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Senior Member, IEEE, and Eduardo F. Camacho~, Fellow, IEEE

Abstract—This paper addresses a multi-robot task allo-
cation (MRTA) towards moving tasks and presents a novel
computationally efficient predictive allocation algorithm that
requires solving a linear program (LP) problem. Following the
receding horizon control policy, the present algorithm repeats
the optimization of future task assignments within an allocation
horizon while predicting the evolution of the system. The online
optimization is formulated so that the assignment problem is
reduced exactly to an LP. The algorithm is also compared with
other traditional methods, namely, the greedy approach and a
genetic algorithm (GA). Our results show that the algorithm
herein proposed outperforms the greedy approach for small
prediction horizons and has significantly lower computational
load than GA.

[. INTRODUCTION

Multi-robot systems (MRS) comprise a set of robots
that work collaboratively to perform tasks. Among their
applications, MRS can be used for mapping [1], [2], surveil-
lance [3]-[5], maintenance [6], and also as robotic sensor net-
works (RSN), a particular case of wireless sensor networks
(WSN) where sensors are mounted on mobile robots [7], [8].

A common challenge in MRS management is the so-
called multi-robot task allocation (MRTA) problem [9], [10],
where a set of tasks are assigned to the robots in the
most efficient way. This problem can be addressed both
with decentralized and centralized approaches. While the
decentralized approach tends to be more scalable and robust
to communication failures, the centralized one benefits from
its access to broader information to generate allocations
closer to the optimal one.

According to the taxonomy proposed in [11], MRTA
problems can be classified for the number of simultaneous
tasks per robot (single-task robot (ST) vs. multi-task robot
(MT)), the number of robots per task (single-robot task (SR)
vs. multi-robot task (MR)), and the availability of infor-
mation to plan future allocations (instantaneous assignment
(TA) vs. time-extended assignment (TA)). This taxonomy
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has been further developed in [12] by considering the inter-
dependencies between tasks, e.g., for the cases of in-schedule
(ID) and cross-schedule (XD) dependencies.

TA MRTA problems become more challenging when tasks
move as in [13], where an algorithm based on predator
dynamics is proposed to deal with this issue, and [14], where
manipulators with limited communications must operate over
dynamic tasks. In this work, a novel linear approach is
presented to address the XD[ST-SR-TA] MRTA problem
with moving tasks taking into consideration the order in
which robots perform the tasks. To this end, an algorithm
that predicts the evolution of the tasks and robots as it is
done in the model predictive control (MPC) framework is
proposed [15], [16]. MPC is a control technique that uses a
model to predict the response of a system and to compute
optimal control signals during a certain time horizon. At each
time step, the first control action of the sequence of inputs is
applied after its corresponding update using the most recent
information available. Predictive control methods in the MRS
field have been proposed in other works, e.g., [17], where
a decentralized model-predictive control strategy is used to
address the observation of multiple moving targets; [18],
where a non-linear model predictive control strategy is used
to dynamically set the formation leader, and [19], where it is
used to compute the time to change the assignment of tasks to
robots in XD[ST-SR-TA] MRTA problems with static tasks.

The rest of this paper is organized as follows. In Section [T}
the problem formulation is mathematically expressed. In
Section the proposed algorithm is introduced. Section
presents the case study where the algorithm is tested and the
corresponding results are discussed. Finally, in Section
the conclusions of this work are detailed and some future
research lines are given.

Notation: 1.« denotes a matrix of ones with a rows and
b columns; 0, represents a matrix of zeros with a rows
and b columns; I, stands for the identity matrix with a rows
and columns; and diag(x) is employed to denote a diagonal
matrix containing vector x as its main diagonal.

