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Abstract

In this paper, we consider several geometric inverse problems for linear elliptic systems. We prove
uniqueness and stability results. In particular, we show the way that the observation depends on the pertur-
bations of the domain. In some particular situations, this provides a strategy that could be used to compute
approximations to the solution of the inverse problem. In the proofs, we use techniques related to (local)
Carleman estimates and differentiation with respect to the domain.
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1. Introduction

Let Q2 c RY be a simply connected bounded domain whose boundary 9<2 is of class W2,
let D* be a fixed nonempty open set with D* CC 2 and let y C 92 be a nonempty open
set. In what follows, the symbols C, Cy, Ca, ... will be used to denote generic positive con-
stants. Sometimes, we will indicate the data on which they depend by writing (for example)
C (2, D¥).

Let us consider the following family of subsets of D*:

D= {D C Q: D is a nonempty simply connected domain, D C D* and 8D is of class W2’°°}

and let us denote by A the set of all (a, b, A, B) such thata, b, A, B € L*(£2) and

61 Nax) b)) & ) > ) ,
[&} [A(x) B(x)}[&}z—msn + &%) V&, &) €R?, ae. in @, (1)

for some A with 0 < A < 1 (2)~!, where 11 () is the smallest positive constant such that
lull?, < pi(IVul?, Yue Hy ().

In this paper, we will always assume that (¢, V) € H'2(3Q) x HY/?(8Q) and (a, b, A, B) €
A. Under these circumstances it is well known that, for any D € D, there exists a unique solution
(y,z) € HY(Q\D) x H'(Q\D) to the system

—Ay+ay+bz=0 in Q\D,
—Az+Ay+Bz=0 in Q\D,
y=¢,z=Y on 9%,
y=2z=0 on dD,

2)

furthermore satisfying

1 Dl g1 @5y < €2 D)@, Wl 120

In many physical phenomena, in order to predict the result of a measurement, we need a model
of the system under investigation (typically a PDE system) and an explanation or interpretation of
the observed quantities. If we are able to compute the solution to the model and quantify relevant
observations, we say that we have solved the forward or direct problem. Contrarily, the inverse
problem consists of using the observations to recover unknown data that characterize the model.
For details about the main questions concerning inverse problems for PDEs from the theoretical
and numerical viewpoints, see for instance the book [11].

In this paper, we will deal with the following inverse geometric problem:

Given (¢, V) € HY?(3Q) x H'2(3Q) and («, B) € H™'2(3Q) x H~/2(3Q), find a set
D € D such that the solution (y, z) to the linear system (2) satisfies the additional condi-
tions:
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dy
on

Z
=uo and I
v n

=p. 3)

14

A motivation of problems of this kind can be found, for instance, when one tries to com-
pute the stationary temperature of a chemically reacting plate whose shape is unknown. More
precisely, (2)-(3) has the following interpretation: assume that a chemical product, sensible to
temperature effects, fills an unknown domain 2\ D; its concentration y = y(x) and its temper-
ature z = z(x) are imposed on the whole outer boundary 92, the associated normal fluxes are
measured on y C €2 and both y and z vanish on the boundary of the non-reacting unknown set
D; what we pretend to do is to determine D from these data and measurements.

In the context of the inverse problem (2)-(3), three main questions appear. They are the fol-
lowing:

e Uniqueness: Let (@9, ,30) and (o', ,B]) be two observations and let (yo, z%) and (y1 ,z)) be
solutions to (2) satisfying the identities (3) associated to the sets D° and D', respectively.
The question is: do we have DY = D! whenever (©, ﬂo) = (a!, ,31)?

e Stability: Find an estimate of the “distance” ug(D?, D') from D° to D! in terms of the
“distance” wo((«?, B2), (@', B1)) from (9, B°) to (a!, B') of the form

1a(D°, DY < ®(uo((@®, B9, (@', M),

where the function ® : RT — RT satisfies ®(s) — 0 as s — 0, valid at least whenever
(@9, ,30) and (o!, ﬂl) are “close” to a fixed («, B).

e Reconstruction: Find an iterative algorithm to compute the unknown domain D from the
observation («, B).

In the sequel, we will on the uniqueness and the stability of the inverse problem (2)-(3).
Specifically, our first main result is the following:

Theorem 1. Assume that (¢, V) € H/?(3Q2) x H'/2(3Q) is nonzero. For i =0, 1, let (y',7")
be the unique weak solution to (2) with D replaced by D' and let o' and B' be given by the
corresponding equalities (3). Then one has the following:

@, =@ gH = D'°=D.

The proof is given in Section 2. It relies on some ideas from [9]; more precisely, we use
two well known properties of (2): unique continuation and well-posedness in the Sobolev space
H'.

