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A B S T R A C T

This work presents a computational framework to study the evolution of the subsurface stresses in 3D solids
under orthotropic frictional contact and wear conditions. The formulation is based on the influence coefficients
methodology to relate the discrete elastic response (i.e., displacements and stresses) to the sampled excitation
(i.e., surface contact tractions). The proposed methodology is validated by solving several benchmark problems
and is applied to analyze how the subsurface stress distribution (i.e. maximum value and its location) – and
its evolution – caused by orthotropic wear conditions are clearly affected not only by the considered wear
problems (i.e., sliding wear or fretting wear) but also by the friction coefficient values and the sliding direction
angle — relative to the tribological axes. Several numerical examples are presented to show the importance
of these last two aspects when orthotropic wear conditions are considered. In other case, we could over- or
underestimate the maximum values of the subsurface stresses during the wear process.
1. Introduction

Wear represents one of the limited number of ways in which me-
chanical components lose their usefulness [1]. Consequently, the eco-
nomic implication of wear estimation and subsurface stresses pre-
diction during the wear processes have a tremendous value to the
industry, since it allows engineers to predict the useful life of a
mechanical element, to organize maintenance checking periods, and,
consequently, to reduce costs of inoperability. The analytical and nu-
merical tools to estimate wear, subsurface stresses, etc, allow engineers
in that way, not only in these predictions, but also to optimize the
design of those mechanical components (i.e., selecting proper materials,
shapes and surface finishing according to the mechanical and durability
conditions).

Computational tools to solve contact problems start with the theo-
retical solutions proposed, among others, by Hertz [2], Cattaneo [3]
and Mindlin [4]. A synthesis of these analytical solutions and ap-
proaches can be found in monographs of Johnson [5] or Goryacheva
[6]. Since the analytical solutions are achievable only for simple geome-
tries, boundary conditions, and mostly for linear materials, numerical
solution techniques started to be developed at the end of the 20th
century. The numerical solution techniques employ variational inequal-
ities [7–9] and, nowadays, they are generally divided into two groups.
One is the group of the finite element methods (FEM) [7,9–11], which
are widely used, especially in the contact problems with large deforma-
tions and/or nonlinear elastic materials. These methods typically focus
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on overall behavior and require a fine discretization of the contacting
bodies. The other group is the boundary element methods (BEM) [8,
12], that are well-suited and efficient to solve concentrated contact
problem with homogeneous elastic materials. The boundary value prob-
lem is transformed to a boundary integral equation. The dimensionality
of the problem decreases and, consequently, the computational time
also decreases significantly, since the influence coefficients methodol-
ogy [13–15] considers only the influence coefficients of the boundary
degrees of freedom involved in the contact problem. Furthermore, it
allows to obtain a very good accuracy, with a low number of elements,
computing the surface and subsurface contact stresses [16–18].

Solutions for wear problems stem from the works by Holm [19]
and Archard [20], as well as the works of Rabinowicz, which are
collected in his monographic book [1]. In the last 30 years, many
researchers have proposed different theoretical models to predict wear
under several contact conditions. After the pioneers works of Galin
et al. [21,22], Kovalenko et al. [23,24], Kragelsky [25] and Komogort-
sev [26], a number of wear contact problems have been studied using
analytical techniques. The fundamental works of Hills et al. [27,28] and
Goryacheva et al. [29] presented analytical solutions on fretting wear
problems. The works of Olofsson et al. [30], Enblom and Berg [31],
Telliskivi [32] proposed different solution schemes for rolling contact
problems. In the applied oriented article [33], Hegadekatte et al. de-
veloped solutions strategies for pin-on-disk and twin-disk tribometers
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under sliding wear conditions. More recently, during the last ten years,
Argatov et al. have been presenting analytical solutions in the context
of contact of deformed solids under wear conditions. Argatov [34]
and Argatov and Tato [35] presented asymptotic solutions for (3D
and 2D, respectively) sliding wear contact problems. In their very
recent contribution [36,37], Argatov and Chai analyzed the steady-
state regime and the wearing-in period in frictional contact problems,
and in the work [38] discussed different approaches – analytical and
semi-analytical – to model fretting wear.

Many computational frameworks and numerical studies on wear
have been also developed in the last years using different numerical
techniques [39]. In the group of the FEM, it should be mentioned the
pioneering methodologies and solution schemes proposed by Johans-
son [40] and Strömberg et al. [41–44]. They made it possible to solve
contact problems under different wear conditions (i.e., fretting wear or
sliding wear). These schemes were extended by Ireman et al. [45,46]
to study wear in thermoelastic contact problems. Another numerical
schemes based on the FEM were presented to study fretting wear
problems by: McColl et al. [47], Chai et al. [48], Mary and Fouvry [49]
and Bae et al. [50], and, to study sliding wear problems, by Paczelt and
Mróz [51]. The latest works in the finite element context are focusing
on non-matching meshes schemes, i.e., the works of Farah et al. [52]
and Doca and Andrade Pires [53]. In the BEM and/or the influence
coefficient methods group, we should consider the contributions of
Sfantos and Aliabadi [54–56] and Paczelt et al. [57] to solve sliding
wear problems. Nowell [58], Gallego et al. [59], Kim et al. [60] and
Rodríguez-Tembleque et al. [61,62] developed formulations to solve
the contact problem under fretting wear conditions, and Rodríguez-
Tembleque et al. [63,64] for wear computing under rolling-contact
conditions. All these works have showed the suitability of the FEM or
the BEM to simulate wear under more realistic contact conditions.

The interest of these formulations lies in the fact that, in addition
to allowing us to – virtually – compute the surface contact tractions or
the morphology adopted by the contact surfaces, they also allow us to
determine the subsurface stress distributions that are generated during
the contact process. For this reason, several recent works, i.e., Guler
at al. [65], Jin et al. [18] or Meshcheryakova and Goryacheva [66],
continue studying more efficient and accurate techniques to compute
the subsurface stresses, as well as the distribution they adopt under fric-
tional contact or rolling-contact conditions. In this context, this work
presents an influence coefficient formulation and a robust solution
scheme to study the subsurface stresses in orthotropic contact prob-
lems under sliding wear and fretting wear conditions. Moreover, this
computational framework is considered to study how the orthotropic
tribological conditions (i.e., the orthotropic friction and wear laws, the
values of friction coefficients intensity, the sliding direction or the wear
evolution) affect the value of the maximum subsurface stresses and
their location. Thus, to the best authors knowledge, this paper presents
for the first time the calculation of subsurface stress distributions as
a function of the friction coefficient intensity and wear regime, under
orthotropic contact conditions. This is a very interesting issue since,
for instance, a recent study [67] has revealed the relation between the
subsurface stresses and the useful wear life in sliding contacts.

Finally, this paper is organized as follows: Section 2 presents the
basic governing equations of this 3D orthotropic frictional contact
problem description and the expressions to compute the subsurface
stresses. The discrete formulation the problem and the non-linear so-
lution scheme are presented in Section 3. Then, the methodology is
applied in Section 4 to solve several contact problems under different
orthotropic friction and wear conditions. These examples allow us to
study how the subsurface stress distributions, the subsurface maxi-
mum values and their locations are affected by the orthotropic friction
and wear laws, the friction coefficient intensities, the wear regimes
(i.e., gross slip or partial slip) and the sliding direction. Finally, some
concluding remarks are presented in Section 5.
2

Fig. 1. Two elastic bodies (i.e., a sphere 𝛺𝐴 over an elastic halfspace 𝛺𝐵) come into
contact under the normal load 𝑃 and the tangential load 𝑄, being 𝛤𝑐 the resulting
contact area.

2. Governing equations for 3D orthotropic frictional contact prob-
lems

This section presents in detail the equations set that defines the 3D
frictional contact problem of two solids, under wear conditions. The tri-
bological – friction and wear – laws will be assumed to be orthotropic,
considering an associated sliding rule. Firstly, we will start defining
the contact kinematic variables, i.e., the normal gap and the tangential
slip velocity, as a function of the solids displacements. Secondly, a
half-space approximation will be considered to describe the relations
between the contact tractions and the solids displacements. Thirdly,
the frictional contact inequality constraints and the wear law will be
presented, so that the restrictions for the contact kinematical variables
and the contact tractions will be defined. Finally, the expressions to
compute the subsurface stresses will presented as a function of the
surface contact tractions.

2.1. Contact kinematics

The kinematic description of two elastic bodies (𝛺𝛼 , 𝛼 = 𝐴,𝐵) in
contact starts with the definition of a coordinate system 𝑂𝑥𝑦𝑧, which
allows us to identify the position 𝐱 of each particle of these two bodies.
In that system, 𝑧 points are normally oriented to the upper body and
{𝑥, 𝑦} are tangentially directed (see Fig. 1). When the bodies come into
contact at a certain pseudo-time instance 𝜏, the deformation at the
contact zone position 𝐱 can be defined by the displacement difference:
𝐮(𝐱, 𝜏) = 𝐮(𝐴)(𝐱, 𝜏) − 𝐮(𝐵)(𝐱, 𝜏).

The separation between the two solids surfaces can be quantified by
the normal contact gap

𝑔𝑛(𝐱, 𝜏) = 𝑔𝑛,𝑜(𝜏) + 𝜔(𝐱, 𝜏) + 𝑢𝑛(𝐱, 𝜏) (1)

and the tangential contact gap

𝐠𝑡(𝐱, 𝜏) = 𝐠𝑡,𝑜(𝜏) + 𝐮𝑡(𝐱, 𝜏). (2)

In Eq. (1), 𝑔𝑛,𝑜(𝜏) = 𝑔𝑔−𝑔𝑜(𝜏) (where 𝑔𝑔 is the geometric gap and 𝑔𝑜(𝜏) is
the rigid body rapprochement), 𝜔(𝐱, 𝜏) is the wear gap (i.e., wear depth)
and 𝑢𝑛 is the relative normal displacement: 𝑢𝑛(𝐱, 𝜏) = 𝑢(𝐴)𝑧 (𝐱, 𝜏)−𝑢(𝐵)𝑧 (𝐱, 𝜏)
whereas, in the Eq. (2), 𝐠𝑡,𝑜(𝜏) is the relative rigid tangential slip and
𝐮𝑡(𝐱, 𝜏) = [𝑢𝑥(𝐱, 𝜏) 𝑢𝑦(𝐱, 𝜏)]𝑇 is the relative tangential displacement:
𝐮 (𝐱, 𝜏) = 𝐮(𝐴)(𝐱, 𝜏) − 𝐮(𝐵)(𝐱, 𝜏).
𝑡 𝑡 𝑡
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2.2. Half-space approximation

The displacement difference 𝐮(𝐱, 𝜏) can be obtained by half-space
approach proposed by Kalker [13], which assumes that the contacting
bodies are constituted by homogeneous linear elastic materials, the
contact area is very small compared with the contacting bodies (and
consequently, it is flat), the geometries are sufficiently smooth and,
finally, the inertia effects are ignored, so a quasi-static description is
considered.