II. PROBLEM STATEMENT

Let us consider a set of N heterogeneous mobile robots,
R = {ri1,r2,...,7n}, which must complete a set of M
moving tasks, § = {si,s2,...,sm}, following a given
sequence specified by ordinal indixes contained in set K =
{1,2,...,K}. The speed and the position of robot r; € R
are denoted as v; € R and p; € R?, respectively. On the
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other hand, the changing location and velocity of each task
s; € S can be predicted and are denoted by ¢; € R? and
u; € R2, respectively. Likewise, task s; € S has a relevance
quantified by a positive scalar ¢; and requires an operation
time 7; to be performed (besides the time employed to
reach the task position). For simplicity, 7; is considered
independent of the robot that performs the task. Likewise,
any time spent performing task s; will be subtracted from
7; in further allocations. Finally, we define b; € [0,100]
as the State of Charge (SOC) of robot r;, and w; as its
discharge rate, which will be used to avoid the assignment
of unfeasible tasks from an energetic viewpoint. Moreover,
we may want to prioritize some robots over others, e.g.,
unmanned ground vehicles (UGVs) over unmanned aerial
vehicles (UAVs) because UAVs have less autonomy. To this
end, we define the penalty \; for the use of robot r;.

A. Allocation Variables

The allocation, i.e., the assignment of robots to tasks, is
described by a set of Boolean variables d;;;, that are set to 1
when the £—th mission of robot r; is to perform task s; (0
otherwise). For convenience, x is defined as the aggregated
vector © = [0;jk)icr, jes,kek. The following constraints
need to be imposed in the optimization

N K
> k=

1 jeSs, (D
1=1 k=1
M

> Gk < 1 ieR.keEK, )
j=1

to ensure that all tasks are performed (]I[), and to avoid that
robots are simultaneously assigned more than one task per
mission slot (2).

An example of the described variables can be seen in
Fig. [T} where tasks have been considered static.

B. Distance and Time Computations

The distance between robot r; and task s; is defined as
dij = ||lg; — pZHQ, and the time for robot r; to reach task s;
becomes t;; = —%, as shown in Fig. [2
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Fig. 1: 1 performs first s; and then so; 79 performs task ss.
Let t1, to and t3 be the completion time of sq, So, and s3
respectively. Then, ¢; is the time it takes for r; to reach s;
plus 71; to is t1 plus the time it takes r; to go from s; to
so plus 79 and t3 is the time it takes for ro to reach task s3
plus 73. Likewise, the distance traveled by r; is the distance
from its initial position to s; plus the distance from s; to
so; and the distance traveled by ro is that from its initial
position to ss.
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r:

Let us introduce now the mean time to perform the k—th
task as

N M
1
tk:mzz z]k+T] I{ZEIC, (3)

where t;;;, is the time it takes for robot r; to perform task
s; as its k—th mission.

The computation of the time to complete a task s;, say
t;, requires to know all the previous tasks carried out by
the robot that performs s;. To overcome this issue, we
approximate the accumulated time before the beginning of
the k—th mission as

kek. @)

k—1
k
-y
p=1
Thus, an estimation of ¢; can be calculated as
N K
=D Gkt
g CLE
tijk =ty +tijr +7;

jes, 5)

1€ER, jE€S, ke Kk,
with £ S as the estimated time if task s; is allocated to robot
r; as 1ts k—th mission.

Finally, we can estimate the distance traveled by the robot
T; as

N M K

i=1 j=1k=1
where d;;, is the estimated distance traveled for robot r; if
allocated with task s; as its k—th mission.
C. Energetic Feasibility
Using (9), it is possible to define a family of functions

if b; — w; - zk>0
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Fig. 2: Example with 2 robots and 2 tasks. Distances from
robots to task s; are in red, and to task s, in blue. Task
trajectories can be seen in green.



to assess whether it will be feasible from an energetic
viewpoint for robot r; to perform task s; as its k—th mission.
This allows us to formulate a new constraint to ensure that
tasks will only be assigned to robots with enough SOC:

Bijk - Oijk

D. Optimization Goals

> 0ieRjeS§ kek, (8)

