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APPLICATIONS TO PARABOLIC SYSTEMS*
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Abstract. In this work, we extend the analysis of the problem of switching controls proposed
in [E. Zuazua, J. Eur. Math. Soc. (JEMS), 13 (2011), pp. 85-117]. The problem asks the following
question: Assuming that one can control a system using two or more actuators, does there exist a
control strategy such that at all times, only one actuator is active? We answer positively when the
controlled system corresponds to an analytic semigroup spanned by a positive self-adjoint operator
which is null-controllable in arbitrary small times. Similarly to [E. Zuazua, J. Eur. Math. Soc.
(JEMS), 13 (2011), pp. 85-117], our proof relies on analyticity arguments and will also work in
finite dimensional settings and under some further spectral assumptions when the operator spans an
analytic semigroup but is not necessarily self-adjoint.
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1. Introduction.
Setting and main results. In this article, we are interested in the following system:

(1.1) y + Ay = Bu, te(0,7T), y(0) =yo € H.

Here, y is the state variable, assumed to belong to a Hilbert space H, ' denotes the
time derivative, A describes the free dynamics, and —A generates a C° semigroup.
The function u is the control, acting on the system through the control operator B,
which is assumed to be in Z (U, H), where U is a Hilbert space, and u will be searched
in the space L?(0,T;U), with T' > 0.

Controllability of systems of the form (1.1) has been analyzed thoroughly in many
works. We do not intend to give an exhaustive account of the theory, and we simply
refer the reader to the textbook [30].

Here, we focus on the case where U can be identified with U; x Uy through an
isomorphism, i.e.,

(1.2) there exists a linear isomorphism 7 : Uy x Uy — U,
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so that we can associate to B € Z(U, H) two operators By € £ (Uy,H) and By €
Z(Us, H) such that

(13) V(UhUQ) € Uy x Us, Bﬂ'(ul,U,Q) = Biuy + Bous.
The control problem (1.1) can then be rewritten as
(1.4) Y + Ay = Biuy + Baug, t€(0,T), y(0) = wo,

with uy € L2(0,T;U;) and us € L?(0,T;U>).
The question we are interested in is the possibility of constructing switching con-
trols, that is, controls u; € L?(0,7T;U;) and uy € L%(0,T; Us) such that

(1.5) ae. inte (0,7), |u(®)|v,|luz(t)]v, =0.

Informally, this means that at each time ¢, only one control is active.

Of course, under condition (1.5) one cannot expect to have better controllability
properties for (1.4) than for the general case (1.1). We thus assume some control-
lability properties for (1.1) and discuss which properties can be obtained for control
problem (1.4) under condition (1.5).

More precisely, we will assume that system (1.1) is null-controllable in arbitrary
small times; i.e., for all T > 0, there exists a constant Cr such that for all yo € H,
there exists u € L2(0,T;U) such that the solution y of (1.1) satisfies

(1.6) y(T) =0,
and the control u verifies the inequality
(1.7) HUHL2(O7T;U) <Crllyoll g -

In fact, we would rather use the following equivalent observability property (see,
e.g., [30, Theorem 11.2.1]): For all T > 0, there exists Cr such that for all zp € H,
the solution z of

(1.8) -2+ A*2=0, te€(0,T), 2(T)=z2r€ H
satisfies
(1.9) 12(0)[[r < Crl|B*2|| 20,10

Our goal then is to show the following result.

THEOREM 1.1. Assume that system (1.1) is null-controllable in arbitrary small

times and that one of the following two conditions holds:
e A: 9P(A) C H— H is a self-adjoint positive definite operator with compact
resolvent, H being a Hilbert space;
e H is a finite dimensional vector space.
Let B € Z(U, H), where U is a Hilbert space, and assume that U is isomorphic to
Uy x Us for some Hilbert spaces Uy and Us, and define By and By as in (1.3).

Then system (1.4) is null-controllable in arbitrary small times with switching
controls, i.e., controls satisfying (1.5). More precisely, given any T > 0 and any
Yo € H, there exist control functions u; € L*(0,T;U) and ug € L*(0,T;Us) such that
the solution y of (1.4) satisfies (1.6), while the control functions satisfy the switching
condition (1.5).
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The proof of Theorem 1.1 is given in section 2. It is strongly inspired by the
work [31] and revisits two ideas which are already presented there but that we ex-
ploit further. Indeed, to construct controls u; and us, for zp € H we minimize the
functional

1 r * *
(1.10) J(zr) = 5/0 max{|| By z(t)|[, , a(t) [ B3 2(t)[[7,} dt + (yo, 2(0))
where z is the solution of the adjoint problem (1.8), and o = a(t) is given by
1.
(1.11) alt)y=1+ B sin(wt), teR,

where w € R* is suitably chosen.

Similarly to [31], the main difficulty is guaranteeing that for any minimizer Zp
of J (in a suitable class to be defined later), the set {t € (0,T), |BiZ(t)|l}, =
a(t)|| B3 Z(t)||7,, } is of measure zero and thus either guarantees the switching structure
of the controls provided or corresponds to the straightforward case Z; = 0; see section
2 for more details.

As it turns out, this property depends on the analyticity of the semigroup of
generator —A*. Moreover, we shall use the fact that « is analytic and oscillates at
infinity, and therefore no resonances effect preventing from the switching structure
(1.5) can arise.

Before going further, let us remark that the work [31] proposed a similar strategy,
see [31, pp. 94-95 and Theorem 2.2], but did not manage to conclude that the set
{t € (0.7), B Zt)||3;, = a@®)|B5Z(t)||7,} either is of zero measure or corresponds
to the trivial case Zr = 0 in the general setup we propose; there, only the finite
dimensional case was considered, and it was assumed that B; and By were scalar
(i.e., Uy = Uz = R) and that (A, B; — a_Bs) and (A4, By + a1 Bs) satisfy Kalman
rank conditions for some a_ and a4 in the accumulation sets of o at —oo and +o0,
respectively. Note in particular that these conditions are not satisfied for the 2 x 2

control system,
0 0 1 0
=(00) m=(0) m=(V)

Some extensions were given in some particular infinite dimensional settings and for
nonscalar control operators but under strong spectral assumptions. Namely, only
the case of the heat equation has been discussed when the following assumptions are
satisfied:
e The set of eigenvalues (A;)ren satisfies the fact that for all A € R, there is at
most one pair (k,£) such that A\ +A\; = A,
e cigenvectors (¢ )ren of the Laplace operator satisfy || Biok|ly, # [1B3¢klly,
for all k£ € N.

Here, our arguments avoid these strong spectral requirements by using the ana-
lytic function a = «(t) in (1.10) and the fact that for a of the form (1.11), the set
of accumulation points at —oo is a nontrivial interval. We emphasize that our work
differs from [31] in the analysis of the set {t € (0,T), [|BfZ(t)||3;, = «(t)|B5 Z(t)|1, }
and the sufficient conditions required to prove that it is of zero measure, allowing us
to state the existence of switching controls under the minimal assumption that system
(1.1) is null-controllable.
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Remark 1.2. Let us also point out that this result is easy to obtain in finite
dimensional settings, as was mentioned to us by Marius Tucsnak. Indeed, when H is
of finite dimension, it is easy to check that for all T' > 0, for any ¢ € {1, 2}, considering
any nonempty open time interval I;, the set R;(I;) defined by

T
R,/(I;) = {/ e~ T=94B 11 (s)u(s) ds, with u; € LQ(O,T)} ,
0

i.e., the reachable set for (1.4) at time 7T starting from yo = 0 and with control u;
acting only in the time interval I; (1, is the indicator function of the interval I;), the
other control being null, equals the set R; defined by

R; = Ran (B;, AB,, ..., A"!'B)),

where d is the dimension of the space H. In particular, R;(I;) is independent of the
choice of the time interval I;.

Recall that if H is a finite dimensional space of dimension d and system (1.1) is
controllable, the Kalman rank condition is satisfied, i.e., Ran (B, AB,..., A" 'B) =
R? so that by construction (recall (1.3)) Ry + Ro = RY.

Therefore, using the above comments, given any initial datum yy € H and
nonempty open time subintervals I; and I5 of (0, T'), there exist controls u; € L2(0,T; Uy)
and up € L?(0,T;Us) such that the solution y of (1.4) satisfies (1.6), while u; is sup-
ported in I; and us is supported in Is.

Even if this is a stronger statement than Theorem 1.1 in the case of finite dimen-
sion, our approach has the advantage of building a strategy which naturally constructs
switching controls and optimizes the choice of switching times, while the above result
gives switching structures through a priori choices of supports of controls u; and us.

In fact, our proofs can be adapted to the case of more than two control operators
and to unbounded control operators B € .Z (U, 2(A*)"). Assume that U is isomorphic
to Uy X --- x Uy, for some n € N* satisfying n > 2, i.e.,

(1.12) there exists a linear isomorphism 7 : Uy X --- x U, = U,

so that we can associate to B € Z(U, 2(A*)') n operators B; € Z(U;, Z2(A*)),
i €{1,...,n}, by the formula

(113) V(ul,...7un)€U1><~-~><Un, Bw(ul,...,un):ZBiui.
i=1

When we have n controls u; € L?(0,T;U;), the interesting notion of switching control
is the following:

n

(1.14) ae.inte(0,7), [[[D Iuw®l, | =o0.

i=1 \ j#i

In other words, we say that controls (uy,...,u,) € L?(0,T;U; x---xU,) are switching
if almost everywhere (a.e.) in ¢ € (0,7, at most one control is active.
We then claim that Theorem 1.1 can be generalized to this case as follows.