Under the previous assumptions, the classical Boussinesq and Cer-
ruti solutions can be adopted, therefore, according to Johnson [5] or
Kalker [13], at a certain pseudo-time instance 𝜏, the relation between
the deformation 𝐮 at point 𝐱 and the contact traction 𝐩 on points 𝐱′ ∈ 𝛤𝑐
(see Fig. 1) is given by:

𝐮(𝐱, 𝜏) = ∫ ∫𝛤𝑐 (𝜏)
𝐀(𝐱, 𝐱′) 𝐩(𝐱′, 𝜏) 𝑑𝑥′𝑑𝑦′ (3)

In the expression above, the kernel function 𝐀(𝐱, 𝐱′) gives the influence
of a unit traction at 𝐱′ on a deformation at 𝐱 and can be written as

𝐀(𝐱, 𝐱′) =
⎡

⎢

⎢

⎣

𝐴𝑥𝑥(𝐱, 𝐱′) 𝐴𝑥𝑦(𝐱, 𝐱′) 𝐴𝑥𝑧(𝐱, 𝐱′)
𝐴𝑦𝑥(𝐱, 𝐱′) 𝐴𝑦𝑦(𝐱, 𝐱′) 𝐴𝑦𝑧(𝐱, 𝐱′)
𝐴𝑧𝑥(𝐱, 𝐱′) 𝐴𝑧𝑦(𝐱, 𝐱′) 𝐴𝑧𝑧(𝐱, 𝐱′),

⎤

⎥

⎥

⎦

(4)

where

𝐴𝑥𝑥(𝐱, 𝐱′) =
1
𝜋𝐺

(

1 − 𝜈
𝑠

+
(𝑥′ − 𝑥)2

𝑠3

)

,

𝐴𝑦𝑦(𝐱, 𝐱′) =
1
𝜋𝐺

(

1 − 𝜈
𝑠

+
(𝑦′ − 𝑦)2

𝑠3

)

,

𝐴𝑧𝑧(𝐱, 𝐱′) =
1
𝜋𝐺

( 1 − 𝜈
𝑠

)

,

𝐴𝑥𝑦(𝐱, 𝐱′) =
𝜈
𝜋𝐺

(

(𝑥′ − 𝑥)(𝑦′ − 𝑦)
𝑠3

)

, 𝐴𝑦𝑥(𝐱, 𝐱′) = 𝐴𝑥𝑦(𝐱, 𝐱′),

𝐴𝑥𝑧(𝐱, 𝐱′) =
𝐾
𝜋𝐺

(

𝑥′ − 𝑥
𝑠2

)

, 𝐴𝑧𝑥(𝐱, 𝐱′) = −𝐴𝑥𝑧(𝐱, 𝐱′),

𝐴𝑦𝑧(𝐱, 𝐱′) =
𝐾
𝜋𝐺

(

𝑦′ − 𝑦
𝑠2

)

, 𝐴𝑧𝑦(𝐱, 𝐱′) = −𝐴𝑦𝑧(𝐱, 𝐱′),

(5)

being 𝑠 =
√

(𝑥′ − 𝑥)2 + (𝑦′ − 𝑦)2 and 𝐺, 𝜈 and 𝐾 are the material
parameters defined as

1
𝐺

= 1
2

(

1
𝐺(𝐴)

+ 1
𝐺(𝐵)

)

,

𝜈
𝐺

= 1
2

(

𝜈(𝐴)

𝐺(𝐴)
+ 𝜈(𝐵)

𝐺(𝐵)

)

,

𝐾 = 𝐺
4

(

1 − 2𝜈(𝐴)

𝐺(𝐴)
− 1 − 2𝜈(𝐵)

𝐺(𝐵)

)

.

(6)

The expressions in Eq. (5) allows the kernel function to be also
written as: 𝐀(𝐱, 𝐱′) = 𝐀(𝐱′ − 𝐱), which indicates that the influence
coefficients depend on the relative positions of the two surface points
𝐱 and 𝐱′.

2.3. Contact restrictions

The Signorini’s conditions for unilateral contact can be expressed in
the form of complementary relations, for the normal gap 𝑔𝑛(𝐱, 𝜏) and
he normal contact pressure 𝑝𝑛 = 𝑝𝑧(𝐱, 𝜏), as

𝑔𝑛 ≥ 0, 𝑝𝑛 ≥ 0, 𝑔𝑛 𝑝𝑛 = 0, (7)

for every point in the contact zone (i.e., 𝐱 ∈ 𝛤𝑐).
Similarly, the fulfillment of an orthotropic friction law is guaranteed

by the complementary relations

𝑓 (𝑝𝑛,𝐩𝑡) ≤ 0, 𝜆 ≥ 0, 𝜆 𝑓 (𝑝𝑛,𝐩𝑡) = 0, (8)

where, according to [68–71], 𝜆 = ‖�̇�𝑡‖∗𝜇 , 𝐩𝑡 is the tangential contact
𝑇

3

traction vector (𝐩𝑡 = [𝑝𝑥(𝐱, 𝜏) 𝑝𝑦(𝐱, 𝜏)] ) and 𝑓 (𝐩𝑡, 𝑝𝑛) = ‖𝐩𝑡‖𝜇 − 𝑝𝑛
is a function which allows us to define the orthotropic friction limit:
𝑓 (𝐩𝑡, 𝑝𝑛) = 0 (see Fig. 2(a)).

In the previous paragraph, the elliptic norm ‖ ∙ ‖𝜇 is defined so that

‖𝐩𝑡‖𝜇 =

√

(

𝑝𝑒1∕𝜇1
)2

+
(

𝑝𝑒2∕𝜇2
)2

, (9)

being 𝜇1 and 𝜇2 the principal friction coefficients in the directions
{𝑒1, 𝑒2}. Moreover, the norm ‖ ∙ ‖∗𝜇 is dual of ‖ ∙ ‖𝜇 and consequently,

‖�̇�𝑡‖∗𝜇 =
√

(𝜇1�̇�𝑒1 )
2 + (𝜇2�̇�𝑒2 )

2. (10)

It is important to mention that, in Eq. (9) and in Eq. (10), the
angential contact tractions components and the tangential slip velocity
omponents are defined in the tribological axes {𝑒1, 𝑒2} as:
[

𝑝𝑒1
𝑝𝑒2

]

=
[

cos 𝛽 sin 𝛽
− sin 𝛽 cos 𝛽

] [

𝑝𝑥
𝑝𝑦

]

(11)

and
[

�̇�𝑒1
�̇�𝑒2

]

=
[

cos 𝛽 sin 𝛽
− sin 𝛽 cos 𝛽

] [

�̇�𝑥
�̇�𝑦

]

, (12)

where the angle 𝛽 is defined in Fig. 2(b) as the tribological axes angle
orientation. In the expression above, the tangential slip velocity �̇�𝑡
an be expressed at time 𝜏𝑘 as follows: �̇�𝑡 ≈ 𝛥𝐠𝑡∕𝛥𝜏 (see Rodríguez-
embleque et al. [68]), where 𝛥𝐠𝑡 = 𝐠𝑡(𝜏𝑘) − 𝐠𝑡(𝜏𝑘−1) and 𝛥𝜏 = 𝜏𝑘 −
𝑘−1.

In this way, the possible states for each contact point on 𝛤𝑐 are
haracterized by

No contact: 𝑝𝑛 = 0, 𝑔𝑛 ≥ 0, 𝐩𝑡 = 𝟎,
Contact-Stick: 𝑝𝑛 ≥ 0, 𝑔𝑛 = 0, �̇�𝑡 = 𝟎,
Contact-Slip: 𝑝𝑛 ≥ 0, 𝑔𝑛 = 0, 𝐩𝑡 = −𝑝𝑛 M2�̇�𝑡∕‖�̇�𝑡‖∗𝜇 ,

(13)

eing

=
[

𝜇1 0
0 𝜇2

]

. (14)

The normal contact constraints presented in Eq. (7) can be formu-
ated in a more compact form using augmented variables and projection
unctions, as:

𝑛 − PR+ (𝑝∗𝑛) = 0, (15)

here PR+ (∙) is the normal projection function (PR+ (∙) = 𝑚𝑎𝑥(0, ∙)) and
∗
𝑛 = 𝑝𝑛 + 𝑟𝑛𝑔𝑛 is the augmented normal traction. The parameter 𝑟𝑛 is
he normal dimensional penalization parameter (𝑟𝑛 ∈ R+). Moreover,
he frictional contact constraints presented in Eq. (8) can also be
ormulated using augmented variables and projection functions, as:

𝑡 − PE𝜌
(𝐩∗𝑡 ) = 0, (16)

here 𝐩∗𝑡 = 𝐩𝑡 − 𝑟𝑡M2�̇�𝑡 (𝑟𝑡 ∈ R+) is the augmented tangential traction
nd PE𝜌

(∙) ∶ R2 ⟶ R2 is the tangential projection function defined in
68] as

E𝜌
(𝐩∗𝑡 ) =

{

𝐩∗𝑡 if ‖𝐩∗𝑡 ‖𝜇 < 𝜌,
𝜌 𝐩∗𝑡 ∕‖𝐩

∗
𝑡 ‖𝜇 if ‖𝐩∗𝑡 ‖𝜇 ≥ 𝜌,

(17)

ith 𝜌 = |PR+ (𝑝∗𝑛)|. Therefore, Eqs. (15) and (16) constitute the or-
hotropic frictional contact restrictions for every point: 𝐱 ∈ 𝛤𝑐 .

.4. Wear law

Wear process evolves over time, so the Holm–Archard’s wear law [1]
ight be expressed locally for an infinitesimally small apparent contact

rea and in a differential form to compute the wear depth: 𝜔(𝐱, 𝜏).
herefore, a quasi-steady-state wear approximation, similarly to the
omputational works [61,63,64,72–77], is considered in the following
ear rate form:

�̇� = 𝑖 |𝑝 | ‖�̇� ‖, (18)
𝑤 𝑛 𝑡



International Journal of Mechanical Sciences 234 (2022) 107695J.M. Juliá and L. Rodríguez-Tembleque
Fig. 2. (a) Orthotropic sliding surface in tribological coordinate axes 𝑒1 and 𝑒2. (b) Associated sliding rule in coordinate axes 𝑒1 and 𝑒2. The axes 𝑒1 and 𝑒2 form an angle 𝛽
(counter-clock-wise) with the halfspace coordinate axes 𝑥 and 𝑦, respectively. .
where 𝑖𝑤 is the dimensional wear coefficient.
Due to orthotropic tribological properties are considered in this

work, an orthotropic wear law [64,70,71] is assumed. Consequently,
𝑖𝑤 should be function of the sliding direction parameter 𝜃 [64] (see
Fig. 2(b)), i.e., the angle between the given direction (𝐞1) and the
sliding direction (�̇�𝑡∕‖�̇�𝑡‖), as:

𝑖𝑤(𝜃) =
√

(𝑖1 cos 𝜃)2 + (𝑖2 sin 𝜃)2. (19)

In the expression above, cos 𝜃 = �̇�𝑒1∕‖�̇�𝑡‖, sin 𝜃 = �̇�𝑒2∕‖�̇�𝑡‖, and 𝑖1 and 𝑖2
are the principal intensity wear coefficients.

In this work, it is postulated that the wear rate is proportional to
the friction dissipation energy, friction and wear coefficients are related
through the constant 𝑐 as: 𝑖1 = 𝑐 𝜇1 and 𝑖2 = 𝑐 𝜇2.

According to [64], wear coefficient can be written as

𝑖𝑤 = ‖�̇�𝑡‖𝑖∕‖�̇�𝑡‖, (20)

where

‖�̇�𝑡‖𝑖 =
√

(𝑖1�̇�𝑒1 )
2 + (𝑖2�̇�𝑒2 )

2. (21)

Consequently, the orthotropic wear law Eq. (18) can be rewritten as

�̇� = |𝑝𝑛| ‖�̇�𝑡‖𝑖. (22)

For quasi-static contact problems derivatives can be expressed in an
incremental form: �̇� ≃ 𝛥𝜔 = 𝜔(𝜏𝑘)−𝜔(𝜏𝑘−1) and �̇� ≃ 𝛥𝐠 = 𝐠(𝜏𝑘)−𝐠(𝜏𝑘−1),
therefore wear depth at the instant 𝜏𝑘 can be computed as

𝜔(𝜏𝑘) = 𝜔(𝜏𝑘−1) + 𝑝𝑛(𝜏𝑘) ‖ 𝐠𝑡(𝜏𝑘) − 𝐠𝑡(𝜏𝑘−1)‖𝑖. (23)

2.5. Subsurface stresses

Finally, the subsurface elastic stresses at point 𝐱 ∈ 𝛺(𝛼) (𝛼 = 𝐴,𝐵)
due to known surface tractions on a point 𝐱′ ∈ 𝛤𝑐 (see Fig. 3) can be
presented in a very compact form as

𝝈(𝐱, 𝜏) = ∫ ∫𝛤𝑐 (𝜏)
𝐓(𝐱, 𝐱′) 𝐩(𝐱′, 𝜏) 𝑑𝑥′𝑑𝑦, (24)

where, similarly to the kernel function 𝐀(𝐱, 𝐱′), the influence coeffi-
cients of the kernel function 𝐓(𝐱, 𝐱′) depend on the relative positions
of the two surface points 𝐱 and 𝐱′, therefore 𝐓(𝐱, 𝐱′) = 𝐓(𝐱′ − 𝐱).

