Brolt', 5) = f(0271,6) + p(ult ' VI (FL(uf™)),5), V& € By,

I+1 _ I+1 _
choosing the stopping criteria max{ e €||0, o €||0} < tol.
[lutlo llortllo

(iii) Picard method to approach a solution (u",o™) the scheme USO:
Initialization (I = 0): Set (u°,0%) = (v~ 16" 1) € U, x Zy,.

Algorithm: Given (u!,o!) € Uj, x £5,, compute (v, a'*1l) € Uy x j, such that

W @) + (Vult, va) — (V! Va) + (oo, Va)
=Ll - A ((u+>2 Py (I (ul )P~ 1), Vi), Vi € Uy,
Ho™ o)+ (Buo'th,6) = (0" 1, 6) + L (VAT ()P 1),5), Vo € 5y,
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+1 _ ul”O Ha.l-i—l _ U'IHO

luflo
residual term (V(u!T! — u!), Vi) is considered.

u
choosing the stopping criteria max { ” } < tol. Observe that the

)

lletllo

(iv) Picard method to approach a solution (u™,v™) of the scheme UV:
Initialization (I = 0): Set (u%,v%) = (u"~1, 0"~ 1) € Uj, x Vj.

Algorithm: Given (u!,v') € Uj, x V},, compute (u!T!,v"*1) € U, x V}, such that

(u, @) + (Vult!, Va) + (W 1Vl va) = w1 a), Va e Uy,
(vF1,9) + (V1 0) + (0¥, 5) = L L,5) + (W), 0), ¥o € Vi,

= =

+1 _ UlHO H,UlJrl _ Ul”o} < 1ol

. . L 1%
choosing the stopping criteria max 7 ) 7
[l [v!1lo

Remark 5.2. In all cases, first we compute u't! solving the u-equation, and then, inserting ut!

in the v-equation (resp. o-system), we compute vt (resp. a't1).

5.1 Positivity of u”

In this subsection, we compare the positivity of the variable u™ in the four schemes. Here, we
choose the space for v generated by Ps-continuous FE. We recall that for the three schemes
studied in this paper, namely schemes UVe, USe and USO, the positivity of the variable v is

not clear. Moreover, for the schemes UVe and USg, it was proved that IT* (ul

?)—=0ase—0

(see Remarks 4.11 and 4.19). For this reason, in Figures 3-9 we compare the positivity of the
variable u? in the schemes, for different values of p, 1 < p < 2, and taking ¢ = 1073, ¢ = 107
and ¢ = 1072 in the schemes UVe and USe. We consider k = 1075, h = 4—10, the tolerance

parameter tol = 1072 and the initial conditions (see Figure 2)
up=—10zy(2 — 2)(2 — y)exp(—10(y — 1)? — 10(z — 1)*) + 10.0001,

vo=1002y(2 — x)(2 — y)exp(—30(y — 1)* — 30(x — 1)?) + 0.0001.

Note that ug,v9 > 0 in ©, min(ug) = up(1,1) = 0.0001 and max(vy) = vo(1,1) = 100.0001. We

obtain that:

(i) All the schemes take negative values for the minimum of «” in different times ¢,, > 0, for
the different values considered for p and €. However, in the case of the schemes UVe and

USe, it is observed that these values are closer to 0 as € — 0 (see Figures 3-9).
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(a) Initial cell density ug (b) Initial chemical concentration vg

Figure 2 — Initial conditions.

(ii) In all cases, the scheme UVe “preserves”’ better the positivity than the schemes UV, USe

and USO (see Figures 3-9).

— UVe - =107
= =UVe - e=10_5
UVe - e=1078
-10 : :
0 0.005 0.01 0.015
Time

Figure 3 — Minimum values of u for p = 1.1, computed using the scheme UVe. We also obtain negative
values for e = 10™® of order 1078,
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-0.7
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Figure 4 — Minimum values of u for p = 1.1, computed using the scheme USe.

0.05

— UV
==-US0

Min u"

-0.25 . .
0 0.005 0.01 0.015

Time

Figure 5 — Minimum values of u_ for p = 1.1, computed using the schemes UV and USO.

5.2 Energy stability

In this subsection, we compare numerically the stability of the schemes UVe, USe, USO and

UV with respect to the “exact” energy

1 1
— P - 2
Ee(u,v) _/Qp— 1(u+) dz+ 2HV1)HO. (97)
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Figure 6 — Minimum values of ul for p = 1.5, computed using the scheme UVe. We also obtain negative
values for ¢ = 10~% of order 1075.