The core of the multi-criteria objective function employed
by our algorithm takes into account both the time in which
tasks are performed and the distance traveled by the robots
and it is defined as

M N
Je=3_ ¢j-ti(@)+ Y Ai-di(z), 9)
j=1 i=1

where \; € R is the penalty for the use of robot r;; d; is the
distance traveled by the robot r;, which can be estimated by
means of (6); ¢; € R is the penalty for the time employed
to complete task s;; and ¢; is the completion time in which
task s; is finished, which can be estimated by means of @
Then, the cost function @]) can be transformed into

N M K
Js = Zzzk i (N dige + ¢y - th),  (10)

i=1 j=1k=1

where the multiplication by k enforces that a robot can only
be assigned a task as its k—th mission if it already has
another task allocated in its (kK — 1)—th mission slot.

Considering the feasibility of the fulfillment of all tasks,
we can find two possible cases:

1) All the tasks can be performed. When N-K > M, there
are enough robots to complete the tasks in the allocation
horizon and the MRTA problem can be formulated as:

min
0i;k€{0,1}

S
s.t. (1., @, @).

Note that if K = M all allocations can be explored
(including those using the same robot to perform all the
tasks). Thus, if K < M optimality can be lost, although
the computational cost of the problem decreases (the
number of decision variables in the problem is N-M-K).
2) Some tasks cannot be completed when N - K < M,
the problem must be changed considering the following

Y

constraints
K
S S s sl jes a2
i=1 k=1
M
> Gijk = 1if max; g (Bijr) = 1 e R
= S
M kek’ (13)
Zaijk = 0 if max; x(Bijx) = —1
j=1

to ensure that not all tasks need to be fulfilled in
the allocation horizon (maintaining that they can be

performed only once) and that robots are not idle (unless
they do not have enough battery to perform any of
the remaining missions). The problem can be then
formulated as
min Js
056 €{0,1}
s.t. (@2, [13), @)
III. RECEDING HORIZON TASK ALLOCATION
ALGORITHM

In this section, the LP relaxation of the problem presented
in Section [II| is detailed and the proposed predictive multi-
robot task allocation algorithm is presented.

(14)

A. LP relaxation

Both and can be transformed into an equivalent
LP problem to reduce the computational cost. The equivalent
LP problem is as follows:

min cx

2>0 (15)
st. Ax=b
where ¢ = [¢;];er and 2T = [2]];er, with
1'()\L'd111+¢1‘t51) 1 [di11 ]
2. (Ni-di2 + 1 - thy) di12
K- (\i-dak + ¢1 - t5g) Ji1K
1-(Ni-dio1 + @2 - thl) di21
2+ (A~ diga + da - thy) Oiz2
cf = : , x = .
K- (\i - diok + ¢2 - thy) dizK
1+ (N - dint + om - tiy1) (iiMl
2 (A - diva + oM - thp) din2
LK - (Ai - dinik + Om -tk ] LdimK |

and the matrixes A and b contain the corresponding con-
straints. For simplicity, we consider only the problem ex-
pressed in (TI)) because problem (T4} can be relaxed in the
same manner. Then, these matrixes A and b can be written

as
R0 TMaN.
A — , b — M+N-Kx1 , (16)
Vi1 ON-M-Kx1
with
R = [B] Rz e RN],
-11><K 01xx O1xx
01><K 11><K 0l><K
Ri =
_01><K 01xx lixk
v o= (v Vs e 15N
| diag([F111 - Bymk]) |’
[ OKXK OKXK OKXK
Vi = Ix Ix - Ik
L 0K><K OKXK OKXK




Note that the :—th block row in Vj is the one containing the
Ik matrices.

Problem is known to be equivalent to in the
sense of having the same optimizer if the matrix A is totally
unimodular and every element of b is an integer [20]. The
latter condition is obviously satisfied in the present case.
Regarding the former, the following lemma is shown to
be true, which is equivalent to total unimodularity of A
(Theorem 19.3 [20]).

