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1. Introduction

Let Q C R? be an open bounded set with regular
boundary I', and consider the Navier—Stokes equa-
tions (NSE) on © with a homogeneous Dirichlet
boundary condition

aa—zuAqu(u-V)quVp:f(t)

in (0,400) x Q,
V-u=0 in (0, +00) x Q, (1)
u=0 on (0,400) x T,
(u(0,2) =u(z), ze€Q,
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where v > 0 is the kinematic viscosity, u is the
velocity field of the fluid, p the pressure, u’ the
initial velocity field, and f(¢t) a given external
force field.

There have been many modifications of the
Navier—Stokes equations, starting with Leray and
mostly involving the nonlinear term, see the review
paper [Constantin, 2003]. A system, called the glob-
ally modified Navier—Stokes equations (GMNSE),
which was introduced recently by Caraballo et al.
[2006] will be considered here.

We define Fiy : RT — RT by

N
Fn(r):= min{l7 —}, reRT,
r
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for some N € R* and will consider the following system of globally modified Navier—Stokes equations

(GMNSE)
v+ Fx () (- V)] + Vp = £(6) in (0, 4+00) x .
V-u=0 in (0,+00) x €, (2)
u=0 on (0,+o00) x T,
u(0,2) = u%(z), x €,

The GMNSE (2) are indeed globally modified —
the modifying factor F(||u||) depends on the norm
|ul] = IVul|(£2(q))3xs, which in turn depends on Vu
over the whole domain 2 and not just at or near
the point x € €2 under consideration. Essentially, it
prevents large gradients dominating the dynamics
and leading to explosions. It violates the basic laws
of mechanics, but mathematically the GMNSE (2)
are a well-defined system of equations, just like the
modified versions of the NSE of Leray and others
with other mollifications of the nonlinear term, see
the review paper [Constantin, 2003]. It is worth
mentioning that a global cut off function involving
the D(AY*) norm for the two-dimensional stochas-
tic Navier—Stokes equations is used in [Flandoli &
Maslowski, 1995], and a cut-off function similar
to the one we will use here was considered in

[Yoshida & Giga, 1984].
!

ou

where 7 € R is an initial time, the term G(¢, u(t —
p(t))) is an external force depending eventually on
the value u(t — p(t)), p(t) > 0 is a delay function
and ¢ is a given velocity field defined in (—h,0),
with h > 0 a fixed time such that p(t) < h.

In the next section, we state some preliminaries
and establish the framework for our problem. Sec-
tion 3 is devoted to the existence and uniqueness of
weak and strong solutions of our problem. In Sec. 4,
we analyze the asymptotic behavior of solutions,
which is completed in the final section by proving
the existence of pullback attractor for our model.

As we have already mentioned, the GMNSE (2)
has been introduced and studied in [Caraballo et al.,
2006] (see also [Caraballo et al., 2008; Kloeden
et al., 2007; Romito, 2009; Kloeden et al., 2009b;
Kloeden & Valero, 2007] and the review paper
[Kloeden et al., 2009a).

However, there are many situations in which
one can consider that the model is better described
if we allow some delay in the equations. These sit-
uations may appear, for instance, when we want to
control the system by applying a force which takes
into account not only the present state of the sys-
tem but the history of the solutions. Therefore, in
this paper we are interested in the case in which
terms containing finite delays appear. Namely, we
consider the following version of GMNSE (we will
refer to it as GMNSED):

5 vAu+ Fy(|lul])[(u - V)u] + Vp = G(t,u(t — p(t))) in (7,4+00) x Q,

V-u=0 in (7,+00) x €,

u=20 on (7,400) x I, 3)
u(r, ) = u%(z), x € Q,
(u(t,x) = ¢(t — 7, 1), in (1 —h,7) X Q,

|
It is worth mentioning that as the delay model

is nonautonomous, the classical theory of global
attractors is not appropriate to handle this problem,
unless the nonautonomous term possesses a special
form. However, the theory of pullback attractors
allows for more general nonautonomous terms.

2. Preliminaries

To set our problem in the abstract framework, we
consider the following usual abstract spaces (see
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[Lions, 1969] and [Temam, 1977, 1995]):
V= {uc (CQ))*: divu =0},

H = the closure of V in (L?(£2))? with inner prod-
uct (-,-) and associate norm |- |, where for u,v €

(L)),

3
(u,0) = Z [ wstom o

V = the closure of V in (H}(Q))? with scalar
product ((+,-)) and associate norm || -||, where for
u,v € (Hy(Q))°,

3 ou; Ov;
_ E : j 9V
((u,v)) N /Q 8$@ 8$ld$

i,j=1

It follows that V € H = H' C V', where the injec-
tions are dense and compact. Finally, we will use
|- ||l« for the norm in V' and (-,-) for the duality
pairing between V and V”.

Now we define the trilinear form b on V' x V' x
V by

3
b(u,v,w) = Z /Qui%wjdx, Yu,v,w eV,
ij=1 v

and we denote

by (u,v,w) = Fy(||v])b(u,v,w), Vu,v,weV.

