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1. Introduction

In the present work we will analyze a mathematical model for the process of solidification or melting of certain metallic
alloys in which two different kinds of crystallization are possible. Being 2 ¢ R? a bounded C?-domain and 0 < T < 400, the
model is given by the following system of nonlinear partial differential equations, subject to boundary and initial conditions,
holding in Q = £2 x (0, T):

Tt —bAT =lhur+hve + f,

U —kiAu=—au(l—u—v)(1—-2u—v+cit +dp),

v —kyAv=—av(1 —v —u)(1—-2v —u-+ct +dy),

at/on=9du/on=9v/on=0 on 352 x (0, T),

T =Ty, u=uo, v=vgy in £ x {t=0}. (1.1)

Here, the function 7 is the temperature and u and v are phase field functions used to identify the levels of solid
crystallization; that is, the values of u(x,t) and v(x,t) at a point x € £2 and time t € [0, T] indicate the amounts of each
kind of crystallization present at that point and time; f is the density of heat sources and sinks; the constants [; and [,
have the same sign and are related to the latent heats associated to each kind of crystallization; b, k1, k2, ay, a2 c1, c2, dq
and d, are given constants depending on the physical properties of the involved materials, and the first five of them are
positive; n =n(x) denotes the outwards unit normal to d£2; the initial data g, ug and v are suitable given functions.
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Before we describe and situate our results, let us discuss certain aspects of the use of phase fields to model solidification
and, also, let us recall previous contributions to the subject.

We start by remembering that phase field models belong to the family of diffuse interface models, that is, those that
consider that the solid and liquid regions are separated by intermediate regions with positive width and their own physical
structure. These intermediate regions are called mushy zones or transitions layers when the width is small and are determined
by the values of some specific variables called phase fields; this means in particular that the level sets of such fields separate
the different phase regions. These ideas contrast with those used in the sharp interface methodology for solidification, also
called Stefan’s methodology, that assumes that regions of different phases are separated by regular surfaces (zero width).

A phase field variable may or may not have direct physical meaning. Examples of the first case are solidification models
that use the values of the enthalpy to define the phases. However, in many models the phase fields variables have no
immediate physical meaning; then, to the set of equations associated to the usual physical variables (derived from the
balance laws of Physics, like the conservation of energy, momentum, etc.), one must add suitable extra equations for the
phase fields.

The usual methodology for obtaining these extra equations when the phase field have no direct physical meaning is to
start by constructing a suitable free-energy functional and, from this, to derive in a standard way the evolution equations
for the phase fields. In the context of what is called non-conserved phase field methodology, this is done by assuming that
the time derivative of the phase field is proportional to minus the flux associated to the free-energy functional. This leads to
an Allen-Cahn type equation for each phase field and automatically implies that, along a possible solution of the resulting
equations, there is decay of the free-energy while steady state is not reached.

One of the first authors to use this kind of phase field approach to model solidification of simple materials was Fix [19];
a recent paper discussing this approach for alloys is Tong, Greenwood and Provatas [49]. An alternative to the procedure of
using the free-energy is to use similar arguments with a physical entropy functional, this time requiring the increase of the
entropy while steady state is not reached; see for instance Penrose and Fife [39] and McFadden, Wheeler and Anderson [35].

We should stress that phase field modeling is perhaps the most successful way to model solidification and melting of
materials and there are several reasons for this. One of them is that the zero-width assumption of the sharp interface
methodology is not realistic in several important situations; on the other hand, mushy zones and transitions layers are
natural in the phase field methodology.

Another difficult with sharp interface models is that, for them, there is no standard way to incorporate important new
phenomena. In particular, these models must include equations for the evolution of the interfaces. But there is no systematic
way of deriving such equations when important physical phenomena influencing phase changes must be taken into account
and, in general, the derivation of such equation is not an easy task.

By contrast, the incorporation of several important physical phenomena is done in a completely systematic and clear
way in the phase field methodology. It suffices to include them in the free-energy functional (or entropy functional); the
derivation of the corresponding phase field equations will then be standard.

Some papers representative of the modeling flexibility of the phase field methodology and its mathematical richness are
Caginalp et al. [9-12], Penrose and Fife [39], Colli, Grasselli and Ito [17], Ahmad et al. [2], McFadden, Wheeler and Ander-
son [35], Sprekels and Zheng [43], Krejci and Sprekels [31], Karma [29], Boldrini and Vaz [8], Morosanu [37], Laurengot,
Schimperna and Stefanelli [34], Nestler, Garcke and Stinner [38], Gilardi and Marson [21], Gilardi and Rocca [22], Stiner [46],
Krejci, Rocca and Sprekels [30], Jiménez-Casas [27], Planas [40] and Cherfils, Gatti and Miranville [16] (see also the references
therein).

In the frequent realistic situation in which the separation among the phases involves complex geometries (dendrites, for
instance) or low regularities, the sharp interface methodology is very difficult to be applied, specially in practical numerical
simulations. The computational book-keeping necessary to follow these interfaces in time make these simulations very time
consuming and frequently impossible. On the other hand, since in the phase field methodology the transition layers are
obtained as level sets of the phase fields, the numerical simulation of such models, although difficult, is still possible. Some
papers that deal with several numerical aspects related to phase field models are for instance Cheng and Warren [15], Sun
and Beckermann [47], Zhao, Heinrich and Poirier [50], Rosam, Jimack and Mullis [42], Tan and Huang [48], Hamide, Massoni
and Bellet [23] and He and Kasagi [24].

The asymptotic behavior in time of the solutions of phase field models is also of great interest. Some papers considering
this aspect of the solidification problem are Bates and Zheng [5], Brochet, Chen and Hilhorst [6], Aizicovici, Feireisl and
Issard-Roch [4], Aizicovici and Feireisl [3], Sprekels and Zheng [43], Kapustyan, Melnik and Valero [28], Jiang [26] and Roger
and Tonegawa [41].

Another interesting question in this subject is whether sharp interface models can be seen as limit models of appropriate
phase field models as the width of the transition layers go to zero. Some representative papers that answer this question in
several situations are the following: Caginalp and Xie [13], McFadden, Wheeler and Anderson [35], Colli and Recupero [18]
and Gilardi and Rocca [22].

We finally remark that the previous characteristics of the phase field methodology, specially the fact that there are
systematic and clear ways of including important physical phenomena and deriving the corresponding equations and also
its capacity to handle complex geometries, make it the mostly used methodology in several commercial packages for the
numerical simulation of realistic situations of solidification in the metallurgic industry.



J.L. Boldrini et al. / ]. Math. Anal. Appl. 357 (2009) 25-44 27

Evidently, the models used for realistic numerical simulations in the metallurgic industry are much more complex
than (1.1). However, this system contains nonlinear terms coming from the interaction potential that are important to
understand the behavior of the processes occurring during solidification when two kinds of crystallizations are possible; see
Steinbach et al. [44,45]. So, we hope that the mathematical understanding obtained in such simpler situations may help to
support some of the assumptions used in simulations for alloys of this kind.

Concerning the system (1.1), we remark that it can be viewed as a generalization of the model treated by Hoffman
and Jiang in [25]. It is also related to the model presented in Steinbach et al. [44,45] as we explain in the following.

In [44] and [45], on the basis of certain physical hypotheses, the authors derive and study a model for solidification
processes of certain metallic alloys allowing two kinds of crystallizations. Numerical simulations and comparisons are per-
formed to support the proposed model, but no rigorous mathematical analysis is presented.

To model the possibility of two kinds of crystallization, (1.1) has similar interaction potentials to those in [44] and [45],
but in a sense it is simpler. In fact, (1.1) assumes the classical hypothesis that the energy stored in the transition layers at
time ¢ is a linear combination with positive coefficients of the squares of the LZ(§2)-norms of the gradients of the phase
fields; this leads to the Laplace operators in (1.1). In [44] and [45], a more complex mechanism for the energy storage in
the transition layers is assumed, which leads to some nonlinear second order operators instead of Laplace operators. In the
present paper, we have chosen to consider this simplification, in order to isolate the mathematical difficulties coming just
from the interaction potentials. From the mathematical point of view, the problem in [44] and [45] is harder to analyze;
some results in this direction can be found in Caretta and Boldrini [14].