Lemma 1 Matrix A satisfies that 3¢ € {0, £1} s.t. A-€ €
{0, £1}.
Proof: Let us define
¢ =& -& &

& =[1lixxk —lixk lixk

8 | —LixMs)NK |
+lixk |,

where £y is positive if N is odd and negative otherwise.

That is, the first K elements of £ are equal to 1, the
following K ones are equal to —1, and this pattern is repeated
until the K - M—th element. Note that the last term will be
positive if K is odd and negative otherwise.

Then, it is easy to see that [ R |0 ] - ¢ € {0,1}, and
that [ V | I ]-&€{0,£1}. Thus, A-¢ € {0,£1}, which
completes the proof. [ ]

Therefore, we can solve the LP (I3) rather than the integer

program (11).

a7

B. Predictive Receding-Horizon Multi-Robot Task Allocation
(PMRTA) Algorithm

To solve the problem, we need d;jk, tijk, tfi, and t?jk
which can be obtained following Algorithm 1.

After computing d;;, and t;;;, Vk, the LP problem ex-
pressed in is solved and the assignment corresponding
to k = 1 is applied. Once a task is completed, the algorithm
is restarted in an event-driven fashion after updating the
positions of robots and tasks, and the battery status. In
this way, predictions and allocations are constantly updated
based on the current information. See Algorithm 2, where
the proposed predictive receding-horizon multi-robot task
allocation (PMRTA) algorithm is described.

IV. RESULTS

A case study with 4 robots and 16 tasks moving northeast
at different speeds is employed using a sample time of 0.1
seconds. The parameters of the robots and the tasks have
been generated randomly and can be seen in Table

An assessment of the effects of the allocation horizon K in
the results and the increase of the computational load with K
can be seen in Table [, For comparison purposes, J has been
computed following (9) for each simulation using the real
distance traveled by each robot and the real time in which
the tasks were finished. Note that the worst value is obtained
with K = 1, which is equivalent to the greedy approach.
The best allocation occurs when K = 3 and stabilizes
after K = 4, obtaining the same allocation disregarding
the value of K and the computational burden increases
linearly up to 2.02 seconds. We have compared it also with

Algorithm 1: d;jx, t;;x, t¥ and t£, estimation.

J

Let k = 1;

Initialize the estimated position of robots using their
current position, p;k = pi;

Initialize the estimated position of tasks using their
current position, q; r =5

while £ < K do

Compute £;;5, using pjy., ¢y i, and u;;

Compute diji, = ||lijr — Plill2 Vie R, j€S;

Compute ¢;;1, as t;;; = d;—““ 1€R, JE€ER,;

Use ;5 and 7; to compute t¥ using (3);

Compute t* by means of (3));

Compute t*+1 by means of (@);

Estimate the position of tasks in & + 1, q;.k L1
using q;k, u; and the time obtained in t’; ;

Compute tip Vi € R, j € S by means of ();

Remove from S the task with the lowest
estimated mean time in k, since we will
consider this is the task that has been completed;

Compute the position of the robots in k + 1,
Pjj41» by means of

|S|+1
Piks1 = P + Z th - v;
j=1

end

. Q;'_pi ) 1
lg; —pill2 S| +17

Algorithm 2: Predictive Receding-Horizon Multi-
Robot Task Allocation (PMRTA)

while |S| > 0 do

Update the real position of the robots;

Update the real position of the tasks;

Update the real state of the batteries;

Update the predicted position of the tasks and the
robots, d;jk, tijk, ¥, t¥ and t;-Ejk using
Algorithm 1;

Solve the allocation using (I3);

Apply the part of the allocation corresponding to
k=1;

Complete the corresponding task and update the
number of remaining tasks, |S| = [S| — 1;

end

the allocation obtained by solving once obtaining that
the computational burden is similar to that of K = 1 but
the performance decreases significantly, i.e., the periodic
recomputing of the allocation is necessary. This phenomenon
is to be expected since the predictions employed by the LP
are based on several simplifying assumptions. Finally, the
allocations obtained using K = 3 are shown in Fig. 3] There
are 16 allocations because there are 16 tasks and a new
allocation is computed every time a task is completed.