Remark 1. Note that, if (¢, ¥) = (0, 0), then the associated solution to (2) is zero, forany D € D.
Therefore, the uniqueness problem has no sense when (¢, ) =(0,0). O

Remark 2. In the one-dimensional case, if one considers (2) with only one boundary observation,
uniqueness may not hold. Indeed, suppose that 2 = (0, 1), L € (0, 1) and consider the system
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—yex 12y +bz=0 in (0,L),
—Zix+ Ay +¢%2=0 in (0,L),
y(0)=2z(0) =0,

yx(0) =0,

“4)

where A, b, 17, ¢ € R (all them different from zero) and |A|+ |b| < 2|n||¢|. Then, (n%, b, A, 2) €
A and, using the parameter variation method, we get that a solution (y, z) to (4) is given by

X X

z(x) = ?sinh(;x) + ?/y(s) sinh[¢(x —s)]ds, y(x)= %/z(s) sinh[n(x — s)]ds
0 0

for each K € R. Therefore, if K # 0 we have z,(0) # 0 and this implies non-uniqueness.
For N > 2, the uniqueness in the N-dimensional case with only one information on y is, to
our knowledge, an open question. O

In order to state our main stability result, let us introduce some notation. Thus, let DY < Dbe
a fixed subdomain, let u € WI'OO(RN ‘RN ) satisfy

Iliwre <€ <1, w=0in Q\D"

and, for any o € (—1,1), let us denote by ms, D’ and (ys,zs) respectively the mapping
my = I + o, the open set D’ := m, (D) and the solution to (2) with D replaced by D°.
For simplicity, it will be assumed that the coefficients a, b, A, B are constant. The following
holds:

Theorem 2. There exists oo > 0 with the following properties:

1. The mapping

= ak’ aﬁ ‘ (5)
on on 14

is well defined and analytic in (—oq, 00), with values in H=1/%(y)?.
2. Either my (DO) =DO for all o € (—09, 00) (and then the mapping in (5) is constant), or
there exist o, € (0, 0¢), C > 0 and k > 1 (an integer) such that

s 920\ _ (9¥0 920

an’ n an’ on
In [12] and [4], a similar geometric inverse problem for one scalar elliptic equation is studied.
For geometric inverse problems for nonlinear models, like Stokes, Navier-Stokes and Boussi-
nesq systems, the uniqueness has been analyzed in [1], [8] and [7], respectively. Reconstruction

algorithms have been considered and applied in [2] and [3] for the stationary Stokes system and
in [8] and [7] for the Navier-Stokes and Boussinesq systems.

>Clo|* Vo e (—0..04).
H—I/Z(y)Z
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Note that, in the applications to fluid mechanics, the goal is to identify the shape of a body
around which a fluid flows from measurements performed far from the body. In other contexts,
the domain D can represent a rigid body immersed in an elastic medium. Thus, related inverse
problems with relevant applications in Elastography have been analyzed in [5] for the wave
equation and [6] for the Lamé system.

This paper is organized as follows. In Section 2, we prove a unique continuation property for
the solutions to (2) and, then, we prove the uniqueness result (Theorem 1). Section 3 is devoted
to proof of the stability result (Theorem 2). Finally, in Section 4, we present some additional
comments and open questions.

2. Unique continuation and uniqueness

In this section, we analyze a unique continuation property for (2). More precisely, we have
the following result:

Theorem 3. Let G C RY be a bounded domain whose boundary 3G is of class W, let v C
G be a nonempty open set and assume that a,b, A, B € L°°(G). Then, any solution (y,z) €
H'(G) x H'(G) 1o the linear system

—Ay+ay+bz=0 in G, ©)
—Az+Ay+Bz=0 in G,
satisfying
y=z=0ino, (7)

is zero everywhere.

As already mentioned, the proof relies on some ideas from [9]. In fact, we will divide the
proof in two parts: (i) the proof of Theorem 3 when w and G are open balls and (ii) the proof for
general domains w and G, using a compactness argument.

2.1. A unique continuation property for balls

In this Section, we prove a very particular result concerning the unique continuation of the
solutions to (6):

Lemma 1. Assume that R > 0, xo € RN and a, b, A, B € L®(Bag(x0)), where Bag(xo) denotes

the open ball of radius 2R centered at x¢. For any solution (y, z) € HY(Bar(x0)) x H (Bagr (x0))
to the linear system (6) in Bag(xo), the following property holds:

(y,2)=1(0,0) in Br(xo0) = (y,2)=1(0,0) in Bar(xo).