The form by is linear in v and w, but it is non-
linear in v. Evidently we have by (u,v,v) = 0, for
all u,v € V. Moreover, from the properties of b (see
[Robinson, 2001] or [Temam, 1977]), and the defi-
nition of Fl, one easily obtains the existence of a
constant Cy > 0 only dependent on ) such that

by (u, v, w)| < NCy|lul|||w]], Yu,v,w e V.
Thus, if we denote
(By(u,v),w) = by (u,v,w), Yu,v,wéeV,

we have

| By (u,v)||« < NCi|lu|, Yu,veV. (4)

We also consider A:V — V' defined by
(Au,v) = ((u,v)). Denoting D(A) = (H*(Q))3 NV,
then Au = —PAu,Vu € D(A), is the Stokes
operator (P is the ortho-projector from (L?(2))3
onto H).
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We recall (see [Temam, 1977]) that there
exists a constant Cy > 0 depending only on €2 such
that

[b(w, v, w)| < Colull 2| Aul 20 [w],  (5)
for all w € D(A),v € V,w € H, and
[b(u, v, w)| < Collull[o]|lw]'/?[lw]|'2, (6)

for all u,v,w € V. (See [Romito, 2009] for the proof
of (6)).

Moreover, we assume G : R x H — H is such
that

(c1) G(-,u) : R — H is measurable, Vu € H,

(c2) there exists non-negative function g € Lj (R)
for some 1 < p < +o00, and a nondecreasing
function L : (0,00) — (0,00), such that for all

R > 0if |ul, |[v] < R, then
|G(t.u) = G(t,v)] < L(R)g"*(#)]u — v,

for all t € R, and
(c3) there exists a non-negative function f¢€
L (R), such that for any u € H,

loc

G(t,u)? < g(t)ul® + f(t), VteR.

Finally, we suppose ¢ € sz/(—h, 0; H) and
u’ € H, where (1/p) + (1/p') = 1.

In this situation, we consider a delay function
p € CY(R) such that 0 < p(t) < h for all t € R, and
there exists a constant p, satisfying

Pt)<p.<1 VteR. (7)
Definition 2.1. Let 7 € R, v € H and ¢ €
L% (=h,0; H) be given. A weak solution of (3) is
a function

we L¥ (r—h,T; H)N L*(r,T;V) N L>(,T; H)

for all T' > 7, such that

%u(t) + yAu(t) + BN(u<t>7 u(t)>

G(t,u(t — p(t))) in D'(r,+o00; V'),
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or equivalently

(ult)w) + v [ ((uls),w))ds
+/ by (u(s),u(s),w)ds

:wﬂm+/kmam&wm»mmw,@>

for all t > 7 and all w € V, and coincides with ¢(t)
in (1 —h,7).

Remark 2.2. If u is a weak solution of (3) and we
define G(t) = g o 0~1(t), where 6 : [r,4+00) —
[T — p(7),4+00) is the differentiable and strictly
increasing function given by 6(s) = s — p(s), we
obtain

T
/!qua—mwm%t
T T
S/Q@Mtp@Wﬁ+/f@ﬁ

T—p(T) T
[ a0t [

I RO

< 1_1/)* /:p(T)g(t)|u(t)|2dt+/TTf(t)dt,

and therefore, taking into account that g € LP(1 —
p(1),T) for all T' > 7, we have that G(t, u(t — p(t)))
belongs to L?(7,T; H) for all T > 7.

Thus, if u € L?(7,T;V) for all T > 7 and sat-
isfies the equation

ut) + v Au(t) + B (u(t), u(t)

— G(t,ult - p(1))),

in D'(1,400; V'), then, as a consequence of (4),
(d/dt)u(t) € L*(r,T;V'), and consequently (see
[Temam, 1995]) u € C([1,+00); H) and satisfies the
energy equality, for all 7 < s <,

Ju()]* = u(s)]” + 27// lu(r)|*dr

=2/Xamuwmm»wv»m.<m

We will prove the existence of (strong) solu-
tions in the next section. First, we will prove the

uniqueness of weak solutions for our model in a simi-
lar way as [Romito, 2009] did for the model without
delay. We will only include the detailed estimates
which involve the delay term.

Theorem 2.3. Under the preceding assumptions,
there exists at most a weak solution u of (3).

The proof is similar to, but a bit more compli-
cated than in the 2D-NSE case and depends on the
following lemma.

