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Abstract

This paper studied a stochastic epidemic model of the spread of the novel coronavirus (COVID-
19). Severe factors impacting the disease transmission are presented by white noise and com-
pensated poisson noise with possibly infinite characteristic measure. Large time estimates are
established based on Kunita’s inequality rather than Burkholder-Davis-Gundy inequality for
countinuous diffusions. The effect of stochasticity is taken into account in the formulation of
sufficient conditions for the extinction of COVID-19 and its persistence. Our results prove that
environmental fluctuations can be privileged in controlling the pandemic behaviour. Based on
real parameter values, numerical results are presented to illustrate obtained results concerning
the extinction and the persistence in mean of the disease.

Keywords: Stochastic differential equation; Lévy noise; COVID-19; extinction; persistence in

mean; Kunita’s inequality.

1. Introduction

Since its first emergence on December 2019, coronavirus disease 2019 (COVID-19), the res-

piratory illness caused by Severe Acute Respiratory Syndrome Coronavirus 2 (SARS-CoV-2) is
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continuing its spread across the world taking more than one million and one-third of a million
lives [I] with more than 50 millions infected cases by the end of November 2020 [2]. This large
pandemic was not the first of the twenty-first century, there were already the SARS CoV-1
and MERS in 2002-2003 and 2012 respectively [3, 4]. Coughs and sneezes and talking expel
respiratory droplets that can be breathed by others allowing the spread of COVID-19 virus. An
individual could be able to catch the infection through face-touching right after touching con-
taminated surfaces and objects. Collective efforts of public, health authorities and all societies
actors are main strategies to stay safe and reduce the impact of the current sanitary crisis while
waiting an effective COVID-19 vaccine. Following guidelines of World Health Organisation,
measures such as, social distancing, wearing face masks, regular hands cleaning, isolate infected
individuals, among others can limit the spread of the disease [5 [6].

Besides medical researches to assess infectious diseases transmission understanding, mathe-
matics has long been used in biology and disease modelling. Mainly, Kermack and McKendrick
were the first to elaborate a compartmental ordinary differential equation model where the total
population is divided into susceptible, infected and removed classes (SIR) [7]. Thenceforth,
mathematical models become progressively more crucial as tool of diseases dynamics analysis.
Beyond deterministic systems, environmental fluctuations are introduced through difussion pro-
cesses theory to formulate stochastic differential equation (SDE) based models for epidemiology
[8, @, 10].

SDEs and related tools have been extensively employed for real world diseases investigation.
Indeed, [I1] proposed a stochastic SIR model with vaccination for hepatitis B and analysed its
persistence and extinction. [12] studied a stochastic SIRD epidemic model of Ebola and explored
the existence of a unique stationary distribution. Respecting measles transmission dynamics,
[13] developed a stochastic SIR-type model incorporating double dose vaccination and studied
the stability of disease-free and endemic equilibria. For other diseases modelling using SDEs,
we refer, for instance, to [9, 14} [T5, [16] and references cited therin.

A great amount of literature has been produced in the field of mathematical epidemiology
for COVID-19 dynamics analysis [17, [I8] [T9]. For instance, [20] studied a stochastic SIR model
for novel coronavirus spreading forecast in Kuwait. Author in [21I] has proposed a stochastic
model for COVID-19 transmission and prediction, taking into account the effect of asymptomatic

infectives. Mandal et al. [22] have examined a deterministic model of COVID-19 fitting and



short-term forecasting for some Indian states coronavirus data. Moreover, they formulated an
optimal control problem to reduce infected population size. Their ODE model is illustrated by

the diagram in figure [T] and given by the following equation.
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i l \

Figure 1: Transition diagram in the epidemic model . Dashed arrows stand for births, black arrows for deaths

Recovered —

and red arrows represent different transition flows between the states

dSy = [A=B(1—p1)(1 = p2)SeEy + b1Qr — pSe]dt

dEy = [B(1—p1)(1 = p2)SiEy — (b2 + o+ v+ p) Ey]de,

dQr = [b2Er — (b1 + ¢ + p)Q:]dt (1)
dl, = [ozEt +cQr—(n+p+ 5)It]dt,

dR; = [nl; + vE: — pRy]dt,

where the explanation of parameters is given in Table [1] and the labels S, E, @, I and R stand
for susceptible, exposed, quarantined, hospitalized infectives and recovered individuals respec-
tively. In system , hospitalized infectives are not responsible of the spread of COVID-19 as
they are completely isolated until they recover or die. Moreover, individuals of the class E are
only the spreaders as well as this class contains asymptomatic as well as symptomatic but un-
reported infected population. Henceforth, an infection may occurs only when a portion (1 — p;)
of susceptibles comes into contact with the portion (1 — ps) of exposed persons who do not take

safety measures. It is shown in [22] that system always has a disease free equilibrium E°
AB(1 — 1-—
BUZp)( = p2) 1y ey

(e + o + v + p)
Ro > 1, besides E° that is unstable, there is a unique endemic equilibrium E* that is locally

which is locally asymptotically stable under the condition Ry =

asymptotically stable.