Before proving this lemma, let us introduce ¢ € C{° (RV) and let us define

ap(x, &) == |€1* — [Vo(x)[* and bo(x, &) :=2¢ - Vo(x).
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Let us also recall that the Poisson bracket of ap and by is given by
[ao, bol := Veag - Viby — Vyag - Veby.
A crucial result in the proof of Lemma 1 is the following:
Theorem 4 (/9, Proposition 2.3]). Let U C RN be a nonempty bounded open set, K C U a

nonempty compact set and assume that ¢ € Cg° (RN). Suppose that ¢ is bi-convex in U with
respect to the characteristics of ag and by, i.e. ¢ satisfies the following:

Vo(x)#0 VxeU,
3Co > 0 such that [ag, bol(x, &) > Co (8)
whenever (x,&) e U x RN and ag(x, &)=bo(x,&)=0.

Then, there exist C1 > 0 and hy > 0 such that, for all 0 < h < hy and any function u € H02(K),
one has:

Io(u) :=/e2¢/h|u|2dx+h2/e2¢/’“|w|2dx 5c1h3/e2¢/h|Au|2dx.
K K K

Proof of Lemma 1. Without loss of generality we may assume that xo = 0. Let (y,z) €
HY(Byr) x HY(Bag) be a solution to (6) such that y=0and z=0in Bg.

We will try to apply Theorem 4 to the functions y and z. To do this, let us fix ¢ > 0 and let us
introduce the sets

K := {xeRN:§R§|x|§2R—8} and U:= {xeRN:%R<|x| <2R}
and a function ¢ € C°(RY), with
o(x) = e~ vx e Bop, §>4/R2. 9)
It is not difficult to see that
Oy 9(x) = =28xp(x) and Oy, 0x@(x) = =289 (x)8k + 48%x jxip(x), (10)

where the § j; are the Kronecker symbols. From (9) and (10), we have that

a0, bol(x, §) = 648%p () x [ 81x 2 1]

2
>16 83 R2e~12R% <% - 1)

for any (x,£) € U x RY such that ag(x, &) = by(x, £) = 0. Therefore, we see that (8) is satisfied
by the function ¢ in U.
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Let us introduce a cut-off function ¢ € C(‘)’O(I%) satisfying ¢ =1 for R — ¢ < |x| <2R — 2¢
and let us set y := ¢y and 7 := ¢z. It is then clear that (¥,7) € HOZ(K) X H02(K). After some
computations, we obtain that:

Ay =ay+ bz + Hi,
AZ=Ay+ BZ+ Hy,

where

Hy:=2V¢-Vy+yA¢ and H:=2V{-Vz+4zAC. an

Consequently, we can apply Theorem 4 to y and deduce that there exist C > 0 and Ay > 0
such that

Io(5) < C2h? /ez‘/’/’wazdx +/62¢/h|H1|2dx (12)
K K
for all i € (0, hy). Here, we have absorbed the lower order term for y from the right hand side

by taking /i, small enough. Analogously, there exist positive constants C3 > 0 and k3 > 0 such
that,

Ih(?) < C3h® /ez“’/’wzdx+/e2‘ﬂ/”|Hz|2dx (13)
K K
for all i € (0, h3).

Next, adding (12) and (13), taking h4 sufficiently small and C4 sufficiently large and absorbing
again the lower order terms for y and 7z from the right hand side, we have

Io(3) + Io(?) = Cah® / o0 (|12 + | Hol?) dx, (14)
K

forall h € (0, hy).

To conclude the proof, we note that (11), the fact that y =z =01in Bg and V¢ = A¢ =0 for
R — ¢ <|x| <2R —2¢ imply that H; and H> vanish in Bagr—_2.. Now, we have from (9) that @ 1is
positive and radially decreasing in U. Thus, one has

/ (| H P + | Ho|*) dx < 29 CR—2/ 0 / (IH\[* + | Ho[*) dx. (15)
K K

On the other hand,
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/ezw/h(|&|2+|2|2>dxz / (Y2 + 121 dx

K R<|x|<2R-3e
(16)

> e [y a

R<|x|<2R-3¢

It follows from (14)—(16) that

(312 + 122 dx < CahPPCR=20—pR=36)1/ / (Hi[? + | Hof?) dox.
K

R<|x|<2R-3¢

Since Hj and H; are independent of 7 and ¢ (2R — 2¢) < (2R — 3¢), we can let & — 0 and get
that

y=z=0 in R<|x|<2R -3¢

and, consequently, y and z vanish in Bor_3,. Since ¢ > 0 is arbitrarily small, we conclude that
y and z vanish identically in Byg. O

2.2. Unique continuation for general domains

The goal of this section is to prove Theorem 3 in the general case.

Let (v,z) € H'(G) x H'(G) be a solution to (6) satisfying (7) and let us assume that
By, (x0) C w. Let x1 be a point of G and let us see that y = 0 and z = 0 in a neighborhood
of xj.

