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Abstract
This paper is concerned with longtime dynamics of semilinear Lamé systems

02u — pAu — (n + p)Vdivu + adu + f(u) = b,

defined in bounded domains of R3 with Dirichlet boundary condition. Firstly, we establish the
existence of finite dimensional global attractors subjected to a critical forcing f (u). Writing
A + 1 as a positive parameter €, we discuss some physical aspects of the limit case ¢ — 0.
Then, we show the upper-semicontinuity of attractors with respect to the parameter when
& — 0. To our best knowledge, the analysis of attractors for dynamics of Lamé systems has
not been studied before.
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1 Introduction

The Lamé system is a classical model for isotropic elasticity. In three dimensions, it is given
by

32u — uAu — (A + p)Vdivu =0 in Q x RF,
u=0 on Q2 x RT, (1.1)
u(0) = ug, hu(0) =uy in 2,

where Q is a bounded domain of R3 with smooth boundary 82, representing the elastic body
in its rest configuration. Here, the vector u = (uy, uz, u3) denotes displacements and X, i
are Lamé’s constants with © > 0. In this model, the stress tensor is given by

()i = adive g+ (24 4 O (12)
o(u)ij = Adivu §;; = ). .
Y Y " 8)Cj axi
We refer the reader to [1,12,25,32] for modeling aspects and [9,20,30] for some applications
of vector waves. Later, we discuss the physical justification of taking limit A + © — 0.

We note that the energy functional corresponding to the linear system (1.1) is given by

1 .
Eo(t) = E/Q(|a,u|2+M|w|2+(A+u)|dlvu|2) dx,

which is conservative since we have formally %E ¢(t) = 0. This motivated several papers
on such systems where the main feature is finding suitable damping and controllers in order
to get stabilization and controllability, respectively. Let us recall some related results. The
exponential stabilization of Lamé systems, defined in exterior domains of R? with Dirichlet
boundary, was studied by Yamamoto [34]. Uniform stabilization by nonlinear boundary
feedback was studied by Horn [17]. Polynomial stabilization with interior localized damping
was studied by Astaburuaga and Chardo [4]. By adding viscoelastic dissipation of memory
type, Bchatnia and Guesmia [5] established the so-called general stability. More recently,
Benaissa and Gaouar [6] studied strong stability of Lamé systems with fractional order
boundary damping. With respect to controllability, we refer the reader to, for instance, [2,7,
21,23,24].

Our objective in the present article is different and goes further than considering stabi-
lization. We are concerned with longtime dynamics of Lamé systems under nonlinear forces
and frictional damping terms. Here, the above linear system (1.1) becomes

82u — pAu — (n + w)Vdivu + @dsu + f(u) = b in Q x R*,
u=0 on 99 x R, (1.3)
u(0) = up, u(0) =u, in Q,

where o0;u (o > 0) represents a frictional dissipation, f () stands for a nonlinear structural
forcing, and b = b(x) represents some external force. As far as we know, the long-time
dynamics of semilinear Lamé systems (1.3) has not been studied before. We present two main
results. Firstly, we establish the existence of global attractors with finite fractal-dimensional.
Secondly, by taking A + u = ¢ > 0, we study the upper semicontinuity of attractors with
respect to ¢ — 0.

In what follows we summarize the main contributions of the paper.

(1) Our first result establishes existence of global attractors for dynamics of problem (1.3)
under nonlinear forces with critical growth | f; (u)| ~ |u|? + |u; |3, p<3,i=1,273.
Under careful energy estimates, we show that the system is gradient and quasi-stable
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in the sense of [10,11]. Then we conclude that the attractors are smooth and have finite
fractal dimension. See Theorem 3.1.

(i) In Section 2.1, we discuss the physical meaning of the limit case A 4+ — 0 in real world
applications. This arises mainly in Seismology.

(iii) Finally, setting ¢ = A + u — 0, we consider the e-problem

32u — uAu — eVdivu + adu + f(u) = b,

depending on a parameter ¢ > 0. In Theorem 4.4 we show that the weak solutions of
e-problem converges to the vectorial wave equation with ¢ = 0. Then we provide all
necessary analysis to prove that corresponding family of attractors A, is upper semicon-
tinuous with respect to & — 0. This is given in a suitable phase space. See Theorem 4.5.

2 Preliminaries

2.1 Physical Aspectsof A + i1 — 0

From the Hooke law and from the constitutive law (1.2) referring to elastic bodies, one derives
the equation
p07u — pAu — (A + p)Vdivu = pF, (2.1)

which may represent the displacement of vector particles for an elastic, isotropic and homo-
geneous body subject to external forces F.

In Poisson [29], Timoshenko [33], Hudson [18], among others, it has been shown that
Eq. (2.1) provides information about different body waves. In a scalar sense (P-waves),
where the notation divu stands for fractions of volume changes from the strain tensor, it
explains the behavior of compression and rarefaction in the interior of the body. From the
mathematical point of view, it can be given by the identity

32 (divu) — o> A(divu) = divF,

where o =,/ % represents speeds of wave propagation.

On the other hand, by considering the case V x u, one obtains the behavior of vector waves
(S-waves) that model small rotations of lineal elements from shear forces acting within the
body. In this way, the following equation arises

32(V x u) — AV x u) = V x F,

where 8 = % means the speeds of S-wave propagation.