On the other hand, in (1.1) the temperature is unknown and is determined by the physical processes themselves, as
it should be in realistic terms; by contrast, in [44] and [45], the temperature is given. Thus, (1.1) allows more complex
non-isothermal phase transitions and, in this sense, it is more general than the model in [44] and [45].

In this paper we will present several theoretical results concerning (1.1). We will prove the global existence and the
uniqueness of solutions under certain conditions; we will also deal with their regularity, their continuous dependence with
respect to right-hand sides and initial data, as well as their behavior as k1 and k, go to zero.

We observe that these results, in particular the existence of regular solution and the continuity with respect of the data,
are important for the considerations that may lead to the proper choice of algorithms for numerical simulation. As it is
usual in this context of simulations, results holding for a simple case may also support the arguments for the proper choice
of algorithms in the case of related but more general models.

The present results will be used to study several optimal control problems in [7]. Furthermore, the techniques we use
here can be regarded as preliminary for the study of a more complex three-phase field model for the solidification of an
alloy, to be considered in forthcoming papers.

It is in order to remark that almost all the articles that rigorously analyze phase field models do so for models with
just one phase field. The present model, however, has two phase fields and it is important to stress that our results are
not obvious extensions of known results for models with a unique phase field and similar interaction potential. In fact,
in the case of a single phase field, the situation is simpler, mainly because the cubic term that appears in phase field
equation comes with the “right sign” and helps to obtain the usual lower order estimates. In the present case, however,
besides similar good cubic terms, there are also other cubic terms coming from the products of the two phase fields and
the temperature. There is no clear control of the signs of these extra terms, which are rather nasty and spoil even the
procedure of obtaining lower order estimates. Thus, it is not even obvious that there exist global in time solutions of (1.1).

To prove that there are such global solutions, we have to start by analyzing an auxiliary problem, obtained from the orig-
inal one by carefully applying a truncation operator to the nonlinear terms. Then, we use the well-known Leray-Schauder
theorem to prove the existence of a solution to the auxiliary problem. The next step is to obtain a suitable L*®-estimate for
the approximate solutions. This is not trivial and, at present, can only be proved under certain “smallness” assumptions on
the constants in (1.1).

The organization of the present paper is as follows.

In Section 2 we fix the notations and recall several results that will be needed later on; we also state in a rigorous way
our main results. Section 3 is devoted to the analysis of the already mentioned auxiliary problem. In Section 4 we provide
the proofs of existence, regularity and continuous dependence of the solution with respect to right-hand sides and initial
data. In Section 5, we present some additional results and comments.

2. Preliminaries, hypotheses and main results

We will use standard notations; for convenience, let us recall some of them.

The usual Sobolev spaces will be denoted by W; (£2), where r € R and 1 < p < 4o00. The definition and main properties
satisfied by these spaces can be found for instance in Adams [1]; here we only mention the following result, that is a
consequence of the Sobolev Embedding Theorem (see [1, Theorem 5.4, p. 97]):

Lemma 2.1. If 2 C R3? is an open set satisfying the cone property and 2 < 3p/5 < +oo, then ng/s(.()) > wj‘z/"(m (with
a continuous embedding), for all 3p/5 < q < p.
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We will search for solutions to (1.1) belonging to the functional spaces
W2'(Q)={fel¥Q): D*feli(Q) VI< || <2, freli(Q)}.

For results concerning these spaces, we refer for instance to Ladyzhenskaya et al. [32] and Mikhaylov [36]. Let us just recall a
result that is sometimes called the Lions-Peetre Embedding Theorem (see [33, p. 15]; this is also a consequence of Lemma 3.3,
p. 80, in [32]):

Lemma 2.2. Let 2 C R3 be a bounded C%-domain and let us set Q = §2 x (0, T), where 0 < T < 4o00. Then W;'l (Q) = LP(Q) for

G- if2<q<5/2,
P =y any positive number ifq=5/2,
400 ifq>5/2.

Moreover, whenever 2 < p < p, the embedding Wg’l (Q) < LP(Q) is compact. In particular, for any 2 < q < +oo, the embedding

Wil (Q) = L9(Q) 1)

is continuous and compact.
Another consequence of Lemma 3.3 in [32] is the following:

Lemma 2.3. Let 2 C R3 be a bounded C%-domain and let us set Q = 2 x (0, T), with 0 < T < +o0. Then one has

WZ2'(Q) = L®(Q)
forall q > 5/2, where the embedding is continuous and compact.

Next, let us collect for convenience some hypotheses that will be assumed in the sequel:
(i) £2 cR3is a bounded C2-domain, 0 <T < 400, Q = x (0, T);
(i) 7o, uo, vo € L>°(£2) and ug, vo = 0;

2.2
(iii) b,ly,12,kq,ka,aq,az, are real constants; (22)

b, k1, k2, a1, ay are positive.

In the sequel, b, I;, k; and a; will be referred to as “the constants in (1.1)". We will now recall some results concerning a
relatively simple problem that will be used to prove the existence of solutions of (1.1).
Thus, let £2, T and Q = £2 x (0, T) be as before and let us consider the system in Q

ur —kAu=au +bu® —cu? + f,
du/on=0 on 3982 x (0, T),
u=up in £ x {t=0}. (2.3)

The following results are proved in [25] (see Theorems 2.1 and 2.2):

Proposition 2.1. Let 2 C R3 be a bounded C2-domain. Let us assume that k and c are positive constants, a,b € L°(Q), f € L9(Q)
with2 <q < +ooand ug € W% (£2) with dug/dnlye = 0. Then (2.3) possesses at least one solution u € W;*l (Q) satisfying

21, < ClIollyz + Nuoly; + 11 lis(a):
where C only depends on §2, T, k, ¢, ||al|L~(q) and ||b]| = (q). Moreover, u € W;J(Q) with ¢ = min(10/3, q) and
llly21 g, < C(Iuollwg + 10Nz + 11 flssca) + 11 acq))-
Finally, ifug € W32p/5(.(2)forsome 10/3 < p < +oo, thenu e W;*l(Q) with § = min(p, q) and
lully21q) < C(luollwz,  + ||uo||;§§p/5 + 1 fllac) + 1 13acq))-
Proposition 2.2. Assume that k and c are positive constants,a,b € L°°(Q), f,g € L9(Q) and ug, vg € Wfp/s(Q), where10/3 < p <

400 and 2 < p < q. Let u and v be the solutions of (2.3) corresponding to the data (f, ug) and (g, vo). Then the following estimate
holds:

lu— Vllwlg-l(Q) <C[If - gllzacq) + lluo — Vollwgp/s]-

Here, C depends on the norms of u and v in Wﬁ’1 (Q). In particular, the solution furnished by Proposition 2.1 is unique.
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Our main results in this paper are the following:

Theorem 2.1. Let us assume that hypotheses (2.2) hold, f € L9(Q) with q > 5/2 and Ty, ug, vo € W22(.Q) with dtg/on|ye =
dug/only = dve/only = 0. There exist ko, depending on 2, T, the constants in (1.1) and the norms of f and the initial
data such that, if max;(|cj|) < ko, then (1.1) possesses exactly one solution (t,u,v) € W;J(Q) X le(’)}3(Q) X le(')}3(Q) with
G = min(10/3, q) that satisfies the estimate
3 3 3 3
< C(IITOIIWZZ +luollwz + lvollwz + I fllzaco) + IITOIIWZz + IIUollwg + ||Vo||W§ + ||f||L2(Q))» (2.4)

where C depends on 2, T and the constants in (1.1). Furthermore,

0<u,v<M:= max<||u0||Loc, Vol . max|d;| + 2). (2.5)
1

We can be more precise on the smallness assumption on |c;|. Specifically, what we need is
(maxci )R (M. lcil, dil) A + max di] +1 < M, (26)
1 1

where M is as in (2.5) and E(M, Icil, |di|) and A are given in (3.19) and (3.20).
Unfortunately, we do not know how to get a global existence result for general (large) |c;].
In view of the physical meaning of the variables, it is natural to search for conditions on the data that ensure 0 <u, v < 1.
This is the goal of the following result:
Theorem 2.2. Let the assumptions of Theorem 2.1 hold and suppose that
0<ug,vo< 1. (2.7)

There exist k1, depending on §2, T, the constants in (1.1) and the norms of f and the initial data such that, if max;(|c;|, |d;i|) < k1, then
the solution of (1.1) furnished by Theorem 2.1 satisfies

O0<u,v<l. (2.8)

Theorem 2.3. Let the assumptions of Theorem 2.1 hold, with max;(|c;|, |di|) < ko. Let us also assume that T, ug, vo € W32p/5(.{2)
with 2 < 3p/5 < 4o0. Then (T, u, v) € W;*l(Q) x Wy'(Q) x Wy (Q) with § = min(p, q) and

1721 ) + 121 gy + V21 gy < ClITolwg, , + lollyg  +1volyz + Iflisc0))- (29)

Here, C only depends on $2, T, M and the constants in (1.1).