THEOREM 1.3. Assume that system (1.1) is null-controllable in arbitrary small
times and that one of the following two conditions holds:
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e A: 9(A) C H— H is a self-adjoint positive definite operator with compact
resolvent, with H being a Hilbert space;
e H is a finite dimensional vector space.
Let B € Z(U, 2(A*)"), where U is a Hilbert space, let n € N* with n > 2, assume
that U is isomorphic to Uy x -+ x U, for some Hilbert spaces U;, i € {1,...,n}, and
define B; fori € {l,...,n} as in (1.13).
Then the system

(1.15) v +Ay=> B, te(0,7),  y(0)=yo,

i=1

is null-controllable in arbitrary small times with switching controls, i.e., controls sat-
isfying (1.14). More precisely, given any T > 0 and any yo € H, there exist n control
functions u; € L?(0,T;U;), i € {1,...,n}, such that solution y of (1.15) satisfies
(1.6), while the control functions satisfy switching condition (1.14).

The proof of Theorem 1.3 is given in section 3 and follows the same steps as those
in the proof of Theorem 1.1.

In section 4 we will give several examples of applications, in particular regarding
general parabolic systems and the Stokes problem. We also explain under which
assumptions Theorems 1.1 and 1.3 can be extended to non-self-adjoint operators A
with a compact resolvent which generates an analytic semigroup; see section 5 and
Theorem 5.1. However, it is important to note immediately that the assumptions
required to deal with non-self-adjoint operators seem quite delicate to check in practice
(as we will explain in two examples) due to the possible complexity of the spectrum
in those cases.

Related results. As stated above, this work is strongly related to the work [31],
which triggered our analysis. But more generally, it is related to the common idea
that minimizing ¢! norms enforces sparsity. This idea has been developed thoroughly
in the context of optimal control; see, e.g., [1, 21, 22, 23] and references therein.

As we will see later in the examples in section 4, when considering parabolic
systems or the Stokes problem, Theorem 1.3 will easily provide controllability results
with controls having at each time at most one active component. This is in sharp
contrast to the questions addressed for parabolic systems or Stokes models when
the control can act on only one component, in which the controllability properties
can be strongly modified depending on the geometry of the domains or the time
of controllability (see, e.g., [2, 3, 14] and the references therein), while the use of
nonlinear terms may help reestablish control properties; see, e.g., the works [7, 9, 10].
In other words, the notion we are analyzing in this context truly lies in between the
notions of controllability with controls acting on all components and controllability
with controls acting on only one component.

2. Proof of Theorem 1.1. The structure of the proof of Theorem 1.1 is exactly
the same whether A is a self-adjoint operator or H is a finite dimensional space, and
it closely follows the proof presented in [31].

Let yo € H and T > 0 be fixed, and then introduce the functional J defined in
(1.10) for zr € H and z solving (1.8).

Since infa = 1/2 > 0 and supa = 3/2 < oo, it is clear that the observability
property (1.9) implies that for all T > 0, there exists a constant C such that for all
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zr € H,
T
2 2 * 2 * 2
(2.1) 120)[[7 < CT/O max{[| B z(t) [z, , (1) [ By 2(t) ||, } dt.
Although the functional J in (1.10) is convex, the functional J is, in general, not

coercive with respect to the norm of H (this is, for instance, the case when considering
the heat equation). We thus introduce the space

(22) X — ﬁ”'”obs7
i.e., the completion of the space H with respect to the norm || - ||ops given by
T
(2.3) [EN [ =/ max{[| Bf 2(t) |3, a(t) | B3 2(1) ||, } dt.
0

One then easily checks that, since this norm is equivalent to

T
A|wwmeu

for « of the form (1.11), the space X does not depend on the choice of the parameter
w in (1.11).

Using (2.1), it is clear that the functional J in (1.10) admits a unique extension
(still denoted the same way) as a continuous functional in X, is coercive in X, and
stays convex.

The functional J has therefore a minimizer Z7+ € X. To derive the Euler—
Lagrange equation satisfied by Zr, it is convenient to first analyze when the set

(2.4) I={te(0,1). |BIZW), = a®)IB3Z(t)IIE,}

is of nonzero measure.

Note that, when H is of finite dimension, X = H, and thus, for Z; € H, the
function ¢ — || B Z(t)||3, —a(t)||B5 Z(t)||Z, is in fact continuous on [0,T]. When H is
of infinite dimension, the set X might be more intricate than H; still, as we will see in
the proof of Lemma 2.1, for Zp € X, the function t — || Bf Z(t)||7, — a(t)|| B3 Z(¢)||?,
is in fact continuous on any interval of the form (0,7") with 77 < T (see (2.11)), and
thus the set I is properly defined.

For the two cases we are interested in, we claim that the set I can be of nonzero
measure only in the straightforward case Zp = 0. This is precisely given in the
following lemmas.

LEMMA 2.1. When A is a self-adjoint positive definite operator with compact re-
solvent and o is as in (1.11) with w € R\ {0}, the set I is necessarily of zero measure,
except in the case || By Z||r2(0,1.0,) = | B3 Z||L2(0,1:0,) = 0 where I = (0,T).

LEMMA 2.2. Let H be a finite dimensional space. Let (Ar)requ,.... k) be the eigen-
values of the matriz A* ordered so that R(A\x) < R(Agy1) for all k, and define the set
W as follows:

W = 10} {300) = 30w, 330w - S0he)

(2.5)
V (k, k1) such that R(A\g) = §R()\k1)}.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Then, for a as in (1.11) with w € R\ W, the set I is necessarily of zero measure,
except in the trivial case ||BYZ| r20,1,0,) = [1B5Z||L2(0,150,) = 0 where I = (0,T).

The proofs of Lemmas 2.1 and 2.2 are postponed to sections 2.1 and 2.2, respec-
tively.

Remark 2.3. We point out that Lemmas 2.1 and 2.2 do not use the unique con-
tinuation property || B} Z||z2(0,r;0,) = 185 Z||£2(0,7;0,) = 0, which implies that Z = 0
in (0,7), but only the analyticity of the semigroup and the clear structure of the
spectrum of the operator A when A is a matrix or a self-adjoint operator. This will
be of interest when extending Theorem 1.1 to n operators; see section 3.

Based on the above results, using the observability property (1.9), we deduce that
the set I is of zero measure except in the trivial case Zp = 0. Therefore, when Zp # 0,
setting

(2.6) Iy ={t e (0,7), |BIZ®), > a®)B;Z(t)lI2,},

(2.7) L ={te0.7), IBZt)|E, < a®B;Z1)IZ,},

we see that the Euler-Lagrange equation satisfied by Z easily yields the fact that for
all zp € H,

(2.8) 0:/1 <BTZ(t),BTZ(t)>U1dt+/I a(t)(B3Z(t), Byz(t))u, dt + (yo, 2(0)) u;

see [31, pp. 91-93] for the careful justification of this identity, which we briefly recall
in the appendix for completeness.
It is then easy to check that, setting

B;Z(t) forte I,

- . 0 for t € Iy,
(2.9) ul(t) = { 0 for t € [27 ’U,g(t) = {

a(t)B3Z(t) forte I,

the corresponding solution y of (1.4) satisfies (1.6), while u; and usy satisfy the switch-
ing condition (1.5).

On the other hand, it is easy to check that if Z; = 0, then yo = 0, and the
controls u; = 0 and uy = 0 are also suitable for controlling the trajectory (1.4) to
zero at time T (i.e., (1.6)), and they obviously satisfy the switching condition (1.5).

It therefore remains to show Lemmas 2.1 and 2.2, whose proofs are given in the
next sections.

2.1. Proof of Lemma 2.1: The case of a self-adjoint positive definite
operator A with compact resolvent. In order to prove that the set I is of zero
measure except when ||BfZ| r20,m0,) = |B5Z]|1200,1;0,) = 0, we will consider a
strictly positive and strictly increasing sequence T, going to T as n — oo and will
show that for all n € N, the set

(2.10) I, =INn(0,T,)
is of zero measure except in the trivial case where B} Z and B35 Z vanish identically

on (0,T;,). This will entail as well that I is of zero measure except in the trivial case
where BYZ and Bj;Z vanish identically.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Let n € N and consider the corresponding T,. From (1.9) applied between T;,
and T, there exists C,, such that for all zp € H, the solution z of (1.8) satisfies

sup [|2()]lir < Cull B*2ll2(0,70) < V2Cn |2 llobs-
t€(0,Tn)

Therefore, the map zr € H ~ 2(t) € C°([0,T,]; H) extends by continuity to X, and
in particular, for Zp € X,

Z is well defined and continuous on (0,7;,) with values in H, and
(2.11) — 7'+ A Z =0, te(0,Ty), Z(T,) =Zn€ H,

and the set I, can be equivalently defined as
Iy = {t € (0,T0), IBIZt)F, = a®)| B3 Z(1)|IE, }-

Now, since Z satisfies (2.11), Z is an analytic function on (0,7},) because —A* = —A
is the generator of an analytic semigroup, and it can thus be extended uniquely as an
analytic function on (—oo,T},) as the solution of

(2.12) — 7'+ A*Z =0, te(—o0,Tp), Z(T,)=Z, € H.
Therefore, since « also is an analytic function, if I,, is of positive measure, then
(2.13) Vi€ (o0, ), IBiZ ()3, = a®)|BsZ(t)|E,-

Our next goal is to prove that (2.13) cannot be satisfied except in the trivial case
| BT Zl| 12 0,1;00) = | B3 Zl| 12 (0,1,;0,) = 0. We thus assume (2.13).