Table 1: Model parameters description.

Parameter Description

A the constant recruitment rate.

B the disease transmission rate.

p1 the portion of susceptibles maintaining proper precaution measure (0 < p; < 1).
02 the portion of exposed persons maintaining proper precaution measure (0 < py < 1).
b1 the portion of quarantine class moving to susceptible class after quarantine period.
by the portion of the exposed class going to quarantine class.

Q@ the portion of the exposed class going to infected class.

c the portion of quarantine class moving to infective class.

n the recovery rate of hospitalized infected population.

v the recovery rate of exposed population.

1) the disease induced death rate.

" the natural mortality rate.

Latterly, Boukanjime et al. [23] introduced environmental fluctuations into system by con-
sidering both white noise and telegraph noise and a generalized incidence function. In their
work, the impact of factors like humidity, rainfall fluctuations, meteorological factors, etc., are
taken into account in COVID-19 spreading modelling. They showed the extinction of COVID-19
under RY < 1 and its persistence when RY > 1, where the expression of R? depends on white
noise intensity and regimes states [23)].

There are many important sources of stochasticity affecting the infection rate of diseases in-
cluding, for instance, susceptibility that differs from person to person according to their health
states and uncertain number of contacts per infective individual. The infection rate of sexually
transmitted diseases experiences different perturbations induced gender, age, and sexual pref-
erence and number of partners per person.

In this paper, we introduce another type of noises to the system to present serious environ-
mental perturbations. This is the Lévy noise that is widely exploited to reflect the discontinuity
of epidemic models solutions due to sudden environmental shocks. Actually, natural disasters

like earthquakes and weather-related disasters can dramatically expand the number of exposed



individuals to diseases and amplify the deaths level, which cannot mathematically represented
by continuous models and necessitates the introduction of discontinuous noise sources as Lévy
one. See [24] [T [25] 26], 27] and references cited therein. At this stage, we let the Lévy noise

act on the COVID-19 transmission rate as follows
B— B+oB(t)+J(1), (2)

where B(t) is a standard Brownian motion defined in a complete probability space (Q, F;, P)
satisfying the usual conditions, o > 0 is the intensity of white noise which is independent of the
Lévy jumps J(t) = fot Sz C(2)N(ds,dz), where N is the compensator of a Poisson counting
measure N with characteristic measure A on R* = R\ {0}, C: R* x  — R is bounded and
continuous with respect to A and is B(R*) x Fi-measurable, where B(R*) is a o-algebra with
respect to the set R*. All processes are defined on (€2, 7, P) . Under these hypotheses, we propose

the following system

dS; = [A—B(1—p1)(1 = p2)StEy + b1Q — pSidt
—0SEydBy — [5. Si- B~ C(2)N(ds, dz),
dE; = [B(1—p1)(1 — p2)Si By — (ba + a+ v + p) Ey]dt
+0S,EydB; + [,. Si- B~ C(2)N(ds, d2), (3)
dQi = [baE; — (b1 + ¢+ p)Q¢]dt,
dl; = [aE; 4 cQr — (n+ p+ 9)14]dt,
dR; = [nl; + vE; — pRy)dt,

To analyse the model 7 we need to impose the following assumption:

Assumption (Hi). C(z) is bounded, —1 < C(2), ||Clls < 4, and [,. C*(2)A(d2) < oo.
Notice that we do not require the condition A (R*) to be finite. Hence one can see that previous
works, including [11], 28] 29], B0, [26] etc., do not include the case we consider in this work.
This paper is structured as follows. Section 2 is devoted to state preliminaries on the existence
of a unique global positive solution to system . Moreover, some useful estimates are estab-
lished based on discountinuous processes theory. Sufficient conditions to the extinction and
persistence in mean of COVID-19 are presented in sections 3 and 4 respectively. Based on real
data parameter values, our analytical results are illustrated through numerical simulations in

Section 4.



2. Preliminaries

After formulating the SDE system for COVID-19 dynamics, it is necessary to verify if it
admits a unique global positive solution. Following the same steps of the proofs of Theorem 2.1

and Theorem 1 in [27] and [26] respectively, we can easily arrive at the hereunder results.