The analysis of the dynamics for (2.1) has shown great applications in the effect of seismic
waves on various materials (e.g. harzburgite, garnet, pyroxenite, amphibolites, granite, gas
sands, quartz, etc), where the propagation of the P-waves represents the change of volume in
the interior of the body under compression and dilatation in the wave direction, see Fig. 1b,
whereas the S-waves are cross displacements that produce vibrations in a perpendicular
direction (normal to the traveling wave), see Fig. lc.

A general existing scenario is when earthquakes generate shear waves, say S-waves, that
are more effective than compression waves, say P-waves, and therefore the most damage
on the body displacements is due to the “stronger” vibrations caused by S-waves. On the
other hand, P-waves commonly propagate at a higher speed in relation to S-waves, reaching
their highest speed, namely, the highest value for §, near the basis of the body. Thus, from
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Fig. 1 In a we have the elastic body in a rest position. In b we have the effect of P-waves propagation on the
material, where small contraction and dilation are produced in the same direction of the wave propagation. In
¢ we exemplify the effect of transversal S-waves on the material, which are generated from the shear forces
and are effective in normal directions with respect to the direction of the wave propagation

this viewpoint, it is worth mentioning that the approximation A — —pu symbolizes the
approaching of the velocities with respect to S-waves in relation to P-waves.

For instance, when one considers the approach of A to —u on sedimentary rocks, one
has atypical cases concerning bulk modulus or Poisson’s ratio. This is the case when one
considers e.g. A < —27“ which is the case where we have negative bulk modulus or when
A ~ —p which is the case where the Poisson’s ratio is not defined, being oo in the left or
right approximation, respectively. These results seem to contradict the physical notion that
we have regarding the study of thermodynamics on this type of materials, but several studies
show that the compressibility of the material is closely related to the constant A instead of
approximations coming from the bulk modulus or the Poisson’s ratio, see e.g. Goodway [14].

Other examples of such approximations are considered as follows. Indeed, in Moore et al.
[27] the authors reveal the possibility of considering negative incremental bulk modulus on
open cell foams on porous media. Also, Lakes and Wojciechowski [22] show the possibility
of taking negative Poisson’s ratio and bulk modulus for the same type of materials, which
proves its structural stability. These are examples that show us the existence of materials
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(e.g., gas sands [14] and open cell foams [22,27]) that, under certain circumstances, allow
us to consider the limit situation of A to negative values. Thus, it makes sense to consider for
example A — —pu.

Moreover, in Ji et al. [19] the authors show that for quartz materials under a confining
pressure of 600 MPa and a temperature around 650 °C, the transmission between High—
Low Quartz demonstrates a significant decreasing in the speed of P-wave propagation

2214 in relation to the perturbation of the speed of S-wave propagation (,3 = %) .

o =

Therefore, to consider the approximation

o
— —> 1 wichmeans X — —pu

in the dynamic of seismic waves, it is equivalent to study the state of transition between High—
Low Quartz in materials (say rocks) containing quartz (as for example granite, diorite, and
felsic gneiss) and its behavior with respect to the wave speeds of propagation for transverse
and compressible waves in the material, under proper conditions of temperature and pressure.

2.2 Assumptions

The following assumptions shall be considered throughout this paper for the functions defined
on a bounded domain  C R? with smooth boundary 9<2.

(A1) The damping coefficient o and the Lamé coefficients A, u fulfill
a, >0 and A eR with u+Ai>0. 2.2)
(A2) The external vector force b satisfies
b e (L2(Q))>. (2.3)

(A3) The nonlinear vector field f = (f1, f2, f3) is assumed to satisfy: there exist a vector
field g = (g1, g2, g3) € (C'(R?))3, and functions G € C*(R?) and h; € C*(R),
i =1, 2,3, such that

fitur,up, uz) = gi(uy, up, uz) +hi(u;), i=1,2,3,
fi(0) =gi(0) =h;(0)=0, i=1,2,3,
g = (g1, 82, 83) = VG.

In addition, there exist constants M, m y > 0 such that

3
f@)-u—G@u) — Z/ hi(s)ds > —M|u|* —mys, Yu € R, (2.4)
i=170
3
Gu) + Z/O hi(s)ds > —M|u|*> —my, Yu € R3, (2.5)
i=1
with N
0<M< % (2.6)

where A1 > 0 denotes the first eigenvalue of the Laplacian operator —A. Moreover,
with respect to functions g; and h;,i = 1, 2, 3, we additionally assume:
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o g fulfills the subcritical growth restriction: there exist 1 < p < 3 and M, > 0 such
that, fori =1, 2, 3,

IVgi ()] < Mo(1+]uy [P~ +ua| P~ + [us|P7Y), Yu = (ur, us, u3) € R?. (2.7)

e Foreachi =1, 2,3, h; fulfills the critical growth restriction: there exists a constant
¢, > 0 such that

) <en(l+x?), VxeR,i=1,23. (2.8)

2.3 Functional Setting

We denote the inner product in L3() by (u,v) = fQ uvdx for u,v € L%(). For the
sake of simplicity, we use the same notation to the inner product in (L*(£2))3, that is, given
u = (ur, uz2,u3), v = (v1, 12, v3) € (L2(Q))°,
3
(1, v) =) {ui, vi)

i=1

Similarly, (V-, V-) stands for the inner product in HO1 (€2) as well as the inner product in
(H} (). Thus, given u = (u1, uz, u3), v = (v1, v2, v3) € (L2(Q))%,

