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Abstract

In this article, we investigate the existence and uniqueness of solution of controlled
hybrid neutral stochastic differential equations with infinite delay (HNSFDEswID). It is
known that the time lag generated by the controller in each discrete observation must
be different. The controlled HNSFDEswID are affected by the variable delay induced by
the control function, the infinite time delay, and the highly nonlinear coefficients of the
systems itself, which makes our problem more sophisticated. Different from the classical
Khasminskii-types conditions in the literature, we provide some sufficient conditions for



the mean square and almost sure exponential stability for controlled HNSFDEswID by
using the M-matrix technique and a suitable Lyapunov functional. In this sense, the main
contributions of our results, compared with those in the literature, are the infinite time
delay, the neutral term and the new Lyapunov functions. Finally, we illustrate our results
by a numerical example.

1 Introduction

The applications of dynamical systems are found in many branches of technologies, sciences,
economy, physics, biology amongst others. Many researchers have devoted much more attention
to the investigation and study of different types of deterministic and stochastic dynamical sys-
tems (see [1, 2, 5, 6, 9, 12, 13, 31, 33]).

One important class of stochastic dynamical systems is given by stochastic functional differential
equations (SFDEs), which are very useful to characterize equations with states depending on the
present and on the past (see [11]-[19], [23] and [24]-[29]). One of the most important class of
SFDEs are the hybrid SFDEs (HSFDEs) or SFDES with Markovian switching, which contain,
in particular, the cases modeled by stochastic differential equations with delay (SDEswD) and
Markovian switching, which have been proved very appropriate to describe many phenomena in
the real world.

Stability theory is an essential topic in the analysis of HSFDEs (see [10] and [20]-[22]). On the
one hand, many published papers in the literature impose that the coefficients in the equations
must satisfy some linear growth condition (see [4] and [27]). But, on the other hand, in practical
situations, many SFDEs do not often satisfy this type of linear growth condition (i.e. SFDEs
can be highly nonlinear). Therefore, there exist many papers in which the authors studied the
asymptotic properties and establish some stability criteria of the HSFDEs which are highly non-
linear (see [7]-[10], [22] and [26]).

In many science, engineering and economic fields, many phenomena are influenced by ran-
dom factors and time delay even in the terms containing derivatives, which motivates and justify
to model such systems by hybrid neutral stochastic functional differential equations (HNSFDESs).

HNSFDEs are important extensions of HSFDEs (see [3], [25] and [30]). HNSFDEs have been
used when a neutral stochastic functional differential equation experiences sudden changes in its
coefficients structures due to some environmental phenomena. The exponential stabilization of
HSFDEs by means of state feedback controllers has been widely discussed (see [21] and [22]). In
[22], the authors constructed a delay control based on discrete-time state observations to guar-
antee the stability of HSFDEs (which are highly nonlinear) and they assumed that the time lag



generated by the controller in each discrete observation should be different.

To the best of our knowledge, there is no existing result on the exponential stability and the
mean square stability of highly nonlinear HNSFDEswID. In this sense, our paper extends the
work in [22] to the neutral case with infinite delay.

Different from the previous works in the literature, the main highlights of our paper are as follows:
(1) Our system (2.1) is infinite-dimensional and its coefficients are highly nonlinear.

(2) The controlled equation (2.6) includes not only discrete modes and continuous states but also
new discrete states.

(3) Comparing with [22], our model contains a neutral term and infinite delays which make the
system more complicated to deal with.

(4) We investigate existence and uniqueness of solution to system (2.6) by using the Lyapunov
techniques.

(5) Different from the Khasminskii-type conditions in the literature, we study the mean square
exponential stability and the almost sure exponential stability via the M-matrix method.

The paper is arranged as follows. In Section 2, we recall some preliminaries and fundamental
concepts for our analysis. In Section 3, we study the existence and uniqueness of the solution
of HNSFDEswID. In Section 4, we investigate the mean square and the exponential stability of
HNSFDEswID. Eventually, in Section 5, we illustrate our results by a numerical example.

2 Preliminaries and basic notions

Denote by C([p,0],R¢) the family of continuous functions from [p,0] into R and W(J) =
(W1 (9), ..., W,(¥))T a p-dimensional Brownian motion defined on a complete probability space
(Q,F,P). Let |s| denote the Euclidean norm of s € R® and |L| = \/trace(LT L) the trace norm,
for a matrix L. Let BC((—o0, 0], R¢) be the set of bounded continuous functions p : (—oo, 0] — R¢
equipped with the norm ||u|| = sup.( |©(¢)| . For ¢ > 0, denote by LI((—o0, 0], R) the set of
measurable functions ¢ : (—oo, 0] — R€ such that ffoo |1 (9)]9dY < oo. Let N ((—00,0),Ry) be

the family of non-negative continuous bounded functions v(-) satisfying fi)oo v(9)dy = 1. For
each € > 0, let N® ((—o00,0), R, ) be the set of continuous bounded non-negative functions v(-)
such that 0 < M) = ff)oo e~ (9)dd < oo.

Denote by {l(¢),9 € [0,400)} a Markov chain (which is right-continuous) on {Q, F, (Fy)g>0, P},
taking values in © = {1,2,..., N}, whose generator ¥ = (0pq)y, 1S given by

opald + 0(A), ifth # d
P+ A) = d|i(9) = b) =
1+0’bbA+O(A), lfb:d,



where A > 0. Here o35 > 0 is the transition rate from b to d, if b # d, while

Opp = — g Obd-

do£b

We say that the matrix O (or the vector ¢ > 0) is positive if all its elements are positive. We
say that the square matrix O = (0pg)nxy IS @ Z-matrix if it has non-positive off-diagonal entries
(namely opq < 0, V b # d) and all positive diagonal entries.