Now, since A is a positive definite self-adjoint operator with compact resolvent,
its spectrum is given by a positive strictly increasing sequence of eigenvalues 0 < Ay <
A2 < - < Ag < Ag+1 — 00 and of corresponding eigenspace Hy = Kernel(A — A1),
which are two by two orthogonal.

We expand Z,, € H using this basis,

(2.14) Zn=Y wp, withwg€H, and [ ZulF = Jwkl,
keN k
so that
(2.15) VE< T, Z(t)=Y wpe=T),
keN
Now, let
(2.16) ko = inf{k € N, | Bfwy||u, + || Biws||u, # 0}

Our goal is thus to check that kg cannot be finite. If kg is finite, then we should have
(2.17) [ Biwo vy + | Bzwo||v, # 0.

Therefore, setting

Zp(t) =Y wpe T (k< Ty,
k#ko
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the identity (2.13) implies that for all ¢t < T,
| B wo I, — ()| B3w, |17,
= _26_)\k0(t_Tn)% ((Brwkw BTZT(t)>U1 - Ot(t) <B§wk0’ BékZT(t))Uz)
— e PR (I BIZ, (1)1, — a(®)IB5 Z(D)]1E,) -
Since
3C >0Vt < Ty, ||BiZo(t)||lv, + || B3 Zo(t) |, < Cetrota(t=Tn),
the last identity yields for all ¢t < T,

[1B5 w4y 3, — @Ol Bty 3, ] < CeMrorri=Mo) (-T2 L Ce20nga=3n0)=T0)

Since Agy+1 > Ag,, making ¢ — —oo, we obtain that
(2.18) Voo, € Eiinjga,lirgfgopa , HBikwkUH?]l — ozooHngkoH?jQ =0.

Since liminf; , o o < limsup,_, . «, we easily get that this implies
Biwg, =0 and Bjwg, =0.

This contradicts (2.17), so that kg is infinite, and thus BfZ = 0 and B5Z = 0 on
(—00,T),). This shows that, except when BfZ and BjZ vanish identically on (0, T},),
I,, is of zero measure. In particular, passing to the limit n — co, we easily get that I
is of zero measure except if B Z and BjZ vanish identically on (0,T).

Remark 2.4. In the above proof, we did not use the specific form of «. In fact,
as one can check, the proof of Lemma 2.1 works for any function « satisfying
« is an analytic function on R,

(2.19) 0<infa < supa < co,

liminf o < lim sup a.
t——o0 t——o0
2.2. Proof of Lemma 2.2: The case of a finite dimensional space H. In
order to prove Lemma 2.2, we will use the following result.

LEMMA 2.5. Let J be a finite set, and let (u;);jcs be a finite sequence of two by
two distinct real numbers.
Then, for any finite sequence (a;);c.; of elements of C such that

: 7 jt .
(2.20) Jim (7 azet ) =0,
jeJ
we have
(2.21) Vield, a;=0.

Proof. To prove Lemma 2.5, we use the fact that since there is a finite number of
s

2
1 .
/ > bt dt
0

jeJ
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is a norm on {b = (b;) ey, b; € C} and is thus equivalent to the quantity

> Ibl%.

JjeJ
Now, for (a;)jes as in (2.20), we have for any T € R,

2
—T+1

2
1
Slasf =Y lae TP e[S aent D aro [ ST g
0

jeJ jeJ jeJ -T jeJ

Thus, choosing T going to +oo, the assumption (2.20) and the above estimates give
Lemma 2.5. |

Let us now come back to the proof of Lemma 2.2. To begin, we put the matrix A*
into its Jordan form and call (Ax)req1,..., K} its eigenvalues ordered so that R(A\x) <
R(Ag+1) for all k, and we call Hy the corresponding generalized eigenspaces.

We then prove that when w € R\ W (recall the definition of W in (2.5)), with
the choice of a as in (1.11), I necessarily is of zero measure except in the trivial case
1B Zll L2 (0,7;01) = 1B5 Zl| L2(0,302) = O-

We thus assume that I is of nonzero measure and we let Z be the solution of (1.8)
with initial datum Zp € X. Here, since H is finite dimensional, X = H and Zp € H.
Then the solution Z of (1.8) can be defined on R and is an analytic function of time,
and we write it under the form

(2.22) Z(t) =Y M= (%(T — t)fwkx) (t € R),
k £=0

where my, is the size of the maximal Jordan block corresponding to Ag (or, equivalently,
its algebraic multiplicity), and each wy, ¢ belongs to Hy,. Besides, since we assume that
I is of nonzero measure and since Z in (2.22) is analytic with respect to time, we should
have I = (0,T'), and it follows that

(2.23) VteR, [BIZW)F, = a®)IIB;Z(1)lIZ,-

Now, let
ko =inf{k € {1,...,K}: 3¢ €{0,...,my} such that || Bfwg¢||v, + || Bswk.ellv, # 0} .
If ky < oo, we define ¢; by

¢y = sup {¢: 3k with R(Ax) = R(Ag,) and || Bjwy |

vy + | Bswrellu, # 0},
and consider the set
D ={k: R(Ac) = R(\x,) and || Biwg,e, [lv, + | B3wk,e,[lv, # 0},

which describes the indices giving the dominant terms in || B} Z(t) ||2U1 —a(t)|| B3 Z(t) ||2U2
as t — —oo. Indeed, setting
(2.24)

Za(t) = wrp eSOV and - Z,(t) = Z(t) — ") ETNT — 1)h Zy(1),
keD
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we have, for some C independent of time,

Vt € (=00, T), [IB1Z:()llv, + 1B3Z-(t)||vs
(2.25) o[ ORI (T =) il > 1,
=1 Ce®Okg+1)+R(Aky))t/2 if ¢, =0,

and thus, possibly changing the constant,
(226) Vte(—o0, T —=1), |BiZ:(t)|v, + IB3Z(t)l|v, < CeOro)Y(T — )71,
Therefore, using (2.23), we easily get that

* « C
(2:27) vt € (=00, T = 1), |[IBiZa(t)|F, — )| BsZa(t)l|7, | < T

Now, we expand ||Bf Z4(t)[|7,, — a(t)||Bs Za(t)||7, as follows:

(2.28)

IB; Za(o) I, — (O B3 ZuO),
. sin(wt) .
= S IBiwal, - (14 250) S B,

keD keD

19 Z Z R (ei(sw—%m>>t<Bka7L,“B;wle)Ul)
k€D k€D, k1>k

. (1 i sm(wt)) Z Z R (ei(g\f()\k)—%()\kl))t<B§wk’Zl,ngkl,Z1>U2> .

2
k€D ki€D, k1>k

From this, we deduce that the function || Bj Za(t)[|;, — a(t)|| B Za(t)||7,, is of the form
>, ajet, where

{mit =10, w, (S(A\k) = S(Aky)), Tw + (S(Ak) — S(Aky)) for k, k1 € D}

This set is finite, but there might be some nondistinct values in the set given on the
right-hand side. We shall thus rely on the choice w ¢ W (recall that W is defined in
(2.5)), which guarantees that 0 and w appear only once in the above list. Therefore,
using (2.27), Lemma 2.5 guarantees at least that the numbers in front of the constant
term (corresponding to y = 0) and of e™? in (2.2) vanish, i.e.,

0= IIBiwkelz, — Y IBswke 7,
keD keD

0= |IBswk.e|?,-
keD

Combining the above two identities, we easily deduce that
VkeD, |[|Biwkello, + | Bzwk.e v, = 0.

From its definition, it follows that the set D is necessarily empty. This contradicts
the definition of kg and ¢;. Hence, kg = 0o, By Z(t) =0, and B5Z(t) = 0 for all t € R.
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3. Proof of Theorem 1.3. Of course, the proof of Theorem 1.3 follows the
proof of Theorem 1.1. We point out only the main differences that are needed in the
proof of Theorem 1.1 to conclude Theorem 1.3.

To fix ideas, we consider only the case n = 3, as the case of n > 4 control operators
can be treated in the same way as the price of adding some notation.

