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Abstract

We give some structural formulas for the family of matrix-valued orthogonal poly-
nomials of size 2 x 2 introduced by C. Calderén et al. in an earlier work, which are
common eigenfunctions of a differential operator of hypergeometric type. Specifi-
cally, we give a Rodrigues formula that allows us to write this family of polynomials
explicitly in terms of the classical Jacobi polynomials, and write, for the sequence
of orthonormal polynomials, the three-term recurrence relation and the Christoffel—
Darboux identity. We obtain a Pearson equation, which enables us to prove that the
sequence of derivatives of the orthogonal polynomials is also orthogonal, and to com-
pute a Rodrigues formula for these polynomials as well as a matrix-valued differential
operator having these polynomials as eigenfunctions. We also describe the second-
order differential operators of the algebra associated with the weight matrix.
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1 Introduction

In the last few years, the search for examples of matrix-valued orthogonal polynomials
that are common eigenfunctions of a second-order differential operator, that is to say,
satisfying a bispectral property in the sense of [13], has received a lot of attention after
the seminal work of A. Duran in [15].

The theory of matrix-valued orthogonal polynomials was started by Krein in 1949
[37,38] (see also [1,2]), in connection with spectral analysis and moment problems.
Nevertheless, the first examples of orthogonal matrix polynomials satisfying this extra
property and non-reducible to scalar case appeared more recently in [19,25,27-29].
The collection of examples has been growing lately (see for instance [3,4,16,17,21,22,
26,34-36,40—-42]). Moreover, the problem of giving a general classification of these
families of matrix-valued orthogonal polynomials as solutions of the so-called Matrix
Bochner Problem has been also recently addressed in [7,8] for the special case of 2 x 2
hypergeometric matrix differential operators.

As the case of classical orthogonal polynomials, the families of matrix-valued
orthogonal polynomials satisfy many formal properties such as structural formulas
(see for instance [3,18,20,24,34]), which have been very useful to compute explicitly
the orthogonal polynomials related with several of these families. Having these explicit
formulas is essential when one is looking for applications of these matrix-valued
bispectral polynomials, such as in the problem of time and band limiting over a non-
commutative ring and matrix-valued commuting operators, see [10-12,30-32].

Recently, in [4], a new family of matrix-valued orthogonal polynomials of size
2 x 2 was introduced, which are common eigenfunctions of a differential operator of
hypergeometric type (in the sense defined by Juan A. Tirao in [44]):

2

D=—
dr?

d
t(—1)+ T (C—tU)—V, withU,V,C e C>*2.

In particular, the polynomials (Pn(o“’3 ) )n>0 introduced in [4], orthogonal with
respect to the weight matrix W (®#:?) given in (2.4) and (2.5), are common eigenfunc-
tions of an hypergeometric operator with matrix eigenvalues A,, which are diagonal
matrices with no repetition in their entries. This fact could be especially useful if
one intends to use this family of polynomials in the context of time and band limit-
ing, where the commutativity of the matrix-valued eigenvalues (A,), could play an
important role.

In this paper, we give some structural formulas for the family of matrix-valued
orthogonal polynomials introduced in [4]. In particular, in Sect. 3, we give a Rodrigues
formula (see Theorem 3.1), which allows us to write this family of polynomials explic-
itly in terms of the classical Jacobi polynomials (see Corollary 3.3).

In Sect. 4, this Rodrigues formula allows us to compute the norms of the sequence
of monic orthogonal polynomials and therefore, we can find the coefficients of the
three-term recurrence relation and the Christoffel-Darboux identity for the sequence
of orthonormal polynomials.

In Sect. 5, we obtain a Pearson equation (see Proposition 5.4), which allows us
to prove that the sequence of derivatives of k-th order, k& > 1, of the orthogonal
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polynomials is also orthogonal with respect to the weight matrix given explicitly in
Proposition 5.3.

In Sect. 6, following the ideas in [34, Section 5.1], we use the Pearson equation to
give explicit lowering and rising operators for the sequence of derivatives. Thus, we
deduce a Rodrigues formula for these polynomials and find a matrix-valued differential
operator that has these matrix-valued polynomials as common eigenfunctions.

Finally, in Sect. 7, we describe the algebra of second-order differential operators
associated with the weight matrix W (@A) given in (2.4) and (2.5). Indeed, for a
given weight matrix W, the analysis of the algebra D (W) of all differential operators
that have a sequence of matrix-valued orthogonal polynomials with respect to W as
eigenfunctions has received much attention in the literature in the last fifteen years
[6,8,9,33,42,45,47]. While for classical orthogonal polynomials, the structure of this
algebra is very well-known (see [39]), in the matrix setting, where this algebra is
non-commutative, the situation is highly non-trivial.

2 Preliminaries

In this section, we give some background on matrix-valued orthogonal polynomials
(see [23] for further details). A weight matrix W is a complex N x N matrix-valued
integrable function on the interval (a, b), such that W is positive definite almost every-
where and with finite moments of all orders, i.e., fab *dW () € CN*N | e N. The
weight matrix W induces a Hermitian sesquilinear form,

b
(P, Q>w=/ P()W (1) Q* (1) dt,

a

for any pair of N x N matrix-valued functions P(¢) and Q(t), where Q*(¢) denotes
the conjugate transpose of Q (7).

A sequence (P,),>0 of orthogonal polynomials with respect to a weight matrix
W is a sequence of matrix-valued polynomials satisfying that P,(¢), n > 0, is a
matrix polynomial of degree n with non-singular leading coefficient, and (P, Py,)w =
ApSn m, where Ay, n > 0, is a positive definite matrix. When A, = I, here I denotes
the identity matrix, we say that the polynomials (P,), >0 are orthonormal. In particular,
when the leading coefficient of P,(¢), n > 0, is the identity matrix, we say that the
polynomials (P,),>0 are monic.

Given a weight matrix W, there exists a unique sequence of monic orthogonal
polynomials (Py), >0 in CN*NT¢], and any other sequence of orthogonal polynomials
(Qn)n>0 can be written as 0, (¢) = K, P,(¢) for some non-singular matrix K.

Any sequence of monic orthogonal matrix-valued polynomials (P;),>( satisfies a
three-term recurrence relation

tP(t) = Pyy1 (1) + By Py(t) + Ay P11 (2), forn € Ny,

where P_1(t) = 0, Py(t) = I.The N x N matrix coefficients A, and B,, enjoy certain
properties; in particular, A, is non-singular for any n.
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700 C. Calderén, M. M. Castro

Two weights W and W are said to be equivalent if there exists a non-singular matrix
M, which does not depend on 7, such that

W(t) = MW ()M*, forallt € (a,b).

A weight matrix W reduces to a smaller size if there exists a non-singular matrix M
such that
Wi@) O

MW(t)M*:( 0 W)

) , forallt € (a,b),
where W and W, are weights of smaller size. A weight matrix W is said to be
irreducible if it does not reduce to a smaller size (see [19,46]).