Lemma 2.4 [Romito, 2009]. For everyu,v € V, and
each N > 0,

(1) 0 < fluf Fn(fJull) < N,
2) [En(|lul) = En(lvDl <
Ex(llolllw =l

(I/N)En ([Jull) >

Proof of Theorem 2.3. Let u, v be two weak solutions
with the same initial conditions and set w = v — u.
Then, using the energy equality, we obtain
L2l + (WL, v),w)
51 w v||w u,v), W
= (G(t,v(t — p(t))) — G(t,u(t — p(t))), w),
(10)

where we have set (NL(u,v),w) = Fy(||u|)b(u,u,
w) — Ex(||v|])b(v, v, w). From the properties of the
trilinear form b, it easily follows that

NL(u,v),w) = En([[ul))b(w, u, w)
+ (En(lul]) = En([lv])b(v, u, w)
+ En(|lv])b(v, w, w). (11)

Now using Lemma 2.4, formula (6) and Young’s
inequality (see [Romito, 2009] for the details) there
exists a constant C3 > 0, which depends on C5 and
v, such that,

WG, 0)w) < vl + Nl (12)
Consequently, we obtain
S lul? < 205N ul? +2(G(E vt - (1)
~ Glt,ult — p(t))),w), (13)

Let us now estimate the last term in (13). For a fixed
T > 7, we know that u and v belong to C([7,T]; H),
thus there exists Ry > 0 such that |u(s)| < Ry and
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|v(s)| < Ry, for all s € [r,T]. Consequently, by (c2)
and the fact that w = 0 in (7 — h,7), it is not
difficult to obtain

2 / (G(s,0(5 — p(s))) — (s, u(s — p(s))), w(s))ds

< 2o [+ DR,

(14)
for all t € [r,T7.
Thus we obtain

d
%\w\g < [203N4 -

L(Rr) .
m(g(t) + 1) [ wl?,
n [7,7T], and the result follows from the Gronwall
lemma, since |w(0)|> =0. W

3. Existence and Uniqueness of
Weak and Strong Solutions

In the previous section, we proved the uniqueness
of weak solutions for our model. In the following
theorem, we will prove the existence (and therefore
uniqueness) of weak and/or strong solutions.

Theorem 3.1. Under the conditions (c1)—(c8) in
the previous section, assume that 7 € R, u® € H
and ¢ € sz/(—h, 0; H) are given. Then, there exists
a unique weak solution u of (3) which is, in fact, a
strong solution in the sense that

we C([r+¢e,T);V)NL*(t 4 ¢,T; D(A)), (15)
forallT —1 >¢>0.
Moreover, if u® € V, then
we O([r, T|; V) N L*(r, T; D(A)), (16)

for all'T > .

Proof. For simplicity, and without loss of general-
ity, we assume 7 = 0.

Consider the Galerkin approximations for the
GMNSED, given by

g A+ Py Bt )

- PmG<ta um<t - p<t>)>7
Um (0) = Pprul, U = Pp¢ in (—h,0),

(17)

Modified Navier—Stokes FEquations 2873

where wu,, = 27:1 U, j€j, Aty = Zj LU, €5
Here the A\; and e; are the corresponding eigenval-
ues and orthonormal eigenfunctions of the operator
A and P, is the projection onto the subspace of H
spanned by {ei,...,ep}. Then

‘UWH2 Z/\uw ]Aum]2 Z/\J Um,j-
7=1

In addition

which can be interpreted as either the Euclidean
norm of u,, € R™ or the L>-norm of u,, € H.

From the assumptions on A, By and G, we
know that there exists a local solution w,, of (17)
defined in [0,¢™), with 0 < " < 400 (see for exam-
ple [Hale & Lunel, 1993]). The uniqueness of solu-
tion of (17) can be proved as in Theorem 2.3, and
the fact that the local solution is a global one is a
consequence of the estimate (18) below.

Let us fix 0 < T < t,,. It is standard that
if we take the inner product of the Galerkin ODE
(17) with w,, and use that b(up,, U, uy) = 0, we
obtain

1d

2dt (G(t, um(t = p(t))), um),

= lum? + vlum||* =

and taking into account (c3) and that Aj|u,,|* <
12,

liml? +

1
< —(
VA1

9O um (t = p(0)* + f(1)).  (18)

Consequently, integrating between 0 and ¢, t < T,
and using the function g defined in Remark 2.2, we
obtain

t
i (O] + v / lum(s) 2
0
t

<P+ o [ s = pl) + F(s))s

1

t
<K +7/~s um (8)|%ds,
g | Al

(19)
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for all ¢ € [0, 7], where

g(s)lo(s)[*ds

Kr = \u0|2 +

1 /0
vAL(1 = ps) S0

Wq/ /s

Thus, by the Gronwall lemma,

2 1 T
lum (t)|* < Kp exp<y)\1(1 0 /0 g(s)ds> =Cr,
(20)
for all t € [0,T],m > 1.
From (19) and (20), one determines that ¢,, =
400, and the existence of a

w e L0, T; H)NL*(0,T;V) YT >0,

and a subsequence of {u;,}meny which converges
weak-star to u in L*(0,7;H) and weakly to u
in L?(0,7;V) for all T > 0. By the compactness
Theorem 5.1 in Chapter 1 of [Lions, 1969], one can
then deduce that a subsequence, in fact, converges
strongly to u in L2(0,T; H) and a.e. in (0,7 x § for
all T > 0. But the weak convergence in L?(0,T;V)
is not enough to ensure that

[t |l — lull
or at least

En([lum @) = En([u(@®)]])

Thus, we need to find a stronger estimate. We
now take the inner product of the Galerkin ODE
(17) with Au,, and obtain

1d
2dt

for a.a. t.

||um||2 + V|Aum|2 + bN(umauma Aum)

= (G(t,um(t = p(1))), Aum).
Obviously,
’<G<ta um<t - p(t))), Aum)’
|G (t, wp, (¢

v

(21)

v —p®)))
< Z|Aum|2 + .