Definition 2.1. The square matrix O = (0pq)nxn s said to be a nonsingular M-matrix if O can
take the form O = sI —T such that s > p(T), all elements of T" are nonnegative, I is the identity
matrix and p(7') is the spectral radius of T

Lemma 2.1. If O is a Z-matrix, the following assertions are equivalent:
(1) O is a nonsingular M-matriz.

(ii) O is semi-positive.

(iii) O~! exists and its elements are all nonnegative.

Suppose that [(-) and W(-) are independent.
Consider the following HNSFDEswID:

d(t(9) — F(¥,19)) = h1 (7(9), 79,9, 1(9)) dO + ho (T(9), 19,9, 1(F)) dW (1), ¥ >0
(2.1)
0 =X

where the initial function x € BC((—o0,0],R¢) N LI((—o0,0],R°)) I(0) = by € O, 7(V) =
(1(9), (), ..., 7(9)" and 7y : (—00,0] — R¢ is the segment of the solution defined as
19(0) = 7(9 + @) for 6 € (—o0,0]. Consequently, the initial condition 79 = x means 7(0) = x(0)
for all 8 < 0.

Assume that

hy : R x BC((—00,0],R) x Ry x © — R,
hy : R x BC((—00,0,R°) x Ry x © — R*P F : R, x BC((—00,0],R) — R
Assume that F(9,0) = hy (0,0,9,7) = hy (0,0,9,7) =0 for all (¢,r) € Ry x ©.

Let C12 (R¢ x R x ©,R,) be the set of all non-negative functions V(7,4,b) on R x R, x O,

which are twice continuously differentiable with respect to 7 and once continuously differentiable
with respect to ¢.



Let LV : R x BC((—00,0],R¢) x Ry x © — R be the operator satisfying (see [20])

where

LV (1,0,0,b) = Vy(r — F(9,9),0,b) + V(1 — F(V,¢),9,b)hy (¢,7,b)

—l—%trace (RS (¢,0,b)Vir (T — F (U, 0),9,b)ha(,9,b))

N
=+ Z bekV(T - F<197 ¢)7 197 k)a
k=1

oV (r,9,b oV (r,9,b oV (r,9,b
Vﬁ(T,ﬁ,b) — %,VT(T719, b) == ( <8T1 )7"'7 <a7_ )) )
O*V (1,9,b)
Vet = (S350

Lemma 2.2. Let ¢ > 1, € > 0 and (i1,12) € R%. Then,

1o |4
|Z'1 +i2|q < [1 +847i1}q71(|i1|q + M)

Proof. See ([18]).

Remark 2.3. Let ¢ > 1 and (i1,12) € R% By taking e = 1 in Lemma 2.2, we obtain

Jix + o] T < 2971 (Jia] + Jia] ).

Assumption 2.4. For each € > 0, there exists K. > 0 such that

|71 (61(0), 61,9, b) — 1 (62(0), o, 9, b) |V [ha (¢1(0), d1, 9, b) — ha ($2(0), 2,0, b) | < K.||¢h1 — o]

Vo1, @2 € BC((—00, 0], R) verifying ||ga]| V [|¢2]| < & and ¥(9,b) € Ry x ©.

Assumption 2.5. Suppose that there is a constant v € (0,1) such that V¢ > 0 and V¢ €

BC((—00,0],R°), we have

Assumption 2.6. Let ¢ > 2 and v € N ((—00,0), R, ). Suppose that for each m € © there exist

[F(6) ] < ~[(0)].

constants Z3 < 0, =1, =9 and Z4 > 0 such that 25 > =1 > 0 and

6(0) — F(9, )| | (6(0) — F(9,0)" I (6(0), 6,0, 0) + L2 |1 (6(0), 6,9, 0) P

0

< E4|¢(0) = F(9,9)["7 + Z5(9(0) — F(¥,9)|* + E / |9(0)|"1(0)db — Z2|¢(0)]".

— 00
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Let 7 > m > 0, while we shall assume 7, € [r,7] and 7 + = > 7. Hence, set a bounded
function v : Ry — [z, 7 + 7) defined by

v(¥) =9 —am for ¥ € [am + 74, (a + )T + Tap1), a =0,1,2, ... (2.5)

If the HNSFDEswID (2.1) is unstable, we need to construct a delay feedback controller
u(T(9 —v(?)),9,1(Y)) to guarantee that equation (2.1) becomes stable. Consequently, we will
study the controlled HNSFDEswID, for ¥ > 0

d(T(0)=F(0,79)) = (ha(7(9), 79,9, 1(0))+u (T( — v(V)), 0, 1(0)))dV+hy (7(0), 79, 9, 1(9)) AW (),

(2.6)
with the initial condition
Tro = X € BC((—00,0],R) NLI((—00,0],R®), 1(0) = by € O, (2.7)
and the Borel measurable control function v : R x R, x © — R€.
Assumption 2.7. Suppose that there exists a positive constant p satisfying
|u(z,9,0) —u(z,9,b)| < plz — 2], (2.8)

V(9,0) € Ry x © and Vz,z € R°. Moreover, suppose that u(0,9,b) =0, for all (9,b) € Ry x ©.
Clearly this hypothesis implies V(z,9,b) € R x Ry x ©
u(z9,)| < plel. (2.9

Definition 2.2. (i) System (2.1) is said to be asymptotically bounded in ¢g-th moment if any
of its solutions 7(-) satisfies
limsupE |7(¢)|? < M, (2.10)
Y—+00

with M is a positive constant.

(ii) System (2.1) is called exponentially stable in g-th moment if

lim %log (E [r(9)]%) < 0,

Y—+o00
for any solution 7(-).

(iii) System (2.1) is called almost surely exponentially stable if
. 1
ﬁglfoo sup log |7(¥)] <0, P—a.s.,

for any solution 7(-).



3 Existence, Uniqueness and Boundedness

In this section, we will investigate the existence and uniqueness of the solution and the mean
square exponential stability of system (2.6).