Theorem 2.4. Let the assumptions of Theorem 2.1 hold with max;(|c;|, |d;|) < ko. Let us consider initial conditions 7:6, ug, vg € W22 (£2)
such that 3t} /dnlye = dul/dnlye = dvi/dn|se = 0 and let M be such that 0 < ul), vi < M and max; |dj| + 1 < M. Also, let
fi € L9(Q) with q > 5/2 be given and let (t;, u;, vi) € W21 (Q) x W2'(Q) x W2'(Q) be the solution of (1.1) associated to
(fi, Th, ub, vE). Then (zi, ui, vi) € W§’1(Q) x Wfé}3(Q) x le(’)}3(Q) with § = min(10/3, q) and

T — Tzllwg.l(Q) +ur - Uzllwlzé}z(Q) +lvi— Vzllwlzé}z(Q)
1 2 1 2 1 2
<Cll7o = lws + luo —ugllwz + lvo = vollws + 11 = falls)]-
Here, C depends on §2, T, M and the constants in (1.1). Moreover, ifré, ug, vg € ng/s(.rz) with 2 < 3p/5 < o9, then (tj, uj, vi) €
W;’l(Q) X Wg‘l(Q) X Wﬁ'l (Q) with ¢ = min(p, q) and we also have:
t1 — T2||W§~1(Q) +lur —ually2r gy Vi = vallyzi g

<Cllw =z, +luo—uslwz ,+1vo=vilwz , + 151 = f2lsa)]: (2.10)

/5

where C is as before.
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3. An auxiliary problem
In order to prove Theorem 2.1, we will first consider an auxiliary problem. Thus, let us fix a constant M > 0 (suitably
chosen later on) and let us introduce the truncation w : R — [0, M], with

0 ifw<o0,
Tw)y=1w ifog<w<M,
M ifw>M.

Our auxiliary problem is the following system in Q :

Tt —bAT =lur +bve+ f,
U —kiAu=—au(1—uw) (1 —u+dy) —ar@[1 -7 @) —7W)][-7 W) +c17]
+ a1 W) (v)[2 = 27 (u) — 7 (v) +dq],
Ve —kAv=—av(1 —=v)(1 = v +dy) —am(V[1 =7 (v) — 7 W) |[-7 (V) + 27
+ axm (V) ()[2 — 2w (v) — 7w (u) + da],
dT/dn=0u/dn=29v/an=0 on 382 x (0, T),
T =T1p, u=up, v=vg in 2 x {t=0}. (3.1)
Notice that the right-hand sides of the equations in (3.1) and (1.1) coincide if 0 <u, v < M.

The following result holds:

Proposition 3.1. Assume that hypotheses (2.2) hold. Let us assume that f € L9(Q) with ¢ > 5/2 and T, ug, vo € W%(.Q) with
0Tg/0n|ye = dug/on|ye = dvg/onlye = 0. Then there exists at least one solution of (3.1) that satisfies (t,u,v) € W22’1(Q) X
W3'(Q) x W3'(Q) and

17210, + 121 q) + 1VIy21 g, < CITollwz + lollwz + [Vollys + 11 li2(q)- (32)
Furthermore, T € W;J(Q) with ¢ = min(10/3,q), u,v € le(')}3(Q) and

T2 + llully,2 +1viiy2

< C(ITollwz + uollwg + IVollwz + 1f lhac) + 7ol z + ollGys + Ivollgz + 11 fllfz(q))- (3.3)

The above constants C depend only on 2, T, M and the constants in (1.1).

Proof. We will apply the well-known Leray-Schauder’s Fixed Point Theorem (see for instance [20]). Our Banach space will be
B:=L1%(Q) x L*(Q) x L(Q).

We will consider the family of nonlinear operators T, : B~ B (0 < A < 1), given by
T, pu,v) =(t,u,v),

where, for any (6, u,v) € B and X € [0, 1], (7, u, v) is the solution of the following problem in Q:

Tt —bAT =hur+bve+ f,
ue —kiAu=—aqu(1 —u)(1 —u+dy) — rayw ()[1 — () — T (W)][-7 (1) + 16]
+ra1 7 (W (V)[2 =27 (W) — 7 (V) +di ],
Ve —kaAv=—av(1 = v)(1 = v +dy) — A w W)[1 =t (v) — T (W) ][~ (V) + 20]
+ Aaxm ()7 (U)[2 — 27 (v) — () + da ],
at/on=0du/on=0v/on=0 on 352 x (0,T),
T =Tp, u =1up, v=vg in £ x {t=0}. (34)

We have to check that T, is well defined for each A and, also, that the hypotheses of the Leray-Schauder Theorem are
satisfied. This will be achieved in several steps.
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Step 1. First, let us check that (t,u,v) =T, (6, u, v) is well defined for each (9, u,v) € B and each 0 < A < 1.
Indeed, since 6 € L>°(Q), we obviously have

—ray (W1 =7 () — T (W) |[-7 (1) +c16] € L2(Q)
and
Ay ()T (V)[2 = 27 () — (V) +di] € L(Q).

Therefore, from Propositions 2.1 and 2.2 applied to the second equation in (3.4), there exists exactly one solution
ue Wfd}3(Q) of this equation.

In a similar way, by applying Propositions 2.1 and 2.2 to the third equation of (3.4), we deduce that it possesses a unique
solution v € le(’,}3(Q).

We have (u,v) € le(’)}3(Q) X W126}3(Q)' Consequently, the right-hand side of the first equation in (3.4) belongs to L1(Q),
where we have ¢ = min(10/3, q). Since 1 € W%(Q) C W%z(Q) (by Lemma 2.1 with p =10/3 and q = p), there exists a
unique solution 7 € W‘?'](Q) of the first equation of (3.4), by Theorem 9.1, p. 341, of [32]. Since q > 5/2, we also have

W;*l(Q) <> L°(Q), whence T € L(Q).
This proves that (3.4) possesses exactly one solution (7, u, v) € B. Hence, T, : B+ B is well defined and we always have

T5(0, 1, 1) € W3 (Q) x Wig)5(Q) x Wig5(Q)
with ¢ = min(10/3, q).
Step 2. Next, let us prove that for each fixed A € [0, 1] the mapping T, : B+ B is continuous and compact.
Thus, let us assume that (6;, ui, vi) € B for i =1, 2 and let us set (zj, uj, vi) = T»(6;, ui, vi) and @, i, v) = (61, 1, V1) —

(02, 12, v2).
From Proposition 2.2 applied to the equations satisfied by u; and u; with p =10/3 and g =9, we see that

lus — ”2”Wf6}3(Q) < Cl|—rarm (w1 — 7 (1) — 7w ()| [-7 (1) + €161 ]
+ Aay T (1) (v1)[2 — 27 (1) — T (V1) +di ]
+Aa 7 ()1 — 7 (2) — (V) |[—7r (12) + 162]
— A7 ()7 (V2)[2 — 27 (12) — 7 (V) +d1 | HL9(Q)'

Noticing that | (w1) — w(w3)| < |[wq — wy| for all wq and w, after some computations we easily obtain that

llus — Uzllwﬁ)k(Q) < C||01, 1, v1) = (B2, pa. v2) | 5

where C depends on §2, T, M and the constants in (1.1).
Similarly, from Proposition 2.2 applied to the problems satisfied by v; and v,, we also deduce that
lvi — V2||w126}3(Q) < C[ 61, 1. v1) = B2, 12, v2) | -
Now, taking into account the equations satisfied by 71 and 1, from the standard LP-regularity theory for parabolic
equations (see for instance Theorem 9.1, p. 341, in [32]), we find:
T — Tzllwg.l(Q) < C(llur — “2||w36}3<a) + vy — V2||W12(’]}3(Q)) < C|| 61, 1. v1) = (02, p2. v2) || -
where ¢ = min(10/3, q).