3
(Vu, Vo) = Z (Vu;, Vv;) .

i=1

In addition, for p > 0, we denote the norms in the spaces L”(£2) and (L?())* by | - |, and
| - Il ,, respectively, that is,

1
lul = (/ |u|de>p, e LP(SQ),
Q

3

Il ==Y " uilh, w= (1, uz, u3) € (LP ().
i=1

In particular, for p = 2, one reads
lull3 = (u,u) for u e (L*(R))* and |u|5 = (u,u) for u € L*(Q).
The elasticity operator &, with domain D(€) := (H?*(Q) N H} (2))°, is given by
Eu=—pAu— A+ )V - u). (2.9)
We consider the Hilbert space ((HO1 ()3, ¢, -)e), where the inner product (-, -), is given by

(v, w), = w(Vu, Vw) + (A + ) (divu, divw) .

Remark 2.1 Under the above notations, it is easy to verify that the norms || - ||§ = /(e
and ||V - ||% = /(V-, V.) are equivalent in (HOl (2))3. More precisely, one has

I Vulls < lull? < aollVull3, Yu = (ui,uz,u3) € (Hy (), (2.10)

where ag = max{u, 3(A + ©)}.
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Additionally, if u € D() and v € (H](2))*, then it is easy to verify that
(Eu,v) = (u,v), . (2.11)

From (2.11), Remark 2.1 and the compact embedding of H} () <> L*(), one sees that £
is a positive self-adjoint operator. We denote the fractional power associated to £ by £ with
domain X" := D(E"), which is endowed with the natural inner product (-, -), := (£"-, E").
In particular,

X0 = (La(); (-, ),
XUV2 = ((Ho (@) 12, 12))
X' = (D) (£ €.
Remark 2.2 From Riesz’s Theorem along with density arguments and continuity, we have

(. v)1)0 = (. v),, Yu,ve (Hy) .

Finally, we define the (Hilbert) weak phase space H := X!/? x X with the usual inner
product and induced norm || - ||%¢; and the (Hilbert) strong phase space H = X1 x xV2,

2.4 Well-Posedness and Energy Estimates

Under the above assumptions and notations, we are able to state the Hadamard well-posedness
of (1.3). We start by denoting

u 0 -1 0 0
U:[f’z”] E:[g o ] IE?(U):[f(u)]’ B(x):[b(x)]' (2.12)

Then, problem (1.3) is equivalent to the Cauchy problem
aU +EU +FU) =B, U©O) = [Zﬂ (2.13)

where E : D(E) C H — H with domain
D(E) = {(u,v) e H|Eu+ave X', ve X'} =H"
Theorem 2.1 (Well-posedness) Let us assume that (2.2)—(2.8) hold.
(i) For (ug,u1) € H, system (2.13) possesses a unique mild solution
UeCR"H). (2.14)
(il) For (ug,u1) € H', the solution is regular solution, lying in the class
UeCRYHY. (2.15)
(iii) For any T > 0 and any bo_unded set B C H, there exists a constant Cpr > 0 such
that for any two solutions z' = (u', 9,u") of (2.13) with initial data z;, € B, i = 1,2,
we have

Iz @) — 22 OlI3, < Corlizy — 2§13, Vi el0,T].
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Proof Tt is easy to check that operator E set in (2.12) is maximal monotone and, under the
assumption (A3), I is a locally Lipschitz on . Therefore, applying the classical theory of
semigroups, see e.g. [15,28], one can conclude (2.14)—(2.15) on a maximal interval [0, Tiax)-
In addition, the conclusion Tph.x = 400 is a directly consequence of Proposition 1 below,
which exploits the dissipativeness assumptions (2.4)—(2.6) for f (u). Hence, the items ()-(ii)
holds. The continuous dependence (iii) is also obtained by using standard computations on
the difference of solutions and assumptions on f (u). O

In what follows we give some useful inequalities involving the energy functional. The
total energy functional associated with problem (1.3) is given by

3 u;
E@t) = %Il(u, a[“)”%—( + /Q G(u)dx + Z/Q/o hi(s)dsdx — (b(x), u). (2.16)
i=1

Proposition 1 Under the hypotheses (2.2)—(2.8), we have:

(1) the energy E(t) is non-increasing with E(t) < E(0) forallt > 0;
(ii) there exist positive constants K1, Ko and K3 such that

Kall(u, )|, — K3 < E(t) < K1l|(u, du)||3, + K3, Vi >0. (2.17)

Proof (i) Taking the multiplier u, in problem (1.3), then a straightforward computation leads
us to

E'(t)=—aldul} <0, V>0, (2.18)

from where it readily follows the stated in item (i).
(ii) From conditions (2.2)—(2.8) and Young’s inequality with € > 0, the expression

3 i
I = G(u)dx + // hi(s)dsdx — (b(x),
/Q (u)dx ; o) (s)dsdx — (b(x), u)

can be estimated from below and above as follows

M 1
I>—-m IQI—EIIbIIZ— 7-1-7 Il Gy )13,
/ 4" AL Ajue "

+1
2 e B0l

1
IsCﬂm+§Mﬁ+

Cp
—r;;nm,munﬁt+ Il G, B0) 113,

1
2/ A1
where the positive generic constants depend on their index and some embedding with
Hé (£2), for example Cj depends on the constant ¢;, in (2.8) and the compact embedding
Hy ()= L*(Q). From this and the definition of E(¢) in (2.16), we infer

1 C
E(1) < CrlQ| + = ||b|| +—+
f 275 i pz
! Cs — | I, d )||
+ =+ + u, oru ,
2 ,upz n? o

E(1) = 2] — IIbII + LM ! Il (u, Bu)l13
—m - - - — = u, o) || 5.
- 4 2 M Ape T
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Therefore, from a proper choice of € > 0 and using condition (2.6), one can conclude the
existence of positive constants K, K> and K3 satisfying (2.17). O

Remark 2.3 We emphasizes that above constants K, K, and K3 in (2.17) do not depend on
the parameter A.

