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Abstract This paper deals with the local null control of a free-boundary problem for
the 1D semilinear heat equation with distributed controls (locally supported in space)
or boundary controls (acting at x = 0). In the main result we prove that, if the final
time T is fixed and the initial state is sufficiently small, there exists controls that drive
the state exactly torest at time t = T.

Keywords Null controllability - Free-boundary problems - 1D semilinear heat
equation - Carleman estimates

1 Introduction

Let T > 0 be given and let us assume that f : R — R is a globally Lipschitz
continuous function. For any function L € C'([0, T']) with

O<L, <L) <B, te(0,T1), (1.1)
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we will set Oy :={(x,¢) : x € (0,L(t)), t € (0,T)}. We will consider free-
boundary problems for semilinear parabolic systems of the form

yl_yXX+f(y)=v1w’ (.x,t)GQL,
y(0,1) =0, y(L@#),1)=0, t€(0,7T), (1.2)
y(x,0) = y'(x), x € (0, Lo), '
L(0) = Lo,
with the additional boundary condition
L'(t) = —y (L), 1), te(0,T). (1.3)

Here, y = y(x, 1) is the state and v = v(x, t) is a control; it acts on the system
at any time through the nonempty open set w = (a,b) withO < a < b < Ly; 1,
denotes the characteristic function of the set w; we assume that y° HOl (0, Lo) and
L) = Ly.

The main goal of this paper is to analyze the null controllability of (1.2). It will be
said that (1.2) is null-controllable at time T if, for each y° € H{(0, T), there exists
v e Lz(a) x (0, T)), a function L € cl(o, T1]) satisfying (1.1) and an associated
solution y = y(x, t) satisfying (1.2), (1.3) and

yx, T)=0, x e (0,L(T)). (1.4)

On the other hand, it will be said that (1.2) is approximately controllable in
L%(0, L(T)) at time T if, for any W e H(} (0, Lo) and any ¢ > 0, there exists a
control v € Lz(w x (0, T)), a function L € C! ([0, T']) satisfying (1.1) and an asso-
ciated state y = y(x, t) satisfying (1.2), (1.3) and

IyC, Dlliz20,Lcry) < €- (1.5)

The controllability of linear and semilinear parabolic systems has been analyzed in
several papers. Among them, let us mention Fursikov and Imanuvilov (1996), Barbu
(2000), Fernandez-Cara and Zuazua (2000) and Doubova et al. (2002).

On the other hand, free-boundary problems similar to (1.2), (1.3) have been moti-
vated by different applications, such as:

e Tumor growth and other phenomena from mathematical biology; see Friedman
(2006) and Friedman (2012).

e Fluid-solid interaction; see Doubova and Ferndndez-Cara (2005), Vazquez and
Zuazua (2003) and Liu et al. (2013).

e Gas flow through porous media; see Aronson (1983), Fasano (2005) and Vazquez
(2007).

e Solidification and related Stefan problems; see Friedman (1982).

e The analysis and computation of free surface flows; see Hermans (2011), Stoker
(1957) and Wrobel and Brebbia (1991).

Let us denote by y* the extension of y by 0. The main result in this paper is the
following:
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Theorem 1.1 Assume that f is globally Lipschitz continuous, f(0) =0, T > 0 and
B > 0. Also, assume that 0 < a < b < Ly, < Ly < B. Then (1.2) is locally null-
controllable. More precisely, there exists k > 0 such that, if ||y0||H01 0.Ly) =K there
exists triplets (L, v, y) with

{ L e C([0, T, L, <L(t)<B,
(1.6)

veL*(wx(0,T), y* ecC®(0,T]; H) (0, B)),
satisfying (1.2), (1.3) and (1.4).

The proof relies on the following argument:

1. First, for each ¢ > 0, we prove the existence of triplets (yg, L¢, v;) that are
uniformly bounded in an appropriate space and satisfy (1.2), (1.3) and (1.5). To
this purpose, we introduce a fixed point reformulation relying suitable linearized
problems and we check that, if yg is sufficiently small, Schauder’s Theorem can
be applied.

In particular, in order to get compactness, we rewrite (1.3) as an equation where
the L in the right hand side is given and the L in the left hand side is obtained
after integration in time. We use parabolic regularity theory to deduce that y, is
Holder-continuous near the lateral boundary and, consequently, a C' function L
in the right leads to a C!*¢ function L in the left.