This proves that T, is continuous, regarded as a mapping from the space B into the space Wg’l(Q) X W]z(’)}3(Q) X

Wfé%(Q). From the compactness of the embedding W;‘l (Q)x Wfé}3(Q) X Wfb}3(Q) <> B (that is ensured by Lemma 2.3),
we deduce that T, : B +— B is continuous and compact for each fixed A € [0, 1].

Step 3. We will now prove that, for any bounded set A C B, the mapping A — T, (6, i, V) is continuous, uniformly with
respect to (@, u,v) € A.

Indeed, let us assume that (0, t, v) € A and A1, A3 € [0, 1] and let us set (7;, uj, vi) =Ty, (0, u, v) for i =1, 2. Arguing as
in the previous step, we find that

T1—T . up—u . vVi—V . < ClA1 — Az,
T2 2IIW§1(Q)+|I 1 2”W120}3(Q)+” 1 2”W120}3(Q)\ A1 — Az
where C depends on sup, ||(7,u, v)||p and ¢ = min(10/3, ). In particular,

| (z1. 11, v1) = (T2, 2, v2)|| 3 < ClAg — A2

and thus A — T, (6, u, v) is continuous, uniformly with respect to (0, i, v) € A.
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Step 4. Next, we will check that Ty has a unique fixed point.
This is easy. Indeed, for A =0, the fixed point equation (t, u, v) = To(t, u, v) is equivalent to the system in Q
Tt —bAT =lhus +bhve+ f,
ur —kiAu=—aqu(l —u)(1 —u+dy),
Ve —koAv =—av(1 —v)(1 — v +dy),
at/on=9du/on=9v/on=0 on 352 x (0, T),
T =Tp, u=up, v=vg in £ x {t=0}. (3.5)

Hence, we are concerned with uncoupled problems similar to (2.3) for u and v. By applying Propositions 2.1 and 2.2 to
them, we obtain at once the existence and uniqueness of u and v in W]Z(‘)}3(Q).

Once u and v are obtained, we get a problem for T to which we can apply again the parabolic LP-regularity theory. This
leads to the existence and uniqueness of T in Wg‘] (Q), with ¢ =min(10/3, q).

Consequently, To possesses exactly one fixed point in B.

To end the proof, we just need a uniform estimate of the fixed points of the mappings T,. More precisely, we have to
prove the following:

There exists a constant K > 0 such that, for any X € [0, 1], any fixed point (t, u, v) of T, satisfies || (t,u, v)||p < K.
Thus, let (t,u, v) € B be a fixed point of T, for some A € [0, 1]. Then (t, u, v) satisfies the following system in Q :

Tt —bAT =lus +bhve+ f,
U —kiAu=—aju(1 —u)(1 —u+dy)
— A1 =7 W) —w(W)]|[-7 W) +c17]|raiw W) (v)[2 — 27 (u) — 7w (v) +dq ],
Ve —kaAv=—av(1 = v)(1 = v +dy) — A m (V)[1 =t (v) =t () ][~ (v) + c27]
+ Aapm (V)7 (W)[2 — 27 (v) — 7 (u) + d2],
at/on=9du/on=9v/on=0 on 952 x (0, T),
T =Tp, u=up, v=vg in £ x {t=0}. (3.6)

By multiplying the second equation of (3.6) by u, integrating on £2 x (0,t) with 0 <t < T, integrating by parts, using
that 7 (u) <u and 0 < 7 (u), w(v) < M and using Hélder’s inequality, it is not difficult to see that

t t t
/u(t)zdx+2k1f/qulzdxds+//u4dxds< ||uo||fz +C//(u2+tz)dxds. (3.7)
2 0 Q 0 Q 0 2
By multiplying the third equation in (3.6) by v and proceeding as before, we also have:
t t t
/v(t)2dx+2k2//|Vv|2dxds+f/v4dxd5< Hvollfz +C//(v2+t2)dxds. (3.8)
2 0 Q 0 Q 0 2

Now, by multiplying the first equation of (3.6) by T — lju — I, v, after similar computations, we get:

t
%/(‘L’ +I1u+lzv)(t)2dx+b//Vt-V(r—llu—lzv)dxds
Q 0 2

t
<C(Iollf2 + luollfz + Ivollfa + 1 fI2q)) + Cf /(f2 +u? 4 v?) dxds. (3.9)
0 2

Let us multiply (3.7) by a constant A > 0 and (3.8) by B > 0. Adding the resulting inequalities to (3.9), we find that

N =

/[(r +hu +Lv)(©)* + Au(®)® + Bv(6)?] dx
2
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¢
/'/.(Au4 + Bv4) dxds
0

2

N =

t
—I—f/[Vr~V(r—11u—lzv)—|—Ak1|Vu\2+Bk2|Vv|2]dxds+
0 2

t
< cllizol? + ol + ol + 1 f1%q,] + C/ f(r2 +u2 + v?) duds.
0 2

Taking A = max(1 + 412, (1+b12)/k;) and B = max(1 + 412, (1 +b2)/ky), the following is found:
t t

/[t(t)2+u(t)2+v(t)z]dx+//(u4+v4)dxds+/f(|Vt|2+I<1|Vu|2+k2|Vv|2)dxds
2

2 0 0 2

t
< C[lols + ol + Vol + 11 qy] +€ [ [ (2242 +v?) s
0 2

Now, Gronwall’s Lemma implies

t t
/[r(t)2 +u(t)? +v(t)2]dx+//(u4+v4) dxds+f/(|Vt|2 +k1|Vul® + k2| Vv|?) dxds
Q2 0 2 0 Q2
< Clliwollf + luollf, + Ivolls + 112 q) ] (310)
forall 0<t<T.

Next, let us multiply the second and third equations of (3.6) by u; and v¢, respectively. Integrating on £2 x (0, t) with
0 <t < T and proceeding in a similar way, we arrive at the estimates

t
2 ai

ffu?dxds+k1f\wa>| dx+3/u(r>4dx<c[||ro||iz+||uo||5vg+||vo||iz+uf||fz(Q)], (3.11)
0 2 2 2

t

2 a

/fv?dxds +2/|Vv<t>\ dx+7/v<r>4dx<6[nroniz + lluolifa + Ivollyz + 11 li2gq) ) (3.12)
0 2 2 2

By multiplying the first equation of (3.6) by ¢, integrating on £2 x (0,t) with 0 <t < T and using (3.11) and (3.12), we
also have

¢
2 2 2 2 2 2
/frt dxds+b/}Vr(r)| dx < C[lI7olly2 + lluoliy,s + Ivollgyz +11f1%2q)]- (3.13)
0 2 2
Finally, by multiplying the first, second and third equations of problem (3.6) respectively by —At7, —Au and —Av,

integrating each equality on £2 x (0,t) with 0 <t < T and proceeding as before, in view of (3.11) and (3.12), we obtain:

t

2
[1ve@Paxes [ [ 1acraxas < climoid, + ol + Vol + 171 g, (3.14)
2 0 2
t t
2
/}Vu(t)| dx+k1//|Au|2dxds+6a1//u2|w|2dxds<c[||ro||fz+|\u0||§v§+||v0||f2+||f||f2(q)], (3.15)
2 0 2 0 2
t t
2
/}W(r)| dx+l<1f/|Av|2dxds+6a1//v2|vw2dxds<c[||ro||§2+||uo||f2+||vo||§v%+||f||f2(Q)]. (3.16)
2 0 2 0 2