Since G is connected, there exists a curve n € C*°([0, 1]; G) such that n(0) = x¢ and n(1) =
X1.

Notice that for any ¢ € [0, 1] there exists r; > 0 such that By, (n(¢)) C G. Since I' := 7 ([0, 1])
is a compact set, there existm > 1 and 0 <t < ... <1, <1 satisfying

m
rc U Bar; (n(t})) . where we have setr; :=r;,.
j=1

By construction, setting p1 :=min{ry, ..., 7y, po}, we have that B, (x) C G, forall x e I'.

Finally, we set rg := p1/2 and fix 0 < r < rg. It is clear that (y, z) vanishes in B, (xg) whence,
by Lemma 1, (y, z) also vanishes in By, (xp). Let &1 := n(t1) € 3B, (xo) N I". Then, we have that
(y,2) =1(0,0) in B, (&1) and, in view of Lemma 1, (y, z) = (0, 0) in By,(£1). Applying the same
idea a finite number of times, we obtain y = 0 and z = 0 in B, (x1). This ends the proof.

2.3. Proof of Theorem 1: uniqueness

Let us introduce the open sets D := D? U D! and 0% := Q\D and let O be the unique

connected component of 0" such that 3Q C 90. Also, letus set y := y° — y! and 7 := 2% — 7!

in 0. Since «® = ! and B0 = B, the couple (y, z) € H'(0) x H'(0) satisfies:
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Fig. 1. The filled region is the set DZ\BO.

—Ay+ay+bz=0 in O,

—Az+Ay+Bz=0 in O,

y:Z:O on 39, (17)
0 0

—y=—Z=O on .

on  on

Now, we fix xo € y and we choose r > 0 such that B,(xg) N dQ C y. Let us set O’ :=
O U B, (xp) and consider the extension by zero (3, Z) of (y, z) to the whole set O’.

From (17), it follows that

—Ay+ay+b7=0 in O,
—AZ4+ A3+ BZ=0 in O

Also, since O’ is connected and (¥,%) = (0, 0) in 0O’\ O, Theorem 3 implies (¥,%) = (0, 0) in

O’. In particular, (y, z) = (0,0) in O.

To conclude, let us prove that Dl\ﬁ0 and DO\E] must be empty. Thus, let us suppose that
D'\D" # ¢ and let us introduce the set D := D! U[(2\D") N (2\0)]. By hypothesis, D>\ D"
is nonempty. On the other hand, note that 8(D2\50) :=ToUT, where 'y = 8(D2\50) NnaDY

and Ty = a(D\D") N D! (see Fig. 1).

Therefore, since (yo, zo) = (y] , z]) in O, the pair (yo, zo) verifies

Ay +ay?4+b72°=0 in
A"+ A +B:°=0 in
y0:0, 2=0 on
y9=0,20=0 on

D\D',
p\D’,
o,
.

(18)

Since the linear system (18) possesses exactly one solution, we necessarily have (9, 2% = (0, 0)
in DZ\EO. Consequently, in view of Theorem 3, (yo, 2% = (0, 0) in Q\ﬁo. This contradicts the
fact that (¢, ¥) is not identically zero on d<2. Hence, DI\B0 is the empty set.

Analogously, one can prove that DO\D' is empty and, finally, one has D® = D!
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3. Stability

3.1. Preliminary results

Let us introduce some basic notation. Let m = (m!, ..., m") e WH-*@®RN;RV) be given and
let us set
am' N
m' = < ) . Jac(m) :=|det(m’)|, M :=((m)*)"".
0x; ij=1

In the sequel, we will consider the set

We:={ne W*RY;RY): |ullyre <€, p=0in Q\D},
where 0 < € < 1. We will work with mappings of the form m := I + u, where I : RY > RV

is the identity and pu € W,. For any u € W,, I + p is obviously bijective, (I + u)~! €
WL @RN: RN) (see [10], p. 193) and

(I+w)(D)yeD VDeD.

Also, the corresponding functions Jac(m), M and M~! satisfy

Jac(m) = C(e) > 0, M|z + M~ |z < C(e). 19)

Let D° € D and . € W, be given, let us set again m := I 4+ and D' = m(D°) and let us
consider the solution (y;,z1) € H' (Q\Bl)2 to

. —1
—Ayi+ay1+bz1=0 in Q\D,

. —1
—Az1+Ay1+Bz;=0 in Q\D,

V=@, 21=Y on 0%,
yi=0,z1=0 on 9D

Since (¢, ¥) € H'/?2(3Q)?, there exists (¢1, ¥1) € H'(2)? such that

(p1,¥1) =0in D* and (g1, ¥1) = (¢, ¥) on I

Thus, we can write (y1, z1) = (41 + ¢1, v1 + ¥1), where (11, vy) is the solution to