Note that it is not easy to prove this for ¢ = 0. Indeed, it becomes difficult to prove
the continuity of the corresponding fixed point mapping; see the details below,
in Sect. 3.

2. Then, we take limits as ¢ — 0 and we see that, at least for a subsequence, we get
convergence to a solution to (1.2)—(1.4).

Remark 1.1 Theorem 1.1 is still true when we consider, instead of (1.2), a boundary
controlled system with the control acting just at x = 0. This can be deduced in a
simple way as follows:

1. Take § > 0 and solve the following control problem

Vi — Yox + F3) = vl_s20) (x,1) € Of,
’)7(—8,1‘)20, y(L(t)ﬂt)Zov te(oa T)7
y(-xao) Zyo(x)? X € (_8’ Lo)v
L(0) = Lo,

L'(t) = =yx (L), 1), t€(0.7),

o, T) =0, x e (=8, L(T)).

Here, y° is the extension of y° by 0, v is a distributed control with support in the
cylinder (—6/2,0) x (0,T) and Qp:={(x,1) : x € (=8, L(t)), t € (0, T)}.

2. Denote by y the restriction to Qy, of the function y and set 4(¢) = y(0, t). Then
the triplet (L, k, y) is the solution of the boundary null controllability problem.
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Remark 1.2 Appropriately adapted, the techniques in Liu et al. (2013) can be used
to prove a result similar to Theorem 1.1. Both approaches [the one in this paper and
the one in Liu et al. (2013)] need comparable effort. Here, we first fix the boundary
and solve a controllability problem for a non cylindrical domain; then, we carry out
a fixed point strategy based on compactness, which is rather natural in view of the
parabolic structure of the state equation. On the other hand, the approach in Liu et al.
(2013) relies on a reformulation of the problem in a product space that must be chosen
conveniently (adequate weights must be introduced) and a remarkable result of the
authors of independent interest to handle right hand sides. The argument must be
completed with the proof of the contractivity of a fixed point mapping (for small
initial data).

Remark 1.3 An even more interesting case is found when the control acts on the free
boundary:

yt‘)’xx"‘f(y):o’ (.x,t)EQL,
y(0,6) =0, y(L(t), 1) =h(t), te(0,T),
y(x,0) = y0(x), x € (0, Lo),
L(0) = Lo,

together with (1.3) and (1.4). This control problem needs a deeper analysis.

The rest of this paper is organized as follows. In Sect. 2, we prove a global Carleman
inequality, whence we deduce an observability inequality needed to prove the null
controllability of a linear variant of (1.2), (1.3). We also establish a regularity property
for the functiont +— y, (L(¢), t).In Sect. 3, we give the proof of Theorem 1.1. Section 4
deals with some additional comments.

2 A Controllability Result for the Linear Heat Equation
in a Non-Cylindrical Domain

2.1 The Problem and the Result

Our final goal is to prove Theorem 1.1. We will use a fixed point argument and, for
this purpose, we must first study the null controllability problem for the linear system:

y0,6) =0, y(L(t),1)=0, te(0,T), Q2.1
y(x,0) = y0(x), x € (0, Lo),

wherea € L®((0, B) x (0, T)) and the function L € C' ([0, T]) is given and satisfies,
O<a<b<L,<L(t)<B.
After an appropriate change of variable, (2.1) can be rewritten in the form

' i — yxx +a(x, )y =vl,, (x,1)€ 0y,

w(0,s) =0, w(Lg,s)=0, s €(0,9),

[ wy — wgg + BE, )wg + CE, Hw="h, (&,5) € (0, Ly) x (0, 5),
w(&, 0) = y0(), £ € (0, L),

with B, C € L®((0, Lo) x (0, S)) and i € L2((0, Lg) x (0, S)).
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We can easily verify that there exists a unique solution y to (2.1), with y* €
L*(0, T; H*(0, B)) and y; € L*(0, T; L*(0, B). Consequently,

y* e € (10,71 H} (0, B)).
Theorem 2.1 For any y° € HOl (0, Lo) and ¢ > O, there exist pairs (v, y:) with
ve € L2 x (0, T)), y*eC” ([0, T1; HL 0, B))

satisfying (2.1) and
llye (-, T)”LZ(O,L(T)) <e&. 2.2)

Furthermore, the control ve can be found such that

e ll 22 x0.1) =< CLlY° 20,0y 23)
where C1 > 0 only depends on Ly, B, o, |L' |, lallL>(0y) and T.