The results are also compared with those achieved by the
Genetic Algorithm (GA) method presented in [21], which
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Fig. 3: The lines represent the allocation obtained in each iteration. The green line represents the part of the allocation
corresponding to k = 1, i.e., the part of the allocation which is applied, while the blue lines represent the part of the
allocation for £ > 1. In the first allocation, robot 2 is sent to task 1, robot 4 is sent to task 4, robot 3 is sent to task 11,
and robot 1 is sent to task 5. The second allocation occurs when robot 2 completes task 1. In this allocation, robots 1, 3,
and 4 keep on completing the current tasks while robot 2 is sent to task 3. Note that in the previous allocation, the second
assignment for robot 2 was not task 3 but task 15. The third allocation is similar to the second one, but robot 4 finishes and
is sent to a new task (task 13). In the fourth allocation, we can see how task 13 is reallocated to robot 4 (since it has not
reached the task yet), and, in the fifth allocation, we can see that the proposed algorithm redirects robot 4 to task 10 and
task 13 is reassigned to robot 3. There are 16 allocations since each time a task is completed a new one is computed.

TABLE I: Parameters of the robots in the case study

Robots [ pi(0) [ [losl [ Xi | 8:(0) [ w;
o 25 1 4 [ 1 100 [02
r2 13 | 8 2| 8 | o5
r3 @2 | 8 1| 40 | 04
T4 (3,3) 16 2 30 0.1

Tasks | ¢;(0) q; T ?;
s1 D an i 3
S2 (1,6) 3.2) 2 1
s3 2,1) 2,1 3 5
t 2.3) 22) 2 4
ts (3.5 @1 2 2
te (3.9) 3.1 1 3
t7 a7 (4.2) 4 1
ts 4.5) 2.2) 5 1
to (5,8) (1,1 7 6
t10 6,3) 3.3) 1 1
ti | (LD @ 2 4
tie | (7.4) 2.4 1 3
tis | (82) (1.2) 4 5
t14 8,3) 2,3) 9 6
t1s 9,3) 2,3) 3 2
ti6 9,8) 3,1 5 1

solves

mUin JOA = % ¢j-t;(U) + % Ai - di(U) +~(U)
j=1 =1

s.t. u;(n) € SU{0} V i,n, (18)

where U = [u1(1),u1(2),..,u1 (M), uz(1), ..., un(M)] rep-
resents the complete allocation and w;(n) € S U {0},
stands for the n—th allocated task of robot r;. Note that
u;(n) = 0 when robot r; is idle. Here, ¢; and \; respectively
correspond to the priority given to a certain task s; and the
penalty for using robot r;; t;(U) and d;(U) correspond to
nonlinear functions regarding the time that it takes to com-
plete task s; and the distance traveled by robot r; in a given
allocation U. Function v(U) is a soft restriction ensuring the
energetic feasibility (no robot has a negative battery level