By (5) and Young’s inequality, it follows

b (thm, U, At ) Co e |/ Aty |*/2

| <
[
= NC|um|"/?| Au |*/?

1%
< X Aup? + Cylum

with Cy = ((27(NC2)?)/4v3).

Thus (21) simplifies to
2
= |Gt um (t = p(1))?

(22)

d
2+ v A <

+ 20N ||t ||

Let us assume now that v € V. Then, from
(22) and the fact that

[l O)] = | || < [,

by the choice of the basis {e;} of H, one eas-
ily obtains that the sequence {u,,} is bounded in
L>(0,T;V) and in L?(0,T; D(A)) for all T > 0.

Then, observe that for any w € H,
|bN (U, U, w)| < NC3|Aup||w|, and in conse-
quence, the sequence {P,, BN (tm, tm,)} is bounded
in L2(0,T; H) for all T > 0.

Therefore, from the equation

du,,

dt PmBN(umaum)

= —vAu,, —

+ PmG(t7 um<t - p<t>)>7

it follows that the sequence {du,,/dt} is also
bounded in L%(0,T; H).

Consequently, as D(A) C V C H with compact
injection, by Theorem 5.1 in Chapter 1 of [Lions,
1969], there exists an element w € L*(0,7;V) N
L?(0,T; D(A)) for all T > 0, and a subsequence of
{tm}, that we will also denote by {u,,}, such that

strong in L2(0,7;V),

U — U
Uy — U a.e. in (0,7) x €,
Uy, — U weak in L2(0,T; D(A)), (23)
Uy — U weak-star in L>(0,7;V),
d::'li—tm - ((11—1; weak in L2(0,T; H),

for all T > 0.

Also, as u,, converges to u in L2(0,T; V) for all
T > 0, we can assume, possibly extracting a sub-
sequence, that

[um )] = [Ju(®)]]

and therefore

Fn ([lum (®)[]) = F(lu(®)]])

a.e. in (0, +00),

a.e. in (0, +00).
(24)

From (23) and (24) we can take limits in (17)

and we obtain that u is a solution of (3) satis-

fying (16). In fact, this can be done reasoning as in
[Caraballo et al., 2006] for the case without delays
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(see also [Lions, 1969] for the case of the Navier—
Stokes system).

Assume now that u® € H\V. Then, integrating
n (22) between s and ¢, for all 0 < s <t < T, we
obtain that

[ ()11 < flum (5)]?

T
+EA Gyt (r — p(r))) P

v

T
+20y [ fum(r) P
0

< Jlum ()]

2 o 2
Py GGl

T
2 %A§0WW@WM

+ v(l — ps

9 (T T
+—/ f(r)dr+2CN/ Hum(r)H2dr.
vJo 0
(25)
Thanks to (19) and (20), we know that w,, is

bounded in L*(0,T;V) N L*>(0,T; H) and, conse-
quently, there exists K7 > 0 such that

0
e IO

T
2 LAgmmmm%r

+7
v(1 — ps

2 T T
= dr +2C m(r)|*d
+2 [ sy 20y [ puntlPar

< Kr,
for all integer m > 1.

Integrating now inequality (25) with respect to
s in the interval [0,t], we have

T
thmFS/)MM@ﬁk+ﬂG
0

T
< sup </ \um(s)||2ds> +TKrp
0

m>1

= Krp,

Modified Navier—Stokes Equations 2875
whence
2 1
[um ()" < EKT, (26)

forallt € [¢,T], and all 0 < e < T

From (19), (26) and (22), we immediately
obtain that the sequence {u,,} is bounded in
L>(0,T; H), in L*(0,T;V), in L>(g,T;V), and in
L?(e,T; D(A)), for all T > ¢ > 0.

Reasoning as before (i.e. when v € V), we
see that the sequence {du,,/dt} is also bounded in
L?(e,T; H) for all T > ¢ > 0. Hence, there exists
an element

we L®(0,T; H)N L*0,T;V)
NL®(e, T; V)N L2(e,T; D(A))

for all T > ¢ > 0, and a subsequence of {u,,}, that
we will also denote by {u,,}, such that

Uy — U weak in L2(0,T;V),

Uy — weak-star in L>(0,7; H),

Uy — U strong in L2(€,T; H),

Uy — U a.e. in (0,7") x Q,

Upy — U strong in L%(e, T; V), (27)
Uy, — U weak in L%(e, T; D(A)),

Uy — U weak-star in L>®(e, T;V),
d:;_tmé % weak in L%(e, T; H),

for all T'> ¢ > 0.