From the inequalities (3.10)-(3.16), we conclude that

1Tz gy + Ul gy + Vi1 gy < C(ITollwz + wollyz + IVollwz + 1f li2q))- (317)

Since W2''(Q) < L'°(Q), the right-hand side of the second equation in (3.6) belongs to L'%/3(Q). We also have ug €

W% (2) — W1765’3(Q). Thus, from parabolic LP-regularity, we find that u Wf(']}3(Q) and

3 3 3 3
|‘”||wfb}3(q> < C(Ilfol\wzz +luollwz + lvollwz + 1 flli2) + I\Tollwg + ||u0||W§ + HVollwg + ||f||,_2(Q))-
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Similar arguments can be applied to the third and the first equations of (3.6). We deduce that v € Wi’,%(Q) and 7 €
Wg’l(Q), with ¢ =min(10/3, q) and, also, that
3 3 3 3
||V||W126}3(Q) < C(Ilfollwg + ||u0||W22 + ||V0||W22 + 1 fll2q) + ||'50||W22 + ””0”w§ + ||V0||W§ + ||f||L2(Q))
and
I7llw210q) < CITollwz + uollz +1vollws + 15 llsca) + 1Tollyz + 1ol + IVollyz + 1f 12 g )- (3.18)

The last inequality and (3.17) imply that

[ u vz <K:=C(lITllecq) + lullpsg) + Vi)

< C(Ilrollws + uollwz + Ivollwz + I flliace) + 7ol 2 + ol z + Ivollyz + 11 flfzq).

which is the required estimate, uniform with respect to A € [0, 1]. N
We also observe that (3.18) also implies that there is a positive constant K such that

ITlle(q) < KA, (3.19)
where

A= l7ollwz + luollwz + Ivollwz + 1 flliace) + I7oliy,z + luollgyz + Ivolly,z + 1f 12 g (3.20)

We can now apply the Leray-Schauder Fixed Point Theorem. We conclude that T; possesses at least one fixed point
(t,u,v), with

(T,u,v) e W2 (Q) x Wij5(Q) x Wi)5(Q),

where g = min(10/3, q). Obviously, this proves that (3.1) possesses at least one solution satisfying the estimates (3.2)
and (3.3). O

Remark 3.1. The constant K depends in particular on |c;|, |d;| and M. For future needs, we will stress the dependence just
on these parameters. Obviously, it can be assumed that K (M, |c;|, |d;|) is continuous and nondecreasing in each argument.

4. Proofs of the main results
4.1. The existence of a solution of (1.1) that satisfies (3.2) and (3.3)

First of all, recall that
M = maxjluo i [vollu. max|di| +2) (41)
and let us assume that |c;| are small enough to satisfy
(maxcil )R (M. il Idif) A + max |di| + 1 < M. (42)

where K and A are defined in (3.19) and (3.20) (see also Remark 3.1, at the end of Section 3).

Next, let us consider system (3.1) under these conditions. In view of Proposition 3.1, (3.1) possesses a solution (7, u, V) €
WE(Q) x Wig5(Q) x Wig)5(Q), with § =min(10/3, g).

Let us check that

O0<u,v<M ae. in Q. (4.3)

We will then have 7w (u) =u and 7 (v) = v and, consequently, (t,u, v) will be a solution of (1.1) satisfying (3.2) and (3.3),
which are the desired estimates.

Thus, let (7, u, v) be a solution of problem (3.1), given by Proposition 3.1. Let us prove that u > 0; the proof that v > 0
is similar.

Let us multiply the first equation in (3.1) by u_, where u_ = max(—u, 0) and let us integrate on £2 x (0,t) with 0 <t < T,
observing that (u)u_ =0 and (up)_ = 0. The following is found:

t

t
%/u,(t)z dx+k1//|w,|2dxds=a1//[—(Hdl)(u,)z—(z +d)(u-)® — (u-)*]dxds.
0 2 2

2 0
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From this identity, it is not difficult to deduce that

t t
%fu_(t)zdx+k1//qu_|2dxds<a1f/[—dl(u_)2+C£|d1|(u_)2+8|d1|(u_)4—(u_)4]dxds.
2 0 2 0 2
Taking € > 0 such that ¢|d;| < 1, we also get the estimate
t t t
%/u,(t)zdx—e—kl//quszxdsga]f/[—dl(u,)z+|d1|2(u,)2]dxds<|d1|2//(u,)2dxds
2 0 2 0 2 0 2

and, from Gronwall’s inequality, we find:

/u,(r)zdx=0

2

for all 0 <t < T. Hence, we certainly have u >0 a.e.

Secondly, we are going to check that u < M a.e. in Q; again, the proof that v < M is analogous.

Let us multiply the first equation in (3.1) by (M —u)_ := max(u — M, 0) and let us integrate on £2 x (0,t) with 0 <t < T,
to obtain

t

/(M—u) (t)2dx+k1//|V(M—u) | dxds
0

t

a1// —u(1 —u)(1 —u+d)(M —u)_]dxds
0

+aq

/ (—r[1 =7 @) — 7 W)][-7 W) +c1T](M — u)_)dxds
2

+a; (rwy (v)[2 = 27 (u) — 7 (v) +d1 |(M — u)_) dxds,

o O— _ ®
{0\

where we have used that 0 <ug < M.
Let us set

Qi) ={(x.)€Q: xR, 0<s<t, ux,t) <M},
Q) ={(x.5)€Q: xR, 0<s<t, u(x,t)>M].

In Q1(t) we have (M —u)_ =0.

On the other hand, in Q»(t) we have u > M and 7 (u) = M, and thus, in view of (4.1) and (4.2), we conclude that —u < 0,
1-u<0,1-u+d; <0, —m(u)<0,1—7w(u) —w(v) <0, —Tr(w)+c17<0,2—-2n(u)—nw(v)+dy <0and (M —u)_ >0.
Because of this, in Q,(t) we have [—u(1—u)(1—u+d))(M—u)_]1<0, —r(W[1—-mw@W)—aW)])[-7@W)+c1T](M—u)_ <0
and w(u)mw(v)[2 —27(u) — T (v) +d1](M — u)_ <0 almost everywhere.

From these results we conclude that all the integrals in the right-hand side of the last identity are less or equal to zero
and

t
/(M—u),(t)zdx—i—Zkl‘/‘/|V(M—u),|2dxds<0,
2 02

for all 0 <t < T. This shows that u < M a.e. in Q. As mentioned above, we can prove similarly that v < M.
4.2. The proof that (2.7) implies (2.8) when |c;| and |d;| are small
We will now check that, if |c;| and |d;| are sufficiently small and 0 < ug, vo <1, then 0<u, v <1.

We will argue as follows. We consider the system (3.1) with M =1, that is,

0 ifw<0,
Tw)y=1w ifog<wc<1,
1 ifw>1.
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In view of Proposition 3.1, there exists (7, u, v) satisfying (3.1), (3.2) and (3.3). Arguing as in Section 4.1, it is easy to check
that u >0 and v > 0 (notice that this conclusion holds independently of the choice of M).

Let M be as in (4.1). Assuming that |c;| and |d;| are small enough, we already know that u < M and v < M. Thus, our
task is reduced to show that, for eventually smaller |c;| and |d;| (depending on 2, T, the constants in (1.1) and the norms
of f and the initial data), one has u <1 and v < 1.

Let us multiply the first equation in (3.1) by (1 —u)_ = max(u — 1,0) and let us integrate on §2 x (0,t) with 0 <t < T.
Then we find:

t

%/(1 —u)_(t)zdx+k1//}vu —u)_|*dxds
2 0 2

t t
=—a /[u(l —uw)(1—u+d)Q —u)_dxds—alffn(u)[l - ) — 7w (W)][-7 W) +c17](1 —u)_dxds
2 0 2

0
t
+a1//n(u)n(v)[2—2n(u)—n(v)—l—d]](] —u)_dxds
0 2

=hL+L+Is.