TABLE II: Results of the case-study for different K

K 1 [ 2 [ 3 [ 4 [ -~ ] 16 ] 16 (no recom.)
J | 609.14 | 519.38 | 484.02 | 504.35 | --- | 504.35 | _ 945.79
r; d; (m)
T 12.95 26.40 11.20 14.97 s 14.97 17.49
T2 31.27 28.24 26.08 32.72 32.72 25.32
r3 22.12 12.65 28.48 22.54 22.54 24.60
T4 32.01 28.52 24.74 23.55 23.55 30.23
S t; (s)
S1 1.2 1.2 1.2 4.4 S 4.4 15.5
S2 2.2 2.2 12 13.3 S 13.3 31.5
S3 124 4.3 4.3 3.2 S 3.2 3.6
S4 4 2 2 2.3 S 2.3 4.3
S5 2 2.3 2.1 6.4 S 6.4 26.3
S6 5.4 3.8 8.1 8 s 8 33.4
S7 6.7 16.3 14.1 12.3 e 12.3 38.9
S8 74 7.7 16.7 16.7 e 16.7 45.5
) 14.7 10.9 9.9 11 s 11 20.4
S10 1.3 10.2 9.4 10.7 s 10.7 39.8
S11 9.1 6.9 2.3 2.4 cee 2.4 4.1
s12 2.5 3.4 9.5 9.3 cee 9.3 21.2
s13 12.3 8.7 6.4 4.5 e 4.5 5.1
S14 18.1 16.1 11.4 11.4 114 21.4
S15 9 11.2 8.3 7.8 o 7.8 9.1
S16 7.9 15.6 14.8 16.1 oo 16.1 279
Computational time (s)
074 [ 079 [ 086 | 093 [ --- [ 2.02 | 0.76

after the allocation) and that every task is performed once.
Finally, GA parameters, which have been tuned by trial and
error to achieve a good balance between performance and
computational load, can be seen in Table Note that given
the heuristic nature of GA, the problem has been solved 10
times to average the results.

TABLE III: GA tuning parameters

Pop. size | Max Gen. | Max Stall Gen. | G¢ G M1 [&Ve)
400 50 10 07 ]03]| 05 | 05

The computational load of GA is around 60 seconds and
JGA is in the range [600,650], i.e., GA barely reaches the



performance achieved by the greedy approach despite its
significantly higher computational load. However, it must be
taken into account that, unlike the greedy approach and the
predictive approach, the implementation of GA here lacks
the capability of leaving tasks incomplete.

To validate the proposed method, we have generated 1000
random scenarios with N € [1,10], and M € [1, 20], located
in random spots of a 15 x 15 m square area. These scenarios
have been solved using GA and PMRTA VK € [1,M]. The
rest of the parameters are contained in the following ranges:
v; € [4,20] m/s; A € (0,5); b; € [0,100]; w; € (0,1);
u; constant with ||u;|| € (0,4] m/s and random direction;
7; € (0,10); and ¢; € (0,10) m/s.

Our results show that when GA is constrained to achieve
an allocation in the same time as the proposed algorithm it
achieves a worse allocation in most cases (90.15%). In Fig.
it can be seen that PMRTA is superior in almost all cases with
small K (K > 1), although its performance decreases for
larger prediction horizons until it finally becomes worse than
the greedy algorithm (K = 1). On the other hand, when GA
has unlimited time to converge (the stopping criterion was
set to 30 generations with no improvement), it outperforms
the proposed algorithm in most cases, as expected. However,
even in these unfair conditions, the proposed algorithm
occasionally beats GA. Also, note that for K = 2 PMRTA
outperforms the greedy algorithm and is able to get better
results than GA in 18.9% of the cases (the greedy algorithm
outperforms the unlimited GA only 7% of the simulations).

100
80
60
40

20

I PMRTA
Il Time limited GA
| I T T Y O O |

0
1234567 8 91011121314151617181920

% of cases won
(for the same computation time)

K

Fig. 4: Performance comparison between PMRTA and time
limited GA.

V. CONCLUSIONS

A predictive MRTA algorithm that takes advantage of
the available information regarding the system evolution
has been presented. In particular, the proposed algorithm
computes the best allocation based on the predicted system
evolution for a given horizon and applies the first element of
the calculated sequence in a receding horizon manner.

Our results show that the proposed algorithm outperforms
well-established heuristical methods such as the greedy al-
gorithm and GA in time-limited optimizations. Also, the
proposed algorithm performs remarkably better with small
horizons than with larger ones due to the use of a simple

internal model for the predictions. To overcome this issue,
we plan to iterate the allocation until convergence is obtained
and to employ myopic cost functions in future works. Also,
in future works, experiments with real robots in more chal-
lenging environments will be carried out.
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