The proof follows rather standard arguments. The main tool is a global Carleman
estimate for the solution to the adjoint system of (2.1), that is given by

_Qot_(pxx +a(x7[)(p:ua ()C,t) S QL»
90,0)=0, o(L(t),t)=0, te(x,T), (2.4)
o(x, T) = ¢°(x), x € (0, L(T)),

where u € L*(Qp) and ¢° € L?(0, L(T)).
An immediate consequence of Theorem 2.1 is the following:

Corollary 2.1 Forany y° € H(} (0, Lo), there exists pairs (v, y), with
veL2@x (0.7, v e ([0.T]: H)©. B).
satisfying (2.1) and (1.4). Furthermore, v can be found such that

0
IVl 22@x0.1)) = C21¥ N1 0.10)0

where Co only depends on Ly, B, o, |L' ||, llallL>(g,) and T.

This will be recalled in the next section.
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2.2 A Global Carleman Inequality for the Linear Heat Equation
and its Consequences

Let us first introduce some weight functions. Let us denote the lateral boundary of QO
by

Yrpi={(x,t):x=0 or x=L(t), 0<t<T}.

Lemma 2.1 Let wg be a non-empty open set withwo C (a, b). There exists a function
no € CH(Qr) with noxx € C°(Q1) such that

no(x,t) =0, (x,1) € ¥y,
|770,x| > 0’ ('xa t) € E\(wo X (0’ T))’
noGx,t) =1 — ———— (x,1) € (b, L(t)) x (0, T).

I(t)y—>b

The proof of this Lemma can be found in Fernandez-Cara et al. (2016), Lemma 2.1
We introduce now the weight functions

e2Minlloo _ pAn(x,0)
a(x,t) = ,

B(1)

AN

B)

E(x,t) =

where f(t) = t(T —t),n(x,t) = no(x, t)+1and A > 0. The following result contains
a Carleman estimate for the solutions to the adjoint systems (2.4); it is inspired by
the ideas in Fursikov and Imanuvilov (1996) and the proof is identical to the proof of
Theorem 2.2 in Fernandez-Cara et al. (2016).

Theorem 2.2 Let n, «, B and & be the functions defined above. There exist positive

constants Lo, so and Co, only depending on Ly, B, @, |L' ||loo, |zllL>(0,) and T, such
that, for any s > so and any A > Ao, we have

1
/ / e (Ew 1)+ A28 [ou 2 + 24083 |¢|2) dx di
oL

T
+/ e—z-W(L(t)’t)ksé(L(l‘)y 1) lox (L(1), l‘)|2 dt
0
T
+/ 8—2501(0,1))“9%:(0’ 1) lox (0, t)|2 dt
0

< C (// e 2| dx dt+// e 24383 o) dxdt) (2.5)
or wx(0,T)

In a second step, we will prove an observability inequality for the solutions to the
adjoint systems. This is a consequence of the previous Carleman inequality.

@ Springer



Local Null Controllability of a Free-Boundary Problem . .. 309

Proposition 2.1 There exists a constant C > 0, only depending on Ly, B, ®, || L’ || co»
lzll Lo 0oy and T, such that for any % € L%(0, L(T)), the associated solution to (2.4)
with u = 0 satisfies

Lo
/ lo(x, 0)> dx < c// lp|? dx dt (2.6)
0 wx(0,T)

Proof Let us take A = Ap and s = sp in (2.5). Then

// e PEp| P dx dt < c// e 7E g dx dt
oL wx(0,T)

and, consequently,

3T/4 rL®t) 3T/4 rL(t)
/ lp>dx dr < c/ / e 232 dx dt
T/4 Jo T/4 JO

< c// lp|*> dx dt. 2.7
wx(0,7)

On the other hand, if we introduce the auxiliary function ¥ = e’ll*l~g we find
that

1d L(1) 5 L(t) 5 L(t) )
~5 / [ |°dx +/ [Vl dx+/ (lalls + @) |¥)?dx = 0,
t\Jo 0 0

forallt € (0, T), whence

d L(t)
Z(/o |¢|2dx) > 0.