—Aui +auy +bvy = F; in Q\Bl,

—Avi+Au; +Bvy=G; in Q\D', (20)
u;=0, v1=0 on 9QUID!

and
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Fi = Ag1 —ap1 — by, Gy =AY — Apr — By
We see from (20) that for any (w, p) € H(} (Q\El)2 the following holds:

/

S\D Q\D

(Vup-Vw+ Vv -Vp) dy + / (auiw + bviw + Aurp + Bvip) dy
—1
2D
— [ o Vu Vi prdy= [ oot biiw+App+ Bip) dy.

o\D' o\D'
Let us introduce the functions:
ug :=muy), vo:=m@y), @o:=mp1), Vo:=m),

where 7 i the isomorphism from H/ (2\D')? onto H] (2\D")2 induced by m, that i,

m(f):=fom YfeH (@\D).

Observe that, since (¢, Y1) =0in D* and m = [ in Q\ﬁ*, we have (¢o, Yo) = (¢1, Y1) in Q.
In other words, (¢1, ¥1) is invariant under the isomorphism m associated to m.
It can be easily shown that solving the variational problem (21) is equivalent to find (i, vg) €

Hy (9\50)2 such that
/ (MVuyg-MVz+MVvyg-MVq)Jac(m) dx+ / (auoz+bvoz+Augg+Bvog) Jac(m) dx
D’ o\D°

== / (MY @o-Vz+MNVio-Vq)Jac(m) dx— / (aoz+byoz+Apoq+Byog) Jac(m) dx

o\D° o\D°

for all (z,q) € H& (Q\BO) that is, a solution to the system:

—V - (Jac(m)M*MVug) + (aug + bvg) Jac(m) = Fy in \D',
V- (Jac(m)M* MV ) + (Aug + Bug) Jac(m) = Go  in Q\D', (22)
uop=0, vo=0 in 9QUIDY,

where (Fo, Go) € H-1(\D")? is given by

Fo=V - (Jac(m)M*MV ¢o) — (apo + byro) Jac(m),
Go =V - Jac(m)M*M V) — (Ao + Biro) Jac(m).
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For convenience, we will rewrite (22) in the abridged form

T(uo, vo) = (Fo. Go) in \D',

(23)
up=0, vo=0 in 9QUIDO,

where the notation is self-explanatory.

Lemma 2. The linear operator T : H& (Q\BO)2 — H_l(Q\BO)2 is an isomorphism. Further-
more, if || - || z, denotes the usual norm in E(HO1 (9\50)2; H’I(Q\ﬁo)z), one has

ITlzy + 1T gy < Cle).

Proof. Itis easy to see that T € L(H} (2\D)% H=1(2\D")2) and |||z, < C(e). On the other
hand, the bilinear form (-, -), given by

T, V), (2,9)) = (T W, ), @)y gy VW, 0), (2, 9) € HY@\DP,

is coercive in view of (19). Indeed, one has

(T, v), (0, 0) g1 1 = f (IMVu|? 4 |MVv|?) Jac(m) dx
o\D°
+ f (alul* + Blv|* + (b + A)uv)Jac(m) dx
o\D°
= C@ENw vl

for all (u, v) € HL (\D)2.
Therefore, from Lax-Milgram’s Lemma, we get the result. O

Theorem 5. The mapping i — (ug, vo) is analytic in a neighborhood of the origin in Wk.

Proof. We note first that (Fp, Go) does not depend of u, because (¢, ¥9) = 0 where u # 0.
Then, since the mapping 7 is a isomorphism we have by (23) that

(1o, vo) = T~ (Fo, Go).

From the results in [10,15], we know that the mapping u +— T is analytic in a neighborhood
of 0. Consequently, this is also the case for u — (1, vo) and the proof is done. O
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3.2. Proof of Theorem 2: stability

Let DY € D and u € We be given, with u # 0 in DY. Recall that, in Theorem _2, for any
o € (—1,1), we have set my :=I + o and D? :=m, (D) and (v, z5) € H (Q\Dy)? is the
solution to

—Ays +ays +bz, =0 in  Q\D,,
—Azy + Ay +Bzo =0 in  Q\D,,
Yo =@, 26 =V on 0%,
Yo =0, 2o =0 on 94D°.

(24)

We will argue as in [1]:

1. First, it follows from Theorem 5 and the fact that u = 0 in 9\5* that there exists og > 0
such that the mapping in (5) is well defined and analytic in (—o9, 0p). Hence, there exist
F1, F>, ... in H~'2(y)? such that

0y, 07 dyo 920 >
REARNUE - = TF. V. —09, 09), 25
<8n Bn) <8n 8n) ;U j Vo &(=o0.00) (23)

where the series converges in H~!/2(y)?.