Theorem 3.1. Under Assumptions (2.4)-(2.6), for any initial condition satisfying (2.7), there
is a unique global solution () to equation (2.6).

Proof. We will split the proof into two steps.
Step 1: Let V:R° xR, x © — R, be the Lyapunov function:

V(r,9,b) .=V (r) =|7|% (3.1)
We then have
LV (6(0),0,0,0) = 4l6(0) = F0,0)["* (6(0) = F(9,6))" b1 (6(0),0,9,5) + u(d, 6(~v(0)),b)
+3alo(0) = F0,9) s (6(0),6,9,0)

+ %q(q —2)[6(0) = F(0,0)|""| (6(0) = F(9,9))" ha ($(0),¢,9,0) . (3.2)

Using the inequality
| (6(0) = F(,9))" ha (¢(0), ¢,9,b) [ < [¢(0) — F(9,6)[*|h2 (6(0), 6, ,) |*, (3.3)
we deduce
LV (¢(0),¢,9,b)
= Q|¢(0) - F(197 ¢)|q—2 (gb(()) - F(ﬁa gb))T hl <¢(0)7 ¢7 197 b) + a ; ! |h2 (¢(0)7 ¢7 197 b) |2
+(9(0) = F(9,0))" u(v, 6(—v(9)),b)]
< ¢Z4|¢(0) = F(9, )| + 4Z510(0) — F(9,9)|" + ¢7[¢(0) — F(9, ¢)|*" o (—v(¥))]

0
= / 16(6)[7(8)d8 — qZa]H(0)]1. (3.4)
Applying Young’s inequality, for € > 0 arbitrary, we can derive that
1p(0) — F 9, ¢)4 = 1
16(0) = F(9,6)" |o(=o(9))] = (W 'f( )> . 9) ) (cqlé(~v(9))[7)}
q)it
< DT 50y~ P9, 6) + elg(—o (@) (3.5)

1
ga-1
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Hence,
LV (4(0),6,9,5) < —K|¢(0) — F(9,0)|” + qZ4$(0) — F(3, $)|*"2 + el (v ()|
—ma(/ wwwmmw—www>. (3.6)

—0o0

q

q ~ -1 ~
Choose € > % such that K = —¢=3 — (qr)/)lq > 0, and note that V(t) = ¢Z4t77% — Kt
—q=3)* £q-1
has a finite supremum value over [0, +00) denoted by ¢4 = sup V().

te[0,00)
Hence,

0

LV (6(0), 6,9,b) < 4 + ¢ ( /

—00

|6(6)7v(6)d6 — |¢(0)Iq) +elp(=v@))". (3.7)

Step 2: As the coefficients of equation (2.6) are continuous and locally Lipschitz, for any
given initial condition (2.7), by the standard truncation method, there is a unique maximal local
strong solution of equation (2.6) on (—oo, ), with v, the explosion time (see, e.g., [19, Theorem
3.2.2, p.95] and [28, Theorem 3.3]).

Let ¢y > 0 be sufficiently large satisfying ||x]|| < ¢o. For each ¢ € N* such that ¢ > ¢y, let v,
be the stopping time defined by

ve = inf{¥ € [0,v,); |7(9)] > ¢}.

It is clear that v, is increasing. Set v, = lim v.. It is obvious that v, < v, a.s. We will prove
Cc—00

that v, = o0 a.s, then v, = c© a.s.
Set 7(9) = 7(9) — F(¥,19) and T(mo) = 7(mo) — F(U, T, ). Applying It6’s formula and (3.7),

EV(T(WAv.)) = EV(7(m)) —i—E(/ " LV (T(S),TS,S,Z(S))CZS)
BY (F(ro)) + o0+ <B( [ Ir(s = o(s)|'ds)

0

IN

+ qzlE(/:M(/o (s + 0)[(0)d — [7(s)[7)ds ). (3.8)

—00



Applying now Fubini’s theorem,

E (/jA (/: 17(s + 0)|(0)d6 — |T(s)|q)ds)
_ E(/O (/ﬂW (s + ) “ds)(6)do) —E(/

7(s)l"ds)

< / " / e 7 (9)eds)v(0)d0) — E( / W r(s)]7ds)

—00 —00 o)

_ K / " (s)[ds. (3.9)

—0o0

IAVe

Besides, for all s > mg, we have 0 < s — v(s) < s. This yields
B(|r(s = 0(6) gy (9) < _sup E((r(w A v)P).

Therefore, by (2.3), we obtain

o

EVFEWO Av)) < EV(F(m)) +ad + ¢EiE / 1R(s)lds

—00

+5/ E(17(s — v(s))|Lgn) () )ds

o

< EV(F(m)) + oud + gEiE / 1R(s)lds
19 o0
+e/ sup E(|7(w Ave)|?)ds
0<w<s
™0
< B )l + o +a2iE [ RS
19 o0
+e/ sup E(|7(w Ave)|?)ds
0<w<s
™0
< 20E[T | + 297 E|F (o, Ty )| 4 0a¥ + g5 E / X(s)|*ds
19 — 00
te / sup E(|7(w A v)|?)ds
0<w<s
™0
< 297'EIRIY (1 + K9) + a0 + quE/ 1X(s)|%ds
; —00
e / sup E(|7(w A v,)[?)ds. (3.10)
0<w<s



Thus,
0

EIT(I A ve)|? < L+ pu0 + L'/ sup E(|7(w Av.)|?)ds, (3.11)
mo 0<w<s
where o
L= 2 B[R] (1 + 5%) + q=iE / 19(s)|7ds,
and

L' =e¢.