This implies

L(0) L(1)
/ lp(x,0)> dx < eT”““w/ lp(x,0)*dx Vit € (0,T)
0 0

and
7 [LO 3T/4 ,L(1)
—/ lp(x, 0)>dx < eT”“”w/ / lo(x, )| dx dt. (2.8)
2 Jo /4 Jo
From (2.7) and (2.8), we conclude the proof. O

The observability inequality (2.6) leads to the approximate controllability result in
Theorem 2.1. The argument is well known; see Fabre et al. (1995) for more details.
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Thus, let y© € L%(0, Lg) and ¢ > 0 be given and let us introduce the functional
Je(-,a, L), with

1
rta =3 [[ipPdrdrselelonay +(00.00) L,
wx (0, E

for all ° € L2(0, L(T)).

Here, ¢ is the solution to (2.4). Using (2.6), it is relatively easy to check that
Je(+; a, L) is strictly convex, continuous, and coercive in L2(0, L(T)), so it possesses
a unique minimum q)g € L*(0, L(T)), whose associated solution is denoted by ¢;.
Let us now introduce the control v, = ¢.1,, and let us denote by y. the solution to
(2.1) associated to v,. Then, either 0 = 0 or we can differentiate the functional at ¢?
and obtain a necessary condition to reach a minimum at ¢?:

0
// peodxdt + ¢ 0—5,(p0
wx(0,T) loglL20.LcTy) L200.L(T))

+ (90(, O)a yO)LZ(O,LO) =0
Vg® e L2(0, L(T)),

2.9)

From this and (2.6) for (po = (pgo, we get the estimate (2.3). On the other hand, since
the systems (2.1) and (2.4) are in duality, we also have

dxdt:(o, T) —( 0,0)
//wx((m P @, ye(T) L20.L(TY ®(0), y L20.Lo)

which, combined with (2.9), yields (2.2).

2.3 The Uniform Hoélder-Continuity of y,

We introduce here a class of functions of standard use in the regularity theory of
parabolic equations (see Ladyzhenskaja et al. 1968).

Let us fix an integer m > 0 and @ € (0, 1). Let us set Qg = (0, B) x (0, T), let
G C Qo be a non-empty open set and let us assume the D; Dju is continuous in G
for 2r +s < m + «. Then, we set

lu(x, 1) —u(x', )]
(u))(ffz; = sup ,

(x,0),(x",1)eG lx — x'|®
(m+a) (@)
WG = 2 (DiDuu)g
2r+s=m

2 lu(x, 1) —u(x, )]
W = sup B pTTY
(x,1),(x,t")eG | |

@ Springer



Local Null Controllability of a Free-Boundary Problem . .. 311

mta o
Wic = > (Dpsully

2r+s=m
m+o
= Z | Df Du| =@ T <“))(:1(;ra) + (u>t(,62
2r+s<m

The space of the functions u = u(x, t), such that |u |g"+a)

< 400 will be denoted
byK "% (G). This is a separable Banach space for | - |’g’“. Furthermore, it is easy to
check that K"0(G) = C"™(G) and, if m+a < m’+a’, the embedding K™% (G) <>
K™%(G) is compact.

Let us denote by Ny the norm of yO in L2(0, Ly) and let (v, y) be a control-state
pair furnished by Theorem 2.1. Let b’ be given with b < b’ < Lg and let us set
Ry := 01 N{(x,t): x > b'}. From Theorems 10.1 and 11.1 in Ladyzhenskaja et al.
(1968) (pp- 204 and 211), we can affirm that y € K foralla € [0, 1/2), the function
Vi, with Vi (¢):=yx (L(t), t) satisfies V[ € CY%([0, T1) and, furthermore,

IVLllcowgo,ryy = CliyliLeoy), (2.10)

where the constant C > 0 only depends on C; and Ny and « only depends on L, and
B.

Let us write y = y + 7, where ¥ is the solution to (2.1) with y? = 0 and 7 is the
solution to (2.1) with v = 0. Using Gronwall’s Lemma, one can easily prove that

I¥llzc0r) < C (lallzegs IL oo, B, T) IVl 2wx0,7)-
On the other hand, from the Maximum Principle, we have
17l Loocor) < C (lallLgy: IL oo, T) 1921120 0. L)
Consequently, we see that
IVl cowqo.z < Caly°llze.5). (2.11)

where the constant C3 > 0 only depends on ||la| =g, [IL'lloc, B, T, L+, @ and No.
The estimate (2.11) will be crucial in the proof of Theorem 1.1 in the next section.