Let D be a right-hand side ordinary differential operator with matrix-valued poly-
nomial coefficients,
di

s
D= 9F@®. ¥= e
(=0

The operator D acts on a polynomial function P (t) as PD = ) ;_ PF; (1).
We say that the differential operator D is symmetric with respect to W if

(PD, Q)y = (P, QD)y , forall P, Q € CV*N[1]. (2.1

dZ
The differential operator D = FPe) F>(t) + — F1(t) + Fop is symmetric with respect

dr
to W if and only if [19, Theorem 3.1]

RW = WFZ*,
2(RW) = W + WFY,
(W) —(FiW) = WEF; — FoW, (2.2)

and

lime2 (HOW (@) =0 and limb (FEOW @) - W@ FF @) =0. (23)
t—a, —a,

We will need the following result to find the Rodrigues’ formula for the sequence
of orthogonal polynomials with respect to a weight matrix W.

Theorem 2.1 [18, Lemma 1.1] Let F>, F| and Fy be matrix polynomials of degrees not
larger than 2, 1, and 0, respectively. Let W, R,, be N x N matrix functions twice and
n times differentiable, respectively, in an open set of the real line Q2. Assume that W (t)
is non-singular for t € Q and that satisfies the identity and the differential equations
in (2.2). Define the functions P,, n > 1, by

Py =R"MWW
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If for a matrix A, the function R, satisfies

(RuF3)" = (RalF{ +n (Fz*)/])/ + RyLFS +n (F7) + (’;) (F£)'1= ARy,

then the function P, satisfies
P, (1) F2 (1) + P, (t) Fy (t) 4 Py (1) Fo (t) = Ay Py (1) .

2.1 The Family of Matrix-Valued Orthogonal Polynomials

In [4], the authors introduce a Jacobi-type weight matrix W (@#?) (1) and a differential
operator D@ A-¥) such that D@#?) is symmetric with respect to the weight matrix
w@hv) (1),

Leta, B,ve R, a,8 > —1land |¢ — 8| < |v] < a + B + 2. We consider the
weight matrix function

W@V () =12 (1 —1)f WPV 1), fort e (0,1), (2.4)
with
W (@B.v) )
v 2
%tz—(xvﬁjLz)er(aJrl) @+B+t—(@+1)
— v,—p
= a4
@+ B+ —(@+1) 7%127(K7Uﬁ~|’2)t+(0{+1)
—v,—B
(2.5)
where for the sake of clearness in the rest of the paper, we use the notation:
Kty +p = U +v+ ﬁ . (2.6)

W (@A) i5 an irreducible weight matrix and the hypergeometric-type differential oper-
ator given by

d? d
DBV = — B (1) + —F (t) + Fo (1), 2.7
a2 2()+dt 1 (1) + Fo (1) 2.7
where
B =t—-1t), 1) =C*—tUand Fy(t) = -V, 2.8)
and
a+1-— Fovop Kv.-p v 0
— v v _ _
C = K_y—p a—i—l—i—KU’_ﬁ ,U=(@@+p+4)1 andV—<OO),
v v

is symmetric with respect to the weight matrix W(®-A:¥),
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702 C. Calderén, M. M. Castro

In the same paper, the authors also give the corresponding monic orthogonal poly-
nomials in terms of the hypergeometric function > H; (C, U, V; t) defined by J. A.
Tirao in [44] and their three-term recurrence relation.

Proposition 2.2 [4, Theorem 4.3] Let (Pn(a’ﬁ ’U)> be the sequence of matrix-valued

n>0
monic orthogonal polynomials associated with the weight function W ®5V)(t). Then,

Pn(a”3 ) is an eigenfunction of the differential operator DY) with diagonal eigen-

_ (M O M=-—nm—1)—n(a+B+4) —v,
An_<0 Mn>7 pn=—nn—1)—n(@+p+4). (2.10)

value

Moreover, [4, Section 4.2], the matrix-valued monic orthogonal polynomials
(o, B,0) .
P, are given by
n>0

*
(Pn“”ﬂ*”) (r>) =2H (C.U.V +anli)nl[C. UV + ] ((1> 8>

1 (00
+ 2H (C, U,V + pnI; 1)yn![C, U,v+un1]n‘< )

01
(2.11)
where L
t
2H1 (C, U, Viny =) [C, U, VI o7,
k>0
and [C, U, V] is defined inductively as [C, U, V]y = I and
[C,U, V] =(C + kD) k(k—1)I+kU+V)[C,U, V. (2.12)

Proposition 2.3 [4, Theorem 3.12] The monic orthogonal polynomials (P,,(a’ﬁ ’v))

n>0
satisfy the three-term recurrence relation

PPV (1) = PPV (1) 4 BEPV PPV () 4 A@PY pEE ) (2.13)

where
A@B) _ gepy (420 +K-0p) (20 + 1) 0
" n 0 (4+2n+Kyp) (2n+Kk_yp))’
(2.14)
with
P
nl+n+a)1+n+pQR+n+a+p) nzO,(Z.lS)

= (I+2n+a+BQ+2n+a+p?B+2n+a+B)QR+2n+k_y g)2+2n+kyp)
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(@, B,v)

and the entries of B, = B, ,n>0,are
(a+n)v (¢c+n+1Dv—k_y_
By = — R (ES)) s
( +/3+2n+2) (¢+B+2n+4)v

Ky, (k—v,p +2)

By = ,
(Br)a1 v(k_pp+2n+2)(kpp+2n+4)
—K—y,—B ("v,ﬁ + 2)
(B2 = ,
v(/cv,,g+2n+2)(/cv,3+2n+4)
(oz+n)v+/<v, (@+n+Dv+ky g
B = + (n+ - 2.16
(Bu)z @t Bt 2nt 2 (n+1) (@+ B +2n+4w (2.16)

Using the symmetry condition (2.1) and the three-term recurrence relation (2.13),

one can easily see that the coefficients A,(f"ﬂ ) and B,E""ﬂ v) satisfy the identities:
@) | peb) |2 _ | pasw |
AP0 | PPV " = | et o], 2.17)

2
s ) (2.18)

*
oo} <o

<Br(ll¥a/3,v)

3 Rodrigues Formula

In this section, we will provide a Rodrigues formula for the sequence of monic orthog-

onal polynomials (Pn(w"6 ’U)) 0 with respect to the weight matrix W = W (@A) in
nz

(2.4). Moreover, the Rodrigues formula will allow us to find an explicit expression for

the polynomials in terms of Jacobi polynomials.