Given yg € H, we consider the functional

Her) =3 [ max{or (OIBL0) 1, 02| B0, s B0, )
+<y07 Z(O)>H7

defined for zp € P(A*), where z is the solution of the adjoint problem (1.8), and
a; = a;(t) is given by

(3.1)

1
(3.2) a;(t) =14 B sin(w;t), teR, i€{l,2,3},

where the frequencies w; are suitably chosen.
Similarly to the proof of Theorem 1.1, the functional J can be extended by con-
tinuity on the space

X _ m”'”obs ,

where the norm || - ||ops is the one defined by

T
17125 =/0 max{a1 (1)|| By ()17, a2 (D) | B3 2(0)|[,, s ()] B3 = () II2, } dt

and is coercive on that space X. Therefore, J has a minimizer Zy € X. Next, to
properly derive the Euler-Lagrange equation satisfied by Zr, we study the sets
Y(i,7) € {1,2,3}? with i < j,
(3.3) . y
Ly ={te 0.1), ai(t)|B; 2@, = as0)|B; 203, } -

The case when A is a self-adjoint positive definite operator with com-
pact resolvent. In this case, Lemma 2.1 can be easily adapted to show the following
result.

LEMMA 3.1. When A is a self-adjoint positive definite operator with compact re-
solvent, and (;)icq1,2,3) are as in (3.2) with (wi,ws,ws3) € R% two by two distinct,
foralli,j € {1,...,3} with i # j, the set I; ; is necessarily of zero measure, except in
the trivial case ||B:Z||L2(O,T;Ui) = HB;Z||L2(07T;UJ,) =0.

Since the proof of Lemma 3.1 is the same as the proof of Lemma 2.1 and relies
on the fact that «;/c; admits a set of accumulation points at —oco which contains a
nontrivial interval, we skip it and leave it to the reader.

The case when H is a finite dimensional vector space. In this case, we
choose the parameters w; successively; for instance, we can take

(34) w1 =0, wreR \ w,
where W is defined as in (2.5), and
(3.5) ws € R\ W3,
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where W3 is defined by
(3.6) W3 = WU{ztws, Twa+I (k) —S(Ag,) VY (k, k1) such that R(Ar) = R(Ag, )}

We then prove the following result.

LEMMA 3.2. When H is a finite dimensional space, setting wy = 0 and choosing
we € R\ W (defined in (2.5)) and wz € R\ W3 (defined in (3.6)) and taking o; as
n (1.11) corresponding to w;, we have that for all (i,7) € {1,2,3} with i < j, the
set I; j is necessarily of zero measure, except in the trivial case ||Bj Z||r20,m0,) =
|B; Z|| 20,10,y = O-

We briefly sketch the proof of Lemma 3.2 below.

Sketch of the proof of Lemma 3.2. Clearly, when ¢ = 1, the proof of Lemma 3.2
reduces to the proof of Lemma 2.2.

We thus focus on the case when ¢ = 2 and j = 3. Similarly to the proof of
Lemma 2.2, we assume that I3 3 is of positive measure. By analyticity, this implies
that I3 = (0,T) and, by extending Z on R by analyticity, that for all ¢t € R,
()| B3 Z(t)||7, = as(t)||B5Z(t)||f;,. We then expand Z as in (2.22) and define, as
in the proof of Lemma 2.2,

ko=inf{ke{l,...,K}: 3¢ € {0,...,my} such that | Bswk¢| v, + || Bswk,¢llv, 70},
and, if kg < o0,

0y =sup{¢: Ik with R(Ax) = R(Ag,) and || Biwy ¢||v,
D = {k: R(A) = R(Ax,) and || Byw.e, v, + |1 B3we.e, [los # 0},

Za(t) =D wpp, ST (1 eR).
keD

# 0},

With the above choices, similarly to (2.2), for all ¢ € R we have the formula
(3.7)
az(t)||Bs Za(t)|F, — as(t)1B5 Za(t)|7,

sin wgt sin wgt
- < ) S B3 w7, - ( ) S B3 wna I,

keD keD

sin(wot
+2 <1+ (22 )) Z Z %(el S(Ar)— )\kl))t<B wkel,Bzwk1,21>U )

k€D ki1€D,k1>k

sm w t . y
_2( : ) Z Z %< HOM) =S M)t <B3wk,€1733wk1,f1>U3)7

k€D k1€D, k1>k

which holds instead of (2.2). Additionally, since for all € R we have a(t)|| B3 Z(t) |7, —
as(t)|B5 Z ()|, = 0, we can also deduce, as in (2.26), that

N C
(38)  Vte(—oo,T—1), |aa(t)|B5Za(t)|lz,, — as(t)||B5Za(t)|7,| < T

Accordingly, using Lemma 2.5 on function ¢ — aa(t)||Bs Z4(t) ||z, —s(t)|| B3 Za(t)[|7,
which goes to 0 as t — —o0, and considering the coefficients in front of the constant
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term and in front of €3t in (2), which appear only once in the expansion (2) since
ws ¢ W3, we deduce

0= IBswielz, — Y IBswke |7,
keD keD

0= IBjwealt,
keD

This easily yields that ko = oo and, consequently, that || B3 Z(t)l|y, + 1 B3 Z(t)ll, = 0
for all ¢ € R, and concludes the proof of Lemma 3.2. ]

End of the proof of Theorem 1.3. We choose the coefficients (w1, wa, ws) € R?
such that either the assumptions of Lemma 3.1 are satisfied in the case of a self-adjoint
operator or the assumptions of Lemma 3.2 are satisfied when considering the case of
H of finite dimension. According to Lemmas 3.1 and 3.2, if I; ; is of positive measure
for some ¢,j € {1,2,3} with 7 # j, taking £ € {1,2,3} \ {4, 7}, only two cases arise as
follows:

o If t — ||B;Z(t)||f, is identically zero, then the observability property (1.9)
implies that Z = 0 identically, which corresponds to a minimizer for J only
in the case yyo = 0, which can be steered to 0 by keeping all the controls equal
to 0 at all times.

e If t = || By Z(t)||};, is not identically zero, since it is an analytic function, its
zero set has no accumulation point, and thus

ae. t € (0,7), ()| BrZ(t)l[E, > max{e:(t)|B; Z(t)IIE,, oy (0)1B; Z(1) 17, }-

Accordingly, except in the trivial case Zp = 0, we have the following:
(3.9)
a.e. t € (0,7), AN € {1,2,3}, such that a,(t)||B; Z()[|7, > mjj{{ai(t)HBfZ(t)H?]i}.

We can then write the Euler-Lagrange equation satisfied by a minimizer Zr of J and
obtain, after setting for each i € {1, 2,3},

iy = | WOBZO when 0 0B 20, > max{as 015201, )
' 0 otherwise,

that the corresponding solution y of (1.15) satisfies y(T") = 0, while the controls uq,
ug, ug satisfy the switching condition (1.14).

4. Examples.

4.1. Examples in finite dimension. Theorems 1.1 and 1.3 have many interest-
ing consequences—even for finite dimensional systems. Below we give some examples.

Example 1: General matriz A. Let us fix H = R? for d € N*, and let Abe a dxd
matrix. Then it is clear that the control system

U
us
(4.1) y+Ay=| |, te(0T), y0)=yo € RY

Uq
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is exactly controllable at any time 7". Indeed, controllability can be achieved as
follows: given yo and y; in R%, we take y, a smooth function of time with values in
R? such that y(0) = yo and y(T) = yi, and simply set u =y + Ay.

Therefore, it is clear that Theorem 1.3 applies when considering the operators
Byu; = uge; for i € {1,...,d}, where e; is the vector of R? whose ith component
equals 1 and all other components vanish. We thus get the following result.

THEOREM 4.1. Let d € N*, H = R?, and A be a d x d matriz. Then for any
yo € R, there exist d control functions u; € L?(0,T;R) such that the controlled
trajectory of (4.1) satisfies y(T) = 0 and with control functions satisfying condition
(1.14), i.e., such that a.e. in (0,T), at most one of the controls u;(t) fori € {1,...,d}
1S monzero.

This result can be applied, for instance, to the following case, which corresponds
to the space semidiscretization of the 1-dimensional heat equation on (0,L) with
homogeneous Dirichlet boundary conditions at x = 0 and « = L:

1 .
y; - ﬁ(y]-i-l - 2y_7 + yj—l) = Uy, te (07T)a J e {15 .. 'ad}v
(4.2) yo(t) = yara(t) = 0, te(0,7),
y;(0) =43, jed{l,...,d},

where h > 0 is a (small) parameter. Indeed, (4.2) can be seen as the finite difference
approximation of the heat equation

Oy — Opzy = U, te (0,T), z€(0,L),
(4.3) y(t, 0) = y(t,L) =0, te (0, T),
y(O,x) = y0($)> S (O’L)v

choosing the parameter h in (4.2) of the form h = L/(d + 1). Theorem 4.1 then
yields that (4.2) can be controlled to zero with controls u; € L?*(0,T;R) for each
i € {1,...,d} such that at any time, only one of the controls u; is active.

It is not clear how that process can pass to the limit as d — oo, and this is an
interesting open question.

Ezample 2: General matrices (A, B) satisfying Kalman condition. If Aisa dxd
matrix and B is a d x n matrix, it is well known (see, e.g., [30]) that system (1.1) is
controllable if and only if the following Kalman condition is satisfied:

(4.4) Rank(B,AB, A’B, ..., A“'B) =d.

Now, we have chosen B under the form of a d x n matrix, which means that the control
function u belongs to u € L2(0,T;R"™). As before, when n > 2, it is interesting to
write

(4.5) Bu = Z Bu;, where B; is the ith column of B.
i=1

Applying Theorem 1.3, we get the following result.