For the sake of clarity, the expression above is rewritten as

𝜎𝑖𝑗 (𝐱, 𝜏) = 𝑇 𝑆𝑥
𝑖𝑗 (𝐱′ − 𝐱) 𝑝𝑥(𝐱′, 𝜏) + 𝑇 𝑆𝑦

𝑖𝑗 (𝐱′ − 𝐱) 𝑝𝑦(𝐱′, 𝜏)
4

∫ ∫𝛤𝑐 (𝜏)
Fig. 3. Half-space approximation scheme where subsurface elastic stresses at point
𝐱 ∈ 𝛺(𝛼) (𝛼 = 𝐴,𝐵) caused by known surface tractions on a point 𝐱′ ∈ 𝛤𝑐 .

+ 𝑇𝑁
𝑖𝑗 (𝐱

′ − 𝐱) 𝑝𝑛(𝐱′, 𝜏) 𝑑𝑥′𝑑𝑦′ (25)

where 𝑇𝑁
𝑖𝑗 (𝑥, 𝑦, 𝑧), 𝑇 𝑆𝑥

𝑖𝑗 (𝑥, 𝑦, 𝑧) and 𝑇 𝑆𝑦
𝑖𝑗 (𝑥, 𝑦, 𝑧) are the stress solutions

due to a unit normal force, a unit shear force along the 𝑥 axis and a unit
shear force along the 𝑦 axis, respectively, at the surface origin of a half
space. The expressions of these functions can be found in Appendix A.

3. Discrete formulation

This section presents the discrete formulation of the equation set
defined in Section 2. First, we start presenting the discrete influ-
ence coefficient equations between the discrete contact tractions and
solids displacements. Next, the discrete expressions for the contact
kinematic variables and the subsurface stresses equations will be de-
scribed in detail. Finally, to conclude this section, we will describe the
solution scheme proposed to compute the discrete contact tractions,
kinematic variable and subsurface stresses, subjected to the discrete
contact restrictions.

3.1. Discrete contact problem approximation

The discretization of the problem focuses on a rectangular potential
contact area, which contains the true contact area. A rectangular mesh
is placed on this 2D region, with 𝑁𝑒 = 𝑁𝑥 ×𝑁𝑦 elements of size 𝛥𝑥 ×𝛥𝑦
(see Fig. 4). The coordinates of the center of the element 𝐼 are denoted
by 𝐱 = [𝑥 , 𝑦 , 0]𝑇 .
𝐼 𝐼 𝐼
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Fig. 4. The potential contact zone is meshed with 𝑁𝑒 = 𝑁𝑥 ×𝑁𝑦 elements of size 𝛥𝑥 × 𝛥𝑦.
In this numerical modeling, tractions 𝐩 in the surface integral
Eq. (3) are approximated by element-wise constant functions. This cell-
centered discretization of the integral Eq. (3) allows us to rewrite this
expression, for each contacting element I, as the summation of the
products of influence coefficients 𝐴𝑖𝑗

𝐼𝐽 (𝑖, 𝑗 corresponding to 𝑥, 𝑦 and
𝑧) and nodal pressures 𝑝𝐽𝑗 at element 𝐽 :

𝑢(𝑘)𝐼𝑥 =
𝑁𝑒
∑

𝐽=1
𝐴𝑥𝑥
𝐼𝐽 𝑝

(𝑘)
𝐽𝑥 + 𝐴𝑥𝑦

𝐼𝐽 𝑝
(𝑘)
𝐽𝑦 + 𝐴𝑥𝑧

𝐼𝐽 𝑝
(𝑘)
𝐽𝑧 ,

𝑢(𝑘)𝐼𝑦 =
𝑁𝑒
∑

𝐽=1
𝐴𝑦𝑥
𝐼𝐽 𝑝

(𝑘)
𝐽𝑥 + 𝐴𝑦𝑦

𝐼𝐽 𝑝
(𝑘)
𝐽𝑦 + 𝐴𝑦𝑧

𝐼𝐽 𝑝
(𝑘)
𝐽𝑧 ,

𝑢(𝑘)𝐼𝑧 =
𝑁𝑒
∑

𝐽=1
𝐴𝑧𝑥
𝐼𝐽 𝑝

(𝑘)
𝐽𝑥 + 𝐴𝑧𝑦

𝐼𝐽 𝑝
(𝑘)
𝐽𝑦 + 𝐴𝑧𝑧

𝐼𝐽 𝑝
(𝑘)
𝐽𝑧 .

(26)

where, 𝑢(𝑘)𝐼𝑖 the deformation in 𝑖-direction of element 𝐼 at instant 𝜏𝑘.
Influence coefficient 𝐴𝑖𝑗

𝐼𝐽 represents the influence to the 𝑖-direction
deformation on element 𝐼 , caused by a unit 𝑗-direction traction on
another element 𝐽 . It is computed by integrating Eq. (3) over a single
element 𝐽 , with respect to an observation point at the center of element
𝐼 (see [13–15]). The explicit expressions of the influence coefficients
𝐴𝑖𝑗
𝐼𝐽 are presented in Appendix B.

Assembling the coefficients 𝐴𝑖𝑗
𝐼𝐽 in the matrix 𝐀𝑖𝑗 :

(

𝐀𝑖𝑗
)

𝐼𝐽 = 𝐴𝑖𝑗
𝐼𝐽 ,

the Eq. (26) can be expressed as 𝐮(𝑘) = 𝐀 𝐩(𝑘), i.e.,

⎡

⎢

⎢

⎣

𝐮𝑥
𝐮𝑦
𝐮𝑧

⎤

⎥

⎥

⎦

(𝑘)

=
⎡

⎢

⎢

⎣

𝐀𝑥𝑥 𝐀𝑥𝑦 𝐀𝑥𝑧
𝐀𝑦𝑥 𝐀𝑦𝑦 𝐀𝑦𝑧
𝐀𝑧𝑥 𝐀𝑧𝑦 𝐀𝑧𝑧

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝐩𝑥
𝐩𝑦
𝐩𝑧

⎤

⎥

⎥

⎦

(𝑘)

, (27)

where vector 𝐮(𝑘) and vector 𝐩(𝑘) contain the deformation components
and the contact tractions of each element 𝐼 at instant 𝜏𝑘, respectively.
For the sake of clarity, Eq. (28) is rearranged as
[

𝐮𝑛
𝐮𝑡

](𝑘)

=
[

𝐀𝑛𝑛 𝐀𝑛𝑡
𝐀𝑡𝑛 𝐀𝑡𝑡

] [

𝐩𝑛
𝐩𝑡

](𝑘)

, (28)

where 𝐮(𝑘)𝑛 = 𝐮(𝑘)𝑧 , 𝐩(𝑘)𝑛 = 𝐩(𝑘)𝑧 , 𝐮(𝑘)𝑡 contains the tangential deformation
components of each element 𝐼 (i.e., (𝐮(𝑘)𝑡 )𝐼 = [ (𝐮(𝑘)𝑥 )𝐼 (𝐮(𝑘)𝑦 )𝐼 ]𝑇 ) and
𝐩(𝑘)𝑡 the contact traction components of each element 𝐼 (i.e., (𝐩(𝑘)𝑡 )𝐼 =
[ (𝐩(𝑘)𝑥 )𝐼 (𝐩(𝑘)𝑦 )𝐼 ]𝑇 ).

3.2. Discrete contact kinematic variables

The normal gap (1) and the tangential contact slip (2) of each
element 𝐼 , at instant 𝜏𝑘, can be stored as

𝐠(𝑘)𝑛 = 𝐠(𝑘)𝑛,𝑜 + 𝐰(𝑘) + 𝐮(𝑘)𝑛 (29)

and

𝐠(𝑘) = 𝐠(𝑘) + 𝐮(𝑘) (30)
5

𝑡 𝑡,𝑜 𝑡
respectively. In Eq. (29), 𝐠(𝑘)𝑧,𝑜 is the bodies’ rapprochement vector,
whereas, in Eq. (30), 𝐠(𝑘)𝑥,𝑜 and 𝐠(𝑘)𝑦,𝑜 are vectors which contains the relative
rigid tangential slip displacement components of each element 𝐼 . In
the expressions above, 𝐮(𝑘)𝑛 and 𝐮(𝑘)𝑡 are obtained from Eq. (28), where
𝐩(𝑘)𝑛 and 𝐩(𝑘)𝑡 satisfy, respectively, the normal and tangential contact
restrictions presented in Eq. (15) and (16).

Finally, vector 𝐰(𝑘) contains the wear depth on each element 𝐼
computed according to Eq. (31), i.e.,

(𝐰(𝑘))𝐼 = (𝐰(𝑘−1))𝐼 + (𝐩(𝑘)𝑛 )𝐼 ||(𝐠(𝑘)𝑡 )𝐼 − (𝐠(𝑘−1)𝑡 )𝐼 ||𝑖. (31)

3.3. Discrete subsurface stresses equations

The subsurface stresses can be computed from discrete expression
of Eq. (25) for a set of interior points (i.e., 𝐱𝐼 ∈ 𝛺(𝛼) (𝛼 = 𝐴,𝐵) being
𝐼 = 1...𝑁𝑖), as,

(𝜎(𝑘)𝑖𝑗 )𝐼 =
𝑁𝑒
∑

𝐽=1
(𝐵𝑆𝑥

𝑖𝑗 )𝐼𝐽 𝑝
(𝑘)
𝐽𝑥 + (𝐵𝑆𝑦

𝑖𝑗 )𝐼𝐽 𝑝
(𝑘)
𝐽𝑦 + (𝐵𝑁

𝑖𝑗 )𝐼𝐽 𝑝
(𝑘)
𝐽𝑧 (32)

where (𝜎(𝑘)𝑖𝑗 )𝐼 is the value for the stress at point 𝐱𝐼 on instant 𝜏𝑘:
𝜎𝑖𝑗

(

𝐱𝐼 , 𝜏𝑘
)

, due to the known surface contact tractions 𝐩(𝑘). Moreover,
the influence coefficients (𝐵𝑆𝑥

𝑖𝑗 )𝐼𝐽 , (𝐵𝑆𝑦
𝑖𝑗 )𝐼𝐽 and (𝐵𝑁

𝑖𝑗 )𝐼𝐽 are computed as

(𝐵𝑆𝑥
𝑖𝑗 )𝐼𝐽 =∫

𝑥+

𝑥−
∫

𝑦+

𝑦−
𝑇 𝑆𝑥
𝑖𝑗 (𝑥, 𝑦, 𝑧𝐼 ) 𝑑𝑥′𝑑𝑦′,

(𝐵𝑆𝑦
𝑖𝑗 )𝐼𝐽 =∫

𝑥+

𝑥−
∫

𝑦+

𝑦−
𝑇 𝑆𝑦
𝑖𝑗 (𝑥, 𝑦, 𝑧𝐼 ) 𝑑𝑥′𝑑𝑦′,

(𝐵𝑁
𝑖𝑗 )𝐼𝐽 =∫

𝑥+

𝑥−
∫

𝑦+

𝑦−
𝑇𝑁
𝑖𝑗 (𝑥, 𝑦, 𝑧𝐼 ) 𝑑𝑥

′𝑑𝑦′.