3 Long-time Dynamics

From Theorem 2.1, one can define a dynamical system (H, S(¢)) associated with problem
(1.3), where the evolution operator S(¢) corresponds to a non-linear Co-semigroup (locally
Lipschitz) on H.

Our main goal in this section is to prove that (H, S(¢)) possesses a finite dimensional
global attractor A as well as to reach its qualitative properties such as characterization and
regularity. To this end, we first recall some concepts in the theory of dynamical systems, by
following e.g. the references [10,11].

3.1 Some Elements of Dynamical Systems

For the sake of completeness, we recall some basic facts on dynamical systems.

e A global attractor for a dynamical system (H, S(¢)) is a compact set A C H which is
fully invariant and uniformly attracting, it means, for any bounded subset B C 'H

S()A = Aand rl—l}go dn(S(t)B, A) =0.

e The fractal dimension of a compact set B C H is defined as
. . InNe(B)
dimy B = limsup ———,
es0 In(1/e)

where N¢(B) is the minimal number of closed balls of radius 2¢€ necessary to cover B.
e The set of stationary points N of a dynamical system (H, S(¢)) is defined as

N={VeH|SH)V =V, Vt>0}.

e A dynamical system (H, S(¢)) is called gradient if there exists a strict Lyapunov func-
tional W, that is, for any z € H, W(S(¢)z) is decreasing with respect ¢+ > 0 and W is
constant on the set of stationary points .

e Given aset B C 'H, its unstable manifold W"(B) is the set of points z € H that belongs
to some complete trajectory {y(¢)};er and satisfies

v(0) = z and lim sup dist(y(¢), B) = 0.

t—>—00

e Quasi-stability. Let X, Y be reflexive Banach spaces with compact embedding X Sy
and H = X x Y. Let us suppose (H, S(¢)) is given by

S(t)z = (u(t), dpu(t)), z = (uo,u1) € H,
where

ue CRT; X)NnC'®R*; v),
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Then, (H, S(2)) is called quasi-stable on aset B C H if there exists a compact semi-norm
nx on X and non-negative scalar functions aj(t) and az(t) locally bounded in R* and
ax(t) € LY(RY) with lim,_, o0 a2(1) = 0 such that

IS()z" — S2%113, < ar()lz' — 2213,
and

1S()z" — S22, < arx(®) 1z — 2213, + ast) sup [nx (' (s) — u2(s)]

0<s<t
1,2
forany z', z° € B.

Proposition 2 [11, Corollary 7.5.7] Let (H, S(t)) be a gradient asymptotically smooth
dynamical system. Additionally, if its Lyapunov function V(x) is bounded from above on
any bounded subset of H, the set Vg = {x € H : W(x) < R} is bounded for every R and
the set N of stationary points of (H, S(t)) is bounded, then (H, S(t)) possesses a compact
global attractor characterized by A = W"(N).

Proposition 3 [11, Proposition 7.9.4] Let us assume that the dynamical system (H, S(t)) is
quasi-stable on every bounded forward invariant set B C ‘H. Then, (H, S(t)) is asymptoti-
cally smooth.

Proposition4 [11, Theorem 7.9.6] Let (H, S(t)) a quasi-stable dynamical system. If
(H, S(1)) possesses a compact global attractor A and is quasi-stable on A, hen the attractor
A has a finite fractal dimension dimy A < o0.

3.2 Main Result and Proofs

We are now in condition to state and prove the main result concerning global attractors
associated with problem (1.3). It reads as follows.

Theorem 3.1 Under the assumptions (2.2)—(2.8), we have:

(1) The dynamical system (H, S(t)) corresponding to problem (1.3) has a unique global
attractor A with finite fractal dimension dim y A < 00, and is characterized by the unsta-
ble manifold A = W"(N') emanating from the set of stationary points N of (H, S(¢)).

(i) Moreover, if h; = 0, i = 1,2, 3, then A is bounded in the strong phase space H'. In
particular, any full trajectory {(u(t), o;u(t)), t € R} that belongs to A has the following
regularity properties

du € L(R; (Hy (2)*) N CR; (L*(Q))%), 9fu € LYR; (LX), (.1
and there exists R > 0 such that
@), Fu) |z, < R*, (3.2)
where R does not depend on ).

The proof of Theorem 3.1 will be concluded at the end of this section as a consequence
of some technical results provided in the sequel.

@ Springer



Journal of Dynamics and Differential Equations

3.2.1 Gradient Property

Lemma 3.2 Under the assumptions of Theorem 3.1, let us define the functional

v:H—>R
z V() :=¥(u,v)

given by

3 u
W(u,v) = %H(u, v)II»ZH + /Q G(u)dx + Z/Q/o hi(s)dsdx — (b(x), u) . (3.3)
i=1

Then:

1. W is a strict Lyapunov functional;
2. W(z) — oo ifand only if ||zl — oo;
3. N is bounded on 'H

As a consequence, the dynamical system (H, S(t)) associated with problem (1.3) is a
gradient system.