THEOREM 4.2. Let A be a d X d matriz, let B be a d X n matrix such that the
Kalman rank condition (4.4) holds, and let B; denote the ith column of the matriz B.
Then for any yo € R%, there ewist n control functions u; € L*(0,T;R) such that the
controlled trajectory of (1.15) satisfies y(T) = 0 and with control functions satisfying
condition (1.14), i.e., such that a.e. in (0,T), at most one of the controls u;(t) for
i€ {1,...,d} is nonzero.
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Again, a nice application is given by the space semidiscretization of some PDE,
for instance, of the wave equation. Indeed, if we consider the wave equation

Oy — Opay = u, te(0,7)
(4.6) y(t, 0) = y(t,L) =0, t e (O,T)7
(y(ovx)aaty(oa‘r)) = (yo(x)’yl('r))7 S (O’L)v

its finite difference semidiscretization is given by

1 .
y_{j/ - ﬁ(y]-‘rl - Qyj + yj—l) = Uy, te (OaT)7 J € {17 s 7d}7
(47) Yo(t) = ya1(t) = 0, te (0,7),

where h = L/(d + 1). Tt is clear that system (4.7) is controllable in any arbitrary
time, so that Theorem 4.2 applies immediately and provides controls u; € L?(0,7)
for all 4 € {1,...,d} such that at all times only one of the controls is active.

Here again, it is completely unclear how this process can pass to the limit as
d — oo. It is probably more difficult to analyze here than in the previous example
since the limit equation (4.6) does not correspond to an analytic semigroup. Still,
recent works on sparse optimal controls for the wave equation (see, in particular, [24])
may yield some insight into this problem.

4.2. Distributed control of parabolic systems. To give a nontrivial PDE
example, we consider a smooth bounded domain 2 of RY (N > 1), an open subset
O C Q, and the parabolic system

Bty—DAy+Py:1@< 51> in (0,7) x Q,
2

y=0 on (0,T) x 09,

y(ov ) =% in Q,

o Y1 o d1 0 .
y—(yz), D—( 0 dg)W1thd1’d2>O’

with P = P(z) € L>=(Q; S5 (R)), where S5 (R) denotes the set of symmetric positive
definite 2 x 2 matrices with real coefficients. Here, the control

(4.8)

where

acts on system (4.8) on O through multiplication by the indicator function 1¢ of the
subset O.
System (4.8) fits into the framework of Theorem 1.1 by setting

(490 A=-DA,+ P, inH = (L*Q))? with domain 2(A) = (H*> N H}(Q))?,

and

Bu_1@< 521 ) foru—( 1 > U = (L*(0))2.

U2

Indeed, the operator A in (4.9) is obviously self-adjoint with compact resolvent. Ad-
ditionally, the following result is a straightforward consequence of the Carleman esti-
mates in [18].
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PROPOSITION 4.3. System (4.8) is null-controllable in arbitrary small times with
control functions u in L*(0,T;(L?(0))?).

Thus, to apply Theorem 1.1, a natural example consists of choosing
(4.10)
U

Biuy = 1o ( 0 ) , Uy=L%0), and Bous=1p ( UZ > , Uy =L*0).

Theorem 1.1 then readily implies the following.

THEOREM 4.4. System (4.8) is null-controllable in arbitrary small times, with
controls uy and uz in L?(0,T; L?(0)) satisfying the additional switching constraints
(1.5).

Remark 4.5. By a shifting argument, Theorem 4.4 remains true if we only con-
sider P as a bounded symmetric matrix.

Here, we emphasize that our results are different from the ones in which the
controls may act on only one component. Indeed, in such a case, it is clear that more
conditions are needed, since when P = 0 and acting on only one component, the
second component will be free of control.

Of course, when P = 0, it is easy to check that one can control system (4.8) with
controls having a switching structure, since one can control the first component ¥,
to 0 at time T'/2 by keeping the control us = 0 in (0,7/2) and can then control the
second component ys to 0 on (T/2,T) by keeping the control u; = 0 in (T/2,T).
However, when P = 0, this strategy does not seem to be directly applicable.

On the other hand, when one wants to control a system through one component
only, it is clear that the coupling terms should play an important role; see, for instance,
[14].

Therefore, our results fall between the questions of controllability of parabolic
systems when the controls act on all the components of the state and when the
controls may act on only one (or some of) the components of the state.

4.3. Distributed controls of 3D Stokes equations. Let {2 be a smooth
bounded domain of R3, and consider the following Stokes equation:

Oy—Ay+Vp=1lou in (0,T) x Q,

div y =0 in (0,T) x ,
(4.11) y=0 on (0,7 x 09,
y(0,-) = o in Q.

Here, y = y(t,x) € R? denotes the velocity field of an incompressible fluid, p is the
pressure, and the control u acts through the nonempty open subset O of €.
This example fits the setting of Theorem 1.3 by choosing the state space

(4.12) H=V%Q)={y € L*(Q;R?),divy=0in Q and y - n, = 0 on 9Q},
the operator A as
(4.13) A= —PA, with 2(A) = {y € H*N Hy(Q;R?), divy =0 in Q} in H,

where n, is the outward normal to z € 99, PP is the orthogonal projection on V,%(Q)
in L?(Q;R3), and the control operator

U1
Bu=Plo | w2 |, withU = (L*0))>*.
usg
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It is then natural to define the operators By, Bs, and Bj3 as follows:

Uy 0 0
(414) Blul = ]Pl@ 0 , BQUQ = Pl(g U , B3U3 = Pl@ 0 y
0 0 us

with Uy = Uy = Us = L*(0).

Indeed, we have the following results:
e The operator A is self-adjoint on V,9(€); see, e.g., [6, Lemma IV.5.4].
e The Stokes problem (4.11) is null-controllable in arbitrary small times; see
[20].
We can therefore readily apply Theorem 1.3 as follows.

THEOREM 4.6. Given any yo € V.)(S2), there exist control functions uy, us, and
ug in L*(0,T; L*(0)) such that the controlled trajectory y of (4.11) satisfies y(T) = 0
in Q and with control functions uy, ug and us satisfying condition (1.14), i.e., such
that a.e. in (0,T), at most one of the controls uy(t), ua(t), uz(t) is nonzero.

It is interesting to consider this case, since the controllability of the Stokes equa-
tion (4.11) with controls having one or two vanishing components has been studied in
the literature. In particular, it has been shown in [9] that given ¢ € {1, 2, 3}, system
(4.11) is null-controllable in arbitrary small times with controls u € L%(0,T; (L*(0))?)
satisfying uy = 0. Additionally, the result in [26] shows that system (4.11) may not
be null-controllable (in fact, not even approximate controllable) in some specific geo-
metric settings with controls having two vanishing components.

Note that the result in [10] about the null-controllability of the 3D incompressible
Navier—Stokes equation with controls having two vanishing components depends on
the nonlinear term in the Navier—Stokes equation in the spirit of the celebrated Coron’s
return method and thus does not apply to the linear problem (4.11).

4.4. Boundary control of a system of coupled heat equations. This ex-
ample is closely related to the one in section 4.2. Let us consider a smooth bounded
domain 2 and the following parabolic system:

Oy— DAy+Py=0 in (0,T) x Q,

(4.15) y=ulp on (0,7) x 09,
y(O, ) =1%o in Qv
where
n
Y2
Yy = . , D =diag (dy,...,d,), withd; >0V e {l,...,n},
Yn

and P = P(z) € L*>®(Q; S} (R)), where S;'(R) denotes the set of symmetric positive
definite n x n matrices with real coefficients. Here, the control

Ul

Un
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acts on the system (4.15) on a nonempty open subset I" of the boundary 9 through
the multiplication by the indicator function 1.
System (4.15) fits into the framework of Theorem 1.3 by setting

(4.16) A= -DA,+ P, in H=(L*(Q))" with domain 2(A) = (H*> N Hy(Q))",
and the control operator B as

Ui
Bu = ADirp(u) for u = : , U= (LX),

Un,
where Dirp : (L?(T'))"™ + (L?(£2))™ is the Dirichlet operator given by

Dirru = 2z, where z solves { —DAz+Pz=0 inf,
’ z =ulr on 0,
and A denotes the extension of A of domain (L2(Q))™ on ((H? N H(Q))")'; see [30,
Proposition 3.4.5 and section 10.7].
Similarly to Proposition 4.3, one can show the following using classical Carleman
estimates (see [18]).

PROPOSITION 4.7. System (4.15) is null-controllable in arbitrary small times with
control functions u = (u1,...,uy) in L?(0,T; (L?(T"))").

One can then readily apply Theorem 1.3 as follows.

THEOREM 4.8. System (4.15) is null-controllable in arbitrary small times with
controls u = (u1,...,uy,) in L*(0,T; (L?(T))™) satisfying the additional switching con-
straints (1.14).

Again, we emphasize that our results complement those where the controls act on
only one component of the system, in which the situation is much more intricate since
controllability results will depend on delicate coupling conditions; see, for instance,
[3] and references therein.