Theorem 2.1. Assume that (Hy) holds, then for any given initial value (S(0), E(O) Q(0),1(0),R(0)) €
RS, there exists a unique solution (S(t), E(t), Q(t),I(t), R(t)) € R% of system (3) ont >0 and

the solution will remain in Rﬁr with probability 1.

Remark 1. The following domain

A:{(xh,‘%)ERi Z.’El<;1} (4)
i=1

s a positively invariant set of system for any initial condition in A.

By virtue of Kunita’s first inequality (Theorem 4.4.23 of [31]), we can prove the following

estimates.

Lemma 1. Let (S(t), E(t),Q(t),I(t), R(t)) be the solution to system for an initial value in
A. If Assumption (Hy) holds, then

i) lim — / / In (14 S,-C(2)) N(dr,dz) =0, a.s., hm S, E,-C(z)N(dr,dz) =0, a.s.,
t—oo t . t—oo t R*
1 1
it) lim — S +dB, =0, a.s., lim — STETdBT =0, a.s.
t—oo t 0 t—oo t 0

Proof. Denote
1t -
Zi=; [ [ w s, ce) S
0 Jr~

By virtue of Kunita’s first inequality, for any p > 2, there is a positive real number ¢, such that
t
E [ sup | Z. |p] <c,E [/ / [In(1+S,-C(2)) |P )\(dz)dr]
0<r<t 0 *

</°t / [ In(1+5,-C(2)) [ /\(dz)d7’>p/2] .

On the other hand, one can easily show that

+cE

A A
(148, C() < 2 [ 14— AC

P (- Al

[ C(2) |-



Therefore, there is a positive C}, such that

E|sup | Z |P| <Cpt [ |C(2) P v(dz) + Cpt?/? C%(2)\(dz) p/Q. (5)
- .

0<r<t

For any € > 0, Doob’s martingale inequality implies that

1
]P’( sup | Zy P> k1+5+”/2) <—=E [ sup | Zy |p]

k<t<k+1 T Rltetr/2 |k
Cy(k+1) Cy(k +1)P/? p/2
Sm /R 1CE) [P v(dz) + ’}Clﬁiﬂ,m s C?(2)A(dz) ) .

As a result of the Borel-Cantelli lemma, we have for almost all w € €,

sup | Z |P< k;l+5+p/2,
k<t<k+1
holds for all but finitely many k. Hence, for almost all w € Q, there is a kg = ko(w) such that
for all & > ko

In| Z; | < (I4+e+p/2)Ink <
Int — plnt -

1+1+6
2 p7

for any € > 0 and k <t < k+ 1. Letting ¢ — 0 yields
ln|Zt| 1 1
im — < 24
t—oo Int 2 p

Then, for all £ € (0,1/2 — 1/p), there is a finite random time T = T'(w) such that
I =
In|Z|< |-+ —-+¢&]Int, t>T,
2. p

and so

| Zy |

lim sup < lim sup £ V/2FVP =0, a.s.
t—o0 t—o0

This gives that

Z
lim M =0, a.s.

t—oo t

Following the same steps as above, one can obtain

1
lim —
t—oo t

¢
/ / S,-E,-C(z)N(dr,dz) =0, a.s.
0 *

The proof of the second assertion is similar to one of Lemma 2.2 of [30] and we omit it here.

This concludes the proof. O



3. Extinction

In the next theorem, we will establish a condition under which the COVID-19 dies out from

the population. For the convenience of the reader, we define the following quantities

B=B0-p)1-p2) o= o2+(Al|C”)Q/R Ny (6)
1+ 2Co .
3A
RE = i . (7)

2
botatvp+(4)
We have the next theorem.
Theorem 3.1. Let (S(t), E(t),Q(t),I(t), R(t)) be the solution of system with an initial

value (5(0), E(0),Q(0),1(0), R(0)) € A. If the following conditions R < 1 and 26% < B hold,

then the pandemic goes out of the population exponentially with probability one. That is to say

. il . hl Qt . hl It
lim sup <0 a.s., limsup <0a.s., limsup—— <0 a.s.,
t—o00 t—o0 500 t

Ey

Proof. Applying the Itd formula with jumps (Theorem 4.4.7 of [31]) to the function E; — In E,

we get

*

2
dlnEt—{BSt(bg+a+1/+u)UQSer/ In (1+ S;C(2)) — S;C(2)A(dz)| dt

+ 0S:dB; + / In (14 5,-C(2)) N(dt,dz). (8)

*

Using the Taylor’s formula, we have for some 6 € (0,1) that

(5:C)° )
2(1+605,C(2)" o (1+ 21Cl)

In(1+5;C(2)) = 5:C(2) = = 5 5¢- 9)