Let € > 0. For —oo < 0 <0, using Lemma 2.2, one has

E’F(ﬁ A2 7—19/\%)‘(]>
5}
YIE|T (Y9 A I/c)’q>
£

Elr(@ Ave)t < (L+em) ™ (BF@ A vl +

(3.12)

< (ter) (BFW A v+

Then,

TE|T(9 A v,)|4 v
Elr(WAv)|? < (1+§ri1)q—1(L+¢479+7 [T A ve)l +L’/ sup E(|T(w/\yc)|q)ds>. (3.13)

) o0 0<w<s
Hence,
c 9
sup E|r(tAv.)|? < ., (L + sV + L'/ sup E(|7(w A I/C)|q)ds) . (3.14)
o <t<J (1+§F11)q_1 Y 7o 0<w<s
We have .
lim ———— —491=1—-+7>0.
£—00 (1 + iqfil)qfl
Thus, there exists g, > 0, large enough, satisfying
€
)
(L+gg )t
It yields
c 9
sup E|l7(t Av)|? < = =L — (L + o4V + L'/ sup E(|7(w A VC)|q)d$> . (3.15)
mo<t<¥ — 1 — 7 7o 0<w<s

(14edT)at

10



Moreover,

sup El7r(t A )2 < sup Elr(tAv)|?+ sup Elr(t Av.)|?
p E[r(t Ave)l p p

0<t<d 0<t<mo T <t<d
9
< E|IX||* + - 2 (L+¢419+L'/ sup E(|T(w/\yc)|q)ds) .
—— = 70 0<w<s
(14ed 1)t
Using Gronwall’s inequality we obtain
sup E|7(t Av)]? < Q(9), (3.16)
0<t<0
where p
QW) =M®W +R / M (5)eR0=9) (s,
0
M) =EIRI + = (Lt eud) and R= g1
(Hgﬁ)q*l (1+§0q%)‘1*1
Since
E|r(9 Ave)|? > P (v. < 9),
then J
P(r. <9) < @
cd
Letting ¢ — oo, we deduce P (v, <) = 0. Thus, P (vy > ) =1, V& > 0, which implies that
P (Ve = 00) = 1, as desired. O

Theorem 3.2. Assume that Assumptions (2.4)-(2.6) hold. Then, system (2.6) is asymptotically
bounded in q-th moment.

Proof. Applying It6’s formula to the function e [7|? and using (3.6), we have

d(eV(FW))) = e (LV(r(9),79,9,1(0)) + eV (F(¥))) dv
+ g |7(0) |72 7 () T ho(T(9), 79, 9, 1(9))dW (). (3.17)

11



Integrating (3.17) from my to ), we can derive that

V(FW)) = ™V (F(mp)) +/ e (LV(7(s),7s,8,1(s)) +eV(T(s))) ds

0

+ q/ e |7(8) 727 () ho(7(5), Ts, 5, 1(5))dW ()

o

9 0
< eEWOV(?(WO))+/ que“/ |7(s 4+ 0)|"v(6)dbds

) —00

G ~
" / e (= = R)F(5)|7 + g2l 7(s)[12 + £lr(s — v(s)|' — g2 ]7(s5)|7) ds

0

9
+ q/ e |7(8)| 727 () ho(7(5), Ts, 5, 1(5) ) AW (5).

™0

(3.18)

0 0
Set V1(¥) = ¢= / / e“=9|7(s)|%dsv(0)df. Using the differential calculation, one has
—oo J 940

0

i) -z | [ Do - |

—00 — 00

| (9 + 9)|qu(9)d9] dy. (3.19)
Integrating (3.20) from 7, to ¥, we have

Vo) < Vi [ me (v [ o] s, 60

0 —00

0
where / e *v(0)dd = M. Using Remark 2.3 and Assumption (2.5), we have

—00

F@)T < 27 (r @) + [F (9, 79)|7)
< 27N (It + T (9)])

= 27N (14 A9)|T(9)]. (3.21)
Plugging (3.20) and (3.21) into (3.18), we obtain
9

V(FW) +Vi(0) < ™V (F(mg) 4 Vi(mo)) + / e [J(7(s)) +e|r(s — v(s))|Y] ds

0

+ q/ e |7(5)|972F(5) ho(7(8), 7o, 5, 1(8) ) AW (5), (3.22)

0

12



where J(s) = — <2q_1(1 + (K —€) — ¢5, (M© — 1)> |7 + 2973 (1 + 4972)q=y| 5|72
Choosing ¢ < l?, _

207 (1 + 1) (K —¢) — ¢=;, (M© — 1) > 0.
Let Cy = sup J(s). Then,

s>0

IV EW) A VA(D) < eV (F(mo) + Vi(mo)) + / e [Cy + elr(s — v(s))]7] ds

o

+ q/ e |7(8)| 727 (5) ho(1(5), Ts, 5, 1(5) ) dW (5). (3.23)

7o

Taking expectation on both sides of (3.23), we deduce

Ee”[F(0)| < E(V(7(9) + Vi(9))
< V(T (mg)) + Vai(mo) + ]E/ e” [Cy +elT(s — v(s))]9] ds

e ETO "
€ — € £
Cy + Cl—g + ¢ sup E|7(s)|%, (3.24)

0<s<v

IN

where Cy = "™V (7(mg)) + Vi(my). For —oo < 6 < 0, by Lemma 2.2 and Assumption (2.5), we
can derive that

1 a]
L Er () < EFW)". (3.25)

(1+egat)a-t &

Hence,
1 C
E|r(9)]? < — |Cy+ — + sup E|r(s)]?], (3.26)
1 o £ 0<s<?
Lusqil)q—l ]

which implies that

- C -
sup EIr(s)f' < sup B’ + BRI < Ca [Cot C + sup B9l + BT

0<s<¥ To<s<V 0<s<¥

. It is easy to see that lim C3 = 07. Then, we may choose € > 0,

where C5 =
|:+ . ﬂ e—0t

(1+6ﬁ)‘1*1 €
small enough, such that C'5 < 0. Consequently, we obtain

1 C R
sup Bir(of < o [0s (0o Z) 4Bl (3.27)
0<s<¥ 1-0Cs 5

13



Letting ¥ — o0, it follows

sup E|7(s)|? < C4, (3.28)
0<s<00
1 C’1 ~ :
where Cy = G Cs | Co + — ) + E||x]|?|, as desired. O
—C3

4 Mean square exponential Stability

In this section, we will present some conditions due to the control function u to ensure the mean
square and the exponential stability in ¢g-th moment of system (2.6).