Theorem 3.1 Consider the weight matrix W (1) = W ©P-V) (1) given by the expression
in(2.4) and (2.5). Consider the matrix-valued functions (P,),>o and (Ry),>o defined
by

Py () = (Ry )™ (W (1)™", (3.1)
R, (1) = Rr(lot,ﬁ,v) t) = tn+o¢ (1- t)n-‘rﬁ < (a,B,v) 2 + R(a B, U)t + R(a B, U)) (3.2)

with
(aﬁ v) _(cn O
R, = Ru2 = (0 d,,) :
cp(a+2n+2+ By, —p
1 —CnKy,—B
REPV _ R\ = (kv,p +2n+2)
n, s

v dp(a4+2n 424 Bk_y, —p ’
- dnK_v,_ﬁ

(k—v.p +2n+2)
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704 C. Calderén, M. M. Castro

c KU’fﬁ e Kv,fﬁ
R@BY _ p _1tn+ta "(kvp+2n+2)  "(kyp+2n+2)
n,0 =0 = d K—y,—p d K—y,—p ’
; _

(k—v.p +2n+2) " (k—v,p +2n+2)

where (c,)n and (dy), are arbitrary sequences of complex numbers. Then, P, (t) is
a polynomial of degree n with non-singular leading coefficient equal to

Ky,—g (o + B +n+3),
(=D" v (ky,8 +2)
0

Cn 0

K—v,—ﬁ(a+,3+n+3)nd ’
(=D v (kg +2)

where (a), = a(a+1) ... (a+n—1)denotes the usual Pochhammer symbol. Moreover,
if we put

(—=D"v (ky,p +2) 4 (D" (k_yp +2)

’ n — ’ (33)
Ky,—g(a+pB+n+3), K_y—gla+pB+n+3),

Cp =

then (Py),>¢ is a sequence of monic orthogonal polynomials with respect to W and
P, = PPV,

Proof Let W be the weight matrix given in (2.4) and F>, Fi, Fy and A, are the
polynomials coefficients defined in (2.8)—(2.10).

Following straightforward computations, we can prove that the matrix-valued func-
tion R, (¢) satisfies the equation

(RaF5)" = (RalF +n (F)1) + Ral g+ (F7) + (’;) (Ff)' 1= AuR,.

Theorem 2.1 guarantees that the function P, (t) = (R, (t))" (W (t))~" is an eigen-
function of D@A) with eigenvalue A, given in (2.10). Then, P*”" (t) and P, (1)
satisfy the same differential equation.

We will prove that P, is a polynomial of degree n with non-singular leading coeffi-
cient. We will use the following Rodrigues formula for the classical Jacobi polynomial
) (1) [43, Chapter IV]

n

o [t (1 — )] = nlt (1 — )P p@P (1 - 21),
where
r 1 - r 1+ -
p@h (1 —21) = (n+a+1) Z(n) (n+0f+/3+ +])(—1)ft/.
n!l“(n+oz+f3+l)j=0 J FrG+a+1
3.4)
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Thus, we obtain
R (1) = nlt* (1 — 1)f (p,(f‘”'ﬂ)(l —20)Rpat?
B (1 = 20 Ry it + p @B (1 — 2;)Rn,0) .
We can rewrite (W (1)) ! as

W) ' =221 —1F2 (Jzt2 + it + Jo) ,

with
Kv’fﬂ 0
J = v(ky,g +2) _ —ky—pk—y—pla+1) (11
2 = Kfvyfﬁ ) JO - 2 1 l 5
0 [ty S ve(ky, g +2)(K_y g +2)
U(Kfv,ﬂ +2)
1 (a+B+2)
J = vopKv—p (v, p +2) (kv p +2) (k—p,p +2)
T (@+B+2) 1
(kv g +2)(k—v,p+2) (k—p,p+2)

Observe that R, 0Jo = 0. Thus, P, (t) becomes
P, () =nlt"' (1 =12 [p,g“”ﬁ)(l — 20 Ryt <12t2 + i+ Jo)
PP (1= 20)Ry, 1 (o + Dt + Jo) + PP (1 =200 R0 (ot + 1) 1.

Hence, P, (t) is a polynomial of degree n if and only if # = 0 and # = 1 are zeros of
the following polynomial

0 (1) = p{ 2P =20 Ryt (a1 + it + o)
+ P (A =20 Ry 1 (B + Dt + o)
+p @B (1 = 20) Ry (Jat + J1)

and ¢ = 1 has multiplicity two, i.e., Q (0) = Q (1) = Q' (1) = 0.

r 1
Taking into account that p@P (1) = —CFOTD 4 p@B (1) = (—1y
Al (@ + 1)
T(n+p+1)
———~ we have
Al B+ 1)

0 (0) = B )Ry 1Jo + PP (1) Ry 01
_I'n+a+1) (n+a+l
T oall(e+ 1D o+ 1

Rn,l-’O + Rn,0J1> = 03
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706 C. Calderén, M. M. Castro

Fn+p+1

oM =D E G

(Rp2+ Ry1+ Rpo) (2 +J1+Jop) =0.

Now, by taking derivative of Q (¢) with respect to ¢ and considering the identity

(pe?) -1y = Brexn D D" ' T+
2(n—=DIC(B+2),

we obtain
/ !
o' = —2<(p,2“+2*ﬂ>) (=DR2+ () (<D R,

!
+(p?) (—1)Rn,o> (J2+J1 + Jo)

+p 2P (1) Ry2 B3Iy +2J1 + o)
+pT P (=D Ry Q1+ 1) + p\*P (=1 Ry 0 )2 = 0.

This shows that Q (¢) is divisible by ¢ (r — 1) therefore, P, (¢) is a polynomial of
degree n since deg (Q(¢)) = n + 3.

Observe that the leading coefficient of P, (¢) is determined by the leading coefficient
of
n!p 2P (1 — 26)R, , Jot*. Considering (3.4), we have

(=1D)'"T Qn+a+p+3)

RuaJ
Th+atp+3 27
Ko.—p c 0
D @B+, (s r2
v 0o L=t g
K_v,8 +2

The previous matrix coefficient is non-singular since | — 8| < [v]| < @ + 8 + 2.
Moreover, if (3.3) holds true, then P, (¢) is a monic polynomial and equal to
PPV @), O

Corollary 3.2 Consider the weight matrix W ®P-Y)(t) given in (2.4) and (2.5). Then,
the monic orthogonal polynomials Pn(a’ﬁ ) (t) satisfy the Rodrigues formula

—1
P (1) = (RO (1))™ (Ww,ﬁ,v) (,)> _

We can see in the proof of Theorem 3.1 that Rodrigues’ formula allows us to find an
explicit expression for the polynomials in terms of the classical Jacobi polynomials.