(33)

The influence coefficient (𝐵𝑁
𝑖𝑗 )𝐼𝐽 represents the influence to the 𝜎𝑖𝑗 -

stress on 𝐱𝐼 , caused by a unit normal traction applied on element 𝐽 .
Similarly, coefficients (𝐵𝑆𝑥

𝑖𝑗 )𝐼𝐽 (or (𝐵𝑆𝑦
𝑖𝑗 )𝐼𝐽 ) represents the influence to

the 𝜎𝑖𝑗 -stress caused by a unit tangential traction on 𝑥-direction (or
on 𝑦-direction), applied on element 𝐽 . The subsurface influence coeffi-
cients (33) are calculated according to [78] and detailed in Appendix C.

Finally, Eq. (32) can be presented in the following matrix form

𝝈(𝑘)
𝑖𝑗 = 𝐁𝑆𝑥

𝑖𝑗 𝐩(𝑘)𝑥 + 𝐁𝑆𝑦
𝑖𝑗 𝐩(𝑘)𝑦 + 𝐁𝑁

𝑖𝑗 𝐩
(𝑘)
𝑧 (34)

where 𝝈(𝑘)
𝑖𝑗 is a 𝑁𝑖-dimensional vector containing the value of the stress

component 𝜎𝑖𝑗 on every subsurface point 𝐱𝐼 ∈ 𝛺(𝛼) at instant 𝜏𝑘.

3.4. Solution scheme

The discrete equations set (26)–(33) allows us to compute the
subsurface stresses evolution caused by orthotropic wear and contact
conditions. That set of equations can be solved using an iterative Uzawa
scheme similar to [61,63,64,79–82]. To compute the variables at the
instant or load step (𝑘),
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(I) Initialize 𝐩(0)𝑛 = 𝐩(𝑘−1)𝑛 , 𝐩(0)𝑡 = 𝐩(𝑘−1)𝑡 and 𝐰(0) = 𝐰(𝑘−1) and iterate
using (𝑛 = 0, 1, 2, 3,…) index.

(II) Compute:
[

𝐠𝑛
𝐠𝑡

](𝑛)

=
[

𝐠𝑛,𝑜
𝐠𝑡,𝑜

](𝑘)

+
[

𝐰
𝟎

](𝑛)

+
[

𝐀𝑛𝑛 𝐀𝑛𝑡
𝐀𝑡𝑛 𝐀𝑡𝑡

] [

𝐩𝑛
𝐩𝑡

](𝑛)

,

(35)

(III) Update contact tractions on every element I :

(𝐩(𝑛+1)𝑛 )𝐼 = PR+ ( (𝐩(𝑛)𝑛 )𝐼 + 𝑟𝑛(𝐠(𝑛+1)𝑛 )𝐼 )

(𝐩(𝑛+1)𝑡 )𝐼 = PE𝜌
( (𝐩(𝑛)𝑡 )𝐼 − 𝑟𝑡 M2(𝛥𝐠(𝑛+1)𝑡 )𝐼 ),

where (𝛥𝐠(𝑛+1)𝑡 )𝐼 = (𝐠(𝑛+1)𝑡 )𝐼 − (𝐠(0)𝑡 )𝐼 and 𝜌 = (𝐩(𝑛+1)𝑛 )𝐼 .
(IV) Update accumulated wear depth:

(𝐰(𝑛+1) )𝐼 = (𝐰(0) )𝐼 + |( 𝐩(𝑛+1)𝑛 )𝐼 | ‖(𝛥𝐠
(𝑛+1)
𝑡 )𝐼‖𝑖.

(V) Compute the error:

𝛹 (𝐩(𝑛+1)𝑐 ) = ‖𝐩(𝑛+1)𝑛 − 𝐩(𝑛)𝑛 ‖ + ‖𝐩(𝑛+1)𝑡 − 𝐩(𝑛)𝑡 ‖.

(a) If 𝛹 (𝐩(𝑛+1)𝑐 ) ≤ 𝜀, the solution for the instant (k) is reached.
If the applied boundary condition are the external normal
load (𝑃 (𝑘)) and/or the tangential load (𝑄(𝑘)), the resultant
contact loads on the contact zone (𝛤𝑐) have to be also
computed before reaching the solution for instant (k):

𝑃 (𝑛+1) = 𝛥𝑥 𝛥𝑦

𝑁𝑒
∑

𝐼=1
(𝐩(𝑛+1)𝑛 )𝐼 , (36)

𝐐(𝑛+1) = 𝛥𝑥 𝛥𝑦

𝑁𝑒
∑

𝐼=1
(𝐩(𝑛+1)𝑡 )𝐼 , (37)

therefore,

(a.1) If 𝑃 (𝑛+1) > 𝑃 (𝑘)+𝜀
𝑙𝑜𝑎𝑑

or 𝑃 (𝑛+1) < 𝑃 (𝑘)−𝜀
𝑙𝑜𝑎𝑑

, modify
𝐠(𝑘)𝑜,𝑛 → 𝐠(𝑘)𝑜,𝑛∓𝛥𝐠

(𝑛)
𝑜,𝑛. Moreover, if ‖𝐐(𝑛+1)

‖ > 𝑄(𝑘)+𝜀
𝑙𝑜𝑎𝑑

or ‖𝐐(𝑛+1)
‖ < 𝑄(𝑘) − 𝜀

𝑙𝑜𝑎𝑑
, modify 𝐠(𝑘)𝑜,𝑡 → 𝐠(𝑘)𝑜,𝑡 ∓𝛥𝐠(𝑛)𝑜,𝑡 ,

and return to (II).
(a.2) Otherwise, the solution for instant (k) is reached,

so 𝐩(𝑘)𝑛 = 𝐩(𝑛+1)𝑛 , 𝐩(𝑘)𝑡 = 𝐩(𝑛+1)𝑡 , 𝐠(𝑘)𝑛 = 𝐠(𝑛+1)𝑛 , 𝐠(𝑘)𝑡 =
𝐠(𝑛+1)𝑡 and 𝐰(𝑘) = 𝐰(𝑛+1).

(b) Otherwise, return to (II) evaluating: 𝐩(𝑛)𝑛 = 𝐩(𝑛+1)𝑛 , 𝐩(𝑛)𝑡 =
𝐩(𝑛+1)𝑡 and 𝐰(𝑛) = 𝐰(𝑛+1), and iterate until the convergence
is reached.

(VI) Finally, compute the subsurface stresses for the load step (𝑘),
i.e., 𝝈(𝑘)

𝑖𝑗 , according to the Eq. (34).

Once the solution at instant (k) is reached, the solution for the next
instant is achieved by returning to (I).

4. Numerical results

This section presents several numerical examples which allow us
to validate the proposed formulation and to study how the subsurface
stresses maximum values and their locations are affected by the or-
thotropic friction and wear laws, the friction coefficient intensities, the
wear regimes (i.e., gross slip or partial slip) and the sliding direction.
For this purpose, the section have been divided into two blocks. Firstly,
in Section 4.1, we study the subsurface stress evolution under sliding-
wear conditions and, secondly, in Section 4.2, we study the subsurface
stress evolution due to fretting wear conditions.

In Section 4.1, we will first validate the proposed numerical scheme
by solving the spherical pin sliding on a disk under isotropic friction
and wear conditions. Results will be compared with analytical solu-
tions. Then, we will move on to study the influence of the friction
6

intensity on the subsurface stress evolution caused by isotropic sliding
wear conditions. To conclude this section, the subsurface stress evolu-
tion caused by orthotropic sliding wear conditions will be analyzed. In
this case, due to its influence on the friction intensity and wear effective
coefficient value, the sliding direction will be studied.

Section 4.2 will present the subsurface stresses evolution with the
number of cycles (𝑁), under orthotropic fretting wear conditions. As
we have mentioned, friction intensity and wear effective coefficient
value are affected by the sliding direction. Consequently, the fretting
wear regimes (i.e., gross slip or partial slip) is controlled by the sliding
direction and, therefore, we will see how the subsurface stress evolution
is clearly affected by the sliding direction.

4.1. Subsurface stress evolution under sliding-wear conditions

Let us consider a spherical pin sliding on a disk, as shown in
Fig. 5(a). In this problem, two assumptions are done. Firstly, the disk is
much harder than the pin, so its wear is negligible in comparison with
the wear suffered by the pin. Secondly, the pin is far enough away from
the axis of the disk so that all points in the contact zone have uniform
and constant slip velocity and travel the same distance during the wear
process. Both bodies have the same Young’s modulus and Poisson’s ratio
values: 𝐸 = 210 GPa and 𝜈 = 0.3, respectively. The pin, whose radius is
𝑅 = 50 mm, is sliding on the disk, subjected to a constant normal load
𝑃 = 10.2 𝑁 .

For the numerical analysis, a quasi-static contact problem can be
considered since the formulation assumes that the axes are moving
with the contact zone, which is moving with the punch. Therefore, the
tangential slip velocity (or the sliding distance) on the contact zone
is imposed on the computational domain elements. For the following
studies, the sliding direction is the 𝑥 axis (i.e., 𝜃 = −𝛽 in Fig. 2(b)).

4.1.1. Pin on disk validation problem
To validate the proposed formulation, we are going to consider

first an isotropic wear law, i.e., 𝑖1 = 𝑖2 = 𝑖𝑤 with 𝑖𝑤 = 1.33 ⋅ 10−7

MPa−1. The theoretical solution proposed by Hegadekatte et al. in [33]
to compute the evolution of the total maximum wear depth (𝑤) on
the pin and the total worn volume (𝑊 ) as a function of the sliding
distance (𝑠) can be obtained by solving the worn volume expression
for the spherical pin presented in Fig. 5(a): 𝑊 = 𝜋 (3𝑅 −𝑤)𝑤2∕3, and
the Holm–Archard’s law: 𝑊 = 𝑖𝑤𝑃 𝑠. An alternative analytical solution
was proposed by Argatov in [34], where the total maximum wear depth
is computed as a function of the semi-contact width (𝑎), as: 𝑤 = 𝑎2∕2𝑅,
being 𝑎 = 4

√

𝑎4𝑜 + 4 𝑖𝑤𝑃 𝑠 𝑅∕𝜋 and 𝑎𝑜 the initial semi-contact width.
The advantage of Argatov’s analytical solution is that it also allows us
to obtain the maximum contact pressure evolution in the steady-state
wear regime: 𝑝𝑚𝑎𝑥 = 𝑃∕𝜋𝑎2.

This benchmark problem have been also solved with the numerical
scheme presented in this work. The computational domain region size is
1.6 mm × 1.6 mm and considers 81 × 81 mesh elements. The numerical
results have been obtained for a sliding distance 𝑠 = 640 mm, being
sliding distance increment value of 1 mm.

The theoretical and numerical results of the maximum wear depth
evolution on the pin surface, the semi-contact width and the maximum
contact pressure evolution, as a function of the sliding distance, are
presented in Fig. 6. In Fig. 6(a) is presented the computed maximum
wear depth evolution on the pin surface – as a function of the sliding
distance – by comparison with the Argatov’s analytical solution [34]
and the Hegadekatte’s semianalytical solution [33]. The evolution of
the semi-contact width and the maximum contact pressure value are
presented in Fig. 6(b) and (c), respectively, by comparison with Ar-
gatov’s solution [34]. All the results are non-dimensional. The sliding
distance and the contact semi-width are expressed relative to the initial
contact semi-width (𝑎𝑜 = 0.15 mm). The maximum contact pressure is
presented relative to the initial maximum contact pressure (𝑝𝑜) and
the maximum wear depth is expressed relative to the spherical pin
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Fig. 5. (a) Schematic diagram of a pin-on-disk sliding contact system. (b) Pin wear volume (𝑊 ) and pin maximum wear depth (𝑤) due to the action of the normal load 𝑃 and
the sliding distance (𝑠) of the rotating disk.
Fig. 6. (a) Computed maximum wear depth evolution on the pin surface as a function of the sliding distance by comparison with the Argatov’s analytical solution [34] and
the Hegadekatte’s semianalytical solution [33]. Evolution of the semi-contact width (b) and the maximum contact pressure value (c) are presented by comparison with Argatov’s
solution [34]. All the results are non-dimensional: the sliding distance and the contact semi-width are expressed relative to the initial contact semi-width (𝑎𝑜), the maximum contact
pressure is presented relative to the initial maximum contact pressure (𝑝𝑜) and, finally, the maximum wear depth is expressed relative to the spherical pin radio (𝑅).
radio (𝑅). Numerical results present and excellent agreement with the
theoretical solutions.