For ¥ > m, denote by 7(¥) = 7(9) — F(9,75) and ¢(0) = ¢(0) — F(9, ¢). As for 1y to be well
defined, we set 1(#) = by for § < 0 and Iy = (9) for ¥ > 0.

Y (0, ¢,1) € (—00,0)xBC((—00,0], R%)xO, we set hi(4(0), p, 0, 1) = hi(¢(0), ¢, 0,7), ha(e(0), P, 0, i) =
h2(¢(0>? ¢7 07 Z) and u(¢>(—v(0)), 197 Z) = u(¢(_v(0)>7 07 Z)

Let 7* = 7 +7 and let @ > 0 be a free constant which will be determined later. Define

O (9, 0.0 = U(?(ﬂ),l(ﬁ))+w/_ /ﬁ+ (1, w, 1(w) )duds,

where
U(z,b) =y |2 + 7 |2]%, (4.1)
and
O (19,9, 1(0)) = 7" |hi(T(D), 79,9, 1(I)) + u(T (I — v(1)), I, l(l?))|2 + |ho(T(0), 9,9, l(ﬁ))|2.

Lemma 4.1. For ¢ > m, (7(7,9, 19,ZA,9) 1s a stochastic process with differential dl/]\(m, 19,ZA,9) given
by

dU (1,9, 1y) = <LU(T(19),T§,19,Z(19)) + wrt ®(1g, 9, 1(V)) —w/ﬂ *Q(Ts,s,l(s))ds) 4 + dM(9),

where LU : R x BC((—o0, 0], R¢) x [mg, +00) X O — R is defined by
LU(T(9), 79,0,1(9))

= 2oy (F0)T (((0), 72,0, 100) + ({9 = v(0)). 0, 00) + 5 1l (9), 7.0, 100)
o PO (FOF (i (0) 70, 0.00) + 00 = (D), 0.10) + 5 Il (0), 70,0, 10D

+ Q(Q;z)m(ﬂ) ’7’209)’(1—4‘%(19)}@( ( ) Tﬁ,ﬁl ‘ +ZH1 77] ‘T | +77J ’7—( )| )

where M\(ﬁ) is a local continuous martingale with M(?TO) = 0.
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Remark 4.2. By the inequality |¢(0)" ks (6(0), 6,9, §) |> < |6(0)|*|h2 (¢(0), ¢, 9, 5) 2, it is obvi-
ous that
LU(1(9),19,9,1(1F))

< 2 (7O (7 (9),72,0,100)) + (0 = o0, 0,100)) + 3 I (0) 70,010
= g FO) (RO (ha(r(0), 70,0, 109) + u(r (0 — () 0.1(0))
D (), 70, 0,109) )+an (s FO)P + 7 ()]

< LU(79,9,1(9) + (2mo) + aiho) [F)|") 7@ (u(r(0 — v(9)),9,1(9)) — ul7(9),9,1(9))),

where LU : BC((—o0,0],R¢) x Ry x ©® — R is defined by

LU(¢7 197 m) = 277m (gg(o)T (hl (¢(0>7 ¢7 197 m) + u(¢<0)7 197 m)) + % |h2<¢(0)7 ¢7 197 m) |2)

o ($<0>T (ha(6(0), 6, 0, m) + u(6(0), 9, m)) + 2
+ Yy (o)

Assumption 4.3. Suppose that for each b € ©, there exist nonnegative constants Zp, ébl, =2,
2, Soa, Zpa and negative constants Zy3, Zp3 such that, ¥ (9, ¢) € Ry x BC((—o0, 0], R)

+ qlm ‘5(

! rh2<¢<0>,¢7ﬁ,m>|2)

i $<o>\q) | (43)

- —2 /- 1
50" (30)7 (h(60),0,0.8) 4 u(6(0),0.8) + 5 12(6(0),6,0.0)
~ q—2 ~ q 0
<zuloO[" "+ 2uls0)| 4 Zu [ 16O vO® -l
and
a(0)" <5<0>T (1 (6(0), 6,9,5) + u(6(0), 0,6)) + T== ha(6(0 >,¢,ﬂ,b>12)
~ |~ -2 ~ |~ q ~ 0
<Zu]o0)]" + 2o+ Zu [ 160 v0)a8 - o)
Moreover,
A1 == —2dzag (513, 523, e 7EN3) —1II and AQ == —quCLg (glg, égg, e 7‘§N3> - H,
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are non singular M-matrixz and define

(1,725 o) = ATHL L DT (G, i) = AL DT (4.4)
where {my }1<p<n and {Mm }1<p<n are positive constants.

Theorem 4.4. Let Assumptions (2.4)-(2.7) and (4.3) hold. Suppose that there exist positive
constants k, 01, 02, 03, p > q > 2, aj, j =1,...,5, such that 0 < oy < 1, a nonnegative constant
A and a function W(-) € C (R, Ry) such that

p+q—2

: (4.5)

q1>2

pt+q—2 ~

s [6(0) < W(B(0)) < e + a5 3(0)

and

LU(6,9,5) + 81 |1 (8(0), 6,9, + 63 h2(9(0), 6, 9,D)* + 26 (znb 9(0)] + i |9(0)

~ 2 0
<~k ([50)] +1o0F - a1 [ o@)F o))
_ 0
= AW((0) = W((0) + oz [ W(H(0))v(0)db),
(4.6)
V(¥ ¢,b) € Ry x BC((—o0,0],R%) x ©. Suppose also ©* is sufficiently small such that
T < M and 7 < 0105 A 0203 A L (4.7)

22 T V2 PP 2V10p

Therefore, for any initial condition (2.7), the solution of equation (2.6) satisfies

o1 2
191_1}1}300 Elog (E|lr()]") <o0.