Proof Let fix zg € ‘H and recall that V is the set of stationary points of (H, S(¢)). Also, from
(2.16) one sees that W (u(z), o;u(t)) = E(u(t), o,u(t)) := E(¢). Then, we infer:

e From (2.18), it is clear that W (S(#)zp) is decreasing with respect to time and from (2.17),
W (z) = ¥(S(0)z) — oo if and only if ||z|| — oo.
e Let us consider the stationary problem:

Eu+ f(u) =b(x) in K,
{u =0 on 9L2. 3.4
Thus, a simple computation shows that A is given by

N = {(u,0) € H | uis the solution of (3.4)}.

In addition, from (2.18) it is easy to prove that W is constant on A/ . Finally, multiplying
(3.4) by u, integrating on €2 and using (2.4) and (2.5), we obtain that for any € > 0

(1= 705 = e ) i = 2m 122+ ol (35)
AMp e
from where (along with (2.6)) we conclude that A" is bounded on H, for € > 0 properly
chosen.

Therefore, the items 1-3 are proved. O

3.2.2 Quasi-Stability Property

Proposition 5 (Stabilizability Estimate) Under the assumptions of Theorem 3.1, let us con-
sider a bounded subset B C H and two weak solutions 7' = (u', 3,;u") and z* = W?, 8,u?)
of problem (1.3) with initial data z(l) = (u(l), u{), z% = (ué, u%) € B. Then,

lz'(6) = 2213 < ax(®)llzg — 25113 () sup lu'(s) —u*®35,.  (3.6)
<s<t

where py = max{4, 4%} < 6, ap € L'(RY) with lim ax(t) = 0 and c¢(t) is a locally
r t—00

bounded function.
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Proof The estimate (3.6) is one of the main cores of the present article. Its proof is quite
technical and long, and for this reason we are going to proceed in several steps as follows.
Step 1. Setting the difference problem and functionals. Let us denote w = u' — u? with
ut = (uil, u’2 ug), i = 1, 2. Then, a simple computation shows that w is a solution (in the
weak and strong sense) of the following problem

Pw+Ew+adw+ f)— fw?)=0in QxRF,
w=0 on Q2 x Rt

w(x,0) = u(l)(x) — u(z)(x), x € Q, 3.7
qw(x,0) =ul(x) —ufx), x € Q.
The energy associated with system (3.7) is given by
(1) = %n(w, drw)ll3, = %nzl(r) 2O, 120 (3.8)
We also set the functional
x (@) = (w, dw),
and the perturbed energy functional
T(1) =€ E@) +ex@),
where the constants €1, € > 0 will be chosen later.
Step 2. Equivalence. There exist constants C1, C; > 0 such that
GE@) =T@) = CLE®). (3.9)

2
Indeed, the inequalities in (3.9) follow by taking K’ = max{%, 1}, with ¢, > 0 coming from

the Poincaré inequality and u from (2.10), ¢ > e2K',Cr = €] —e2 K’ and C| = ¢ + 2K .
Step 3. Estimate for E'. Given & > 0, there exists a constant C (¢, B) > 0, which depends
on £ and B, such that

E'(1) < —alldwll; + CE B)lw|? 5 +ENBwl3+1, (3.10)

—p

where we set

3
= > (hi ) = hi(u}). 9,w;). 3.11)
i=1

In fact, we first observe that deriving Z(¢) and using (3.7), we get
E'(0) =~ allgwl3 — (g — g?), dw) + 1

Since

3 3 3
(g — g, dw)| < Z/QMg {1 DR |u?|P1} |w] |3, w; |dx.
i=l1 i=1 i=1

then applying Holder’s inequality, we obtain

w

g — g@?), dw)| Z lwil s 13w, (3.12)
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where
3
~ -1
Cr=Mjy {IQI + Z lel 1270+ > 127 < C(B) < o,
is a constant depending on B. Therefore, the estimate (3.10) follows from Young’s inequality

with & > 0.
Step 4. Estimate for x'. There exists a constant C(B) > 0 depending on B such that

1 o 34+«
X@®) = =B@ = SIwlg + ZIwl3 + CBIwlF + == lowl3. (3.13)
Indeed, multiplying (3.7); by w and integrating on €2, we obtain
— 1 o +
X () ==8® = SIwlg + SIwl3 + ——l8wl3

3
— (") — g, w) = " (hi(u}) = hiu}), wi).
i=1
Now, noting that

3
(g — g?), w)| <3 {mv’l + ) Ml +Z||u 1721t Iwlyy < Callwli?yy.
i=1
and
3
< D AP + lluf 15 + luf ID w3 < Callwl,
i=1

3
> (hitu)y = hi ), wi)

where the constants C B, Cp > 0 depend only on B, then the estimate (3.13) follows.
Step 5. Estimate for Y. There exists a constant C3 > 0 depending on B such that

_at ' 2
T()<e CIT(O)+C3/ e cr ||w(s)||p0ds+ele Cl J, (3.14)
0

where C| > 0 comes from (3.9) and we set

'
J ::/ Cl lds = Z/ Cl h (u (x,8)) —h; (u (x,5)), oyw; (x, s)) (3.15)

First, we note that from (3.10) and (3.13) one has

() < - a8+ 22 ||w||2+€2C(B)IIWI|4+€1C($ B)|w|? 5

-P
362 + aep

1
+ €1 +< 2

+els—ael) N3, wll3.