Similarly, Fig. 7(a) presents the pin profile evolution as a function
of the sliding distance, whereas Fig. 7(b) shows the normal contact
pressure distributions, as a function of the sliding distance. All the re-
sults are non-dimensional. The sliding distance is expressed relative to
the initial contact semi-width (𝑎𝑜), the pin profile is presented relative
to the spherical pin radio (𝑅) and the contact pressure distribution
is presented relative to initial maximum Hertzian contact pressure
(𝑝𝑜). We can see in Fig. 7(b) how, due to wear evolution, the contact
area enlarges and the maximum normal pressure value decreases with
respect to the Hertz solutions, 𝑎𝑜 and 𝑝𝑜, respectively.

4.1.2. Influence of the friction intensity
After the validation, we study the influence of the friction intensity

on the subsurface stress distributions (i.e., the maximum values and
the locations) and their evolution caused by the sliding wear. For this
purpose, the previous section analyses are now developed considering
different values of the friction coefficients: 𝜇1 = 𝜇2 = 𝜇, being 𝜇 =
{0, 0.15, 0.25, 0.35, 0.50, 0.65}. The resulting Von Mises stress distribution
inside the solid – along 𝑧 axis – is presented in Fig. 8 for every value of
𝜇, as a function of wear evolution, via the accumulated sliding distance
(𝑠). On these distributions all the variables are non-dimensional, there-
fore the sliding distance (𝑠) and the 𝑧-axis coordinates are expressed
7

relative to the initial contact semi-width (𝑎𝑜) and the Von Mises stress
is presented relative to the initial maximum contact pressure (𝑝𝑜).

Fig. 8(a) presents the frictionless case. The initial Von Mises stress
distribution (when 𝑠∕𝑎𝑜 = 0) presents an excellent agreement with the
theoretical solution [5]: 𝜎𝑉𝑀∕𝑝𝑜 = 0.620 at 𝑧∕𝑎𝑜 = 0.48. However,
due to the sliding wear evolution, the stress maximum value decreases
and its location moves to the interior of the solid: 𝑧∕𝑎𝑜 > 0.48. This
behavior is more clearly observed in Fig. 19(a) – Appendix D–, where
the evolution of the Von Mises stress distributions in the 𝑥𝑧 plane (for
𝑦 = 0) are presented for different accumulated sliding distances.

The frictional cases are presented in Figs. 8(b–f). Observing the Von
Mises stress distributions when 𝑠∕𝑎𝑜 = 0 (black line) on these figures,
we can affirm the following: an increase on the friction coefficient value
generates an increment in the value of the local maximum Von Mises
stress, both beneath and near the surface. Moreover, there is a friction
coefficient threshold value (around 𝜇 = 0.35) which shifts the location
of the principal Von Mises stress value.

The colored lines on Figs. 8 (b–f) show how – depending on the fric-
tion intensity – the stress evolves with wear, i.e., reducing its maximum
value during the sliding wear process, However, the location in that
subsurface stress maximum value depends on the friction coefficient
value. When the friction coefficient value is lower than the mentioned
friction coefficient threshold, wear increases with the sliding distance
and the maximum Von Mises stress location goes deeper into the solid.
Contrary, if the friction coefficient is higher than the friction threshold,
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wear increases with the sliding distance but, the maximum Von Mises
stress prevails on the surface. Thus, under sliding wear conditions,
wear reduces Von Mises stress magnitude and shifts the location of the
maximum Von Mises stress value (𝜎𝑉𝑀,𝑚𝑎𝑥) inward. However, friction
shifts the location of 𝜎𝑉𝑀,𝑚𝑎𝑥 to the surface when it is considered in the
sliding wear problem.

The effect of both wear and friction can also be appreciated in
Fig. 19(a), (b) and (c) – Appendix D– , where the influence of fric-
tion on the evolution of the dimensionless Von Mises stress (𝜎𝑉𝑀∕𝑝𝑜)
distributions in the 𝑥𝑧 plane are shown for: 𝜇 = 0, 𝜇 = 0.25 and

= 0.50, respectively. On the one hand, when the figures in Fig. 19
Appendix D – are compared in the vertical direction, it is possible to

ecognize the translation of the 𝜎𝑉𝑀,𝑚𝑎𝑥 location towards the surface
r towards the interior of the material depending on the value of
he friction coefficient with respect to the threshold friction value. In
olumn (a), where 𝜇 = 0, it is evident how 𝜎𝑉𝑀,𝑚𝑎𝑥 location moves
nward, whereas in column (c), i.e., for 𝜇 = 0.50, the 𝜎𝑉𝑀,𝑚𝑎𝑥 location
tays at the surface. On the other hand, when figures in Fig. 19 –
ppendix D – are compared horizontally, it can be detected how as the

riction increases, Von Mises stress also increases its magnitude while
t moves away from the center of the solid and becomes shallower.

Finally, Fig. 9(a) presents the evolution of the maximum value of di-
ensionless Von Mises stress (𝜎𝑉𝑀,𝑚𝑎𝑥∕𝑝𝑜) and its 𝑧 and 𝑥 location (see

igs. 9 (b) and (c), respectively), as a function of the non dimensional
liding distance (𝑠∕𝑎𝑜) and several values of the friction coefficient. We
an observe how, for the frictionless case, the 𝜎𝑉𝑀,𝑚𝑎𝑥 is located at the
nterior of the solid and remains on the 𝑧 axis. For slightly friction
ntensity values, the location of the 𝜎𝑉𝑀,𝑚𝑎𝑥 location remains at the
nterior of the solid during the running in sliding wear regime, but
t certain sliding distance, it shifts to the surface. There is a friction
oefficient threshold value (around 𝜇 = 0.35) above which the 𝜎𝑉𝑀,𝑚𝑎𝑥
ocation remains on the surface during all the sliding wear process.

.1.3. Influence of the sliding direction under orthotropic friction and wear
aws

Now this problem is studied under orthotropic friction and wear
aws (i.e, under 𝜇 ≠ 𝜇 and 𝑖 ≠ 𝑖 ). Therefore, we study the influence
8

1 2 1 2
f the sliding direction angle relative to the tribological principal axes
i.e., 𝜃, according to Fig. 2(b)). Due to the sliding direction is fixed
o be parallel to the 𝑥-axis, the 𝜃 angle is set to 𝜃 = −𝛽, being

the tribological axes angle orientations. In this example, we are
oing to consider several values for the orientation angle 𝛽, i.e, 𝛽 =

{0◦, 45◦, 90◦}. The orthotropic friction principal direction coefficients
values are: 𝜇1 = 0.25 and 𝜇2 = 0.50, i.e., 𝜇1 < 0.35 and 𝜇2 > 0.35 (being
.35 the friction coefficient threshold value computed in Section 4.1.2).
he corresponding wear coefficients values are: 𝑖1 = 1.33 ⋅ 10−7 and
2 = 2.66 ⋅ 10−7 MPa−1. Under this choice of the friction and wear
oefficient values, the effective friction and wear coefficient values are
angle dependent, i.e, they have been set to increase their values as

he 𝛽 angle increases.
Fig. 10 shows the influence of 𝛽 on the wear variables. Fig. 10(a)

presents the computed maximum wear depth evolution on the pin
surface under orthotropic friction and wear conditions (𝑖2 = 2𝑖1)
and different values of the tribological axes angle orientations: 𝛽 =
{0◦, 45◦, 90◦}. The computed results are validated by comparison with
the Argatov’s analytical solution [34] for 𝑖𝑤 = 𝑖𝑤(𝜃) (being 𝜃 = −𝛽).
Fig. 10(b) shows the total wear volume on the pin as a function of
the sliding distance, for different values of the tribological axes angle
orientations (𝛽), being the wear volume (𝑊 ) presented relative to the
hemisphere volume with the same radio of the pin (𝑊𝑜 = 2 𝜋 𝑅3∕3). It
is clear the influence of 𝛽 on the severity of wear.

It is important to emphasize the importance of considering or-
thotropic friction and wear laws, since, although the solution for 𝛽 = 0◦
or 𝛽 = 90◦ could be also obtained solving an isotropic problem with
𝜇 = 𝜇1 and 𝑖𝑤 = 𝑖1 or 𝜇 = 𝜇2 and 𝑖𝑤 = 𝑖2, respectively, due to the
ighly no linearity of this problem, the solution for 𝛽 = 45◦ could not
e computed as the mean value between the solutions for 𝛽 = 0◦ and
= 90◦. Or in other words, the difference between the accumulated
ear depth (or wear volume) presented in Fig. 10 for 𝛽 = 90◦ and
= 0◦ is not the double of the difference between the accumulated
ear for 𝛽 = 45◦ and 𝛽 = 0◦, although 𝑖1 = 2𝑖2.

Fig. 11 shows evolution of the normal pressure distributions com-
uted assuming an isotropic tribological laws and orthotropic friction
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Fig. 8. Influence of friction on the evolution of the 𝑧-axis Von Mises stress distributions for the accumulated sliding distance (𝑠). All the variables are non-dimensional: the sliding
distance (𝑠) and the 𝑧-axis coordinates are expressed relative to the initial contact semi-width (𝑎𝑜) and the Von Mises stress is presented relative to the initial maximum contact
ressure (𝑝𝑜).
nd wear laws, for the sliding distances: (a) 𝑠∕𝑎𝑜 = 20∕3 (b) 𝑠∕𝑎𝑜 =
400∕3 (c) 𝑠∕𝑎𝑜 = 1600∕3. Different values of the tribological axes angle
rientations, i.e., 𝛽 = {0◦, 45◦, 90◦}, have been considered to show
9

ow the sliding direction angle relative to the tribological principal S
axes (𝜃 = −𝛽) also affects on the normal pressure distribution and
contact area. In Fig. 11, we observe important discrepancies on the
maximum normal pressure evolution obtained for 𝛽 = {0◦, 45◦, 90◦}.

imilar discrepancies are observed on the contact area evolution.
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Fig. 9. Evolution of the maximum value of dimensionless Von Mises stress (𝜎𝑉𝑀,𝑚𝑎𝑥∕𝑝𝑜) (a) and its locations, i.e., (b) 𝑧 location and (c) 𝑥 location, as a function of the non
dimensional sliding distance (𝑠∕𝑎𝑜) and several values of the friction coefficient.
Fig. 10. (a) Computed maximum wear depth evolution on the pin surface under orthotropic friction and wear conditions (𝑖1 = 2𝑖2) and different values of the tribological axes
angle orientations: 𝛽 = {0◦ , 45◦ , 90◦}. The computed results are presented by comparison with the Argatov’s analytical solution [34] for 𝑖𝑤 = 𝑖𝑤(𝜃) (being 𝜃 = −𝛽). (b) Computed
total wear volume on the pin as a function of the sliding distance, for different values of the tribological axes angle orientations (𝛽), being the wear volume (𝑊 ) presented relative
to the hemisphere volume with the same radio of the pin (𝑊𝑜 = 2 𝜋 𝑅3∕3).
However, the main discrepancies are observed on the subsurface
stress distributions. The 𝑥𝑧 plane stress distributions are presented in
Fig. 12 and the 𝑦𝑧 plane stress distributions are showed in Fig. 20 —
Appendix E. These figures show the influence of the sliding direction
angle relative to the tribological principal axes (i.e., 𝜃 = −𝛽) on the
evolution of the dimensionless Von Mises stress (𝜎𝑉𝑀∕𝑝𝑜) distributions
caused by wear. Figs. 12(a), (b) and (c) present the evolution of 𝜎𝑉𝑀∕𝑝𝑜
distributions for 𝛽 = 0◦, 𝛽 = 45◦ and 𝛽 = 90◦, respectively. On these
figures, it is possible to recognize a behavior similar to that commented
in Fig. 8, i.e., the stress evolves, reducing its maximum value during the
sliding wear process. Moreover, the location of the maximum value of
Von Mises stress goes deeper into the solid when the sliding distance
increases. However, comparing Figs. 12(a), (b) and (c) for a fixed
sliding distance, we can observe how the value of the maximum Von
Mises stress increases its magnitude with the angle 𝛽 while its location
moves to the surface.
10
Finally, the stress distributions in the 𝑦𝑧 plane (see Fig. 20) –
Appendix E – reveal the same behavior, but they are even more affected
by the orthotropic friction law in the following way. Although 𝑥𝑧 plane
is a plane of symmetry for the geometry of the problem and its loads,
Fig. 20(b) shows a non-symmetric solution for the stress distribution.
This is due to the fact that we are considering an associated sliding rule,
so the direction of tangential contact traction can be different from the
slip direction, i.e.,