Also, as u,, converges to u in L?(e,T;V) for
all T > ¢ > 0, we can assume, eventually extract-
ing a subsequence, that (24) is also satisfied in
this case. From (27) and (24) we can take limits
in (17) and we obtain that w is a solution of (3)
satisfying (15). W

4. Asymptotic Behavior of Solutions

In this section, we obtain a result about the asymp-
totic behavior of the solutions of problem (3) when
t goes to +o0.

Let us suppose that (c
L>*(R), assume also that

1)—(c3) hold with g €

VM (1 = pi) > [gloos
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where || := [|gl| L (), and let us denote by £ > 0
the unique solution of
’g‘ooesh
e—vA\i+————=0. 28
Fun(-p) (28)

We can now formulate the following result.

Theorem 4.1. Under the previous assumptions, for
any (u, ) € H x L*(—h,0; H), and any 7 € R, the
corresponding solution u(t;T,u’, ) of problem (83)
satisfies

utt 7,0 < (o + =
vAL(1 = ps)

0
X/ 655|¢(S)|2d8> ea(r—t)
—h

e—at

t
ESs
— / 5 f(s)ds,
forallt > .

In particular, if fToo e f(s)ds < oo, then every
solution u(t;7,u’, @) of (3) converges exponentially
to 0 ast — +oo0.

+ (29)

Proof. Let u(t) = wu(t;7,u’ ¢) be the solution
of problem (3) corresponding to the initial data
7, u°, ¢. From

li! 2+ vllul* = (G(t,ult - p(1))), u)

th u u - ,’LL p 7“ I

we obtain,

d
7 (@) = e u®)]® — 2ve”||u(®)]”

+2¢%(G(t u(t — p(t)), )

<(e— y)\l)eat]u(t)P

4 Leat‘G(t, u(t — P<t>)>’2'

VA1

(30)

Now, observe that for any ¢t > 7,

t
[ 166 uts = pls))Pas
t
< lolwe [ eluls — pls)) Pds
t

+/ e f(s)ds, (31)

and
t
[ luts = pts))Pas

ez—:h
<

t
< e**|u(s)|?ds
1—- P /7-

esh T
— / ol = r)fds
* T—

_l’_

ez—:h

t
= e**|u(s)|?ds
[ )

eE(h+T) /O . ‘(b( )‘Qd
+ e“*|o(s)|7ds.
L—=ps Jon

(32)

Integrating in (30), from (28), (31) and (32), we
easily obtain (29). W

5. Pullback Attractors

5.1. Preliminaries on pullback
attractors

We now recall some results on the theory of pull-
back attractors as developed in [Crauel et al., 1995;
Kloeden & Stonier, 1998; Kloeden & Schmalfuf,
1997]. It is a well-known fact in dealing with nonau-
tonomous problems, that the initial time is as
important as the final one, yielding to the necessity
of considering a two-parameter semigroup, a cocy-
cle or a skew-product semiflow to set the problem in
a suitable framework. We will use the framework of
two-parameter semigroups or evolution processes.

Definition 5.1. Let X be a metric space. A family
of mappings {U(t,7) : X — X : t, 7 €e R,t > 7} is
said to be a process (or a two-parameter semigroup,
or an evolution semigroup) in X if

Ut,r)U(r,7) =U(t,T)
U(r,7)=1d

forallt >r > T,

for all 7 € R.

The process U(-,-) is said to be continuous if the
mapping x — U(t,7)x is continuous on X for all
t,TeERt>T.

Recall that dist(A, B) denotes the Hausdorff
semidistance between the sets A and B, which is
given by

dist(A, B) = sup inf d(a,b),

inf for A, B C X.
acAbE
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Definition 5.2. Let U(+,-) be a process in the met-
ric space X. A family of compact sets {A(t)}ter is
said to be a (global) pullback attractor for U(-, ") if,
for every t € R, if follows

(i) U(t,7)A(r) = A(t) for all 7 < t (invariance),
and

(i) lim, oo dist(U(¢,7)D,A(t)) = 0 (pullback
attraction) for all bounded subset D C X.

The concept of pullback attractor is related to
that of pullback absorbing set.

Definition 5.3. The family of subsets {B(t) };er of
X is said to be pullback absorbing with respect to
the process U (-, -) if, for every ¢ € R and all bounded
subset D C X, there exists 7p(t) < ¢ such that

U(t,7)D C B(t), forall T <7p(t).

In fact, as happens in the autonomous case,
the existence of compact pullback attracting sets is
enough to ensure the existence of pullback attrac-
tors. The following result can be found in [Crauel
et al., 1995; Schmalfuf, 1992] (see also [Caraballo &
Real, 2004]).

Theorem 5.4. Let U(-,-) be a continuous process
on the metric space X. If there exists a family
of compact pullback attracting sets {B(t) }1er, then
there exists a pullback attractor {A(t)}ier, with
A(t) C B(t) for allt € R, given by

Aty= J Ap@).
DCX
bounded
where

Ap)=() U Ut n)D.

neN 7<t—n

5.2. Existence of the pullback
attractor for the GMNSED
model

We can now apply the theory of pullback attractors
to analyze the asymptotic behavior of our model (3)
under appropriate assumptions.