We now choose €1, €3, £ > 0 small enough such that

3er + ae
oK' <€ and %+elé<ael.

It is worth mentioning that €1, €3, £ > 0 do not depend on A. Thus, from this choice, setting
Po = max{%, 4} and using (3.9), there exists a constant C3 = C(B) > 0 such that

€2
T = -5 T0+ C3llwll?, + el
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from where it follows the estimate (3.14) with J given in (3.15).

Remark 3.1 Since the choices for €1, €; do not depend on A, then C3 > 0 is a constant that
does not depend on A as well.

Step 6. Estimate for J. There exist constants yp > 0 and C4 > 0 depending on B such that
t

J < Cae™ sup [wllf + Cq / (N0’ (9112 + 184> (9)[|2)e™ Y (5)ds. (3.16)
O<s<t 0

Firstly, in view of the assumption (2.8), for any constant y > 0 and eachi = 1, 2, 3, there
exists a constant K l’ > ( such that

t
/ " (hi i (s)) — hi(u}(s)), dw;(5))ds
0

t
< Kle"" sup |wi(s)llF + K] f (19} ()ll2 + N3:u? (5)112) €”* [Vw; (5)lI3ds.
O<s<t 0

3.17)

Indeed, the justification of (3.17) follows by taking similar arguments as in [8, Lemma 4.9].
For the sake of completeness, we present a short proof of such an inequality. Note that

t
f " (hi(uF(s)) — hi(u} (5)), dwi(s))ds
0

1 (! d !
= 7/ e”f —|wi|2/ h;(ul2 + )»(uil — uiz))d)ndxds
2 0 Q ds 0

eV’
2

t

1
/ / B () + M () = uf (s))dA|w; ()| *dx
QJO

0

t 1
- l/ / 4 <e”/ B2 (s) + 2 (u) (s) —u,?(s)))dx) |w; (s)|*dxds
2Jo Jads 0

2
< Kje"" sup [lw;(s)|3
O<s<t

1 t , 1
- 5/ eW/ / R u? 4+ a(u) — u?))(u? + 1Bl — 8,u?))dr|w; (s)>dxds.
0 QJO

For the last term we use the fact that ; € C%(R), condition (2.8), Holder’s inequality, and
the embedding H'(Q) — L°(Q).
Therefore, from (3.15) and (3.17) it prompt follows

3 t
J <Y K sup ||w<s>||i+max{1<;}/ e (19 (5) 12 + 19:4° (5) [[2) [V (s) 3,
0

i=1 O<s<t

for yo = & > 0. Additionally, taking C4 = max (K + K} + K}, 2"t 1)

that

} > 0 and noting

1 2
IVw)lI3 < —wl? < =E(s) < ——T(s),
n uC

2
“w
then estimate (3.16) follows as desired.

Remark 3.2 We emphasize that constants )y and C4 do not depend on A.
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Step 7. Conclusion of the proof. We are finally in position to complete the proof of (3.6).
Indeed, from (3.14) and (3.16), there exists a constant C5 > 0 depending on B, but indepen-
dently of X, such that

'Y (1) < Cs5Y(0) + Cse™" sup ||w||

O<s<t
t
+Cs / 13 ($)ll2 + 18:u?(5)112)e? Y (s)ds,
0

and applying Gronwall’s inequality, one gets

Y (1) <C5{e VI (0) + sup ||w(€)|| . (3.18)

O<s<t

} (Cse0 fi ot )12 H+1au () |)er0ds)

Now, from (2.17) and (2.18), and also in view of Remark 2.3, we have

t
f l8;u(s)|13ds = _7/ E'(s)ds < @ <0, u:=u",u?

where Q > 0 1is a constant depending on B and f, but independent of A. Thus, using Holder
and Young’s inequalities, we obtain

13

2
e ! / (131" () ll2 + 19> () [2)e?*ds < 2/ QNI < et + TQ,
0

for any + > 0 and € > 0. Replacing the latter estimate in (3.18), we arrive at

(1) <05e<fcsf+ e ){e WY 0) + sup lws)l }

O<s<t

Taking € = 2}2 and using (3.9), we have
CCyet Cae
wo - Yo
B = 22 g T sup w3, (3.19)
Cy G O<s<t

Finally, regarding the definition of E(#), r > 0, in (3.8) and setting

Q9 Qo
CiCyeno - 2C1e0
ar(t) = 27 o and az(r) = AT B (3.20)
Cy C
then (3.19) leads to (3.6) as desired.
The proof of Proposition 5 is therefore concluded. ]

Corollary 1 (Quasi-stability) Under the assumptions of Theorem 3.1, the dynamical system
(H, S(t)) associated with problem (1.3) is quasi-stable on any bounded set B C H.

Proof 1t is a direct consequence of Theorem 2.1 - (iii) and Proposition 5 by noting the
semi-norm given by Ny (' —u?) = |lu' - u2||p0 is compact. m]

3.2.3 Conclusion of the Proof of Theorem 3.1
(i) From Proposition 3 and Corollary 1, the dynamical system (M, S(¢)) related to problem

(1.3) is asymptotically smooth. Therefore, using Lemma 3.2 and Propositions 2 and 4,
the conclusion of Theorem 3.1 - (i) is complete.
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@ii) In case h; = 0,i = 1,2, 3, then going back to (3.11), one sees that / = 0 and,
consequently, from (3.15) one gets J = 0. Thus, (3.14) reduces to

e CsC
() <e Gro) + 22!