𝑝𝑒2
𝑝𝑒1

=
(

𝜇2
𝜇1

)2 �̇�𝑒2
�̇�𝑒1

(38)

according to the orthotropic friction law, but maximizing the rate
of energy dissipation for those contact points on sliding state [68].
Consequently, although the pin is sliding on 𝑥 direction, non zero
tangential traction components 𝑝𝑥 and 𝑝𝑦 are obtained for the 𝛽 = 45◦

case. Figs. 13 (a) and (b) show the quiver plots of the tangential
contact traction vectors (𝐩 ) and the tangential slip vectors (�̇� ) for
𝑡 𝑡
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Fig. 11. Normal pressure distributions computed assuming an isotropic tribological laws and orthotropic friction and wear laws, under different values of the tribological axes
angle orientations: 𝛽 = {0◦ , 45◦ , 90◦}, for the sliding distances: (a) 𝑠∕𝑎𝑜 = 20∕3 (b) 𝑠∕𝑎𝑜 = 400∕3 (c) 𝑠∕𝑎𝑜 = 1600∕3.
Fig. 12. Influence of the sliding direction angle relative to the tribological principal axes (i.e., 𝜃 = −𝛽) on the evolution of the dimensionless Von Mises stress (𝜎𝑉𝑀∕𝑝𝑜) distributions
in the 𝑥𝑧 plane for: (a) 𝛽 = 0◦, (b) 𝛽 = 45◦ and (c) 𝛽 = 90◦, and the nondimensional sliding distances: 𝑠∕𝑎𝑜 = 0, 𝑠∕𝑎𝑜 = 20∕3, 𝑠∕𝑎𝑜 = 800∕3 and 𝑠∕𝑎𝑜 = 3200∕3. The 𝑥 and 𝑧 coordinates
are expressed relative to the initial contact semi-width (𝑎𝑜 = 0.15 mm).
sliding distances: 𝑠∕𝑎𝑜 = 20∕3 and 𝑠∕𝑎𝑜 = 400∕3, respectively. In these
figures we can observe how the components of 𝐩𝑡 and �̇�𝑡 expressed in
the tribological axes follow the relation presented in Eq. (38).

4.2. Subsurface stress evolution under fretting wear

This section studies the evolution of the subsurface stresses when
the solids in contact are subjected to – orthotropic – fretting wear
11
conditions. In this case, a sphere, whose radius is 𝑅 = 50 mm (see
Fig. 14), is subjected to a normal indentation 𝑔𝑛,𝑜 = 0.008 mm over an
elastic half-space and to a repeated alternating tangential displacement
in the 𝑥-direction, whose amplitude is 0.004 mm. Both bodies have the
same Young’s modulus value 𝐸 = 210 GPa and the same Poisson’s
ratio value 𝜈 = 0.3. The computational contact domain considers
61 × 61 mesh elements, being the surface region size: 1.6 mm×1.6 mm.
The influence of the sliding direction angle relative to the tribological
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Fig. 13. Quiver plots of the tangential contact traction vectors (𝐩𝑡) and the tangential slip vectors (�̇�𝑡) for: (a) 𝑠∕𝑎𝑜 = 20∕3 and (b) 𝑠∕𝑎𝑜 = 400∕3. The components of 𝐩𝑡 and �̇�𝑡
expressed in the tribological axes follow the relation presented in Eq. (38).
Fig. 14. Spherical punch over an elastic half-space under fretting wear conditions.
principal axes (i.e., 𝜃 = −𝛽) on the evolution of the dimensionless Von
Mises stress (𝜎𝑉𝑀∕𝑝𝑜) is again studied but, this time, under fretting
wear conditions. For this purpose, we are going to consider several
values for the orientation angle 𝛽, i.e, 𝛽 ∈ [0◦, 90◦]. The orthotropic
friction principal direction coefficient values are: 𝜇1 = 0.1 and 𝜇2 =
0.65, respectively, and the corresponding wear coefficients are: 𝑖1 =
1.33 ⋅ 10−7 MPa−1 and 𝑖2 = 8.645 ⋅ 10−7 MPa−1.

The total wear depth computed after 𝑁 = {102, 104, 105} cycles is
presented in Figs. 15 (a), (b) and (c), respectively, for the 𝛽 values:
𝛽 = {0◦, 60◦, 70◦, 80◦, 90◦}. Results reveal that, depending on the value
of 𝛽, the spherical punch can be subjected to gross slip or partial slip
fretting wear conditions. For instance, for 𝛽 = 0◦, the wear increases
widening the contact zone under gross slip conditions. Contrary, for
𝛽 = 90◦, the partial slip behavior leads to a kind of concentric crown
wear depth distribution, where the interior surface points remain in
adhesion with no possibility to get worn.

Due to that resulting surface damage (i.e., wear depth), the evo-
lution of the solids profiles present different shapes with the number
of cycles. The resulting solids profile evolution in the 𝑥𝑧 plane under
fretting wear conditions for 𝛽 = 30◦ is presented in Fig. 16(a), whereas
16 (b) shows the resulting solids profiles evolution for 𝛽 = 90◦. In
the first case the evolution of the solids profiles adopt a gross slip
distribution and, in the second case, the evolution of the solids present a
partial slip distribution. In both cases, the resulting wear profiles have
been computed considering that the surface hardness of the plane is
twice the surface hardness of the spherical punch.

The evolution of the resulting normal pressure distributions for
𝛽 = 30◦ are presented in Fig. 17(a) and, in Fig. 17(b), we can see
12
the normal pressure distributions for 𝛽 = 90◦. It can be noted that
for low cycles of operation, there are no differences with the Hertz
normal pressure. However, while accumulating cycles of operation, the
pressure distributions evolves to different shapes. In the case of gross
slip behavior, Fig. 17(a) shows how the pressure decreases while the
contact zone increases. Contrary, when a partial slip behavior prevails,
Fig. 17(b) reveals that the normal contact pressure evolves from an
Hertzian distribution to a close complete normal contact traction distri-
bution over the stick zone, being its maximum values developed more
than two times greater than the maximum in the first cycles.

The differences observed in the evolution of the surface contact
pressures caused by the 𝛽 angle lead to different subsurface stress
distributions. In Appendix F, Figs. 21 (a–c) present the evolution of the
dimensionless Von Mises stress (𝜎𝑉𝑀∕𝑝𝑜) distributions in the 𝑥𝑧 plane
after 𝑁 = {102, 104, 105} cycles, respectively, for the tribological axes
orientation angle values: 𝛽 = {0◦, 60◦, 70◦, 80◦, 90◦}. On these figures,
we can see how the maximum value of the Von Mises stress (𝜎𝑉𝑀,𝑚𝑎𝑥)
and its location is clearly affected not only by the number of cycles, but
also by the 𝛽 angle.

The results presented reveal the tremendous influence of the sliding
direction angle – relative to the tribological principal axes – (i.e., 𝜃 =
−𝛽, in this example) in the fretting wear problem, when orthotropic
friction and wear conditions are considered. Its value controls not only
the friction and wear intensity, but also the fretting wear regime, the
surface contact tractions and the subsurface stress distributions.

To point out the influence of the 𝛽 angle on the evolution of the

subsurface stresses, we present Fig. 18. In Fig. 18(a), we show the
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Fig. 15. Influence of the sliding direction angle relative to the tribological principal axes (i.e., 𝜃 = −𝛽) on the resulting wear depth distribution after: (a) 𝑁 = 102 cycles, (b)
𝑁 = 104 cycles and (c) 𝑁 = 105 cycles. In this figure, the considered values of 𝛽 angle are: 𝛽 = {0◦ , 60◦ , 70◦ , 80◦ , 90◦}.
maximum value of the dimensionless Von Mises stress (𝜎𝑉𝑀,𝑚𝑎𝑥∕𝑝𝑜) as
a function of the 𝛽 angle for 𝑁 = {102, 104, 105} cycles. It is interesting
to observe in Figs. 18 (a) that there is a threshold value for the 𝛽 angle
(i.e., 𝛽 ≈ 67◦) where the fretting wear regime moves from gross slip
to partial slip regime. These conclusions can be achieved by observing
13
the computed wear depth in Fig. 15. Moreover, for that threshold value
(𝛽 = 67◦) we observe the maximum values for 𝜎𝑉𝑀,𝑚𝑎𝑥 when the steady
state fretting wear regime is reached (i.e., 𝑁 = 105 cycles) . Finally, it is
also interesting to observe in Fig. 18(b) the influence of the 𝛽 angle in
the 𝑧 location of these 𝜎 values after 𝑁 = {102, 104, 105} cycles.
𝑉𝑀,𝑚𝑎𝑥
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Fig. 16. Solids profiles evolution in the 𝑥𝑧 plane under fretting wear conditions for: (a) 𝛽 = 30◦ (which results in gross slip conditions) and (b) for 𝛽 = 90◦ (which results in partial
slip conditions).
Fig. 17. Normal contact pressure evolution in the 𝑥𝑧 plane under fretting wear conditions for: (a) 𝛽 = 30◦ and (b) for 𝛽 = 90◦.
In general, the location of the 𝜎𝑉𝑀,𝑚𝑎𝑥 moves to the surface (or remain
on the surface) with the number of cycles. However, for some values of
the 𝛽 angle (i.e., 𝛽 ≈ 0◦ or 𝛽 ∈ [50◦, 70◦]), the 𝜎𝑉𝑀,𝑚𝑎𝑥 location moves
inward with the number of cycles.

5. Resume and conclusions

This paper presents an influence coefficient formulation and a so-
14

lution scheme to study the evolution of the subsurface stresses in
contacting solids under orthotropic sliding wear and fretting wear
conditions. This computational framework has been applied to study
how the values of the orthotropic friction and wear coefficients, and
the sliding direction – relative to the tribological axes – affect the wear
regime and the evolution of the solids profiles, the surface contact trac-
tions and, primarily, the subsurface – Von Mises – stress: distribution,
maximum value and subsurface location, during the wear process.

Firstly, we solved a benchmark sliding wear contact problem (i.e., a

pin-on-disk problem). The maximum wear depth evolution,
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Fig. 18. (a) Influence of the sliding direction in the maximum value of the dimensionless subsurface Von Mises stress (𝜎𝑉𝑀,𝑚𝑎𝑥∕𝑝𝑜) for 𝑁 = {102 , 104 , 105} cycles. (b) Influence of
the sliding direction in the 𝑧 location of these maximum values of the subsurface Von Mises stress after 𝑁 cycles.
semi-contact width and maximum contact pressure evolution were
computed as a function of the sliding distance, and successfully vali-
dated by comparison with the analytical solutions presented by Argatov
in [34].