2. Now, let us assume that mU(DO) * DO for some ¢ € (=00, 00). In view of Theorem 1, not
all the F; can be zero. Let k be the smallest j such that F; # 0. It is then clear that there
exists o € (0, og) such that

o0
. 1
> olF < slolM I Fll g1z Yo € (=0u.00).
J=k+1 H-12

Accordingly, for these o, one must also have

by 92\ (00
on’ on an’ an

which allows to achieve the proof.

1
k k
lo || Frll g-12 < +§|U| | Fell 172,

H-1/2

4. Additional comments and questions
4.1. A similar inverse problem with internal observation

Letw CC Q\B* be a nonempty open set. Consider the following geometric inverse problem,
where the observation is performed on w:

Given (¢, V) € H'2(3Q) x HY*(3Q) and o € H'(w), find a set D € D such that the
solution (y, z) to the linear system (2) satisfies the following additional condition:
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y |w =aq. (26)
We have the following uniqueness result:

Theorem 6. Assume that (¢, V) € H/2(0Q) x H/2(3Q) is nonzero and suppose that there
exists a nonempty open set wy C w such that b # 0 a.e. in wg. Let (y', z') be the unique weak
solution to (2) with D replaced by D' for i =0, 1 and let o' be given by the corresponding
equality (26). Then, one has:

=o' =— D’'=D

Proof. The proof is very similar to the proof of Theorem 1.

As before, we can consider the open sets D := D° U D!, 00 := Q\D and the unique con-

nected component O of 0Y such that 9Q C 9 0. Again, letusset y := yW—ylandz:=z"—zlin

O. Then, using the facts that ¥ =« and b # 0 a.e. in wp, we have that (y, z) € H'(0) x H'(0)
and satisfies

—Ay+4+ay+bz=0 1in O,
—Az+Ay+Bz=0 in O

and
y=2z=0 in wy.

Consequently, Theorem 3 guarantees that (y,z) = (0,0) in O. Arguing as in the proof of
Theorem 1, we deduce that DO\B1 and Dl\BO are empty sets and, consequently, D° = D!, 0O

We also have a stability result similar to Theorem 2. Thus, let us fix D € D and u € W, with
w#0in DY, let us take my = I +op and D° = m, (D) and let (v, z5 ) be the solution to (24).
The following holds:

Theorem 7. Under the assumptions in Theorem 6 on (@, ¥r) and b, there exists oy > 0 with the
following properties:

1. The mapping
o Yo, (27)

is well defined and analytic in (—oy, 00), with values in L*(w).
2. Either my(D°) = D for all o € (—o09, 00) (and then the mapping in (27) is constant), or
there exist o4 € (0,00), C > 0 and k > 1 (an integer) such that

|o = y0),[| 2 = Clo* Vo € (—ou. 02).
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Proof. Again, the proof is very similar to the proof of stability in the boundary observation case
(Theorem 2). In fact, the unique difference appears in the last part of the argument, when we
write

o
(o =¥0)|, =D 0! Fj Vo & (=00, 00),
Jj=1

instead of (25).
For brevity, we omit the details. O

Remark 3. Recall that, in the case of problem (2)—(3), we need two boundary observations, the
normal derivatives of y and z on y, to deduce uniqueness and stability. The last two results
show that, with internal observations, this holds with the information supplied by just one vari-
able. O

4.2. A geometric inverse problem for a parabolic system

Let us present some ideas that allow to extend Theorems | and 6 to time-dependent parabolic
systems. For brevity, we will only consider the boundary observation case. Thus, let 7 > 0 be
given and let us consider the following inverse problem:

Given (¢, V) and (a, B) in appropriate spaces and a nonempty open set y C 0%, find an
open set D € D such that the solution (y, z) to the linear evolution system:

yi—Ay+ay+bz=0 in Q\D x (0,T),
2w—Az+Ay+Bz=0 in Q\Dx (0,7),

y=¢, z=% on 92 x (0,7T), (28)
y=0, z=0 on 0D x (0,7),

y(-,00=0, z(-,00=0 in Q\D,

satisfies the additional conditions:

ay 9z
— =o and — = B. 29)
Inly w1 Inly w1

If one assumes that (¢, ¥) # (0, 0), then arguments similar to those in the proof of Theorem 1
can be used to deduce uniqueness for (28)—(29).
Indeed, the first step is to deduce a unique continuation property:

Proposition 1. Ler G C RN be a bounded domain whose boundary is of class W>*° and let us
set Q :=G x (0, T). Suppose that a,b, A, B € L°°(Q) and let O be a nonempty open subset of
Q. Then, any solution (y,z) € L*(0, T; H*(G) x H*(G)) to

yvi—Ay+ay+bz=0 in Q,

. 30)
zt—Az+Ay+Bz=0 in Q,
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satisfies the following property:

(v,20=1(0,0) in O = (y,2)=1(0,0) in C(O),

where C(QO) is the horizontal component of O, defined by

C(0) :={(x,t) € Q: Ixg such that (xo,t) € O}.
The proof of this result is similar to the proof of Theorem 1.4 in [9].