Corollary 3.3 Consider the matrix-valued function W@ B (p) given in (2.5) and let

R,(;j[l-’ﬂ’v), i =0,1,2, be as in Theorem 3.1. Define the coefficients ¢, and d,, as in
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(3.3). Then, the sequence of monic orthogonal polynomials (Py),> , defined by (3.1)
can be written as

P, (1) = n! (pf;*”»ﬂ)(l —20) RV 4 et B (1 — 20 RGPVt

P (1 =20 RE ) (WP @), (3.5)
Moreover,

P @ = nt (PP (1 = 20%,5" 4 pie (= 206"

n+1
s P, (17 —1
+py =206 ) (WP )7, (3.6)
with
on (kovp + 21 +4) 0
By _ BntD@+n+D Ko, p +2n+2
n2 T a4+ B+2m+2)(@+B+2n+3) 0 M
K_ypg+2n+2
(a—ﬁ)(/c_v,ﬁ+2n+4)cn _ Caky,—B
g _nt @+ B+2n+2) (@+p+2n+4) Ky g +2n+2
Ty dnk—_y,—B @ =B) (kup+2n+4)dn
K_yp+2n+2 @+B+2n+2)(@+pB+2n+4)
(bﬂ(a,ﬁ,v)z n+1)(n+2) <Cn 0)
n,0 (@+B+2n+4)(@+p+2n+3)\0 dy)"

Proof The expression in (3.5) follows from the proof above and to obtain (3.6), we

use the following property for the classical Jacobi polynomials p,(,a’ﬁ ) (t) [43, Section

4.5]:

e+ P -2 -+ ) g -2

(a+1,8) 1 _ 2[
pu ) Qn+a+p+2r

in (3.5). o

4 Orthonormal Polynomials

In this section, we give an explicit expression for the norm of the matrix-valued

polynomials (P,fa’ﬂ +v) ) o In addition, for the sequence of orthonormal polynomials,
n>

we show the three-term recurrence relation and the Christoffel-Darboux formula,
introduced for a general sequence of matrix-valued orthogonal polynomials in [14]
(see also [23]).
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708 C. Calderén, M. M. Castro

Proposition 4.1 The norm of the monic orthogonal polynomials P,fa’ﬂ’v) (t),n >0,
is determined by

(Kv,,g + 2) (K,U_ﬁ +2n + 4)
2 nwB@+n+2,+n+2) Ko,—p (ku,p +2n +2)
N (@+n+3+p),

0

H P;u,ﬂ.v)

(K,U15 + 2) (K,,,,g +2n +4)

K—y,—B (K,v.ﬂ +2n + 2)
@1

0 —

Therefore, the sequence of polynomials

~ -1
Plho) () = | pb 0| peo )

is orthonormal with respect to W.

Proof Let P,fa’ﬁ '?) (1) =% PXtk; using Rodrigues’ formula, we have
1 *
| PP = f PP W ) (PP (1)) di
0
n 1 "
_ Z/ (R, (1))™ (73,’;) *dr.
k=00
Integrating by parts n times, we have,
2 " 1 d" *
— (—1)"2/0 Ry () < (P,’f) *dr
k=0

n ! dn n
= (-1 R, (1) @t dr
0

e

1
= (—1)”n!/ R, (t)dt
0

1
= (=1)" n!/ e (] — pynth (Rn,zz2 4 Roat + Rn,o) dr
0

=(D"n![Bl@+n+3,B+n+1)Ry>
+Ba+n+2,8+n+1)R,
+B@+n+1,8+n+1) Ry,

where B (x,y) = fol *~1 (1 —r)*~!dr is the Beta function. Using the following
property,
X
Bx+1,y) = mB(x,y)

we obtain,

@ Springer
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(x+n+1)(e+n+2) R+ a+n+1 R | +R
@+Br2mt2)(@tpr2nt3) ™ T arpront2 T 0

Using the expressions in (3.2), after some straightforward computations, we complete
the proof. O

The sequence of orthonormal polynomials satisfies the following properties.

Proposition 4.2 The orthonormal polynomials (ﬁ,fa’ﬂ ’v)) satisfy the three-term

n>0
recurrence relation

~ ~ ~ ~ ~ ~ * o~
PPV (1) = AV PPV (1) 4 BEh v P ) 4 (Af;*’ﬁ’”)) PP o),

n+1 n+1
4.2)
with
-1

Tl Bv) _ (o, B,v) (a,B,v)

An+1 - Hpnaﬁv ‘ Pn+1 ’

Bl — Hpéa,ﬁ,w ! s ‘int,ﬂ,v) ’
where B,(,Dl”S ) s the coefficient of the three-term recurrence relation for the monic

orthogonal polynomials (P,,(O"’3 ) ) 0 (2.13). Clearly, §,(la’ﬂ Visa symmetric matrix.

n>
- -1
Proof By replacing the identity 2, %" (1) = H pl*pv H PP (1) in the three-

term recurrence relation (2.13) and using identity (2.17), we obtain (4.2), and by (2.18)
one verifies that

~ * ~
(B’Ea,ﬁ,v)) = B’Eoz,ﬁ,v). ]

We also have the following Christoffel-Darboux formula for the sequence of

orthonormal polynomials (F,fa’ﬂ ’U)) o:
n=

5(.p.0)\* ~@.f)\* 5@.p.v)
— (S@B0) L @ h) (P" ) o (A"H ) Pt @
(PEP™) o) B () = P

k=0
~ k ~ ~
(P;i,f,v)> ) Aiﬁtli,v)Pn(a,ﬂ,v) (x)

Xr=y

Hence, the sequence of monic polynomials (P,fa‘ﬂ ’v)> o satisfies
n=

n

*
5 o

-2
PPV (x)
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710 C. Calderén, M. M. Castro

*
(PEP2) oy | i

-2
P(avﬂsv) (x)

n+1
= P
* -2
(PSE™) oo | Pt R0 oy
_ P ,
.. . (a, B,v) -2
where the explicit expression of ‘ P, follows from (4.1).

5 The Derivatives of the Orthogonal Matrix-Valued Polynomials

In this section, we prove that polynomials in the sequence of derivatives of the orthog-

onal matrix polynomials (P,f“’ﬁ ’v)) o are also orthogonal by obtaining a Pearson
n>

equation for the weight matrix W (@89 ().

dk
Let I P@P-Y) (1) be the derivative of order k of the monic polynomial PPV,

for n > k. Then,

k
@k gy = PO A g
P, ) = T P, ) 5.1
are monic polynomials of degree n — k for all n > k.

Pn(o"’3 +v) (1) is an eigenfunction of the operator D®-#*) given above

The polynomial
in (2.7)-(2.9).
Taking derivative k times, we have that P,fa’ﬂ vk) (r) is an eigenfunction of the

differential hypergeometric operator

d? d
p® = p@prh — -0+ E((C(k))* —tU®) —v, (5.2)

with
CO=c+rl, UP=U42%I=(@+B+4+2k)1,

where C, U and V are the matrix entries of the operator D@#:*) given in (2.9). One
has that

Pﬂ(a,ﬁ,v,k)D(a,ﬁ,v,k) — Afzk) P,Ea'ﬁ’v’k), n>k,

where A,(lk) = A, +kU + k(k — 1)1, with A, given in (2.10). One has, in particular,
the standard expression for the eigenvalue shown in [4, Proposition 3.3], A,(lk) =

—(n—k)(n —k —1)I — (n —k)U® — V. More explicitly,

(k) * _ _
Afj@:()‘" o)’ MW ==k @+p+3tnth—v. oo

0 u® pP = - (@+p+3+n+k).
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Remark 5.1 One notices that D@ #-v-k) = p(@+k.f+kv) Thys, the sequence of deriva-

tives are still common eigenfunctions of an hypergeometric operator with diagonal
. k) . e . .

matrix eigenvalues A, ’, with no repetition in their entries.