4.5. Boundary control of 3D Stokes equations. Again, one can consider
Stokes equations but now controlled from the boundary. Using [20] (see also [16]),
we find that in a smooth bounded domain  C R3, the 3D Stokes equations are null-
controllable in any time T through any nonempty open subset of its boundary. More
precisely, we let Q) be a smooth bounded domain of R? and let ' be a nonempty open
subset of 92, and we consider the Stokes equation,

Oy—Ay+Vp=0 1in (0,T) x Q,
divy=0 in (0,T) x Q,
(4.17) y=1r(z)u on (0,T) x 99,

y(0,-) = %o in Q,

where 1p is the indicator function of the set I', and w is assumed to belong to
L?(0,T; L?(T';R3)) and satisfy

(4.18) vVt e (0,T), / u(t, z) - ny, do =0,
r
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where n, is the outward normal to 9 at x € 9Q. Condition (4.18) can be seen as
a compatibility condition with the divergence free condition div y = 0 and can be
obtained immediately by integrating it in .

Properly speaking, [20] does not deal with boundary controls, but the follow-
ing result can be easily obtained from [20] using the classical extension/restriction
argument to get controllability results with controls on the boundary.

THEOREM 4.9 ([20]). System (4.17) is null-controllable in any time T. More
precisely, for all T > 0, for any yo € V,2(Q), there exists a control function u €
L2(0,T; L?(T;R3)) satisfying (4.18) such that the controlled trajectory y of (4.17)
satisfies y(T') = 0 in Q.

Because of condition (4.18), it is natural to decompose the space {u € L*(T;R3) :
Jru(z) - ngydo = 0} using tangential and normal components of u. Therefore, we
choose a family of triplets (e1(z), e2(z), n,) indexed by = € T such that for all z € T,
(e1(x), e2(x),n,) is an orthonormal basis of R3, and we define U; = Uy = L?(T;R)
and Us = {uz € L*([;R) with [ us(z)do = 0}, also denoted by L§(I';R), and the
isomorphism 7 in (1.12) is then given by

(4.19) 7 : (ug,ug,u3) € Uy xUs xUs — (x — (u1(z)er(x) + uz(x)ea(x) + us(x)ny)) .

Now, as before (see, e.g., [29]), to properly define the operator B in this case, we need
to introduce the Dirichlet operator Dr defined by

—Az+Vp=0 1inQ,
Dru = z, where z solves divz=0 in Q,
z=1ru on 0,

and the operator B is defined by
Bu = APDru,

where A denotes the extension of the Stokes operator (defined in (4.12)-(4.13)) from
V() to 2(A)’, and P denotes the Leray projection, that is, the orthogonal projection
on V2(Q) in L?(Q;R3). The full system (4.17) can then be written as

Py + APy = Bu, te (0,7T),
(4.20) Py(0) = Pypo,
(I —P)y = (I —P)Dru, te(0,T).

Accordingly, the quantities Py and (I —P)y should be handled separately. In particu-
lar (see [29, Theorems 2.3 and 3.1]), for u € L2(0,T; L*(T; R?)) satisfying (4.18), the
solution y of (4.20) with initial datum Py, € V,9(£2) satisfies Py € L2(0,T; V,?(2))Neso
L2(0,T;V'/2=2(Q)) n HY*0,T;V(Q)) n C°[0,T);V-1(Q) and (I — P)y €
L2(0,T; V'/2(Q)). Here, V9(Q) is the space defined in (4.12), and the other spa-
ces are

Ve (Q)={ye H*(%R?), div y=0in Q, with (y-n,1)y-1/2(50),11/2(90) =0} (s>0),
Vo (Q) = {y € Hy(Q;R?), div y =0 in Q},

and V~1(Q) is the dual of V}(Q), with V,2(Q) as the pivot space.
Theorem 1.3 then yields the following result.
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THEOREM 4.10. Let ) be a smooth bounded domain of R3, and let T be a nonempty
open subset of Q. Given a family of orthonormal triplets (e1(z), e2(x),n,) forx € T
which defines the control operators By, Ba, and Bs according to (1.13) through the
isomorphism w in (4.19), the control system (4.17) is null-controllable in arbitrary
small times with controls (uy,uz,u3) € L*(0,T; L*(T;R)? x L3(T; R)) which satisfy the
switching condition (1.14) in the following sense: for any T > 0, for any yo € V,2(Q),
there exist control functions uy, ug in L?(0,T; L3(T;R)), and ug € L?(0,T; L(T;R))
satisfying the switching condition (1.14) such that the solution y of (4.20) satisfies
Py(T) = 0.

Remark 4.11. Although Theorem 4.10 states only the control of Py at time T,
extending the controls (u1,ug,us) by 0 for t > T, one easily checks that Py and
(I —P)y vanish for ¢ > T. The difficulty is that (I —P)y does not a priori make sense
at time T since it only belongs to L(0,T;V/%(Q)).

To the best of our knowledge, there are almost no results regarding the controlla-
bility of Stokes system with controls acting on only normal or tangential components.
We are only aware of [17] for the case of tangential controls on the whole boundary
and of the results in [8] for the Stokes equation in a channel when the control is
localized on the whole boundary of one side of the channel.

5. Extensions. Theorem 1.3 focuses on the case of operators A which are either
positive self-adjoint with compact resolvent or matrices. Thus, it is natural also to
consider the case of general operators A, which generate an analytic semigroup and
are possibly non-self-adjoint. The goal of this section is precisely to discuss this case.
Our arguments will require the introduction of several spectral assumptions which are
hard to check in practice.

THEOREM 5.1. Let A be an operator on the Hilbert space H having compact re-
solvent and such that —A generates an analytic semigroup.
Assume that the Hilbert space H can be decomposed as

(5.1) H = ®penHi, where Hy are finite dimensional vector spaces

such that for all k € N,

(5.2) A*(Hy) C Hy, and A*|g, = Aj,
where A}, is of the form A\l + Ny, with A\, € C and Ny nilpotent.

Also assume for simplicity that R*(Ag) < R(A1) <--- <R(A) < -+ = 0.
Furthermore, denoting by P, the projection on Hj, parallel to ®j.,H;, we assume
that there exists Ty > 0 large enough so that

(5.3) VE> Ty, e =) e APy,
k

i.e., the right-hand side is norm convergent for t > Tj.

Let B € LU, 2(A*)"), where U is a Hilbert space, let n € N with n > 2, and
assume that U is isomorphic to Uy X - - - XU, for some Hilbert spaces U;, i € {1,...,n},
and define B; fori € {1,...,n} as in (1.13).

We assume that system (1.1) is null-controllable in arbitrary small times.

Then the system (1.15) is null-controllable in arbitrary small times with switching
controls, i.e., satisfying (1.14). More precisely, given any T > 0 and any yo € H,
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there exist n control functions u; € L?(0,T;U;), i € {1,...,n}, such that the solution
y of (1.15) satisfies (1.6), while the control functions satisfy the switching condition
(1.14).

Before giving the proof of Theorem 5.1, let us emphasize that the assumptions on
A* may be delicate to prove for general operators A generating an analytic semigroup.

Of course, each Hj corresponds to the generalized eigenspaces corresponding to
the eigenvalues A\p, and the projections Py correspond to the spectral projections.
However, condition (5.3) is difficult to check in practice; see, e.g., [19] for an intro-
duction to spectral theory for non-self-adjoint operators.

To better illustrate that fact, we present two examples of interest. The first is
borrowed from [5].

Let us take Ag as a positive self-adjoint operator with compact resolvent defined
on a Hilbert space Hy with domain 2(Ay), which we will assume for simplicity to
have only simple eigenvalues. Then, for f € €°°(R%;R% ) bounded at infinity, define

(5.4) A= ( & 0 +I?(A0) ) in H = (Ho)% with 2(A) = (2(4))>.

It is easy to check that such an A generates an analytic semigroup in H, since it is a
bounded perturbation of the operator Diag (Ag, Ag). Additionally, its spectrum can
be expressed easily in terms of those of Ag. If (Ako)ken is the set of eigenvalues of
Ay, corresponding to a family of normalized eigenvectors (¢, 0)ken, then it is easy to
check that the eigenvalues of A are given by the family (Mg 1, Ai2)ken With A1 = Ako
and Mg 2 = Ako + f(Ako0). The corresponding eigenvectors are given for k € N by

1 1 1
Pr,1 = ( 0 )@k,ov Pk,2 = \/TW ( f()\k,[)) )Wk,o.

It is then easy to check that

21 1 21

P = ) )

o ( Z2 > (pk’l<( _f(ik) )cpk’o < 22 >>H
21 0 21

Py 2 ( > ) = Pk,2 << VI1+HF(OR)? )%,07( > )>
2 oW 2

When f goes to zero at infinity, the norms of these projections behave like 1/f(Ag).
In particular, if for Ty > 0 there exists C' such that f(s) < Ce~T0* for s large enough,
we see that the right-hand side of (5.3) is not norm convergent for ¢t € (0,7p). Of
course, this also means that when considering f(s) = exp(—s?), condition (5.3) is not
satisfied no matter what Ty > 0 is.

This example shows that even for rather gentle perturbations of self-adjoint op-
erators, condition (5.3) should be analyzed with caution.