It was proved that the schemes UVe, USe and USO are unconditionally energy-stables with
respect to modified energies defined in terms of the variables of each scheme, and some energy
inequalities are satisfied (see Theorems 4.9, 4.17 and 4.24). However, it is not clear how to
prove the energy-stability of these schemes with respect to the “exact” energy & (u,v) given in
(97), which comes from the continuous problem (2) (see (9)-(10)). Therefore, it is interesting to
compare numerically the schemes with respect to this energy &.(u,v), and to study the behavior

of the corresponding discrete energy law residual
REc(u",v") := 0¢&e(u /IV LR Pda+ || Ape™ 1§ + V"5 (98)

We consider k = 107°, h = o=

25, p = 1.4, tol = 1073 and the initial conditions (see Figure 10)

ug = 14cos(2mx)cos(2my) + 14.0001 and vy = —14cos(2mz)cos(2my) + 14.0001.

We choose the space for v generated by Pi-continuous FE. Then, we obtain that:

(i) All the schemes UVe, USe, UV and USQO satisfy the energy decreasing in time property

for the exact energy & (u,v) (see Figure 11), that is,

Eo(u™,v") < E(u ") vn.

36



0.2
R R
1
1
1
024 1
i
£ o —USe - =103
= I~ —_ - -5
) USe - e=10
-0.6 I _8 -
W USe - e=10
]
ok ‘1 | -=-=-US0 |
iy
Vv
. 0 0.005 0.01 0.015

Time

Figure 7 — Minimum values of u™ for p = 1.5, computed using the schemes UV, USe and USO.
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Figure 8 — Minimum values of . for p = 1.9, computed using the scheme UVe.

(ii) The schemes USO and USe satisfy the discrete energy inequality RE.(u™,v"™) < 0, for
RE.(u",v™) defined in (98), independently of the choice of €; while the schemes UV and
UVe have RE(u",v") > 0 for some ¢,, > 0. However, it is observed that the scheme UVe
introduces lower numerical source than the scheme UV, and lower numerical dissipation

than the schemes USO and USe (see Figure 12).
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Figure 9 — Minimum values of ™ for p = 1.9, computed using the schemes UV, USe and USO0.

— 2.8e+01 — 2.7e+01

Chermical

Y Y.

— 46e-01

(a) Initial cell density uo (b) Initial chemical concentration vg

Figure 10 — Initial conditions.

6 Conclusions

In this paper we have developed three new mass-conservative and unconditionally energy-stable
fully discrete FE schemes for the chemorepulsion production model (2), namely UVe, USe and

USO0. From the theoretical point of view we have obtained:

(i) The solvability of the numerical schemes.

(ii) The schemes UVe and USe are unconditionally energy-stables with respect to the modified
energies £ (u,v) (given in (67)) and £"(u, o) (given in (81)) respectively, under the right-

angles constraint (H); while the scheme USO is unconditionally energy-stable with respect
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Figure 11 — £.(u™,v™) of the schemes UV, USO, UVe and USe (for ¢ = 107*,1077).
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Figure 12 — RE.(u™,v™) of the schemes UV, US0, UVe and USe (for ¢ = 107*,1077).

to the modified energy £"(u, o) given in (90), without this restriction (H) on the mesh.

(iii) It is not clear how to prove the energy-stability of the nonlinear scheme UV (see Remark

5.1).

(iv) In the schemes UVe and USe there is a control for II"(u?_) in L?-norm, which tends to
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0 as € — 0. This allows to conclude the nonnegativity of the solution u7 in the limit as

e —0.
On the other hand, from the numerical simulations, we can conclude:
(i) The four schemes have decreasing in time energy & (u,v), independently of the choice of e.

(ii) The schemes USO and USe satisfy the discrete energy inequality RE.(u™,v™) < 0, for
RE.(u",v") defined in (98), independently of the choice of €; while the schemes UV and
UVe have RE(u™,v™) > 0 for some t,, > 0. However, it was observed that the scheme UVe

introduces lower numerical source than the scheme UV, and lower numerical dissipation

than the schemes USO and USe.

(iii) Finally, it was observed numerically that for the schemes UVe and USe, min u? — 0
Qx[0,T)
as e — 0.
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