Proposition 5.2 Asin(2.11), we have the following explicit expression for the sequence
of polynomials (P,ﬁ“'ﬂ ’v’k)) . in terms of hypergeometric functions

n=
3
(P,f“’ﬁ'“’k) (r)) — 2 H (c(">, u® v 420 t) (n — k)!

e um v ] (40)

n—k 00
2 (€O U0,V 4 u 1) (1 - !
-1 (00
® g 0
S L

where C®, U® and V are the entries of the differential operator in (5.2) and Aflk)

and /Lflk) are the diagonal entries of the matrix eigenvalue Aflk) given in (5.3).

We include the proof for completeness.

are common eigenfuntions of the
n>k

Proof Indeed, the polynomials (P,Sa’ﬁ k) )
matrix hypergeometric-type operator (5.2) with diagonal eigenvalue A ﬁ,k).

The fact that the eigenvalue is diagonal implies that the matrix equation can be
written as two vectorial hypergeometric equations as in [44, Theorem 5], and the

solutions of these equations are the columns of (P,fw”8 ork) ) K Since the eigenvalues
n=

of the matrices C®,3 +a + k and 1 + o + k are nonnegative integers for all k > 1,
then these solutions are hypergeometric vector functions.
Moreover, the vectorial functions are polynomials of degree n — k since the

form of the factor ((n — kB —k—DI+0—-kHU® +V+ Aff)z) = AP+
)Lf,k)l appearing in the expression of [C(k), ub, v+ )»f,k)l] il (see 2.12),
n—k+

makes its first column equal to zero. Analogously for the second column of

[C<’<>, ub,y 4 uﬁ,")l] .
n—k+1

The matrices [C(k), U(k), V + u,(lk)l] and [C(k), U(k), V + )\i,k)l] are non-

n—k n—k
singular, since kf]k) * ,uzk), kék) * )»,(Zk) and /L((Ik) * /,Lék) for all ¢ # £. O

Proposition5.3 Leta, 8 > —(k+ D and |l — Bl < v <a+B+2(k+1). We

write

W® (1) = W@BVR) 1y = 2k (1 — PR @BR) (1) phere
WePeb 1y = w2 4+ wir+ wib, (5.5)
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712 C. Calderén, M. M. Castro

with
Kop+2(k+1) 0
* _ Ky, *) _ I -1
e TN ey (|
K—y,—p

k) _ [—kvp a+p 11
Wi _<a+,3—/<,v,,3>+2(k+1)<11 )

Then, W®) is an irreducible weight matrix and the differential hypergeometric oper-
ator D% in (5.2 ) is symmetric with respect to the weight matrix W® . Moreover, it
holds that W) (1) = W@FkA+kv) (1),

Proof Taking into account Remark 5.1 and the fact that W (1) = W@FkA+kv)(p),
from Proposition 4.1 in [4], one has that D@%A+5v) is symmetric with respect to
W@tk B+kv) and W@ +k.B+kv) s an irreducible weight matrix if and only if a + k
and B+ ksatisfyo +k > —1,8+k > —land |[(¢+k) — (B+ k)| < |v| <
(@+k)+(B+k) +2. 0

We will use the following Pearson equation to prove that the sequence of polyno-
mials (P,ﬁ“’ﬂ ’“’k)) - is orthogonal with respect to W®.

Theorem 5.4 The weight matrix W® satisfies the following Pearson equation:

/
(W(k) ) d® (t)) =w® ) w® (1), k €N, with
o® (1) = A2 + At + A and OO (1) = Bt + B, (5.6)

where
_Kv,ﬂ +2(k+2) O
kK Ky g +2(k+1)
s =1 . ks 262 | &7
K_vp+2(k+1)
2
JZflk _ ( 0 Kv,—ﬁ) _ %k’ (5.8)
(kv g+ 2(k + D) (ky,p +2(k + 1)) \k—v,—p 0
Ky —BK—_y — —11
dk — v,—p v,—B < >’ 5.9
O 7 vy p 420k + D) (kyp + 20k + 1)) \—11 (5-9)
By = (a+ B +4+ 2k, (5.10)
1 (—k_y _ 0
BE=(—(@+k+1DI—— v=p Af
0 < (@it v( 0 wrg) :
1 (a+B+2k+4 , W\ (—K—vp — 2k +1) 0
+2v< v A+ 5 0 kg +2(k+1)
(5.11)

@ Springer



Structural Formulas for Matrix-Valued Orthogonal... 713

Proof By replacing the expression of ®® (7) and WP (¢) in (5.6) and taking deriva-
tive, we obtain

(w® (r))/ (A + oA+ af) = wh @ (2 - 20 ) 1 + B - ) =0
(5.12)
The derivative of W ® (1) is

li
WO @) = 21— PR g+ B+ 2k +2) WP + (@ + k) W
2 0
+[(a+k+2)W2<") (a4 B2k 1)W1<")]t2

+a+k+ WP — @+ p+20 W],

Hence, the left-hand side of (5.12) is a product between a polynomial of degree five
and

1@Hk=1) (1 — 1)(B+k=D) Therefore, equating to zero the entries of this polynomial,
taking into account (5.10) and the equality Wék>%k = 0, it only remains to verify the
identities below, which follow immediately by straightforward computations.

(@+k+dH WP — @+ p+2k+3) (Wz“‘)dq" + Wf")%")

+wi0 (% - 2t) + WPz =0,
@+k+3) (WP + W) — @+ p+2k+2)

(it + w0 o)~ i

+w® (@5 — %’f) +owPak =0,
(e +k+2) (WS off + W + Wi ot

— G+ B+ 2k + 1) (W + W)

~wiP g+ wi (26 - #t) =0,
@+k+1) (Waf + wPar) - Wi = 0.

O

Remark 5.5 Let us consider the matrix-valued functions W (@806 (1) = w® (r),
®® (1) and YR (1), k € N, defined in (5.5) and Theorem 5.4, respectively. Then, by
straightforward computations, one can verify the following identities:

w@B vk 1y — @Bk (1) ® (1) | (5.13)
(W(“’ﬁ’”’k“) (z))/ — W@BvR 1y g® 4y (5.14)
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Taking into account that deg (®® (r)) = 2 and deg (¥ (¢)) = 1, we obtain from
[5, Corollary 3.10] the following:

Corollary 5.6 The sequence of polynomials (P,,(a’ﬁ ’v’k)> . is orthogonal with respect
n>

to the weight matrix Wk = w@pvk=D 1y pk=D (1) o

The following results are obtained in a similar way than in Theorem 3.1 and Corol-
lary 3.3.