_2
sup w(s)[, (1—e N,

0<s<t

p(’) = max{ﬁ, p + 1}. In this way, one reaches (3.19) (respec. (3.6)) with

t)7

instead of a3 () given in (3.20). Thus, coc = Sup;cg+ a3(f) < oo, and from [11, The-
orem 7.9.8], the regularity properties (3.1)—(3.2) are ensured, that is, the conclusion of
Theorem 3.1-(ii) is complete.

Therefore, the proof of Theorem 3.1 is ended.

GG (1- e_%zl

az(t) :=
€2

4 Upper Semicontinuity

Along this section ¢ denotes a real number in [0, 1] and assume A + . = ¢. Thus, problem
(1.3) can be rewritten as follows

?u — puAu — eVdivu + adu + f(u) = b in Q@ x R,
u=0 on 92 x R, 4.1)
u(0) = ug, u(0) = uy in ,

In this way, instead of operator (2.9), we write the e-operator
Eeu := —puAu — eVdiv(u), for u = (uy, us, u3).

Hereafter, we denote by P. the e-problem (4.1) and, in view of Theorem 3.1, we also denote
by A, the compact finite dimensional global attractor of its associated dynamical system.
The energy corresponding to P; is still given by (2.16) and denoted here as E;(¢).

Using the same notation as in Section 2, we define the inner-product

(u, v)e = n(Vu, V) 4 ¢ (divu, divv) .
Then, the norm || - || = \/m satisfies that
PIV 13 < 1117 < max{e, 3}V - 113 4.2)
Additionally, let us denote by
He = (Hy ()7, 11 - lle) x (L2@)* 11 - [12)
the space of weak solutions associated to P,, and
Hp = (D(=D), 1A - [12) x (Hg (@)%, 1V - [12)

the space of strong solutions associated to Py.

Analogously, we denote by (H,, S¢(¢)) the dynamical system associated with P, and by
N, its corresponding set of stationary solutions. The existence of a global attractor A4, as
well as its properties are ensured by Theorem 3.1.

In this section, our main goal is to study the upper semicontinuity of attractors .4, with
respect to the parameter ¢ — (. More precisely, our main results are presented in Theo-
rems 4.4 and 4.5. To this end, we need to prove the following two properties: the existence
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of an absorbing set which does not depend on ¢ and the convergence in some sense of the
solutions of P, when & — 0.

For the existence of an absorbing set we need the following result which is a direct
consequence of [11, Remark 7.5.8].

Theorem 4.1 Under the conditions (2.2)—(2.8), the following inequality holds true for the
attractor A in Theorem 3.1 and V given in Lemma 3.2:

sup{W (u, d;u) : (u, du) € A} < sup{¥(u,0) : (u,0) € N'}.

With respect to the convergence of solutions, it is important to note that the phase space
‘H, changes when ¢ — 0. So, the convergence of the solutions of P; is singular in the same
sense proposed in [26].

Lemma 4.2 Under the conditions (2.2)—(2.8), there exists a bounded absorbing set B for
(Heg, Se(1)), that does not depend on e.

Proof Denoting by W, the Lyapunov functional defined on H,, then from (2.17), Remarks
2.3 and Theorem 4.1,

sup ¢ 4, Ve(2) + K3

2
ZSELLI‘)S lzll7, < X
_ SUPzen; W, (2) + K3
< 5
- Ky sup en, ||Z||§15 +2K3
< X

Thus, from (3.5) there exists a constant Ry which does not depend on & such that

sup |lzll3, < Rf. Ve €0, 1].
ze A

Let us define B = {z € Ho: Nz, < Ri+ 1}, then from (4.2) A, C B, for all &. 0

Lemma 4.3 Let B be a bounded subset in Hy and {z; = (ue, ve)}e C B afami{y of initial
data related to each Pg with solutions {S¢(t)z¢}e. Then there exists a constant C that does
not depend on t, € such that

E((t) <C and ||Se())zelln, <C, Ve, t>0.
Proof From (2.17), (4.2), Remark 2.3 and the fact that for each ¢, E is decreasing, we have

Ko ||Se (1) ze 1, — K3 < Ee(t) < Ee(0)
< Ki(luell? + lvelIH* + K3
< KiK(B,p) + K3

where K (B, 1) is a constant which depends only on B and u, and K1, K> and K3 do not
depend on ¢ and €. O

Now we are in position to state and prove the main results of this section.
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Theorem 4.4 (Singular limit) Under the assumptions of (2.2)—(2.8). Given a sequence {¢,} of
positive numbers, let (i, (t), 0;u, (t)) be the weak solution to Py, with initial data (vy, v1) €
Ho. Then if e, — 0 when n — oo, there exist a weak solution (u(t), o;u(t)) of Py with the
same initial data, such that for any T > 0:

Uup—u in L0, T (HL(Q))%),
Bty —du in L0, T; (L*(Q))?).
Proof Using Lemma 4.3 for B = {(vg, v1)} and Eq. (4.2), for some constant K,
| un (2), Brun ()1, < K. (4.3)
Then, we have for any 7' > 0,
un—*\u in L0, T: (HO1 @)%,
Bty —dyu in L0, T; (LX(R))?).