Remark 4. Let ¥y be an open nonempty subset of 92 x (0, T'). Then, any solution (y, z) €
L2(0,T; HX(G) x H*(G)) to (30) satisfies the following property:

dy 0z

(y,z) =(0,0) and (an’ .

):(0,0) on Xop = (y,2) =(0,0) in C(Xp).

Indeed, take (xo, o) € ¥o. Since %¢ is open in 92 x (0, T), there exist constants 7,6 > 0
such that (B, (xg) N d2) x (to — §, o + §) C Xg. Let us denote by (y, ) the extension by zero
of (y,2) to O := (B(xq; r) N Q) x (tg — 8, 19+ 8). Then, (3, 2) € L0, T; H*(G) x H*(G)) is
a solution to (30) in (B(xg;r) UQ) X (fop — §, 10 + 8) and (y,z) = (0,0) in O. Consequently,
by Proposition 1, (y,z) vanishes in C(O). Since (xq, f9) is arbitrary in X, we get the re-
sult. O

Let us now achieve the proof of uniqueness for the 4ge(4)metric inverse problem (28)-(29). To
this end, let D° and D! be two open sets in D and let (y', z') be the solution to (28) with D = D'.

Let us also assume that
ay? 970 ay! 97!
& ,—Z = (2 ,—Z ony x (0, 7).
on  on on  on

As before, by introducing the open sets D := D° U D!, 0°:= Q\D and 0, with y := y? — y!
and 7z := 7% — z!, we have

yi—Ay+ay+bz=0 in O x(0,7),
zt—Az4+Ay+Bz=0 in O x(0,7),

y=0, z=0 on 02 x(0,7),
0 0
—y=0, —Z=0 on y x(0,7).
on on

From Remark 4, we find that (y, z) = (0,0) in O x (0, T).
We can prove that D! \50 is the empty set. Indeed, suppose the contrary, i.e. that D! \50 is

nonempty. Let us introduce the open set D?=Dlu ((Q\ﬁ N (9\5)). As before, using the fact
that (y°, z%) = (y!,z") in O x (0, T'), we see that
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WAy +ay? +5:°=0 in  (DAD) x (0, 7T),
D — AL+ A +B2=0 in  (D2\D") x (0, T),
yW=z0=0 on 3(D2\D") x (0, T),
Y00, 0)=2°¢-.0)=0 in  DX\D".

€29

Consequently, thanks to the uniqueness of solution to (31) and Proposition 1, we must have
(%, 2% = (0,0) in (9\50) x (0, T'), which implies (¢, ¥) = (0, 0), an absurd. This proves that
D' c D

Similarly, we can also prove that D° ¢ D! and, therefore, D® = D'.

Remark 5. If, in (28), we impose nonzero initial conditions on y and/or z, the situation is much
more complex. In particular, the previous argument does not work. A detailed analysis will be
the objective of a forthcoming paper. O

Remark 6. Notice that, in this time-dependent case, no assumption of the kind (1) is needed. O

Stability results like Theorems 2 and 7 can also be established in this framework. We will not
give the details for brevity, since the arguments are not very different and can easily be completed
by the reader.

4.3. Additional comments on stability

In the context of the stability problem, we can adopt another (more geometrical) viewpoint.
To clarify the situation, let us consider the scalar systems

—Ay =0 in Q\D,
y =g on 9%,
y=0 on 3D,

where €, is as before, D and D! are convex and have nonempty intersection and the following
regularity properties hold:

3y . .
=L '), Y ec @\ D).

¢l e C*OQ), & :
on

Let us assume that

i 1
o' lcopay =m >0, lle° — @'z <€
”&0_&1”6‘1(7) <k, ”yl”CZ(ﬁ\Di) <M.

Then, it can be proved that the Haussdorf distance dy (DO, Dl) satisfies the estimate

dy(D°, DY) < ————.
(log(log 1))
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Fig. 2. The deformations of D.

where C only depends on 2, M and m; see [4].
The proof is based on the following well-posedness results, where C is as above:

o Letus set again G = Q\ DY U D! and let us assume that

O@) — y @) =max |y’ (x) — y' ().

xeG

Then, under the previous hypotheses, one has [y%() — y!(£)| < C (log é)_l.
e Assume that ||y? — y! ”CO(E) <3§.Thendy (D%, DY) <C (log %)_2.