Proposition 5.7 Letr W®) (1) be defined as in (5.5). A Rodrigues formula for the
. (a,B,v,k) .
sequence of polynomials (P,, ) is

n>k

(n—k) —1
PO (1) = (REPD )" (WO ) where

RV (1) = RETFAHED (1)

Corollary 5.8 Let the matrix-valued function w &) (t), and the matrices R}(loﬁf’;), Rr(loif’lv)

and R,(fﬁf”g) be defined as in (5.5) and (3.2). From the Rodrigues formula, we get the

explicit expressions for the sequence of polynomials (Pn(a’ﬂ ’U’k)) . in terms of the
nz

classical Jacobi polynomials p,(,a’ﬁ )(t),

24k, B+k k,B+k,
PP (1) = (n = k)t (PSP (1 = 20 R

+py([a_—|];l+k,ﬁ+k)(1 . zt)ng(x_—;lfiﬁ+k,v)t

~ —1
PRI 2 R (70)

and

P@BrR) (1) = (n — k)1 (p(a+k,ﬁ+k)(1 — 2y @tk Atk

n—k n—k,2
Tk, Btk Tk, Btk
+pr(la—k+}19 )(1_2”(@(31(,1/5 Y
—1
Tk Btk Tk, Btk ~
+Py(,oik+§ )(1—2f)(fn(fk,0/S v)) (W(k)) ,

Cg(a+k,ﬂ+k,v)

with n—k.i , 1=0,1,2, given by (3.6).

Proposition 5.9 The orthogonal monic polynomials (P,fa’ﬁ ’U’k)) satisfy the three-

n>k
term recurrence relation

tPn(a,ﬂ,v,k)(t) _ P’fi,{&v,k)(t) + B’(la,ﬁ,v,k)P,ia,B,v,k)(t) _{_Agla,ﬁ,v,k)P’fi,{S,v,k)(t)

with
B}Soz,ﬁ,v,k) _ B’Ea_tk,ﬁﬂ,v)’ Alga,ﬂ,v,k) _ A;aj]—(k,ﬁﬂ,v), n> k.
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The explicit expressions ofB(a A nd As,a’ﬂ’v) are given in (2.14)-(2.16).

Considering that w® (1) = W("‘+k'ﬂ+k'”)(z‘) (see Proposition 5.3), the previous
recurrence follows directly from (2.3). Notwithstanding, we include the following
proof for completeness.

Proof Tf we write P\%#"0 (1) = YnTo PE_tf, from (5.4), we have the following
explicit expressions,

_((x+n)v _K—v,—ﬁ K—v,—ﬂ
nkot _ =R @+ B+2n+2)  (kyp+2n+2)
Pock = Ko—g @ Lyt i e g |- G1
(K—y,p +2n+2) (@4 B+2n+2)
pr—k 2=(n—k)(n—k—1)(a+n+l) o +n
o (@+p+2n+2) 2a+p+2n+1)
Ky,g +2n 0
Kpg+2n+2
0 K_yp+2n
K_pg+2n+2
! 0
ntB+1 |k p+2n+2 516
a+pB+2n+1 0 1 :
K—v,B +2n 42
— a—p __ K-v-p
U op+2n+2) kyp+2n+2
+3 Ko.—p oy (5.17)

Kppg+2n+2 (k_ypg+2n+2)

If we consider the coefficient of order n — k and n — k — 1 in the three-term recurrence
relation, we have,

Bk — prk=t _ pn—i-]

n+1—k>
A(a Bvk) __ Pn k 2 PZ-}—{( kl Br(,a,ﬁ,v,k)rp:lz:]ic—l’ neN,
respectively. Comparing with the expressions of B(azk P and Afla;k Prko) given

by substituting properly in (2.14)-(2.16), the proposition follows. O

6 Shift Operators

In this section, we use Pearson equation (5.6) to give explicit lowering and rising

operators for the monic n-degree polynomials P(a Ao (t), n > 0, defined in (5.1).
Moreover, from the existence of the shift operators we deduce a Rodrigues formula

for the sequence of derivatives (Prfi,f ’v’k)> o and we find a matrix-valued differen-
n>

tial operator for which these matrix-valued polynomials are eigenfunctions. In what
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follows, we will consider the matrix-valued functions W® (r), ®® (z) and ¥® (z),
k € N as defined in Theorem 5.4.
For any pair of matrix-valued functions P and Q, we denote

1
G&@k=/'PmW“NnQan.
0
Proposition 6.1 Let n®) be the first-order matrix-valued right differential operator

7 = @ 1) + Wb 1) (6.1)

Then, (% (L2 (W(k)) — L? (W(k“)) and n* : L? (W(k+1)) — L2 (W(k)) satisfy

(a0),, =~ {ror)

dp dP(t
Proof From <—, Q> = / ( )W(k+1)(t)Q (t)dt, integrating by parts and
d k+1 o dt

taking into account equalities (5.13) and (5.14) in Remark 5.5, we get,

ap Ly ! 40\’
il _ - (k+1) * _ (k+1) X
<m,QL+1_ !A PU%U<WU) )Q(om (A P(YW 0)( - ) dr

1 1 :
:_/' P(;)W“‘)(t)\I/(k)(t)Q*(t)dt—/ P(t)W(")(’)@(k)(l) (%) d
o 0

1 *
=- / POW @) (W 0 0* (1) +o® 1) (%) ) Q*(ndr
0

_ (k)
(P’ on )k'
O
Lemma 6.2 The following identity holds true
In(k-i—n—l) n(k+1) k) _ Ckp(aﬂ v k) n>1
fora given k > 0, where
Ck = (=D)" (a4 B +3+2k+n),
(ku,p +2(k +1+n)) 0
(ku.p +2(k + 1))
0 (k—vp+2tk+1+m) |”
(k_vp +2(k + 1))
n>1. (6.2)
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Proof Tt holds that In®*+"=D ... n*+Dyp® i 3 polynomial of degree n. From the
definition of the monic sequence of derivatives in (5.1), one has

d
P(a,ﬂvvvk) (t) — nP(a’ﬁ’v’k-’_l) (t) .

E n+k n+k

Thus, Proposition 6.1 implies that Prfif’”’kﬂ)n(k) is a multiple of P,l(i“,f’v’k).

Therefore, applying the raising operators n*+7=1 ... p*+Dy®) ¢4 Prfif vktn)
I, we get a multiple of P,f‘i,fj U0 For the leading coefficient Cfl of the polynomial
In®Fn=D kD p® “one obtains the expression

n

ck = l—[ ((i — Dty (%)llc+n—i).

i=1

The diagonal matrix entries szf/zk and %]1‘ are defined in (5.7) and (5.10). Then, by
replacing Z = (a + B + 4 + 2k) </ in the identity above, we have

Cr = ﬁ<(2n+a+ﬂ+3+2k—i),gz{2k+"_i)
i=1

n
=(—1)"1_[(2n+a+,3+3+2k—i)
i=1
m (kg +2(k +n —i+2))
= p 20k +n—i+1)

0 [Ti=

0

(k—vp+2(k+n—i+2)
Kvp+2k+n—i+1)

Hence, the proof follows.
Note that C,’i is non-singular since | — B| < [v| <o+ B+ 2k +1). O

From the proposition and the lemma above, we obtain another expression for the
Rodrigues formula.

Proposition 6.3 The polynomials (Pn(i,f ’v’k)> o satisfy the following Rodrigues for-
n=

mula:

(o, B,v,k) ! da" (k+n) (k) -1
Pl =(ch) (W o) (WP o) L a1

where the matrices C,]f are given by the expression in (6.2).