Secondly, the influence of the friction intensity on the subsurface
stress distributions (i.e., maximum value of Von Mises stress – 𝜎𝑉𝑀,𝑚𝑎𝑥
– and its location), as well as their evolution caused by the – isotropic
– sliding wear, were studied. The results presented in Fig. 9 allow us to
say that, during the sliding wear process, the subsurface stress evolves
reducing its maximum value. However the location of 𝜎𝑉𝑀,𝑚𝑎𝑥 depends
on the intensity of friction. For the frictionless case, the 𝜎𝑉𝑀,𝑚𝑎𝑥 is
located at the interior of the solid and goes deeper into the solid when
the sliding distance increases. However, for slightly friction intensity
values, the location of the 𝜎𝑉𝑀,𝑚𝑎𝑥 remains at the interior of the
solid during the running in sliding wear regime, but at certain sliding
distance, it shifts to the surface. Moreover, there is a friction coefficient
threshold value (𝜇 ≈ 0.35) above which 𝜎𝑉𝑀,𝑚𝑎𝑥 location remains on the
surface during all the sliding wear process.

Thirdly, we moved on to the study of the sliding wear problem
under orthotropic friction and wear laws. In this case, we studied the
influence of the sliding direction relative to the tribological principal
axes (i.e., 𝜃, according to Fig. 2(b)). In all these analyses, the sliding
direction was fixed to be parallel to 𝑥 axis and the values of the
orthotropic friction principal direction coefficients were set to be 𝜇2 =
2 𝜇1, with 𝜇1 < 0.35 and 𝜇2 > 0.35 (i.e., 0.35 being the friction
coefficient threshold value computed in Section 4.1.2), and the corre-
sponding wear coefficients values to be: 𝑖2 = 2 𝑖1. Under this election
of these coefficient values, the effective friction and wear coefficients
increased their values with the 𝛽 angle. As a consequence, in Fig. 11,
we observed important discrepancies on the maximum normal pressure
(and on the contact area) evolution when the following values 𝛽 angle
were considered: 𝛽 = {0◦, 45◦, 90◦}. However, the main discrepancies
were observed on the subsurface stress distributions. On the figures
presented in Fig. 12, we could recognize a behavior similar to that
commented in the isotropic sliding wear problem: the stress evolves
reducing its maximum value during the sliding wear process. Moreover,
the location of the maximum value of Von Mises stress (𝜎𝑉𝑀,𝑚𝑎𝑥)
oes deeper in the solid when the sliding distance increases. However,
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comparing Figs. 12(a), (b) and (c) for a fixed sliding distance, we
observed that the 𝜎𝑉𝑀,𝑚𝑎𝑥 increased its magnitude with the angle 𝛽
while its location moved to the surface.

Fourthly, to conclude this work, we analyzed the evolution of the
subsurface stresses when the solids in contact were subjected to –
orthotropic – fretting wear conditions. The results presented in Sec-
tion 4.2 revealed the tremendous influence of the tribological axes
orientation angle – relative to the sliding direction – (i.e., 𝜃 = −𝛽) in
the fretting wear problem, when orthotropic friction and wear condi-
tions are considered. Its value controls not only the friction and wear
intensity, but also the fretting wear regime (gross slip or gross slip), the
surface contact tractions and, particularly, the subsurface stress values.
We could observe in Figs. 18 how there is a threshold value for the
𝛽 angle (i.e., 𝛽 ≈ 67◦) where the fretting wear regime moves from
gross slip to partial slip regime. Additionally, for 𝛽 ≈ 67◦, we observed
the maximum values for 𝜎𝑉𝑀,𝑚𝑎𝑥 when the steady state fretting wear
regime was reached (i.e., after 𝑁 = 105 cycles).

Finally, to sum up the conclusions of the previous studies, the
subsurface stress distribution (i.e. maximum value and its location)
– and its evolution – caused by orthotropic wear conditions have
showed to be highly depended not only on the friction coefficient values
but also on the sliding direction angle — relative to the tribological
axes. In other case, we could over- or underestimate their values,
having, for instance, important consequences in the fretting fatigue
life estimations. Therefore, these aspects need to be considered in the
development of more accurate and efficient computational frameworks
to estimate wear and to allow engineers to design more efficient
mechanical elements.
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Fig. 19. Influence of friction on the evolution of the dimensionless Von Mises stress (𝜎𝑉𝑀∕𝑝𝑜) distributions in the 𝑥𝑧 plane for: (a) 𝜇 = 0.0, (b) 𝜇 = 0.25 and (c) 𝜇 = 0.50.
Appendix A. Subsurface stresses for a unit surface load

The expressions presented below can be found in Johnson’s book [5]
and give the subsurface stresses due to a unit load applied at the
surface origin of a half space 𝛺𝛼 (𝛼 = 𝐴,𝐵). Therefore, the stress
solutions due to a unit normal force at the surface origin of a half space
are:

𝑇𝑁
𝑥𝑥 (𝑥, 𝑦, 𝑧) =

1
2𝜋

[

1 − 2𝜈(𝛼)

𝑟2

[(

1 − 𝑧
𝜌

)

𝑥2 − 𝑦2

𝑟2
+

𝑧𝑦2

𝜌3

]

− 3𝑧𝑥2

𝜌5

]

,

𝑇𝑁
𝑦𝑦 (𝑥, 𝑦, 𝑧) = 𝑇𝑁

𝑥𝑥 (𝑦, 𝑥, 𝑧),

𝑇𝑁
𝑧𝑧 (𝑥, 𝑦, 𝑧) = − 3

2𝜋
𝑧3

𝜌5
,

𝑇𝑁
𝑥𝑦 (𝑥, 𝑦, 𝑧) =

1
2𝜋

[

1 − 2𝜈(𝛼)

𝑟2

[(

1 − 𝑧
𝜌

)

𝑥𝑦
𝑟2

−
𝑥𝑦𝑧
𝜌3

]

−
3𝑥𝑦𝑧
𝜌5

]

,

𝑇𝑁
𝑥𝑧 (𝑥, 𝑦, 𝑧) = − 3

2𝜋
𝑥𝑧2

𝜌5
,

𝑇𝑁
𝑦𝑧 (𝑥, 𝑦, 𝑧) = 𝑇𝑁

𝑥𝑧 (𝑦, 𝑥, 𝑧),

(39)

where 𝑟 =
√

𝑥2 + 𝑦2 and 𝜌 =
√

𝑥2 + 𝑦2 + 𝑧2.
The stress solutions due to a unit shear force along the 𝑥 axis at the

surface origin of a half space are:

𝑇 𝑆𝑥
𝑥𝑥 (𝑥, 𝑦, 𝑧) = 1

2𝜋

[

−3𝑥3

𝜌5
+
(

1 − 2𝜈(𝛼)
)

[

𝑥
𝜌3

− 3𝑥
𝜌 (𝜌 + 𝑧)2

+ 𝑥3

𝜌3 (𝜌 + 𝑧)2

+ 2𝑥3
2 3

]]

,
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𝜌 (𝜌 + 𝑧)
𝑇 𝑆𝑥
𝑦𝑦 (𝑥, 𝑦, 𝑧) = 1

2𝜋

[

−
3𝑥𝑦2

𝜌5
+
(

1 − 2𝜈(𝛼)
)

[

𝑥
𝜌3

− 𝑥
𝜌 (𝜌 + 𝑧)2

+
𝑥𝑦2

𝜌3 (𝜌 + 𝑧)2

+
2𝑥𝑦2

𝜌2 (𝜌 + 𝑧)3

]]

,

𝑇 𝑆𝑥
𝑧𝑧 (𝑥, 𝑦, 𝑧) = − 3

2𝜋
𝑥𝑧2

𝜌5
,

𝑇 𝑆𝑥
𝑥𝑦 (𝑥, 𝑦, 𝑧) = 1

2𝜋

[

−
3𝑥2𝑦
𝜌5

+
(

1 − 2𝜈(𝛼)
)

[

−
𝑦

𝜌 (𝜌 + 𝑧)2
+

𝑥2𝑦
𝜌3 (𝜌 + 𝑧)2

+
2𝑥2𝑦

𝜌2 (𝜌 + 𝑧)3

]]

,

𝑇 𝑆𝑥
𝑥𝑧 (𝑥, 𝑦, 𝑧) = − 3

2𝜋
𝑥2𝑧
𝜌5

,

𝑇 𝑆𝑥
𝑦𝑧 (𝑥, 𝑦, 𝑧) = − 3

2𝜋
𝑥𝑦𝑧
𝜌5

.

(40)

Finally, the stress solutions due to a unit shear force along the 𝑦 axis at
the surface origin of a half space can be obtained exchanging 𝑥 and 𝑦
in the subscripts and the coordinates of 𝑇 𝑆𝑥

𝑖𝑗 (𝑥, 𝑦, 𝑧), i.e., 𝑇 𝑆𝑦
𝑖𝑗 (𝑥, 𝑦, 𝑧) =

𝑇 𝑆𝑥
𝑖𝑗 (𝑦, 𝑥, 𝑧).

Appendix B. Explicit expression of the surface contact influence
coefficients

The explicit expressions of the influence coefficients AIJ𝑖𝑗 , defined
in Section 3.1, can be presented, according to [15], as:
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Fig. 20. Influence of the sliding direction angle on the evolution of the dimensionless Von Mises stress (𝜎𝑉𝑀∕𝑝𝑜) distributions in the 𝑦𝑧 plane for: (a) 𝛽 = 0◦, (b) 𝛽 = 45◦ and (c)
𝛽 = 90◦.
𝐴𝑥𝑥
𝐼𝐽 = 1

𝜋𝐺

(

(1 − 𝜈)

(

𝑘 ln
𝑚 +

√

𝑘2 + 𝑚2

𝑛 +
√

𝑘2 + 𝑛2
+ 𝑙 ln

𝑛 +
√

𝑙2 + 𝑛2

𝑚 +
√

𝑙2 + 𝑚2

)

+ 𝑚 ln
𝑘 +

√

𝑘2 + 𝑚2

𝑙 +
√

𝑙2 + 𝑚2
+ 𝑘 ln

𝑙 +
√

𝑙2 + 𝑛2

𝑘 +
√

𝑘2 + 𝑛2

)

,

𝐴𝑦𝑦
𝐼𝐽 = 1

𝜋𝐺

(

(1 − 𝜈)

(

𝑚 ln
𝑘 +

√

𝑘2 + 𝑚2

𝑙 +
√

𝑚2 + 𝑙2
+ 𝑛 ln

𝑙 +
√

𝑙2 + 𝑛2

𝑘 +
√

𝑛2 + 𝑘2

)

+ 𝑘 ln
𝑚 +

√

𝑘2 + 𝑚2

𝑛 +
√

𝑘2 + 𝑛2
+ 𝑙 ln

𝑛 +
√

𝑙2 + 𝑛2

𝑚 +
√

𝑙2 + 𝑚2

)

,

𝐴𝑧𝑧
𝐼𝐽 =1 − 𝜈

𝜋𝐺

(

𝑘 ln
𝑚 +

√

𝑘2 + 𝑚2

𝑛 +
√

𝑘2 + 𝑛2
+ 𝑙 ln

𝑛 +
√

𝑙2 + 𝑛2

𝑚 +
√

𝑙2 + 𝑚2

+ 𝑚 ln
𝑘 +

√

𝑘2 + 𝑚2

𝑙 +
√

𝑙2 + 𝑚2
+ 𝑛 ln

𝑙 +
√

𝑙2 + 𝑛2

𝑘 +
√

𝑘2 + 𝑛2

)

,

𝐴𝑥𝑦
𝐼𝐽 = 𝜈

𝜋𝐺

(

√

𝑛2 + 𝑘2 −
√

𝑚2 + 𝑘2 +
√

𝑚2 + 𝑙2 −
√

𝑛2 + 𝑙2
)

,

𝐴𝑥𝑧
𝐼𝐽 =−𝐾

𝜋𝐺

(

1
2

(

𝑚 ln 𝑘2 + 𝑚2

𝑙2 + 𝑚2
+ 𝑛 ln 𝑙2 + 𝑛2

𝑘2 + 𝑛2

)

+ 𝑘
(

arctan 𝑚
𝑘

− arctan 𝑛
𝑘

)

+ 𝑙
(

arctan 𝑛
𝑙
− arctan 𝑚

𝑙

)

)

,

𝐴𝑦𝑧
𝐼𝐽 =−𝐾

𝜋𝐺

(

1
2

(

𝑘 ln 𝑘2 + 𝑚2

𝑘2 + 𝑛2
+ 𝑙 ln 𝑙2 + 𝑛2

𝑙2 + 𝑚2

)

+ 𝑚
(

arctan 𝑘
𝑚

− arctan 𝑙
𝑚

)

+ 𝑛
(

arctan 𝑙
𝑛
− arctan 𝑘

𝑛

)

)

,

𝐴𝑦𝑥
𝐼𝐽 =𝐴𝑥𝑦

𝐼𝐽 , 𝐴𝑧𝑥
𝐼𝐽 = −𝐴𝑥𝑧

𝐼𝐽 𝑎𝑛𝑑 𝐴𝑧𝑦
𝐼𝐽 = −𝐴𝑦𝑧

𝐼𝐽 .