Proof. We split this proof into four steps.
Step 1: Using Assumption (2.7), (4.2) and (4.3), we can derive that
) - P N2
LU (1(9), 19,9, 1(1)) < LU(79,9,1(9)) + 553 (2m) |T(D)| + @iy [T(9)]* 1)

2
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Thus,
0

Uy, 9, 1y) §ﬁ(7'7r0,7r0,z;0)+/ LU(rs, s, 15)ds + M(9), (4.8)

o

where,

2

N . 5 N o
LU(79,d,l9) = LU(7,9,1(9)) + 503 (2mo) [F(9)| + gy |7(0)]77)

+ %; I7(9) = 7(0 — v(9)|* + T ®(19,9,1(9)) — w/ﬁ:* (75, 5,1(s))ds.
(4.9)
On the other hand, by Assumptions (2.4), (2.7) and Theorem 3.2, we deduce
sup ]E‘L(?(m,ﬁ,%)’ < o0. (4.10)

T <t<o0

2

Step 2: Let w = (pS_ Using (4.8) and (4.10), we obtain for any ¥ >
3

[V
VBT (g, 9, 1y) < ™00 (g, o, Tng) + ]E/ &= <5U(Ts, 5,1,) + LU(r,, 5, zs)) ds.  (4.11)

o

By condition (4.7), we can see that

2 (7)* p? P
S
5, <4 and s

Then, by elementary inequality and (2.9), we obtain

W d(7,, 5, 1(s)) < % | (5,7, 1(s))[” + ”;5 |ha(s, 7, 1(s)) |
+ 2ELL (s o) s
< 0 |h1<87 Ts) l(S))|2 + 02 |h2(8,7'57 Z<S))|2 + % |T(8 B U(S))|2 .

(4.12)

17



Plugging (4.12) into (4.9) and using (4.6), we have

I[‘I/j(Tsa Saz\s) S LU(Tsv S, l<8)) + 51 |h1(37 Tsy l<8))|2 + 52 |h2($,7'5, Z(S))|2

5 P~ Sy 2 (W*)2P4 2
+ 553 (2ms) [T(8)| + aigs) 1T()T77) " + T e [7(s —v(s))|

IA
|
=l
g
Pl
>
_|_
=
2
|
£

0 2<7T*)2 P4 2
. 5—3 [T(s —v(s))]

+ ol = s v - £ /_ & (1w, L))

Using (4.7), we can derive that pr* <

2(r)* p! 2 _ (4m)" p! P
T o IT(s —v(s))]" < A

Hence,

LU (7, 5,0) < —k|7(s )|2—|—ka1/ (s + 0) w(0)d0 — AW(r(s)) — W(F(s))

+ /W (s+0)) (9)d9—|——|T() T(S—U(5>>|2

Plugging (4.14) into (4.11), we have

() + 100, 7)) —Tls - v(s).

/ (s + 0)? u(@)d@) CAW(H(s)) — W(ES)

(4.13)

(4.14)

9
€E§EU(T§, D, ly) < U (Try, 0, bny ) + E/ ee®U(1s, 8,l5)ds + I + Is + I3 — 14, (4.15)
0

18



where

L o= IE/ o= (-kms)\?_ (k— %) yT(s)|2+/m1/ yT<s+e)\2y(9)cze> ds

—00
0

L = E / ﬂe (-AW(T@))-W(%(S))MQ /

—0o0

W(T(s + 9))V(9)d9> ds

2 9
I; = —E/ 6€S|T(8)—T<S—U(8))|2d8
503 ).

0

p2 9 s
I, = —E/ e* (/ @(Tw,w,l(w))dw) ds.
53 o s—m*

Step 3: Using the substitution method, we obtain

9 [0 0 9
/ / e |7(s+ 0)> v(0)dbds = / e *%u(6) / et |7 (s 4 0)|* dsdh
w9 J —00 g

—00 0

0 9+6
= / e_aey(Q)/ e |7(s)|? dsdb

—00 0+9

9
< M(E)/ e |7(s)|* ds

—00

o 9
< MO / ()2 ds + M© / e |7(s)|? ds.

—00 )

Therefore,

03

—00 0

0 4 (7* 2 4 9
L < kaleMOM(a)/ IX(s)|” ds — (k: A k:alM(E)> ]E/ = |7(s)|* ds

%
_ k:E/ e [#(s)|? ds.

)
By the same method, we have

IW(X(s))|ds + (M(e)ag — ) E/ e“W(r(s))ds

o

0
_[2 S O[QB(EFOM(&)/

~ E /ﬂ 19 eESW(%(j))ds.

Applying the Fubini theorem, we can derive that

p2 v cs 2 _ P2 v €s 2
5_53]E/7r e |r(s) —1(s —wv(s))| ds = — eE|r(s) — (s — v(s))| ds.

503 /o,

0

19
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By the It6 isometry and the Holder inequality,

E|7(s) = 7(s — v(s))|"

IA

3E|F(s,7s) — F(8, Ts—u(s))|” + 3E /i . (7* | ha (T (w), Ty w, H(w)) — (T (w — v(w)),w, I(w)))?

|ho(T(w), Ty, w, l(w))|2) dw

+

< 3E|F(s,T5) — F(s,7's,v(5))|2 + 3E /j ) (7r* |hi(T(w), Ty, w, l(w)) — u(T(w — v(w)),w, l(w))|2
+ |h2(T(w),Tw,w,l(w))|2) dw.