These integrals satisfy the following:

t t
Ih =—a, /fu(l —uw)(1—u+d)( —u),dxdnga1|d1|‘/'/.(1 —w)2 (s)dxds,
0 2 0 2

t

I =a f/n(v)[qr —1](1 —u)_dxds
Q

0
and
t
L= //n(v)[tﬁ - (v)](1 —u)_dxds.
0 Q
Consequently,

t t
h+hLh+I1<Ma \dﬂ//(l—u)_(s)zdxds+f/n(v)[clr +di =1 =7 (v)](1 —u)_dxds. (4.4)
0 2 0 2

Taking into account the estimate (3.18), we see that |c1T| < |c1|I?A. Therefore, if for instance we take 0 < |dq| < % and
Icq |75A < % the last integral in (4.4) becomes nonpositive. This gives

t t
%/(1 —u)_(r)zdx+k1//}va —u)_\zdxdngaﬂdﬂ/fu—u)z_(s)dxds,
2 0 2 0 2

for all t € [0, T]. Now, it suffices to apply Gronwall’'s Lemma to deduce that (1 —u)_ =0, ie. u<1.

The proof that v <1 is similar. _

Thus, we have shown that, if |c;| and |d;| satisfy the smallness assumption in Theorem 2.1 and K (Mo, |c;|, |di|) maX; |c;| +
max; |d;| < 1/2 we have (2.8).

This proves Theorem 2.2.

4.3. Two auxiliary results and their consequences

Before finishing the proof of Theorem 2.1 and proving Theorems 2.3 and 2.4, we will present two auxiliary results where
we do not impose any assumption on the size of |cq| and |c3|.

Proposition 4.1. Let us assume that hypotheses (2.2) hold, f € L9(Q) with q > 5/2, 1o, U, Vo € W%(Q) with 9719/0n|ye =
duo/dnlye = dvo/dnlae = 0 and 0 < ug, vo < M. If (z,u,v) € W3 (Q) x W3'(Q) x W3 (Q) is a solution of (1.1), then
(T,u,v)e Wq?J (Q) x le(’)}3(Q) x le(’)}3(Q) with § = min(10/3, ) and



J.L. Boldrini et al. / ]. Math. Anal. Appl. 357 (2009) 25-44 37

HTIIW;J(Q) + IIUIIWfb}g(Q) + ”v“Wﬁi}a(Q)

< ClITollwz + Iollz + 1Vollwz + 15 5@ + 1Tl + 10lyz + 1Vollys + 17 12 g, ) (45)

where C depends on 2, T, M’ and the constants in (1.1). Furthermore, if To, ug, Vo € ng/s(.Q) with 2 < 3p/5 < +o0, then
(t,u,v) e Wg’l(Q) X Wﬁ’l (Q) x Wg’l(Q) with ¢ = min(p, q) and the following estimate holds:

HTIIW;J(Q) + IIUIIWSJ(@ + HVIIWEJ(Q)
9 9 9 9
<[tz , + ol + Ivollwz  + 1S llsa) + ITolys + 1uoll3ys + 1Vllgyz + 11 I7acq) ) (46)
where C is as before.

Proof. Let (t,u,v) € sz’l(Q) X W%’l(Q) X W%’l(Q) be a solution of problem (1.1). Proceeding as in the final part of the
proof of Proposition 3.1, it is not difficult to check that
1721, + 1210 I+ 1VIy21 g, < CITollwz + luollwz + [IVollyz + 1 i2q) (47)

with C depending on £2, T, M’ and the constants in (1.1).
In order to prove that (t,u,v) € qu’l(Q) X le(’)}3(Q) X Wf6}3(Q) with ¢ = min(10/3, q) and the estimate in this space
holds, we are also going to argue as in that proof.

Since T,u,v € W22'1 (Q) < L19(Q), the right-hand side of the second equation in (1.1) belongs to L19/3(Q ). We also have

upg € W% (2) — W175’3 (£2) whence, from the LP-regularity theory for parabolic systems, we conclude that u € leé}3(Q) and

I\UIIW$6}3(Q> <C(|-au —u—vy@-2u—v+et +d1)”L10/3(Q) + ||u0”W176/53)
< C(llullgogg) + 1ullFioq, + 1Vl + V1710 g, + 1T l0Q) + 1T 10 g, + tolly3)-
From (4.7), we get:

3 3 3 3
s ) < CTITolwz + ollyz +1Vollwg + 1S 12iq) +T0llgs + olGyz + 1Vollyz +11 Iz g )

Proceeding in a similar way with the third and first equations in (1.1), we also deduce that v € Wfd}3(Q)' T€ W;J(Q)
with ¢ = min(10/3, q) and the following estimates hold:

3 3 3 3
”V”W126}3<Q> < C[IITollwg +luollwz +lvollwz + 11 flliz) + IITollwg + ||u0||W22 + IIVollwg + IIfIILz(Q)],
3 3 3 3
IITIIW;l(Q) < C[IIToIIW; +luollwz +lvollwz + Il flliace) + ||TO||W% + ||U0||W% + ”V0||W22 + IIfIILz(Q)].
Suppose now that 7g, ug, Vo € W%D/S(Q) with 2 < 3p/5 < +o0. In this case, we have from Lemma 2.1 that 7g, ug, vo €

Wf,‘Z“’(Q). Since u, v € W126}3(Q) < L®(Q), Te W;‘l(Q) — L°°(Q) and 10/3 and q > 5/2, the right-hand sides of the
second and third equations in (1.1) belong to L°°(Q). Consequently, u, v € W§’1(Q),

lelly219) < Cll-aru —u-v)a-2u—v+err+dn|,q, + ||u0||wg,2/p]
and
IVllwz1q, < Cl=a2v —v w1 =2v—u+ct +d2)| o, + ||v0||W§,2/,,].
By proceeding as in the previous case and using the estimates obtained before, we also have

9 9 9 9
HUIIWg.l(Q) + IIVIIngJ(Q) < C[I|T0||W22 + ||Uo||W32p/5 + ||V0||W§ + 1 fllLaco) + ||7:0||W22 + IIUollwg + ||V0||W§ + ”f”LfI(Q)]-

Finally, since u,v € Wg’l(Q), the right-hand side of the first equation in (1.1) belongs to L9(Q), where G = min(p, q).
2

3q/
equations to the first equation in (1.1), we see that Tt € W;*l (Q) and

Moreover, tg € W32p/5(.(2) — Wi -(£2) C wg‘z/f’((z), since g < p. Applying again the LP-regularity theory for parabolic

1Tlhy21q) < ClITollwg,  + Ul gy + Vi1 gy + I ls@)]
<Cllitollwz, , +luollwz,  +1vollwz .+ 1) + ITolly,s + uollyz + 1Volly + 1 fa) )

The conclusions are that (t,u,v) € W;J(Q) X Wﬁ‘l(Q) X le,‘l(Q) with § = min(p, q¢) and the estimate (4.6) is satis-
fied. O
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Proposition 4.2. Assume that hypotheses (2.2) hold and, for i = 1, 2, consider initial conditions ré, u{), v{, € WZZ(Q) such that
aTd/onlae = dul /dn|se = dvi/dnlse = 0 and 0 < ul), v < M'. Also, for i = 1,2, let f; € L9(Q) with q > 5/2 be given and let
(ti, uj, vj) € W§’1 (Q) x W22’1 (Q) x WZZ’1 (Q) be a solution of (1.1) associated to (fi, ré, ug, v{)). Then the following estimate holds:

“Tl - TZHW;](Q) + Ilul - U2||W22,1(Q) + ”V] - v2“W§](Q)
<Clllo = 76 llwz + [uo = uGlwz + Vo = villwz + 1f1 = fallizg) )

where C depends on 2, T, M, the constants of problem (1.1) and the norms of the initial data z'é, ug, VB and source terms f'.
In particular, (1.1) possesses at most one solution in Wf‘l Q) x sz'] (Q) x W22‘1 Q).