(41)
17
In the expressions above, 𝑘 = 𝑥+, 𝑙 = 𝑥−, 𝑚 = 𝑦+ and 𝑛 = 𝑦−, being

𝑥+ = (𝑥′𝐽 − 𝑥𝐼 + 𝛥𝑥∕2), 𝑥− = (𝑥′𝐽 − 𝑥𝐼 − 𝛥𝑥∕2),

𝑦+ = (𝑦′𝐽 − 𝑦𝐼 + 𝛥𝑦∕2), 𝑦− = (𝑦′𝐽 − 𝑦𝐼 − 𝛥𝑦∕2).
(42)

Appendix C. Explicit expression of the subsurface stresses influ-
ence coefficients

The influence coefficients to compute the subsurface stresses in 𝛺(𝛼)

(𝛼 = 𝐴,𝐵) have been presented in Eq. (33). They can be numerically
computed according to [78] as follows.

Coefficient (𝐵𝑁
𝑖𝑗 )𝐼𝐽 is computed as:

(𝐵𝑁
𝑖𝑗 )𝐼𝐽 = 1

2𝜋

(

�̄�𝑁
𝑖𝑗

(

𝑥+, 𝑦+, 𝑧𝐽
)

+ �̄�𝑁
𝑖𝑗

(

𝑥−, 𝑦−, 𝑧𝐽
)

− �̄�𝑁
𝑖𝑗

(

𝑥−, 𝑦+, 𝑧𝐽
)

− �̄�𝑁
𝑖𝑗

(

𝑥+, 𝑦−, 𝑧𝐽
)

)

,

(43)

being

�̄�𝑁
𝑥𝑥 (𝑥, 𝑦, 𝑧) = −2𝜈 𝑡𝑎𝑛−1

(

𝑥𝑦
𝜌𝑧

)

+ 2(1 − 2𝜈(𝛼)) 𝑡𝑎𝑛−1
(

𝑥
𝜌 + 𝑦 + 𝑧

)

− 𝑥𝑧
𝜌(𝜌 + 𝑦)

,

�̄�𝑁
𝑦𝑦 (𝑥, 𝑦, 𝑧) = 𝑇𝑁

𝑥𝑥 (𝑥, 𝑦, 𝑧),

�̄�𝑁
𝑧𝑧 (𝑥, 𝑦, 𝑧) = −𝑡𝑎𝑛−1

(

𝑥𝑦
𝜌𝑧

)

+ 𝑥𝑧
𝜌(𝜌 + 𝑦)

+
𝑦𝑧

𝜌(𝜌 + 𝑥)
,
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Fig. 21. Evolution of the dimensionless subsurface Von Mises stress (𝜎𝑉𝑀∕𝑝𝑜) distributions in the 𝑥𝑧 plane after: (a) 𝑁 = 102 cycles, (b) 𝑁 = 104 cycles and (c) 𝑁 = 105 cycles,
for the following values of the sliding direction angle relative to the tribological axes, i.e., 𝑡ℎ𝑒𝑡𝑎 = −𝛽 and 𝛽 = {0◦ , 60◦ , 70◦ , 80◦ , 90◦}.
�̄�𝑁
𝑥𝑦 (𝑥, 𝑦, 𝑧) = (2𝜈 − 1)𝑙𝑛(𝜌 + 𝑧) − 𝑧

𝜌
,

�̄�𝑁
𝑥𝑧 (𝑥, 𝑦, 𝑧) =

−𝑧2
𝜌(𝜌 + 𝑦)

,

�̄�𝑁
𝑦𝑧 (𝑥, 𝑦, 𝑧) =

−𝑧2
𝜌(𝜌 + 𝑥)

,

(44)

and 𝑥+, 𝑥−, 𝑦+ and 𝑦− were defined in Eq. (42). In the expressions
above, it should be considered 𝜌 =

√

𝑥2 + 𝑦2 + 𝑧2 and 𝑡𝑎𝑛−1
(

𝑥𝑦
𝜌𝑧

)

|𝑧=0 =
𝜋∕2 𝑠𝑖𝑔𝑛(𝑥𝑦).

Coefficients (𝐵𝑆𝑥
𝑖𝑗 )𝐼𝐽 are computed as:

(𝐵𝑆𝑥
𝑖𝑗 )𝐼𝐽 = 1

2𝜋

(

�̄� 𝑆𝑥
𝑖𝑗

(

𝑥+, 𝑦+, 𝑧𝐽
)

+ �̄� 𝑆𝑥
𝑖𝑗

(

𝑥−, 𝑦−, 𝑧𝐽
)

− �̄� 𝑆𝑥
𝑖𝑗

(

𝑥−, 𝑦+, 𝑧𝐽
)

− �̄� 𝑆𝑥
𝑖𝑗

(

𝑥+, 𝑦−, 𝑧𝐽
)

)

,

(45)

where

�̄� 𝑆𝑥
𝑥𝑥 (𝑥, 𝑦, 𝑧) = 2𝑙𝑛(𝜌 + 𝑦) + 𝑧(1 − 2𝜈(𝛼))

[

𝑦
𝜌(𝜌 + 𝑧)

+ 𝑧
𝜌(𝜌 + 𝑦)

]

− 2𝜈(𝛼)𝑥2
𝜌(𝜌 + 𝑦)

,
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�̄� 𝑆𝑥
𝑦𝑦 (𝑥, 𝑦, 𝑧) = 2𝜈𝑙𝑛(𝜌 + 𝑦) − 𝑧(1 − 2𝜈(𝛼))

𝑦
𝜌(𝜌 + 𝑧)

−
2𝜈(𝛼)𝑦
𝜌

,

�̄� 𝑆𝑥
𝑧𝑧 (𝑥, 𝑦, 𝑧) = −𝑧2

𝜌(𝜌 + 𝑦)
,

�̄� 𝑆𝑥
𝑥𝑦 (𝑥, 𝑦, 𝑧) = 𝑙𝑛(𝑥 + 𝜌) − 𝑧(1 − 2𝜈(𝛼)) 𝑥

𝜌(𝜌 + 𝑧)
− 2𝜈(𝛼)𝑥

𝜌
,

�̄� 𝑆𝑥
𝑥𝑧 (𝑥, 𝑦, 𝑧) = − 𝑥𝑧

𝜌(𝜌 + 𝑦)
− 𝑡𝑎𝑛−1

(

𝑥𝑦
𝜌𝑧

)

,

�̄� 𝑆𝑥
𝑦𝑧 (𝑥, 𝑦, 𝑧) = −𝑧

𝜌
.

(46)

Finally, coefficients (𝐵𝑆𝑦
𝑖𝑗 )𝐼𝐽 are computed as:

(𝐵𝑆𝑦
𝑖𝑗 )𝐼𝐽 = 1

2𝜋

(

�̄� 𝑆𝑦
𝑖𝑗

(

𝑥+, 𝑦+, 𝑧𝐽
)

+ �̄� 𝑆𝑦
𝑖𝑗

(

𝑥−, 𝑦−, 𝑧𝐽
)

− �̄� 𝑆𝑦
𝑖𝑗

(

𝑥−, 𝑦+, 𝑧𝐽
)

− �̄� 𝑆𝑦
𝑖𝑗

(

𝑥+, 𝑦−, 𝑧𝐽
)

)

,

(47)

being

�̄� 𝑆𝑥
𝑥𝑥 (𝑥, 𝑦, 𝑧) = �̄� 𝑆𝑥

𝑦𝑦 (𝑦, 𝑥, 𝑧),

�̄� 𝑆𝑦(𝑥, 𝑦, 𝑧) = �̄� 𝑆𝑥(𝑦, 𝑥, 𝑧),
𝑦𝑦 𝑥𝑥
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�̄� 𝑆𝑦
𝑧𝑧 (𝑥, 𝑦, 𝑧) = �̄� 𝑆𝑥

𝑧𝑧 (𝑦, 𝑥, 𝑧),
̄ 𝑆𝑦
𝑥𝑦 (𝑥, 𝑦, 𝑧) = �̄� 𝑆𝑥

𝑥𝑦 (𝑦, 𝑥, 𝑧),
̄ 𝑆𝑦
𝑥𝑧 (𝑥, 𝑦, 𝑧) = �̄� 𝑆𝑥

𝑦𝑧 (𝑦, 𝑥, 𝑧),
̄ 𝑆𝑦
𝑦𝑧 (𝑥, 𝑦, 𝑧) = �̄� 𝑆𝑥

𝑥𝑧 (𝑦, 𝑥, 𝑧).

(48)

ppendix D. Subsurface stress distribution and evolution under
sotropic sliding wear conditions

Fig. 19 presents the evolution of the dimensionless Von Mises stress
𝜎𝑉𝑀∕𝑝𝑜) distributions in the 𝑥𝑧 plane as a function of the sliding
ear distance, assuming isotropic friction and wear conditions. The

tresses distributions in Fig. 19 are presented for 𝜇 = {0, 0.25, 0.50}, and
he nondimensional sliding distances: 𝑠∕𝑎𝑜 = {0, 20∕3, 800∕3, 3200∕3}.
he 𝑥 and 𝑧 coordinates are expressed relative to the initial contact
emi-width (𝑎𝑜 = 0.15 mm).

ppendix E. Subsurface stress distribution and evolution under
rthotropic sliding wear conditions

Fig. 20 presents the evolution of the dimensionless Von Mises stress
𝜎𝑉𝑀∕𝑝𝑜) distribution in the 𝑦𝑧 plane for the following values of the
liding direction angle relative to the tribological axes, i.e., 𝜃 = −𝛽
𝛽 = {0◦, 45◦, 90◦}), and the nondimensional sliding distances: 𝑠∕𝑎𝑜 = 0,
∕𝑎𝑜 = 20∕3, 𝑠∕𝑎𝑜 = 800∕3 and 𝑠∕𝑎𝑜 = 3200∕3. The 𝑥 and 𝑧 coordinates
re expressed relative to the initial contact semi-width (𝑎𝑜 = 0.15 mm).

ppendix F. Subsurface stress distribution and evolution under
rthotropic fretting wear conditions

Fig. 21 presents the dimensionless subsurface Von Mises stress
𝜎𝑉𝑀∕𝑝𝑜) distributions in the 𝑥𝑧 plane after 𝑁 = {102, 104, 105} cycles,

considering the following values of the sliding direction angle relative
to the tribological axes, i.e., 𝜃 = −𝛽 and 𝛽 = {0◦, 60◦, 70◦, 80◦, 90◦}.
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