Then, by Theorem 3.2, we have

LS L 3PERP +Blrs - v(s)P)

3

Substituting (4.16)—(4.18) into (4.15),

) 03 0

R R 9 R R 4(71—*)2 p4 9 )
e“"EU (19,9,1y) < C5+E/ ee**U (s, 5,15)ds — | k — ——"— — kayM® ]E/ e |r(s)|" ds

_ kE / & [7(s)[Fds — (A — M©ay) E / S W(r(s))ds

0 0

v 2
- E/ eESW(?(s))ds—ng,

where

0 0

s = 00 (ray 70, Tay) + iy 570 M / IR(s) P ds + apes™ M© / W(R(s))| ds + 642Ch.

—0o0 — 00

Step 4: By an elementary inequality and (4.5), we obtain

7?7 P < e

W(r)
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Using now the definition of U ,
DeBIFW)° < eEU (19,0, )

< G5 (1 _ %) E/ﬁ EW(F(s))ds — (k — ca — gwg)E/

4 *\2 4 %)
- (k - (”5—)” - ka1M<€>> ]E/ e=* |7(s)|* ds
3 iy

0
9

2
— ()\ — M(E)ag) E/ GaSW(T(S))dS — 514 + 15,

™0
where

Wy =minmn;, Wy = maxrm;, W3 = maxn);
i€O i€® i€0

2 9 0 s
Is = 2IE/ e’ </ / @(Tw,w,l(w))dwdv) ds.
(53 0 —7* Js+v

It is straightforward to show that

€p2 9 s
Is < 5—E/ e’ (7‘('*/ cI>(7'w,w,l(w))dw) ds = em*ly.
) s—m*

3

and

We may choose € > 0 to be sufficiently small and satisfying

2 w A(7* 2 4
B < £y +ewy <k kagaM© + Am)p

- <k and
5 3 53

er* <
Substituting these into (4.19), we obtain

E |[7(9)]* < %6_‘5’9, V9 > .

W1
We know that
FOR > (— — L))
—1l+e 15
We have
li —~2=1-~%2>0.
siglo 1 + € " v -

Then, there exists € > 0, such that

0

0

= [7(s)|* ds

(4.19)

(4.20)



Hence,
1 C
E|lr(@)| < ——— =277, Vo > m,
1+e €
as desired.

]

Theorem 4.5. Suppose that all assumptions of Theorem 4.4 hold. Then, for any initial condition

satisfying (2.7), we have
(i) for any q € [2,q), the solution of equation (2.6) satisfies

1 .
lim - log (Elr@)F) <o.

Y——+00

(i) The solution of equation (2.6) is almost surely exponentially stable.

Proof. (i) By the Holder inequality and Theorem 3.2, we can derive that, for any 2 < g < g,

Elr@)" < (E\T(ﬂ)\Q)g_g(E]T(ﬁ)\q)gg

9a—q

a—2 -
1 05 ! =2 a3
< _ 04(2726 5’19(172‘
- 1 2 wq
1

+e €
(ii) Using Ito6’s formula and proceeding as (4.8) and (4.11), we obtain

) < &4 BH),
1

where M () is a local continuous martingale with initial value M (m) = 0.
Using the non-negative semi-martingale convergence theorem, one can derive that

lim sup e’ |F(9)]* < 00, a.s.
Y—00
Then, there exists a finite positive random variable 7 satisfying

sup eV [T <7, a.s.
o <Y< 00

Proceeding as in (4.20) and the proof of Theorem 2 in [3], we have
sup e |7(0)]* < C,

o <¥< o0

1

where Cg = -V This yields that, for all ¥ > m,

1
1+e
|T(19)|2 < Cgee,

Therefore,

1
lim sup n ()l < -

Y—00 U

Y

DN ™

as desired.
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5 Illustrative Example

In this section, we present the following HNSFDEswID to illustrate our results:

dT(0) — F(V,79)] = ha (1(9), 79,0, 1(F)) dI + ho (7(0), 79,9, L(V)) AW (), (5.1)
where W (1) is a one dimensional Brownian motion, the function F' is defined as
1 0
F0.0) = 37—

T 211 e R

where ¢ : R — [0, 400) is a continuous function which represents the unbounded variable delay.
In this sense, when we replace ¢ by 7y, the expression takes the following form

1 (1)
F(ﬁv Tﬁ) = 51 + 6_7_2(19_§(19))'

The functions h; and hs have the corresponding expressions

0

hi (7(9),19,9,1) = =2 (1 + 6—72(19—@(19))> (27_(?9) B i/

—0o0

IT(9 + 9)|69d9> :

0
b (r(0), 00 1) = 5 [ |r(0-+ 0)| s

—00

1 ) 1
b r(@)70.2) = =3 (14 700) (370 - 1

—0o0

9 0
b (r(0).7,0.2) =\ 1= [ 170+ ).

Consider the following initial condition

0
IT(9 + 9)|69d9> :

0.019 _ 1 _
?:{e e !, if ¥ e (-100,0] (5.2)

0, if 9 € (—oo,—100],
1(0) = 1.

Remark 5.1. Since it is hard to make numerical simulation for the equation with infinite delay,
we have considered a special initial condition (5.2) here. Although this is enough to illustrate
our previous theoretical results. For the theory of numerical methods of SDEs, see [15], [16] and
32].
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Set © = {1,2} and the matrix A = (A\np)1<mn<2 given by
-1 1
1 -1)°
1
(6(0) = F(9,6))" hu (6(0), ¢, 9, 1) + 5[h2 (6(0), 6,9, 1) |

<-Lpor ([ o)

Thus, for b=1

2
For b =2 .
(6(0) = F(9,6))" hu (6(0), ¢, 9,2) + 5[h2 (6(0), ¢,9,2) |
28 1, [° 2
<5l +5( [ lowleas)”
Using the Holder inequality, we obtain
0 0
([ 1o@as)’ < [ jooppesas

Furthermore,
L} ¢ (s(o)

[60) = F(,0)l = Ty 19O < [6(0)].