Proof. Let us introduce T =Ty — Tp, U= Uy — Uz, V=V — V2, To =T} — 7%, uo = u} —u3 and vo = v} — v3. Then, (t,u,v) e
Wf’](Q) X W22‘1(Q) X W22'1(Q) and solves the system in Q
—bAT =hur +Lve + (fr — f2),
ur —k1Au=Aju+ Ayv + Az,
ve —kyAv =B1v + Bou + B3T,
at/on=9du/on=9v/on=0 on 352 x (0, T),
T =Tp, u=up, v=vg in £ x {t=0}, (4.8)

where

Ar=ai[—(1 +d1) + G +d)(ur +uz) —2(u? + uguz +u3)
+ @ +d)vi =3y +uz)vy — vi — 1T +viTy + (U +u)T

Ay =a1[(2 +dp)uz — 3u3 — uz(vy + v2) + cruzT ],

Az =ayc1[—uz +u3 +uzva],

B1=a3[(2+d2)v2 — 3v5 — va(u1 + ) + C2va11 ]

By = @[ —(1+d2) + B +d2)(vi+v2) = 2(vi + viva +v3) + 2+ do)ur — 3(v1 + vo)uy
—u} — o1 +uiT + (v +v2)T ],

B3z =ayco[—va + V34 vauz].

By multiplying the second equation in (4.8) by u, integrating on £2 x (0,t) with 0 <t < T and using Young’s inequality,
we get

t

t
1 A A A A
5/u<t>2dx+k1//|w|2dxds< /uodX+[/{[A +ﬂ+'2—3'] e }dxds
22 0 2

0
Also, by multiplying the third equation in (4.8) by v and proceeding as before, we have

1 B B B B
2/v(t) dx—i—kZ//lVW dxds < /vodx+//{| 2| u? [B +M+%} %rz}dxds.
2

Finally, by multiplying the first equation in (4.8) by (t —lju — I, v) and integrating on £2 x (0, t) with 0 <t < T, we have

t
1
E/(r—l1u—lzv)(t)2dx+b//Vr-V(r—llu—lzv)dxds
2 0

t
=%/(to—lluo—lzvo)zdx+f/(t—l1u—lzv)fdxds

0

t ¢
<C/(t0+u0+v dx—l—C// 72 +u? 4+ v? dxds—}—C//(fl—fz)zdxds.
0 0 2

2 2
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Let us now multiply the first of these inequalities by A > 0 and the second one by B > 0 and let us add them to the
third inequality. By Proposition 4.1, we have 7;, u;, v; € L°°(Q). Consequently, Aj, Bj € L°°(Q). We easily deduce that

t
1
5 /[(r —hu = L)) + Au(t? + By (0] dx + / /(er V(T — L — L) + Aky [Vul? + Bky|Vv[?) dxds
0

2 2

t

t
gC|://(12+u2+v2)dxds+//(f1—fz)zdxds—i-/(rg+u(2)+v%)dx:|,
0 2 2 2

0
where C only depends on 2, T, M’ and the norms ||1:(§||W§, ||ufJ||W22, ||u6||W§ and || fillra(g).
Taking A = max(1+ 412, (1 +bl?)/k1) and B =max(1 + 45, (1+bl3)/k;), we obtain
t
/[r(t)2 +u®)? + v(0)?]dx+ / /(\Vﬂz +[Vul® + |Vv|?) dxds
2

2 0
t

t
<C|://(rz+u2+v2)dxds+//(f1—fz)zdxds-i-
00 2

0

65+ e
2

and, from Gronwall’s Lemma, we have:

t
/[r(r)2+u(t)2+v(r)2]dx+/f(wr|2+|Vu|2+|w|2)dxds
2 0 2

t
<C[//(f1 _f2)2dxds+‘/(r§+u%+v(2))dxi| (4.9)
02 2

forall 0 <t <T.
Now, by multiplying the second equation of (4.8) by u;, integrating on £2 x (0,t) with 0 <t < T and using Holder’s and
Young's inequalities, in view of (4.9) we obtain:

t t
/fufdxdswq/\Vu(r)fdxgc//(fl —fz)zdxds-}—Iq/\Vumzdx (4.10)
0 2 2 0 2 2

foral 0<t<T.
By multiplying the third equation of (4.8) by v, we also have

t t
//vfaxds+1<2/\w(t)|2dx<c//(ﬁ —fz)zdxds—f—kz/leolzdx (411)
0 2 2 0 2 2

forall 0 <t <T.
By multiplying the first equation of (4.8) by ¢, integrating in £2 x (0, t) with 0 <t < T and using (4.10) and (4.11), we
get now

t t
//rtzdxds+b/}vf(r)|2dx<c[/(fl —fz)zdxds+b/|Vro|2dx, (412)
0 2 2 0 2 2

forall 0<t<T.
Finally, multiplying the second, third and first equations of (4.8) respectively by —Au, —Av and —Art, integrating on
£2 x (0,t) with 0 <t < T and proceeding in a similar way, the following estimates are found:

t t
/}Vu(t)|2dx+k1//|Au|2dxds<c//(f1 —fz)zdxds+/|Vu0|2dx, (413)
2 0 2 0 2 2

t t
/}W(r)|2dx+k2/[|Av|2dxds<c//(f1 —f2)2dxds+/|w0|2dx (4.14)
2 0 2 0 2 2
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and

t t
/|vf(t)yzdx+bff\Ar|2dxds<cf/(f1 —fz)zdxds-l—/lVrolzdx (4.15)
2 0 2 0 2 2

forall 0 <t<T.
From inequalities (4.9)-(4.15), it is straightforward to deduce that

1Tz gy + Illw21 gy + 1VIy21g, < ClITollyz + ol + IVollyz + 11 = f2liz )] (416)

This proves Proposition 4.2. O

Obviously, Theorem 2.1 is now proved.

Let us now prove Theorem 2.3. Let (t,u,v) € W22’1(Q) X W22'1(Q) X W22'1(Q) be a solution of (1.1). By Proposition 4.2,
this solution is the one given by Theorem 2.1 and 0 <u, v < M.

To obtain the estimate in Wg‘l(Q) X W]Z(’)}3(Q) X le(’)}3(Q), where ¢ = min(10/3, q), we are going to argue as we did

in the final part of the proof of Proposition 3.1.

By Theorem 2.1, we have that t,u,v € W%’l(Q) c L'°(Q). Thus, the right-hand side of the second equation in (1.1)

belongs to L'%3(Q). We have also ug € W2(2) — W176/53 (£2) and, from the LP-regularity theory for parabolic equations, we

deduce that u € W%6}3(Q) and
IIUIIW%}B(Q) <C[|-au@ —u—v) A —2u—v+cit +dl)”,_10/3(Q) + IIUOIIW%/%]
< C[“—a] T-u—-v)A-2u-v +d1)HLoo(Q)||u||L10/3(Q)
+ [ —au —u = v)er| o o IT 03 (q) + luollyz]-
Now, using that 0 < u, v < M and the estimate (4.7), we have:

IIUIIW%}B(Q) < C[I\Tollwg +lluollwz +lIvollwz + 1flli2c0)]-

Proceeding in the same way with the third and first equations of (1.1), we also deduce that v leé}3(Q), TE W;J(Q)
with ¢ = min(10/3, q) > 5/2 and the following holds:

IVllwz o) < ClITollwz + llwollwz + Ivollwz + 11 fllzo) )
1Tz (q) < CllITollwz + luollwz + Ivollwz + I fllsca) -
Now, let us suppose that 7o, up, Vo € ng/s(.o). Repeating these arguments, we see that (t,u,v) € W;’l(Q) X

le(’)}3(Q) X le(’)}3(Q) and the previous estimates are satisfied again.