Hence,

My (t) n Mo(t)

<B(S) — (br +a+ v+ p) — 5(S?), + - —

(10)
where

Ml(t)zlnE0+a/otS,.dB,. and MQ(t):/Ot/*ln(l—i—SrC(z))N(dr,dz). (11)



From the system , one can obtain
dSt +dEt +th :A—/,LSt - (()4+V+[L)Et - (C+N)Qt7

which leads to

A a+v+ c+
$0e=5 - (L B+ Q) + an(), (12)
[ [ 1
where ¢1(t) = SotEo+ Qo Si+ Bt Qt. Then, using the Cauchy-Schwarz inequality and

ut ut
direct computation, we get

82 (97 = [2 - (g, g ) o]
> (ff —2 (‘;1 +¢>1(t)) <W<E>t + CZ”@%) :

Moreover, from the SDE , we have

dQ¢ +dly +dRy = (b2 + a +v)Ey — (b1 + p)Qr — (p+ 6) 1y — pRy.

Therefore,
@)= =B+ o)
where ¢s(t) = Qt(; f::)th - Q°<b+1 ff:) tRO. Hence,
N Y SR
where
balt) = 200(0) (L CHIORE AN ()9S (2010,

Injecting and into , we obtain

mB o [(/3’—25‘4> atvtp o Aletu)btaty)

m 1 poo b+ p)

| )

M (t) n Mo(t)

2
+Bi(b2+a+u+u)&<i) + ¢a(t) + ; a

(14)



where ¢4(t) = Bé1(t) +G3(t). By Lemma and the boundedness of the solution to system (3)),

we obtain
tlgglo MlT(t) =0, tlggo MQT@) =0, tlggo 9a(t) =0, tlggo nE <0 as. (15)
Then, for RS <1 and § — 2&% > 0, we have from that
liﬂsup E: <(ba+a+v+p) (RI—1) <0, as. (16)

By (16)), we have tlggo E; =0 a.s. That is,
P{weQ: lim Et:()}:l.
t—o00

Hence, for any € > 0, there is a positive T' such that F; < ¢, for all ¢t > T. Combining this with
the third equation of system , we deduce for any ¢ > T that

dQ; < [bae — (b1 + ¢ + u)Qdt.

The comparison theorem implies that

b2€ —(b
0<Q < ———— 4 Qg e~ OrFermt,
_Qt_lerCJr/L Q7

By the arbitrariness of €, we deduce that tlim Q: =0 a.s.
— 00

Following the same argument, one can show that
lim I; =0a.s., lim R; =0 a.s.
t—o0 t—o00
Furthermore, injecting lim Q; = lim E; = 0 a.s. into , we arrive to the equality
t—o0 t—o0

tli>r(r>10<5>t = g a.s.

Thus the proof is completed. O

4. Persistence in mean of the disease

In this section, we are able to establish a condition under which the disease persists in mean.

FOI' Convenience, we denote
~
- o

2
b2+a+u+u+&(§)

1 1
g=-S0*+

I (- Aole)

Hence, we set the following result.

C%(2)A(dz) p and RY = (17)

10



Theorem 4.1. If RY > 1, then for any given initial value (S(0), £(0),Q(0),1(0), R(0)) € A,
the corresponding solution of verifies

AN
liminf(S); > A </L + ﬂ) a.s.,

t—o0 %)
. . p _
11g£f<E>t > my (Rj 1) as.,

liminf(Q); > mo (RY —1)  a.s.,

t—o00 J

lim inf(I); > ms (R;7 -1) as.,

t—o00
im i > P 8.
hgg}lf(R)t > my (RJ 1) a.s.,
for some positive constants m;,i=1,--- 4.

Proof. From the first equation of system and the boundedness of F;, we have

t t t
Sy — So > At — (,u + BA) / S,dr — O’/ S, E.dB, — / Sy E,.—C(Z)N(dr, dz).
H 0 0 0 JR*

Rearranging and dividing by ¢, we obtain

AN ! - 1t 1/t -
(S, > (u + ﬁ) {A po=5 L / S.E.dB, — / S, B, C(z)N(dr,dz)| .
Iz t t Jo tJo Jre

Taking the inferior limit and using Lemma [1} we obtain

~1
liminf(S); > A <u + BA> a.s.
t—o0 o)

Now, From equality and using the fact

In (14 8,0(2)) — S:C(2) > — ) S S2, (18)
2(1- 2|Cllo)
we have
2
lntEt > B(S); — (ba+atv+p)—a (’3) + —M;(t) + —Mzt(t), (19)

where we used Sy < /AL. On the other hand, the first two equations of system imply that