We also present another example in this direction, based on the works [11, 12]
discussing the operator A, defined for complex number a € C\{0} with Arg (o) < 7/4
on L%(R) by

H

Aay _ 7a72y// + a2w2y'

In fact, to be perfectly rigorous, the operator A, has to be defined as the closed
densely defined operator associated to the quadratic form

/R (a2 (@) + a’a?y(x)?) d,
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originally defined on €>°(R).

According to [11], the eigenvalues of the operator A, do not depend on « for
a € C\ {0} with |[Arg(a)| < w/4 and thus coincide with the usual ones for the
harmonic operator (which are 2N+ 1); however, except in the case when o € R, the
spectrum of A, is wild [11, Theorem 9], meaning that, denoting by Pj the spectral
projector on the kth eigenvector, ||Px|| cannot be bounded by a polynomial in k.

In fact, the situation is even worse, and for o ¢ R, the formula

2 2
eftoz An — E efta )\A]P)k
keN

holds only for ¢ large enough (see [12, Corollary 4]) due to the fact that ||Py|| behaves
like exp(cR(A)) for some strictly positive ¢ as k — oo.

To sum up, we see that condition (5.3) is rather delicate to deal with. Although
it is automatically satisfied in finite dimensional contexts or when A is self-adjoint,
when considering general operators A generating an analytic semigroup, condition
(5.3) should be carefully analyzed.

Proof. The proof of Theorem 5.1 closely follows the proofs of Theorems 1.1 and
1.3.

For the sake of simplicity, we will only focus on the case where n = 2 and B €
Z(U, H), similarly to Theorem 1.1, since the general case where n > 3 and B €
LU, 2(A*)") can be handled similarly as in section 3 by minor adaptations of the
case where n = 2.

In fact, it is easy to check that the only point which needs further analysis is the
counterpart of Lemmas 2.1 and 2.2.

We thus take X as in (2.2) and let Zr € X be a minimizer of the functional J in
(1.10), and we study the set I defined in (2.4).

LEMMA 5.2. Assume that A is an operator on the Hilbert space H having compact
resolvent and such that —A generates an analytic semigroup. Also assume that the
Hilbert space H can be decomposed as in (5.1) such that A* satisfies (5.2) for all
k € N, where the corresponding eigenvalues (Ap)ren are ordered such that R(Ag) <
R(A) <--- <R(Ak) < -+ = 00. Further assume that, denoting by Py, the projection
on Hy, parallel to ®;.,H;, there exists Ty > 0 large enough such that (5.3) holds.

Define the set W as in (2.5).

Let B € Z(U,H), and assume that system (1.1) is null-controllable in arbitrary
small times.

Then, for o as in (1.11) with w € R\ W, the set I is necessarily of zero measure,
except in the trivial case || B Z||r2(0,1,0,) = |1 B3 Z||12(0,1,05) = 0.

After Lemma 5.2 is proved, the end of the proof of Theorem 5.1 will follow line by
line the proof of Theorem 1.1 by showing that the Euler-Lagrange equation satisfied
by Zr is given by (2.8) when Zp # 0, entailing that the controls u; and wue given
by (2.9) are of switching forms and indeed control (1.4). As before, the case Zp = 0
corresponds to the case yg = 0, and then taking the controls u; and us to be identically
zero solves the problem. ]

Proof of Lemma 5.2. In order to prove that the set I is of zero measure except
when ||BY Z||r20,7,0,) = 1B5Z||2(0,1;0,) = 0, we consider a strictly positive and
strictly increasing sequence T, going to T" as n — oo, and we show that for all n € N,
the set I,, = I N (0,7T,) is of zero measure except in the trivial case in which both
B} Z and BjZ vanish identically on (0,T5,).
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As in the proof of Lemma 2.1, the small time null-controllability implies that
since Zr € X, the trajectory Z| r,) is well defined and in fact solves (2.11) with
some initial datum Z,, € H.

Accordingly, since —A* generates an analytic semigroup, the function ¢ — Z(¢)
is in fact analytic on (0,7,) with values in H and can be extended analytically to
(=00, T}).

We now assume that I,, is not of zero measure. According to the analyticity
properties above, this implies that the identity (2.13) holds.

To conclude as in the proof of Lemma 2.1 or Lemma 2.2, we would like to write
formula (2.15). This cannot be done for all ¢ < T, as before, but according to (5.3),
it is still true for t < T, — Tp:

(5.5) VEST, — Ty, Z(t)=> el 7,
keN

Each Hj is a finite dimensional vector space. Therefore, writing the Jordan
decomposition of A*|y, for each k € N, denoting by m; the size of the maximal
Jordan block corresponding to Ag,

. N (t—T,)"
eAR(t=Tn) — Ak(t—Tn) Z TN’?
0€{0,...,my }

We then follow the proof of Lemma 2.2, introducing
ko = inf {k € N: 3¢ € {0,...,my} such that || B; N¢PvZ, ||, + || B3 N{PLZy ||, # 0}
Our goal is to show that kg is necessarily infinite. Indeed, if kg is infinite, then for all
k, BfeAx(t=T)P;, 7, and BieA+(~Tn)P, Z, identically vanish, so that using formula
(5.5), we see that Bf Z and Bj Z identically vanish on (—oo, T,,—Tp) and by analyticity
on (0,7,,) as well. We prove that kg is necessarily infinite by contradiction, assuming
that kg is finite.

Next, we define /1 by

6y = sup {£ : Ik with R(\p) = R(\i,) and | BiN{PrZ, v, + | B3NP Zy||u, # 0}
and define the set
D = {k s R() = ROw,) and | Bi NI PuZallo, + | B3N PrZallo, # 0} -

According to the above definition, we can decompose Z as

T, —t)& -
Z4(t) = e%wo)t(il) > N PR Zpe ST (t € (—00,T,)),

ot &
ziay= > e 5 B ) e )
d,2 - g' kL k4n y+n) /)
k with %(Ak):ﬁ}%(Ako) ZG{O ..... 21—1}
Ae(t—T,) (Tn =)
Zas(t) = > M=) LY N Za | (L€ (=00, T)),
k with R(Ae)=R(A,) £>0,4+1 ’
Zo(t) = > eAt=TIp, 7, (t € (—o0,Ty)),
k with R(\x)<R(Aig)
Z(t) = > A t=TIp, 7, (t € (—o0, T}, — Tp)).

k with R(Ag)>R(Akg)
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By the definitions of ky and ¢;, we easily see that
(5.6)
Vt € (=00, Tn), [I1BiZas()lly, + 1B ZoW)lly, +1B3Zas)ly, +11B2Zo(t)l, = 0.

It is also easy to check, since the sum defining Z4 5 is finite, that there exists a
constant C such that Z, o satisfies

(5.7)  VE<T,—1, |BiZa2(t)ly, + B3 Za2(t)lly, < t)'C(T, — 1)

We claim that there exist constants C' and p > R(Ag,) such that

(5.8) Vt<T,—To—1, [|Z@t)|y < Ce.
Indeed, denoting A7 = A*[q, i nix,)sner, ) Heo Zr SOlves
0
—Z! 4 A2, =0, te(—oco,Ty—=Ty),  Zplier, 1, = > e AP, 7,

k with R(Ak)>R(Arg)

Since A* generates an analytic semigroup on H, it is easy to check that Af =

At RO >R () i also generates an analytic semigroup on ©y with R(A) >R\, ) Hk

and that its spectral abscissa is given by inf{R()\;), with R(Ag) > R(\g,)}. Accord-
ing to [28, Theorem 4.3], Z, thus decays exponentially at any rate smaller than

inf{R(\), with RO) > RO, ) }-

Since this quantity is strictly larger than $(Ag,), we have proved (5.8).
Estimate (5.8) in turns imply that

(5.9) VST, =Ty~ 1, [BiZe(O)ly, + B3 Z(0)ly, < Ce

for some p > R(Ag,)-

Using the identity (2.13) and the decay estimates (5.6), (5.7), and (5.9), we easily
obtain the counterpart of (2.27), that is, the existence of positive constants Ci,Cs
such that for all t <T,, — Ty — 1,

B} (Z N,fl ]kaneig()\k)(t—Tn)>

2

keD U,
2
(510) - O[(t) B; (Z N£1szneig()\k)(t—'1"n)>
keD Us
C
< .
- T,—t

As in the proof of Lemma 2.2, we then easily get that, if « is as in (1.11) with w ¢ W,
for all k € D,

[ A —0.

T HB;‘N,fl]P’an
Uy

Uz

This contradicts the definition of ky when kg < oo and concludes the proof of Lemma
5.2. ]
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6. Further comments and open problems.

6.1. Further comments.

Approzimate controllability. In this article, we focused on the null-controllability
property, but several other notions can be used and developed similarly. For instance,
we could consider the approximate controllability property at time T', which reads as
follows for system (1.1): for any yo € H and ¢ > 0, there exists u € L?(0,T) such
that the solution y of (1.1) satisfies ||y(T)||gx < €.

It is classical (see, for instance, [25]) that this is equivalent to the following unique
continuation property for the adjoint equation: if zp € H is such that the solution z
of (1.8) satisfies B*z = 0 in L2(0,T;U), then 27 = 0.

In this context, following the same strategy as before, we can prove the following
counterpart of Theorem 1.1.