5.2.1.  Construction of the associated

process
Now we will apply the theory in the previous sec-

tion to prove the existence of an attractor for our
nonautonomous GMNSE model with delay. To this
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end, we will consider that G : R x H — H satisfies
(c1)—(c3) with g € L*>*(R). Thus, without loss of
generality we can assume that G satisfies (c2) with
g = 1, and there exists a non-negative constant a
such that

|G(t,u)]* <alu*+ f(t) V(t,u) €Rx H. (33)

Under these assumptions, for each initial time
7 € R, and any ¢ € C(—h,0;H), Theorem 3.1
ensures that if we take u’ = $(0), problem (3) pos-
sesses a unique solution

u(';T’ ¢) = ’LL(';’T, d)(o)a ¢)a

which belongs to the space C([r — h,T|;H) N
LA(r,T;V)N C(r + € T);V) N L3(t + ¢, T; D(A))
foral T >1+¢€>T.

Now, we proceed to construct the evolution
process which can help us in the analysis of the
long-time behavior of our model. We define a pro-
cess in the phase space Cy = C([—h,0]; H) with
sup norm, [|¢||cy, = sup,e(_p,0) [#(s)], as the family
of mappings U(t,7) : Cyg — Cg given by

U(t,m)¢ = w7 ),

for any ¢ € Cy, and any 7 < ¢, where u:(;7,¢) €
Cyr is defined by

(34)

ur(s;m, ) =u(t+s;7,¢) Vse[—h,0]. (35)

Now we will prove that U(-,-) is a continuous
process.

Proposition 5.5. Assume that G satisfies (c1), (c2)
with g = 1, and that (33) also holds. Then, the
family of mappings U(r,t), T < t, defined by (34)
and (85) is a continuous process on Cy, and more
exactly, for any pair ¢, € Cg such that ||¢ —
Ylloy <1, it follows

Ut 7)p — Ut 7)Y|E,

h
< (14 TR ol ) ) 6~ VIR,

X exp{ <203N4 +1

+L2(R(tyTaH¢\CH>)>(tT)}’ (36)

1—ps

for all t > 7, where C3 > 0 is a constant only de-
pendent on v and the constant Cy appearing in (6),
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and R(t, T, ||¢llcy) is given by

R(tha ||¢HCH)
ah
{2+ i) 0t 1o
1 t 1/2
+2y>\1/7 f(s)ds}
a(t —T)
Xexp{m}. (37)
Proof. The uniqueness of solutions obviously

implies that U(-,-) is process.

We consider ¢ € Cy and 7 € R fixed. Let
¢ € Cpg such that ||¢ — ¢||c, < 1. Denote by
u(-) = u(;7,¢) and v(-) = u(-; 7,1) the correspond-
ing solutions to (3).

Firstly, by (33) we have

d 2 2
S OF +20]v@®)]
= 2(G(t,v(t — p(t))), v(t))

< 2\ u(t)? + =——(alv(t — p(t)|* + £(1)),

2V)\1

and therefore

o) < [ (0)[

1 ah 9 t
b (T2l + [ sas)

+ ¢ /t lv(s)|*ds
2V>‘1(1 - :0*) T

ah 9
< (24 i) o+l

1 t
+2V>\1/r f(s)ds

+#/t lv(s)[2ds
2VA1(1 - p*) T ’

for all ¢t > 7.
From this last
lemma, we obtain

inequality and Gronwall’s

ut; . 0) < R*(t,7, |dlley) YE=T, (38)

and all ¢ and ¢ such that ||¢ —¢|c, < 1.

If we set w = u — v and proceed as in the proof
of Theorem 2.3, we have that there exists a con-
stant C'3 > 0 which depends on C5 and v, such
that,

Cu)P < @CsN* + Dfu(t)? + G ult — p(0))

= G(t,v(t - p(1)))]*.

Let us fix ' > 7. By (38) we know that |u(t)| <
R(T, 7, |[¢llcy ), and |v(t)] < R(T, 7, ||9llcy ), for all
t € [r,T], and by (37) it is clear that ||¢|c, <
R(T’ T, H¢||CH) and ||17[}HCH < R(Tv T, ||¢HCH) Con-
sequently, by (c2), one obtains that

(39)

/ |G (s,u(s — p(s))) = G(s,0(s — p(s)))|*ds

< L(R(T, 7, |Igllcx)
< 1~ p.

< (Bl w1z, + [ otoiPas). (a0

for all t € [7,T].
From (39), (40) and Gronwall’s lemma, one can
deduce

lu(t; 7, ¢) — u(t;7,9)[?

h
< (14 T PR o) ) o - Vi,

X exp{ <203N4 +1

| PR ||d>\cH))> - T)}, (41)

1—ps

for all t > 7.