A
gy, > A _letatvip

m " (E)t + ¢5(1), (20)

11



So + E S;+FE
where ¢5(t) = ot fo o +t L Inserting (20)) into ((19)), we obtain
i

ut
mE, _ (A by+a+ _(AN? My(t)  My(t
(4 - B ) o) - ko v - (5) 2 4 2,
t 7 7 7 t t
Therefore,

b SA AN?\  Mi(t) My(t) WmE, -
ﬁM<E>tZB—<b2+a+V+M+U<)>+ 1()+ 2(t) In t_ Bos(t).
H H Iz t t 3

From and tlggo ¢5(t) =0, a.s., we obtain
liminf (E); >my (R} —1) >0 a.s, (21)

t—o0

oy, oA’

where m; = =
B

bo+a+v+pu
From the third equation of system ({3)), we have
D@0 By — (b1 + et ) Q)

Combining the last equality and the boundedness of @); with inequality , we arrive at

lim inf @¢=ma (R —1)>0 as., (22)
ba - .
where my = ————my. By a similar argument, one can claim that
b1 +c+p
litrgg)lf (I)t >m3 (R —1) >0 a.s. and litrg(ii)lf (R)y =my (R —1) >0 as., (23)
for some positive constants mg and my. O

Remark 2. Notice that Theorems[3.1 and[f.1] do not construct a threshold between the extinction
of the disease and its persistence due to the fact 'Rf < Rj. Yet, when there is no jumps, that
is J(t) = 0,t > 0, we obtain the equality R;’ = RS representing a stochastic threshold for the
system with only white noise.

5. Discussion and numerical simulations

Based on Euler-Maruyama scheme for the continuous part of and the algorithm listed

in Section 3 of [32] for pure Lévy jumps, numerical simulations are performed using real data

12



Table 2: Parameters values used in numerical simulations

A B m « ) n p1 P2 b1 by v o
Example(l| 0.042 0.53 0.013 1/54 0.012 1/14 0.16 0.3 0.063 0.158 0.362 0.24
Examplef2) 00048 3.4 0.011 1/52 0.068 1/14 0.05 0.2 0.071 1.11 012 0.2

from two Indian parts, namely, Tamil Nadu state and Maharashtra state. Parameter values are
estimated in [22] and used under regimes switching by [23]. For convenience, we present these

values in Table 2

Example 1. According to the parameter values of the first line of Table @ and letting C(z) =
2

0.306%, we can compute RS = 0.925 and verify the condition R < 1, even if Ro =
z

1.402 > 1. In this example, by virtue of Theorem [3.], the disease shall go to zero exponentially
with probability one. The solution to deterministic system has to be persistent [22]. Such

scenario is plotted in figure |3

Example 2. When Maharashtra state dataset is used as in the second line of Table[d and the

22

1422
unity. As claimed by Theorem[].1] the disease will be prevailing in the population. This case is

Jump intensity C'(z) = 0.195

is considered, we obtain R? = 1.037 that is greater than

illustrated by Figure[3

The present paper studies a stochastic epidemic model of the spread of COVID-19 under Lévy
noise. The results obtained extend those given in [22] up to a stochastic form without requiring
the condition A(R) < co. In terms of Lévy jumps dependent quantity R5, we proved that the
disease goes to zero exponentially with probability one whenever Rj < 1. However, as long as
R;’ > 1, the COVID-19 will be persistent in the host population. Since R§ < R < Ro, where R
is the stochastic threshold corresponding to model with only white noise, the system under Lévy
jumps can privilege the extinction of the disease howbeit its persistence occurs in other systems.
Other than realism features arising from noise with jumps, the studied model enhances the
COVID-19 transmission mechanism on which only unsafe exposed individuals are responsible.
Actually, individuals taking protective measures and confirmed infectives (all confirmed are
hospitalized) do not figure in the incidence function. Asymptomatic and unreported infectives

are counted up as being part of exposed class.

13
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Figure 2: Simulation results of the solutions to system with Lévy jumps, its countinous part and the deter-

ministic model under the parameter values of Example
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Figure 3: Illustration of persistence in mean of the solutions to model with Lévy jumps, white noise and

without noise. These scenarios correpond to the case presented in Example



Despite the interest arising from the studied model, some limitations can be listed up for
further investigations. For instance, public health efforts are on reducing transmission and dis-
ease fatality rates and raising up the recovery rate. Consequently, time-independent parameter
models are not able to represent this property and then still restrictives. Other compartments
and transitions can be also taken into account to formulate more reasonable COVID-19 models.

Demographic noise could be also considered as an internal source of stochasticity as in [33].
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