Fixing n and multiplying P, by a function ¢ € (HO1 (Q))3, we get

% (Orun, @) + p (Vun, V@) + &, (divuy, dive) 4.4
+a(0rutn, @) + (f(un), @) = (b, P) .
It is clear that
(Vitn, V9) — (Vu, V9),

<8tunv ¢> njo)o (3,14, ¢> )

gy (divuy,, divg) —> 0 from (4.3).
n—o0

Additionally, we have

3
) = @) = 3 [ 1) = Aiwlis]
i=1

3 3
< Z/QMgU + D lunl? o (1P — ulil.
i=1 Jj=1

Then proceeding analogously to (3.14)—(3.15) and using Simon’s compactness theorem [31]
we have that

lun —ull2, lun —ull s — 0,
4-p
which implies
(f@un), @) —> (f(u), 9).
n—oo

Therefore (4.4) converges to

d
E (atua ¢> + 1 (vu7 V¢) +o (8tua d)) + (f(u)s ¢) = <b7 ¢) ’ (45)

which means that (i, d,u) is a weak solution of Py and u(0) = ug.
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Finally we multiply Egs. (4.4) and (4.5) by a test function ¢ € HY([0, T]) such that
¥ (0) = 1, ¥(T) = 0 and integrating on [0, 7'], we obtain for all ¢ € (HO1 (Q))3,

T

T T
f %wmn,(p) 1//dt+pL/ (Vun, Vo) Yrdt +£n/\0/ (divuy,, dive) ydt
0 0 0

a

T T
06/0 (O¢1tn, @) WdH—/O (f (un), @) Yt =/O (b, @) pdt,

T d T
f d—(a,u,¢)1/fdt+u/ (w,v¢>wdz+a/
o at 0 0

a

T
Oy, ¢) i + /0 (F). ) vt

T
:fo (b, @) Ydt.

Solving the integrals and taking n — oo,

T

T d T
—<v1,¢>>—/ <a,u,¢>>d—wdr+u/ <w,w>>wdz+af By, )
0 t 0 0

T T
+/0 <f(u>,¢>wdr=f0 b, ¢) v,

a

T T
—<a,u(0),¢>—/0 (3,u,¢)%1ﬂdt+u/0 (w,w)wdwafo (0pu, @) Yt

T T
+ /0 (fw), ) pdr = /0 (b, @) yr.
Therefore, d;u(0) = v, which ends the proof. O

Remark 4.1 From Theorem 4.4 and its proof, it is worth making two comments as follows:

e the limit in the previous theorem is singular in the sense that H, is not the same for ¢
varying the range [0, 1];

e the space H, for weak solutions is defined by means of (H(} ()3 x (L?)3, where H(} (RQ)
is provided with the norm || - ||. Therefore, it makes sense to consider (vo, v1) as initial
data to any Ps.

Theorem 4.5 (Upper semicontinuity) Under the assumptions (2.2)—(2.8), the family of attrac-
tors { A} is upper semicontinuous with respect to ¢ — 0. More precisely,

lim dy, (i (Ae), Ao) =0,
e—=0
where dy,, denotes Hausdorff semi-distance and T : Hy — Ho is the identity map.

Proof The proof is done by contradiction arguments and follows similar lines as presented
e.g.in [13,16,26].
Let us assume, for some € > 0, that

sup inf [T (y) — zll3, > €.
yeA, 2€A0

Since for any ¢, A, is compact, there exists a sequence { y,? }n such that y2 € A, and

. ~ 0
inf ||zg, (y;) — 2zl = €.
z€Ap
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Let y, (t) = (un(t), ;u,()) be a full trajectory in A, such that y,(0) = y,?. From Lemma
4.2,

lyn D3y = Ry + 1. (4.6)

Also, from Theorem 3.1, for each n € N, there exists R;” > 0 such that

18 3 () 175 < 13 yn (D) I3, < RS

Additionally, from (4.2), we obtain the existence of Ry > 0, that does not depend on ¢, for
all n, such that

10 yn @Ol < N0 yn O llr,, < R2, Vi, 1.
In this way, one sees that
Ee ot = —adu — f(u) — dyu+h € (L*(R))°.

Thus, multiplying this identity by &, u, integrating and using Holder’s inequality, there exists
R3 > 0, not depending on &,, such that

€, u@)ll2 < R3, Vit,n,
from where it follows that

(y,) is bounded on L™ (R, H,),
(8; y,) is bounded on L*° (R, Hy).

Using Simon’s Theorem of compactness for the spaces H(l) < Ho < Hop, we have that for
any T > 0, there exists a subsequence {y,,} and y € C([-T, T, Ho) such that

lim  sup [y, (1) — y(®)llx, = 0.

[=00te[—T,T]

In particular,
lim |2, (yp) = ¥(0) |34, = 0.
[—o00

In order to get the desired contradiction, it remains to prove y(0) € Ap. In fact, since {y,?l b is
bounded on Hj, we can process as in the proof of Theorem 4.4, and prove that y is a solution
of Py for time varying ¢t € [T, T] with initial data y(0). Since T > 0 is arbitrary and (4.6)
holds true, then y(¢) is a bounded full trajectory of Py. This implies that y(0) € Ag. The
proof Theorem 4.5 is complete. O
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