Now, inequality (36) is an easy consequence of
inequality (41), and the fact that for fixed 7 and ¢,
the right-hand member of this inequality is a non-
decreasing function of ¢.

Finally, the continuity of U(¢,7) on Cy is a
direct consequence of (36). W

5.2.2. FEmstence of absorbing families of
sets i Cy

Now, we will prove that, under suitable assump-
tions, there exists a family of bounded pullback
absorbing sets in Cy for the process U(t, 7).
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Assume that G satisfies (c1), (¢2) with g = 1,
(33), and

VA1 — py) > a. (42)
Let us denote € > 0 the unique solution of
aesh
— v\ + —m =0, 43
R W “3)
suppose that
0
/ e f(r)dr < oo, (44)
—00
and define
eE(I+h=t) rt
pu(t) =1+ 7/ e f(rydr teR.
vAL e (45)

We can now prove the following result.

Theorem 5.6. Under the previous assumptions, the
process U(T,t), 7 < t, defined by (34) and (35),
satisfies

U, 7)elz, <put) (46)

forallT <t—Tp, and all ¢ € D, for any bounded
D C Cy, where Tp is defined by

aez—:h
]_ -
< " evAi (1 — P*))

x <1+ sup ||¢\%H>] -
¢oeD

As a consequence, the family of closed balls
{Bc,, (O,p}{/Z(t))}teR is pullback absorbing for the
process U(t, T).

1
TD:1+h+—log
13

(47)

Proof. With the same procedure as in the proof of
Theorem 4.1, we obtain
aeah

uttir o) < (16O + S5

0
></ e”\tb(r)Pdr) (Tt
“h

efz-:t

t
ET
»y /T e f(r)dr,

_l’_
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and therefore

ae
t; <14 ——m——
i) < (14 5T

eh

) el

efst t
+V)\1/ e f(r)dr, (48)

for all t > 7 and any ¢ € Cy.
From (48) one deduces that
ju(s; 7, 0)

B U
- evAi (1 — py)

es(1+h=t) i
+ V)\l /—oo
forallt—1—h > 7, s € [t —h — 1,t], and any

¢ € Cp.
From (49) we immediately obtain (46). W

)l 0587

e’ f(r)dr, (49)

As a direct consequence of the preceding result,
we get the existence of the family of bounded
absorbing sets in Cpy.

5.2.3. FEuxistence of an absorbing family of
bounded sets in Cy

We now prove the existence of an absorbing fam-
ily of bounded sets in Cy = C([—h,0];V) and a

necessary bound on the term ﬁ?@ef | Au(r)[2dr. We

proceed in a similar way as we have already done in
the previous subsection.

Theorem 5.7. Under the assumptions in Theo-
rem 5.6, there exist two positive functions py, F €
C(R) such that for any bounded set D C Cpg and
for any t € R,
lu(t; 7, @) < pv(t) V7 <t—Tp, Vo€ D,
(50)
and

t+05
/ \Au(rs 7, 6)2dr < F(t)
t+61

Vr<t—Tp—h, V01§92€[*h,0], Vo e D,
(51)

where Tp is given by (47).

Proof. Let us fix a bounded set D C Cyg, ¢ €

D,t € R, and 7 < t — Tp (observe that in par-
ticular 7 <t —1—h).
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Let us denote
u(r) = u(r;7, ¢),

Evidently, we have

Vrelt—1—h,t.

d
3 [+ 2vu(r)]?

= 2(G(r,u(r — p(r))), u(r))

< vAtlu(r)|®

oG = o)

< vlu(r)|® + VLM(QIU(T = () + £(r),

and therefore, integrating between t—1 and ¢, we get

)+ [ futr) Par

—t /t Ju(r)|dr
vA(L = pe) Jeo1on
1

t
+ — r)dr.

< Ju(t — 1) +

From this inequality, taking into account (46), we
obtain that

t
/|wmemsww
t

-1

Vr<t—Tp, V¢eED, (52)
where
h+1
Iy(t) = (1 + %) pr(t)
1 t
+ e - f(r)dr. (53)

On the other hand, from the equality
d
aHU(T)II2 + 20| Au(r)[? + 2b (u(r), u(r), Au(r))

= 2(G(r, u(r — p(r))), Au(r)),
and the inequalities
26 (u(r), u(r), Au(r))|
< NGy lu(r)[|'/?| Au(r)[*?

v
< ZJAu(r)? + O fu(r) |

with C(N) = 27N4C4(20%)~1, and

2(G(r, u(r = p(r))), Au(r))|

< COu) + 2(alutr = o)) + £(1).
(54

From this last inequality we obtain

lu@)II? < Ju(s)[* + ™) /tl lu(r) | dr

2a /t 2
+ — w(r)|“dr
v(1—ps) t—l—h| )

2 t
+ = f(rydr Vselt—1,t,

vV Ji-1

and therefore, by (46) and (52), we deduce
lu@)II? < Ju(s)* + C™N v (1)

2a(h +1)
v(1—ps)
L2 by vsel- v,

V Jt-1

pH(t)

Integrating in s, and using again (52), we obtain
(50), with

pr(t) = (14 Oy (o) + 20 Y
—i—% - f(r)dr. (55)

For the proof of (51), observe that by (50), if
7<t—Tp—nhands € [t—h,t], then

lu(s;7,¢)|1* < pv(s) V¢ e D,
and therefore

lu(sim,0)> < max py(r) (56)

reft—h,t]
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forall 7 <t—Tp —h, Vs € [t —h,t], V¢ € D.
Integrating in (54), we obtain

t+05
y/ | Au(r)|*dr
t+61

t+62 N
< Ju(t + 602 + / (C™ Ju(r)]?