Substituting (5.5) and (5.6) into (5.3) and (5.4), we have Vb € {1, 2}

(6(0) — F(0,0)" b (6(0),6,9,) + 5lhs (6(0), 6,9, )

13 1 [ ;
< P35 [ jeopas
5 1[0
= OO - ZoOF +5 [ lo@)ds

< 100 - FO. 0P - o) + 5 [ o).

By the fact that [¢(0) — F (9, ¢)|> % = 1, we can see that Vb € {1,2}

(6(0) — F(0, 6))" iy (6(0),6,9,0) + 5lhs (6(0),6,9,b)

<100 - PO 0P + 1= 0P +5 [ lo)Ped,

2
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Then, Assumption (2.6) is satisfied with =; = %, o = g, =3 = —1 and =, = 1. However,
letting the initial condition (5.2), from the numerical simulation of the computer based on Euler-
Maruyama scheme with time step 1072, we can see that HNSFDEswID (5.1) is not stable. This
result can be clearly illustrated in Figure 1.

Suale path 1]

0
0
0o
0

=0

Figure 1: The computer simulation of the sample paths of the Markov chain and the System
(5.1) using the EulerMaruyama method with time step 1073.

Now, we will construct a control function u to stabilize the system (5.1). Let the function
u: Rx R, xS — R defined by

1 4
u(r,9,1) = 57 and u(r,9,2) = 37 (5.9)

It is obvious to see that Assumption (2.7) is fulfilled with p = 2. By Theorems 3.1 and 3.2, the
following system:

d(7(9)=F(0,79)) = (h1 (7(9), 79, 0, 1(9)) + u (7(0 = v(0)), 9, 1(0))) di+hs (7(0), 79,9, l(ﬂ))(?Vro(f),
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has a unique global solution on ¥ > 0 for any initial data Y. Moreover, we have

(5®VYhﬂ¢®%¢ﬂ%®%ﬂd¢®%ﬁﬁD*—%Mﬂ¢@%¢ﬂiwf>

¢(0)

< Zpa + Ze3

0
g Ebl/ [#(0)]° v(8)d8 — Zpa [6(0)|” .

—00

Hence, Assumption (4.3) holds with

— _ = = _ = 1 _ = S = 1
Eu=Enu=Eu=E2xu=0, E3==C3= _Z’ Z12 = S = g, Z11 = 811 = 5,
_ = 3 = 1 and = = 4
D93 = 223 = T oo, S92 = S = Lald Zop = Zo1 = o
10’ 15
Let
3 1
Al = A2 = —2d2ag (.:13, 523) — F = _21 8 .
5
Therefore,
1 . 8 5
-1 _ A-1 _ 77
A=A =1 8 &
7 14

On the other hand, we will prove that system (5.10) satisfies all the assumptions of Section 4.

We consider 26
Bir)?, for b=1

U(r,m) =
B|r]?, for b=2.
Then, for b=1
1 2 2 49 ~\2 |7 2
LU(,9,1) + 752 171(6(0), 6,9, )" + ha((0), 6,9, )I” + = (m +711)” |#(0)
~ 2 51 1783 [°
<=0 =3 16OF + = [ 16(6) 'de.
For b =2
1 ) , 49 JUVEPURNT
LU(6,9,2) + 132 1 (9(0), 0,9, 2) + [na(6(0), 6,0, + — (2 + )" |9(0)|
727 |~, 2 43 » 3217 [© 2 4
< ~g7 [P0 =T 10O + Tz [ 1o(0) e
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This implies that for Vb € {1,2}

2

LU, 0,) + — [ha(6(0), 6, 9, B + [ha(6(0), 6,9, D) + o (s + 72| 3(0)

128 676

<o ~s100F +4 [ o)
<3 (Ppof ~ o0 -3 [ 1s@rean) - Sioor - 5o + 2 [ oo s
Consequently, Theorem 4.4 is satisfied with
k:%, OZ1:%, A =D, ozgzlg),
W(r) = %7’2, 01 = %, 09 = 1, 03 = %, and 7 = 1073

Therefore, system (5.10) is exponentially stable in mean square.
To perform a computer simulation, we set 7* = 10~* and the same initial condition as before.
The sample paths of the Markov chain and the solution of system (5.10) are shown in Figure 2.
According to the time step 1073, we use 1000 realizations for this discretization to give the
trajectory of simulation of the mean square of 7(1J). The mean square exponential stability for
system (5.10) is shown in Figure 3 and clearly the simulation supports our theoretical results.

6 Conclusion

In this article, we have investigated the stability of highly nonlinear HNSFDEswID by construct-
ing a suitable delay control. Moreover, in the literature, there is no existing results about the
stability theory of highly nonlinear HNSFDEswID.

Hence, for highly nonlinear HNSFDEswID, it is necessary to design a new delay control to sta-
bilize the system.

The new controlled HNSFDEswID includes not only discrete modes and continuous states but
also new discrete states with respect to the infinite time delay, so it is a hard task to study this
type of system. We have obtained the existence and uniqueness theorem of the HNSFDEswID. In
this way, we construct delay controls, which ensure that the controlled HNSFDEswID is bounded
in g-th moment, and is mean square and almost sure exponentially stable. Finally, we analyze a
numerical example to illustrate our results.

Combining our results in this article with those of [30], we can study the feedback control problem
of HNSFDEswID with different structures.
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0
0

10 1s =0
Tixxrre 22

Figure 2: The computer simulation of the sample paths of the Markov chain and the System
(5.10) using the EulerMaruyama method with time step 1073,

n
0O 0 o0 0

Figure 3: Mean square stability for the System (5.10).
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