Proof Let Q be a matrix-valued function and n®) the raising operator in (6.1), then

on® = %@(m)* + ow®y*,
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Using the identities (5.13) and (5.14), we obtain

on® = ;_t (QW<1<+1>> (W(k))il _

Iterating, it gives

on®n=n e m — 4 (Qwon) (W("))_l .

dr
Now, taking Q () = I and using Lemma 6.2 we have
@B.0.0) A eI ® )
it = ) B (wmo) ()
O

Corollary 6.4 Let W® (1) be the weight matrix (5.5). Then, the differential operator

E0 = 9w d—2(<p<’<) ) + LW )y (6.3)
“a T Tas dr .

is symmetric with respect to W® (t) for all k € Ny. Moreover, the polynomials

(Prfi',f’v’k)>n>o are eigenfunctions of the operator E® with eigenvalue

A, (E(k)) =n(n+a+B+3+ 2k,

where %k is given by (5.7).

d
Proof From Proposition 6.1 and the factorization E® = 3 ° n® . it follows directly

that E® is symmetric with respect to W®.

The eigenvalue is obtained by looking at the leading coefficients of ®®)(r) and
W® () in (5.6). Thus, we obtain A, (E®) =n (n — 1) o +nBX =n(n+a+p+
3 + 2k).of. o

Remark 6.5 The operators E®) and D® in (5.2) commute. This result follows from
the fact that the corresponding eigenvalues A, (E (k)) and A ;’2 « in (5.3) commute, and
the linear map that assigns to each differential operator in the algebra of differential
operators D(W ®) its corresponding sequence of eigenvalues, is an isomorphism (see
[33, Propositions 2.6 and 2.8]).

Remark 6.6 The Darboux transform E® = »® o % of the operator E® is not

symmetric with respect to W®). Moreover, it is symmetric with respect to W*+1
Indeed,

e ) + 3 () = ) )
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d k2 k N, d k k k K\ * k
=@(%z + oAt + o) Jra((w2 + B 1+ A+ B) + (B

In fact, if we substitute the coefficient of the second derivative in the first symmetry
condition in (2.2), we obtain

w® (1) <%kt2 + okt +%k> _ <%k[2 + ke +%k>* w® (1),

which does not hold. Taking the main coefficient W2(k) of W@A.v.k in (5.5), one has
in particular

Whek (%")*Wé‘ _ dv(a + B +2(k+1) (0 1> 2o

(k—v.p+2(k + 1) (kp g+ 2k +1) \ =10

The second statement follows from Proposition 6.1.

7 The Algebra D (W)

In this section, we will discuss some properties of the structure of the algebra of matrix
differential operators having as eigenfunctions a sequence of polynomials (Py), >0,
orthogonal with respect to the weight matrix W = W@A) je

D (W) = [D :P,D = A, (D)P,, An(D)eCV*Nforalln > 0}.

The definition of D(W) does not depend on the particular sequence of orthogonal
polynomials (see [33, Corollary 2.5]).

Theorem 7.1 Consider the weight matrix function W = W *B-V) (1), Then, the differ-
ential operators of order at most two in D(W) are of the form

d? 5 d
D = @<A2t +A1t+Ao>+a(Bll+50)+CO» (7.1)
where
ac
Az:(bd)’ a,b,c,dE(C,

1 —2va (a—d)k—y—p -10 -1 -2
Al_ﬂ[((a—d)xv,ﬁ —opa ) TOp o q) Tep{ o 1 )|

(a —d)ky,—pk—y,—p + bxzu,_ﬁ — CKz%,—ﬂ —1 -1
402 L 1)’

_fa(a+B+4) (K_v,/3+4)c
T\ (kupt+4)b (@+B+4Hd)’

0=
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_ U (4@ + 10— key—p) kv (k0.5 +6)
bo= 7, [a ( v, (kup +2) 0

—(Kv,ﬁ —l—2) 0
+hr—.—p <2 (kup +4) Ko p+6

— (kv,p +6) =2 (k—v,p +4)
+ cky,—p ( 0 Kevp + 2

0 —K—p,—p (k—v,8 +2) )]

+d
(—Kv,ﬁ (Kv’ﬂ + 6) —4((a + v + Ky, —p)
1
Co= Z(KU,,B +4)(kv,p+2)

. (K_v,ﬂ + 4) 3 dK_v'ﬂ +2 C(K—v,ﬁ +4) (k—v,p +2)
kg +4 Ky p+2 (kup+Hlepp+2) |+el, ecC
b 0

Proof Let (P,fa’ﬁ ’v)) o be the monic sequence of orthogonal polynomials with
n>

respect to W@A:Y)_ The polynomial Pn(o"/3 ) is an eigenfunction of the operator D
(7.1) if
P*PVD = A, PPV,

with A, =n (n — 1) Ay + nB; + Cp. This equation holds if and only if

Kk = )Py Ay + (k + DAPYHAL + (K +2) (k+ D P2 A +kPIBL (o

+ (k+ 1) PEIBy + PECy — (n (n — 1) Ay + nBy + Co) P =0, 72)
where P,If denotes de k — th coefficient of P,, k =0,1,2,...n.

To prove the theorem, we need to solve equation (7.2) for k = n — 1 and
k = n — 2 to find relations between the parameters of the matrix-valued coefficients
Az, A1, Ao, Bi, Bp and Cp.

We obtain the explicit expressions of P"~! and P/~ by substituting k = 0 in the
equalities (5.15) and (5.16), respectively.

From equation (7.2) fork = n — 1, we get

(P,’;—lAn _ AnP,’,‘_l) — P 2 —1)Ay+ By) +[n(n — 1) Ay +nBo] = 0.
(7.3)

Multiplying equation (7.3) by

v+ B+20+ D) (kp+20m+ 1) (kvp+20+1)

’

n

one obtains a matrix polynomial on n of degree four, where each coefficient must be
equal to zero. From the expression of the coefficient of n*, we get the expression for
A\ given above, and from the expression of the coefficient of n°, we get By in terms
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of A, and B;. Looking at the entries (1, 1), (1, 2) and (2, 2) of the coefficient of n?
and the fact that «, _g and k_, _g are nonzero, we get (Co)j2, (Co)q; and (B1)2,
respectively, in terms of A, and the other entries of Cy and B;. Finally, looking at the
coefficient of n, we get the values of (31)1, (B1)2;, (B1)2 and (Cp),;; consequently,
we obtain the values of By, By and Cy written above.

Analogously, from equation (7.2) for k = n — 2, we obtain

(Pa28n2 = APi72) 4+ (0= D P (0 =2) A+ Bo) 1 (n = 1) Ag = 0.
(7.4)
Multiplying equation (7.4) by

Va4 B+2n4 D@+ B+20m+ 1) (kyp+2 0+ 1)
(knp+a+B+2Cn+1)k_ypp+a+p+2C2n+1D)(k_yp+2n+1)),

one obtains a matrix polynomial on n of degree eight, where each coefficient must be
equal to zero. We get the expression of Ay from the coefficient of n®.

Thus, if we replace the expressions of Ay, Aj, B, By and the entries (1, 1),
(1,2) and (2, 1) of Cp in (7.3) and (7.4), both equations hold true.