Under additional properties for the ¢, @ and y’, the previous estimates can be improved;
see [4] for more details.

It would be interesting to extend this approach to the inverse problems (2), (3) and (2), (26).
At present, to our knowledge, whether or not this is possible is an open question.

4.4. Reconstruction

As already said, reconstruction algorithms for the solution of problems of the kind (2)—(3)
have been considered in several papers. In all them, the main idea is to reduce to finite di-
mension and reformulate the search of the unknown D as a constrained (maybe numerically
ill-conditioned) extremal problem. Then, usual gradient, quasi-Newton or even Newton methods
can be used to compute approximate solutions; see for instance [1-3].

Let us present in this section a different approach that relies on the domain variation tech-
niques introduced in [13-15].

The main idea is to describe how the observation depends on small perturbations of D as
explicitly as possible. Thus, for each u € W, let us set

D—l—,u::izeRNz:x—i-pL(x), xeD}

and let us recall that, whenever D € D, we also have D 4+ u € D as indicated in Fig. 2.
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Let us assume that a, b, A, B € L°°(Q) satisfy (1) and we can consider the perturbed system

—Ay,+ay, +bz, =0 in Q\(D+pw),
—Azy+ Ay, + Bz, =0 in  Q\(D+ ),
Vo=@, Zu=1Y on J,
yu=0,z2,=0 on (D + p).

Assuming appropriate regularity hypothesis on D and (¢, 1), it can be proved that

Ay 0zu dy 9z\ By;L az;L
(E)n’an on'on) \ on’ on Fo(u) on .

where ( y;/u ZL) is the unique solution to the linear system

—Ay;, +ay, +bz, =0 in Q\D,

/ / ! : n
—Az, + Ay, + Bz, =0 in Q\D,
y;/.L :0, Z;,L =0 on BQ,
= n)a_y 7, =—( n)a—Z on aD
)’,,_— /"L 8]’1’ M_ M an k]

and
o(u)

— 0 as |[u|lp20e = 0.
Il eIl 2,00

Moreover, for any (7, Py eC 2(7), one has

Oy, 0y _ 0z, 0z )\ = / dy dn 0z 96

- - = — —— )0 |dl'=— . —— 4+ ——)dT ,
/[( on 8n)n+<8n on (e -n) on 8n+8n on o)
v aD

(32)
where (7, 6) is the solution to the adjoint system
—An4+an+A0=0 in Q\D,
—AO+bn+BO=0 in Q\D,
U i \ (33)

n=mnl,,0 =§1V on 0K,
7’)2079:0 on 8D

Let us see how, starting from an already computed candidate D to the solution of the geometric
inverse problem (2)—(3), we can compute a better candidate of the form D+ W“.

Let M be a finite dimensional subspace of L°°(3D) and let {f1,..., fp} be a basis of M.
We will take u such that - n|, 5 € M. Then, we can write

P
M'nlaﬁzz)\ifi

i=1
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for some A; € R to be determined. .
Now, let us introduce p linearly independent functions (77', 51) e CX(y). Using (32), we ob-

tain
Ay . 0z 5\ 5/ :
/ L )5, + (=L -B)0'1, dl"z—ZKij)»i+0(M),
on on i
) i=1
where
ay an/ 9z 96/
Ky= [ fi(=225 + 222 )ar,
Y / l(an on | om Bn)
aD

we have denoted by (nj ,07) is the solution to (33) corresponding to (ﬁj s §j ) and (@, B) is the
observation corresponding to (y, 7). We thus see that an appropriate strategy to compute the
coefficients A; is to solve, if possible, the finite-dimensional algebraic system

14 .
> Kiti=— [ [@-awi+ ¢ - po’]ar. 1=)=p.
i=1 y

A rigorous justification of the main steps presented before, together with a detailed analysis
of the reconstruction method, will be the subject of a forthcoming work.

Remark 7. Let us devote some words to other reconstruction issues. A natural way to compute
a sequence of open sets D such that, in some sense, D¥ converges to a solution to the inverse
problem is the following:

1. Reformulate (2)-(3) as an extremal (direct) problem

Minimi L|/dy 9z (@ ) 2
inimize = || =, — ) — («
2|\ an’ 9n ’

HV2()2 (34)
Subjectto y =yp, z=2zp, D € Dyq.

Here, D,4 is an appropriated family of admissible domains and, for each D € D4, (yp, Zp)
is the unique solution to (2). For practical purposes, it is of course interesting to take, for
instance, classes D, similar to those in Theorem 2.

2. Try to solve (34) by applying an iterative algorithm. For example, if the domains in D,y
are parametrized (as in Theorem 2), it makes sense to apply constrained descent techniques.
This approach has been chosen in a lot of references up to date in connection with many
different problems. 0O
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