THEOREM 6.1. Assume that system (1.1) is approximately controllable at time T
and that one of the following two conditions holds:
e A: 9(A) C H— H is a self-adjoint positive definite operator with compact
resolvent, with H being a Hilbert space;
e H is a finite dimensional vector space.
Let B € (U, H), where U is a Hilbert space, and assume that U is isomorphic to
Uy x Us for some Hilbert spaces Uy and Us, and define By and By as in (1.3).
Then system (1.4) is approzimately controllable at time T with switching controls,
e., satisfying (1.5). More precisely, given any ¢ > 0 and any yo € H, there exist
control functions u; € L*(0,T;Uy) and ug € L*(0,T;Us) such that the solution y of
(1.4) satisfies ||ly(T)||g < e, while the control functions satisfy the switching condition
(1.5).
The proof of Theorem 6.1 can be performed the same way as the proof of Theorem
1.1 by minimizing, instead of J in (1.10), the functional J. given by

(6.1) Je(zr) = / max{||Biz(t)[7,, a(t) | B3z(t)lIZ, } dt + ellzzllz + (yo, 2(0))

where z is the solution of the adjoint problem (1.8), and o = «(t) is as in (1.11) for
a suitable choice of w € R*.

Details of the proof are left to the reader.

Similarly, counterparts of Theorems 1.3 and 5.1 can also be proved in the context
of approximate controllability by penalizing the functional under consideration by
the additional term ¢||zr||x as in (6.1); the rest of the proof is the same. Precise
statements and proofs are left to the reader.

Handling source terms. In the proofs of Theorems 1.1, 1.3, and 5.1, we assume
that system (1.1) is null-controllable in arbitrary small times. As we said earlier, this
is equivalent to saying that for all T' > 0, any solution z of (1.8) with initial datum
21 € H satisfies (1.9). Tt is then easy to check that this property implies that for all
zr € H, the solution z of (1.8) satisfies

1
()3 dt < sup{ I <t>||%f} < B0
/ 02 C% . (07T1 )

and thus entails the existence of a positive function pr € L}, ([0, 7)) such that

T
(6.2) /0 pr()? =) dt < I1B*2]1%20.10)-
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Additionally, easy considerations allow us to show that pr can be chosen as a strictly
positive function which may degenerate to zero only as t — T.

This allows us to handle source terms in the control problems corresponding to
(1.1). For simplicity, as before we only focus on the counterpart of Theorem 1.1, since
the counterparts of Theorems 1.3 and 5.1 can be performed similarly.

THEOREM 6.2. Let us assume A : P(A) C H — H is a self-adjoint positive
definite operator with compact resolvent, with H being a Hilbert space.

Let B € (U, H), where U is a Hilbert space, assume that U is isomorphic to
Uy x Uy for some Hilbert spaces Uy and Us, and define By and By as in (1.3).

Assume that system (1.1) is null-controllable in arbitrary small times and satisfies
the observability inequality (6.2) for some functions (pr)r>o a.e. strictly positive with
pT € Llloc(()?T)‘

Then given any T > 0, any yo € H, and f € L*(0,T; H) satisfying

T 1
(6.3) / — | Ol dt < o,

there exist control functions uy € L*(0,T;U;) and uy € L*(0,T;Us) such that the
solution y of

(6.4) Y + Ay = Biuy + Boug + f, t € (0,T), y(0) = yo,

satisfies (1.6), while the control functions satisfy the switching condition (1.5).

Again, the proof of Theorem 6.2 can be easily adapted from the proof of Theorem
1.1 by minimizing, instead of the functional J in (1.10), the functional J; defined for
zr € H by
(6.5)

Tier) =5 [ max B0, @ B=OE,) i [0, 20)m .0

where z is the solution of the adjoint problem (1.8), and o = «(#) is as in (1.11) for
a suitable choice of w € R*.
The condition (6.3) is there to guarantee that the term

T
/0 (), 2(0) g dt

is well defined in the space X in (2.2) and to preserve the coercivity of the functional
Js. Again, the rest of the proof of Theorem 6.2 follows verbatim that of Theorem 1.1
and is left to the reader.

The interest of Theorem 6.2 is that it allows one to handle source terms and
therefore paves the way for proving local null-controllability results with switching
controls for semilinear equations in the presence of superlinear nonlinearities.

To do so, one should add suitable weights in the design of the controls. These
weights can depend only on time, as in the work [27] based on the knowledge of the
cost of controllability in small times, or to more general weights depending on time
and space variables as it occurs naturally when using Carleman estimates; see, e.g.,
[15, 18].
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6.2. Open problems.

Time-dependent coefficients. One of the important restrictions of our approach
is that it is based on spectral decompositions of the space, and therefore seems to be
strongly limited to operators which are independent of time. It is natural to discuss
this property more closely. In fact, looking at our proof, it seems that the only
relevant assumption should be an analytic dependence of the operators with respect
to the time t. However, so far this problem seems to be out of reach.

Positive time of controllability. Our arguments are limited to the case of analytic
semigroups which are null-controllable in arbitrary small times, but several recent
results have shown that there are analytic semigroups which are null-controllable only
after some strictly positive critical time. This is the case, for instance, for the one
dimensional heat equation controlled from one well-chosen point (see [13]) or when
considering Grushin operators (see [4] and references therein).

Our proofs fail to handle these cases, since we do not know how to prove that for
Zp € X (defined in (2.2)), the function ¢ — B*Z(t) (also t — B} Z(t), t — B3Z(t))
is analytic in time on strict subintervals of (0,T), which is an essential element of our
analysis in the study of the set I in (2.4).

Appendix A. Proof of (2.8). The goal of this appendix is to present the proof
of the derivation of the Euler-Lagrange equation (2.8) satisfied by a minimizer Z of
the functional J in (1.10) when the set I in (2.4) is of zero measure.

Here, we follow the arguments in [31, pp. 91-93].

We keep the notation of section 2: Zr # 0 is assumed to be the minimizer of the
functional J in (1.10) on X (defined in (2.2)), the set I in (2.4) is of zero measure,
and I; and I are defined as in (2.6)—(2.7).

For zp € H, and a.e. in t € (0,T), we clearly have

(A1) (max{[| Bf (Z + hz)()I[E,, o(t) | B3 (Z + h2) (D)7, }
—max{||B{Z(1)7,, ()| B3 Z(1) [, })

2B Z(t), Biz(t))v, ift e,
hoo | 20(t)(B3Z(t), Biz(t)y, ifte I,

S| =

i.e., pointwise convergence in the set I, which is of full measure. Thus, to establish
that the Gateaux derivative of J in Zr is given by (2.8), we only have to prove that
this convergence also holds in L(0,T).

Using Lebesgue’s dominated convergence, we only have to find an L*(0,T) majo-
rant to the aforementioned ratio as h — 0.

Fix t € (0,T), and denote by i € {1,2} the index in which the maximum of
the expression max{||Bf(Z + hz)(t)|,,(t)|B3(Z + hz)(t)||3,} is achieved and by
j € {1,2} the index in which the maximum of the expression max{||BjZ(t)||z,,
a(t)|| B3 Z(t)||7, } is achieved (i and j depend on ¢, but this dependence is omitted for
simplicity).

Of course, if ¢ = j, it is easy to derive the following bounds:

(max{|| BY (Z + hz)()|[5,, a(t) | B3 (Z + h2) (1), }

—max{||B; Z(t) 3, (D) | B3 Z()]17,,})

_ { 2(By Z(t), Bi=(t))u, + k|| Biz(t)|, ifi=j=1,
20(t)(B3 Z(t), B32(t)v, + ha(t)IB5z(1)|F,  ifi=j=2.

S

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/12/22 to 52.18.63.169 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

2848 F. W. CHAVES-SILVA, S. ERVEDOZA, AND D. A. SOUZA

When ¢ # j, this is slightly more delicate. Let us assume, for instance, that (i,5) =
(1,2); the case (i,7) = (2,1) is the same. Then we have

1B (Z4h2)0IF, > 0B Z -0, and  IBIZ0)IE, < o0)IBZ0)1R,.
Accordingly,

(mawe{135 (2 + =) (1)1, 0| B(Z + A=) 1), )

—wax{| B2, o) 1B 2(1)17,))

= FUIBHZ 4+ hOI, — OB Z(0)17,)

{ < 5 (IBH(Z + h2) ()3, — IBT Z(1)IE;,)
> 7 (a@®)IB3(Z + h2) ()7, — MBS Z(1)IIZ,) ,

S =

which have been estimated in the cases i = j.
Thus, we get that for all (i,5) € {1,2}2,

(max{|| B} (Z + hz) ()5, ()| B3 (Z + h2) (D)7, }
— max{|| B{Z(t)|[5;,. a (W) | B3 Z(1) 7, })

< max{|2(B{ Z(t), B{z(1))uv, | + bl By z(t)|[2, . 20() (B3 Z(t), B3 2(1)) v, |
+ha(t)|| B3 2(t)|7, }-

==

The right-hand side of this estimate is clearly in L(0,T) since BfZ and B}z belong
to L2(0,T;U;) for i € {1,2} and o € L*>°(0,7). Combining these results with the
pointwise convergence (A), we can use Lebesgue’s dominated convergence theorem to
deduce the Euler-Lagrange equation (2.8).
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