Let D, be the complex vector space of differential operators in D(W) of order at
most two. We have already proved that dim D, < 5.

If D is symmetric, then D € D (W). Using symmetry equations in (2.2), one
verifies that the operator D in (7.1) is symmetric with respect to W if and only if
a,d, e € R and condition

Ky p+2 _ _EK,v,ﬂ +2

Ky, B K_v,—8

b

(7.5)

holds true. Indeed, writing W (1) = W@AVY) = Wyr2 + Wit + Wy, from the first
equation of symmetry in (2.2), we have that Wr. A5 — A, W, =0, i.e.,

2 — 2 _ 2
2Im (a) (Kv,ﬁ +2) 5 (Kv,ﬂ +2) _ C(K v.p+ )
“y,— “v,— fu=f =0, (7.6
2 _ 2 2 - ’
b(Kv,ﬁ +2) +E(K v,B +2) —2Im (d) (Kv,ﬁ +2)
Ky,—B K_y,—B K_v,—B

where I'm(z) denotes the imaginary part of a complex number z. Then, since ky g +2 >
0 because of the restrictions of the parameters «, 8 and v in the definition of W (@.p.v)
in (2.4), to verify (7.6), one needs to have a, d € R and condition (7.5).

In addition, from the third symmetry equation (2.2), we have that e € R. Thus,
there exists at least five linearly independent symmetric operators of order at most two
in D(W). Therefore, dim D, = 5. O
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By taking as the only nonzero parameters a = 1 and d = 1, respectively, in the
expression of the operator in (7.1), we write the operators:

d? - — Ky —BK—_p — -1 =1
_ - 2v Kv,—pK—v,—p
Dy = dr2 | | kv.—8 0 + 492 ( 1 )

2v
K_y — K_y—plk_yp+6
d [@+prdys = b (a4 1) —2 ”(4U”’ﬁ )
E KU,—ﬂ (vaﬁ + 2) 0
4v
(e—vp +4) (o +2)
+ 4 ,
0 0
K—v,-p
b & 0 =1\ kyprup (—1 -1
2= || _ems, 27 )T a2 L
2v
0 K—y,—p(kK—p,p +2)
d B 4v
R Ky — (K —|—6) K
de |\ Lo B B T0) o p gy — N gy
4v
1
+ (-Z (K'U,/S + 4) (K—v,ﬂ + 2) O) )
0 0

_Kv,—ﬂ(K—v,ﬁ +2)
K—v,—B (Kv,ﬁ +2)

Analogously, by choosing as nonzero parametersc = 1,b = and

c=1i,
_ l.Kv,—/S(K—v,ﬂ +2)

B K—y,—p Ky g +2) '

+2
a2 (0 L2 1 ) Ko -1 _fupTe
D3y =— Ky,—pK—y, t : v t
=G | R T | || e 2 1

respectively, we define the operators:

K—v,—ﬁ(Kv,ﬁ +2) v

1 ((a+B+2)(x—p) 11
3 (41)2 “)(—1 —1>]}

d 0 K—v,B8 +4
+5 Ky, —plk—y,p+2)(ky,p +4) 0 t

K—y,—plicy g +2)

(K—v,ﬁ +4)
Ky, — -1 T,
+ -2 4 P 240
v _(Kv.ﬂ + )(K—v,ﬂ +2) _K—v,ﬂ +
Z(Kv,ﬂ +2) Ky, + 2
1 0 K_yp+4
+ kgt | _KuptDap ,
K_U»_,B

@ Springer



Structural Formulas for Matrix-Valued Orthogonal... 723

0 —1
d? Kv,—p a+p+2 Ky.p+2
iDy=-—5 1| _*v.-pkp+2) t”’*[(, . )f
a l( et 0 ) s e e a2

1 d 0 —(Kquﬂ +4)
—(a—i—l)(_l _1)“ + 4 || _FempKvp D wp T 0 '
K—U,—ﬁ(’(v,ﬁ +2)

K kK—yp+4 k—yp+4
+ T‘B (y.p+ By p+2)  (kyp+4)Keyp+2)
il _

(ky,p +2) (ky,p+2)
0 K_ypg+4
B2 s ey p Ug ) ‘
4 -

One has the following:

Corollary 7.2 The set of symmetric operators {D1, D, D3, Dy, I} is a basis of the
space of differential operators of order at most two in D(W). Moreover, the corre-
sponding eigenvalues for the differential operators D1, Da, D3 and Dy are

1
MDD = ((Kv,ﬁ +2(n + 1)) (()Kfu,f} +2(n+2)) (o)) |
1
Ap (D2) = (_Z (k—v,p +2) (kv +4) 0 ) ’
0 n+a+pB+3)n
1
Ap (D3) = 1 (Kfv,g +2(1 + n)) (K,v,ﬂ +22+ n)) (8 (1))

3 (KU,Ig +2(1 + n)) (Kv,ﬁ +212 + n)) (Ic_,,,ﬁ + 2) Ky,—B (0 0>
dk_y g (Kv,ﬂ + 2) 10/)°

1
A, (iDyg) = 1 (K—v,ﬁ +2(1+ n)) (K—”»ﬂ +22+ n)) <g (1))

3 (Kv,lg +2(1 + n)) (KU,ﬂ +22+ n)) (K,U,g + 2) Ky, —B (0 ()>
4ic_y,—p (ku.p +2) 10/

Corollary 7.3 The differential operators appearing in (2.7) and (6.3) are D@FV) =

D Dyand E® = sty kovptd

D> respectively.
PR Ll L2 p y

Corollary 7.4 There are no operators of order one in the algebra D(W).

Proof Suppose that there exists a right differential operator of order one, such that
D =aDy+bDy + cD3s +d(iDyg) + el, witha, b, ¢, d, e € R. Equating to zero the
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2
matrix-valued coefficient of ErR one obtains:

a c—di
_KU'fﬂ (Kfvng + 2) (C + dl) b =0.
kv.—p (Kup +2)

Thereforea =b=c=d =0. O
Corollary 7.5 The algebra D (W) is not commutative.

Proof Using the isomorphism between the algebra of differential operators and the
algebra of matrix-valued functions of n generated by the eigenvalues going with this
operators, we have that D1 D3 # D3 D since A, (D) A, (D3) # A, (D3) Ay, (Dy).

O

Remark 7.6 In [42], the authors study the algebra D (W(P-9)), where W79 is, for
p# %, the irreducible weight matrix

W(p”’)(t)
9-2 2pt2—2pt—|—g qt—g
=@(-0n) 2 g 2 , 2 g |- el
qt—5 “2(p -t +2(p—q)t+5

Letus denote by Dip ’q), Dép ’q), Dgp 9 and Dip 9 the differential operators appearing
in [42]. Then, takinga = 8 = % — 1in (2.4) and writingv = 2p — ¢,

we have the following relations with the operators D;, i = 1,2, 3,4, defined
above:

Dgp»q) = Dy, Dép,q) =D+ (@q@—-p(p+ DI,

1
DY = L Dy 4iDy. DYV = (Ds—iDy).
2(q — p) 2
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