From Lemma 2.1, 7o, uo, vo € W3, 5(2) — W2 P (). Since u, v € Wi)3(Q) = L®(Q), T € W;*l(Q) < [%(Q) and

10/3 and q > 5/2, the right-hand sides of the second and third equations of (1.1) belong to L*°(Q) C LP(Q).
On the other hand, ug, vp € ngz/p(f?), sou,ve Wﬁ‘](Q) and

lully21q) < Cl[ @ —u=v)A -2u—v+ar+d)|,q,+ uollyy2-2rp ]
IVlly210q) < Cll—av( —v = =2v —u+ct +d2)| o, + ||v0||wg,2/p].
Proceeding as in the previous case and using the estimates obtained before, we also see that
lully21q) < C[Ilfollwg +lluollwz  +lvollwz + Ifllacq) ]
IVl q) < ClITollwz + Iollwz + IVollwz |+ 1 fl)].
Finally, since u,v € WEJ(Q), the right-hand side of the first equation of (1.1) belongs to ¢ = min(p, q). Furthermore,
T € W32p/5(9) C W3261/5(‘Q) C ngz/q(g), since g < p. Then, applying the LP-theory for parabolic equations to the first
equation of (1.1), we find that 7 € W;] (Q) and

< )
||T||W§.1(Q) < C[IITollwgp/5 + IIUOII‘,V;W5 + IIVOII\,\/gp/5 + 1 fllao)]

We conclude that (t,u,v) € W§'1(Q) X W§’1(Q) X W;*I(Q) and satisfies the desired estimate (2.9).
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4.4. Proof of the continuous dependence and uniqueness

Let us finally prove Theorem 2.4. o
Thus, let (t1,u1,vq) and (t2,uy,vy) be the solutions of (1.1) associated to (fi,‘l:(l),ub, vy). In view of Theorem 2.3,

(1,11, V1), (T2, U2, v2) € W (Q) x Wij5(Q) x Wi)5(Q), where g =min(10/3,¢).

Let us introduce again T = 71 — T2, U = U1 — Uy, etc,, and the A; and B; as in the beginning of the proof of Proposition 4.2.
Since T, u, v € W22’1(Q) s [19/3(Q) and A1, Ay, Az € L°(Q), we have Aju+ Ayv + A3T € L'9(Q). Then, from parabolic
LP-regularity, we see that u e Wi’,%(Q) and

I\UIIW36}3(Q> < C[IIA (o) llullpiosq) + 1Azl VL1053 qy + A3l () I T llp10r3 ) + IIUOIIWZZ]
< C[IIUIIW;l(Q) FIVlwz1q) 1Tz )+ lluollyz]-
Thus, in view of (4.16), we get:
Hullwlzé}B(@ <C[If1 = fallzq) + I7ollwz + lluollwz + IIVOIIW§]- (4.17)
Also,

”V||w126}3(Q) <C[llf1 = falli2q) + I7ollwz + lluollwz + ||V0||W22]- (4.18)

Since u, v € Wfé}3(Q). the right-hand side of the first equation of (4.8) belongs to L7(Q), where § = min(10/3, q). Then,
we also have 7 € W§’1(Q) and

1721 ) < Clwlwar o) + 1Viway, ) + 11 = fallisca) + ITollz]
Using the inequalities (4.17) and (4.18), we obtain:

I\Tllwg-l(Q) <C[Ifi = fall2gq) + ITollyz + lluollwz + ||V0||W§]- (4.19)

Now, if r(';, ug, vg € ng/S(Q) with 2 <3p/5 < oo for i =1, 2, from Theorem 2.3, the LP-theory for parabolic equations
and the estimates (4.17)-(4.19), we can deduce arguing as before that (z1,u1, v1), (T2,U2,V2) € Wg'l(Q) X Wﬁ'l(Q) X
W§’1(Q) with § = min(p, q) and (2.10) holds. This ends the proof.

4.5. A special case

Let us conserve the notations in (1.1). Then, in the particular case when
ki =ky =k,

the physically natural conditions ug > 0 and vg > 0 are satisfied and moreover ug + vg < 1, it is possible to prove Theo-
rems 2.2, 2.3 and 2.4 without any smallness assumption on |c1|, |c1], |d1| and |d2]|.

The reason for this is that in this case it is possible to deduce that any solution (t,u, v) of (1.1) satisfies the a priori
estimates

0<u,v<1.

Indeed, introducing w =1—u — v and wg =1 — ugp — vg, we see that (t, u, v, w) satisfies in Q

Tt —bAT =hur+hve + f,

ur —kAu=—-aiu(l—u—-v)(1-2u—v+cit+dy),

Ve —kAv=—av(l—v—-u)(1=-2v—u+cyt +dy),

we — kAW =—-aiw(l—w—-v(wW—u+cit+d))—aaw(d—w—u)(w—v+cT +dy),
at/on=9du/on=9dv/on=0w/dn=0 on 952 x (0, T),

T =1y, u=up, vV =vy, w=wg in £ x {t =0} (4.20)

Proceeding similarly as we did in Section 4.1 for the auxiliary problem (3.1), we see that u, v, w > 0 (this does not
require smallness conditions on |cy], |c1], |d1] or |d2]).

By adding the first three equations in (4.20), we obtain that (u + v + w); — kA(u + v + w) = 0. It follows from the
boundary and initial conditions that u +v +w =1. Thus, 0 <u,v < 1.
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5. Additional results, comments and open problems
5.1. A simplified model
It is meaningful to consider a system of the kind (1.1) with no diffusion terms for u and v. It is the following system
in Q:
Tt —bAT =lur+hve + f,
uy=—-au(l—u—v)1—-2u—v+cit +dy),
vi=—av(l—v—u)(1—-2v—u+ct+dy),
at/on=0 on d£2 x (0,T),
T =1y, u=up, v=vg in £ x {t=0}. (5.1)
The following result holds:
Theorem 5.1. Let us assume that hypotheses (2.2) hold and f € L9(Q) with q > 5/2. There exist ko, depending on 2, T, the constants
in (1.1) and the norms of f and the initial data such that, if

miaX(Icil, |dil) < Ko,
then (5.1) possesses exactly one solution (T, u, v), with T € W;J(Q), u,vel®(Q)andug, ve € L'93(Q), § = min(10/3, q).

The proof can be achieved following arguments similar to those in Section 3 (in fact simpler). We omit the details.
5.2. Other boundary conditions

Up to now, in this paper we have imposed homogeneous natural conditions on the variables 7, u and v. Of course, this
is not the unique possible choice. For instance, we can assume instead that, on 952 x (0, T), T satisfies Fourier boundary
conditions and u and v are subject to Dirichlet boundary conditions:

Tt —bAT =lur +bve+ f,

U —kiAu=—aiu(l—u—v)(1-2u—v+cit +dp),

Ve —koAv=—av(1 —v —u)(1—-2v—u+ct +dy),

ot/on+ Bt =0, u=v=0 onds2 x(0,T),

T =T1p, u=up, v=vp in £ x {t=0}, (5.2)

in Q, where $ is a positive constant.
The main results in this paper, i.e. Theorems 2.1-2.3, remain valid for (5.2). The assertions are the same with just one
change: one has to assume that the initial data satisfy

dt9/0n+ B9 =0, Uug=vg=0 on 982.
5.3. Other questions

An interesting question is the following: assume that (£, 1, V) is a regular solution of (1.1), corresponding to the heat
source f and the initial data T, tip and Vg; assume that other initial data 7o, up and vq are given; then, can we find f
such that the associated solution of (1.1) satisfies

(t,u,v) —(t,u,v) >0 ast— +oo? (5.3)

For instance, it is meaningful to consider solutions (%, ¥) such that fi(t) — 1 and 9(t) — 0 in L%(£2). In that case,
what we are trying to find is a heat source f = f(x,t) that leads, asymptotically in time, to the solidification of the whole
alloy as a material of the first kind.

To our knowledge, this is an open problem. Many other similar questions can also be considered: (5.3) must be weakened
and replaced by (u, v) — (@i, V) — 0 as t — +o0; it can also be replaced by the controllability requirement (u, v) = (i1, v) at
t =T for some fixed finite T; we can impose constraints to the heat sources f, etc.

Some first results in these directions will be given in a forthcoming paper.
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