+01

+ 2 alur — p()? + F(r)))dr,

for all 61 < 0y € [—h,0], and therefore, by (46) and
(56) we obtain (51), with

Ft)=v ' (1 +hC™)) max py(r)

re[t—h,t]
t
+ 2172 (ah max pg(r)+ f(r)dr).
reft—h,t] —h
(57)
|

5.2.4. Fuxistence of the pullback attractor

Now, under an additional assumption, we can prove
the existence of the pullback attractor.

Theorem 5.8. Under the assumptions in Theo-
rem 5.6, suppose moreover that

sup ess/
s<0 —00
Then there exists a pullback attractor
{Acy, (t) }ter for the process U(-,-) in Cy defined

by (34) and (35). Moreover, Acy, (t) is a bounded
subset of Cy for any t € R.

e f(r)dr < oo. (58)

Proof. Observe that as, in particular, f is non-
negative and locally integrable, condition (58) is
equivalent to

S
supe ©* /
s<t —00

or, also equivalently,

e f(r)dr <oo VteR,

sup/ f(rydr < oo VteR.
s—1

s<t
Thus, if we define

pv(t) = suppy(s), tER,

s<t
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we have
pv(t) < pu(t) < oo, VEER
Let us consider the family {By(t)}+cr, where
Bo(t) = By (0;5/°(8) tER.

This is a family of bounded sets in Cy,, which is pull-
back absorbing for U(-, -). More exactly, by (56), we
have that for any ¢ € R and all bounded D C Cly,

U(t,7)D C Bo(t) V7 <t—Tp—nh. (59)

For each t € R the set By(t) is, in particular,
a bounded subset of C'y, thus, if we consider the
family {B(t) }ter given by

B(t) = U(t, t— TBo(t) — h)B()(t) t e R, (60)
by (59), we have
B(t) C Bo(t) VteR. (61)

The family {B(t)}+cr is also pullback absorb-
ing for the process U(:,-). In fact, if D C Cg is
bounded, and 7 <t —Tpg ) —h —Tp — h, we get

U(t, T)D = U(t, t— TBo(t) - h)U(t - TBo(t) - h, T)D
CU(t,t — Tgyy — h)Bo(t — Tpyry — h)

C U(t,t — TBO(t) — h)B()(t) = B(t)

If we prove that each B(t) is relatively compact
in Cp, then {B(t)}ier (where the closure is taken
in Cp) is a family of compact pullback absorbing
sets in Cy for U(-,-), what ensures the existence of
the pullback attractor {Ac,, (t) }+er for this process,
with Ac,, (t) C B(t) C By(t) for all t € R.

Let us now prove this compactness property. To
this end, we will use the Ascoli-Arzela theorem, in
other words, we have to check that for each t € R,

(A) The set U(t,t — Ty — h)Bo(t) is equicon-
tinuous (i.e. Ve > 0,36 > 0 such that if
—h <61 <6y <0, with 8 — 01 <6, then

’(U(t7 t— TBo(t) - h)¢>(02>
—(U(t,t = Tgyu) — h)#)(01)] < ¢,
for all ¢ € By(t)).
(B) For each 0 € [—h, 0],
U (U(t,t — Ty — h)9)(9)
$€Bo(t)

is a relatively compact set in H.

Property (B) follows from (61) and the com-
pactness of the injection of V into H.
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Finally, in order to prove (A) we fix ¢ € By(t),
and —h < 60; < 6y < 0. Let us denote u(r) =
u(r;t — Tgy) — h, @), r € [t — h,t]. Then, taking
into account (46) and (56), we have

lu(t +61) — u(t + 62)]

t+05
/ o' (r)dr
t+61

t+0o
< [ T
t

+01

t+05
< / (| Au(r)| + | By (u(r), u(r))]
t+601

+]G(r,u(r — p(r))))dr

t+05
< /Hel (v Au(r)| + e | Au(r) u(r)]

a2 ju(r = p(r)| + 120 ar

t+0o
< / (v + 1 L2 (1)) | Aur)|
t+601

+a2ER () + £Y2(r))dr,

and, consequently, by the Cauchy inequality

and (51),
[u(t + 61) — u(t + 62)|

< {<u+cmt/2<t>>F1/2<t>

t 1/2
+ < thf(r)dr) } (62 — 61)1/2

+ad 252 ()05 — 61),

which implies the needed equicontinuity.
The proof is now complete. M
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