3 Proof of Theorem 1.1

In a first step, let us assume that f € C!(R) and | f'| is uniformly bounded.
We define the function g : R — R as follows:

g(s) = @ for, s#0 and g(0)= f/(0).
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Forany (z, £) € L®(Q¢) x C'([0, T]) with L, < ¢ < Bandany y° € H} (0, L),
we consider the following controllability problem

YI_yxx“‘g(Z)y:Ulw, (x5t)€ Q€7
y0,0) =0, y(@),1)=0, tex,T), 3.1)
y(x,0) = yO(x), x € (0, L),

IyC D206y =< & (3.2)

Let us introduce the set
N:={z € L®(Q0) : llzliLogy < R},
where R > 0 will be defined later. Let R; > 0 be given and let us set
M={eC'(0,T]): Ly <€ < B, £0) = Lo, [€'llc < Ri).

We will consider the mapping A, : N x M — L®(Qq) x C! ([0, TY), defined as
follows:

Ae(z,0) = (y;‘, Lg), where y, satisfies (3.1) and (3.2) for v = @¢|wx0,1), ¢e 18
the unique minimum of J,(-; g(z), £) and

t
Le(1) = Lo —/ Yex (£(s), 5)ds
0

In order to prove Theorem 1.1, we will apply a fixed point technique. First, note
that in view of the results in Sect. 2, A, is well defined. Moreover, one has

||y;;‘< ||LOO(QO) < C4||y0||L°°(0,L0)7
where C4 only depends on L, B, w, Ry and T,
1L, oo < C3lly°ll

3 = H}(0,Lo)

and, consequently,
ILe(®) = Lol < C3T 1Y o,y V2 €10, T1.
Therefore, if we take
R = Cally’ll (0, o)

and, we assume that

100,10y < min (o, Pt L
Hy ©.Lo) = C3' GT ' GT )’

we find that A maps N x M into itself.
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Let us now prove that, for some « € (0, 1), A, maps the bounded sets of L*°(Qg) x
C'([0, T]) into bounded sets in K*%(Qy) x C-([0, T]). We will use the results
from Ladyzhenskaja et al. (1968) (see Theorems 7.1 and 10.1, Ch. III). Thus, there
exists & € (0, 1/2) (only depending on L., B and T') such that y, € K 0""(60) and
there exists a constant C > 0, only depending on Ly, B, T, o and ||y0||H(% (0.Lo) such
that

0,
|y£|QZ <C;

more details can be found in Ferndndez-Cara et al. (2016).
On the other hand, from (2.10) we already know that

[Lellcre < C,

where C > 0 only depends on the previous data and Ny. As a consequence, A, maps
N x M into a compact set of L>(Qp) x cl(o, 17).

Now, we will show that (z, £) +— A(z, £) is a continuous mapping. Thus, let the
(zn, £,) be such that

(zn> £n) = (2,€) in L=(Qo) x C'([0, T])

and let us set (yy ., Le.n) = Ae(zn, £n).
Obviously, Ag(zy, £,) converge strongly to some (y}, L.). We must prove that
(v}, Lg) = Ag(z, ). To this purpose, the following result will be used:

Proposition 3.1 Let us consider the mapping M : N x M +— L?(0, 1), where
M(z,0) = ¥2, v2(¢) = @2cl(T)) and ¢? is the minimizer of J:(-; g(2), £). If
Zn — 7 € L°°(Qo) and £,, — € strongly in clqo, 1), then 1//2,1 converges strongly
in L*(0, 1) to 2.

The proof can be obtained as in Ferndndez-Cara et al. (2016).
A direct consequence of Proposition 3.1 is that the controls v, , associated to
the (z,, ;) converge strongly in L?(w x (0, T)) to the control v, associated to (v, £):

Ve.n — Ve strongly in L2(a) x (0, T)).

Thus, it is straightforward to check that the (v, Len) converge to Ag(z, £) and,
therefore, A; is continuous.

In view of the previous properties of A, there exists § > 0 (independent of ¢)
such that, if ||y°|| HIO.L) = 8, Schauder’s Theorem can be applied to the fixed point
equation (y, L) = A.(y, L).

Let (ye, L) be a fixed point of A, for each ¢ > 0. Then, it is clear that (ye, L¢)
satisfies, together with v, (1.2), (1.3), (2.2) and (2.3). Moreover, L, and v, are uni-
formly bounded in C 1410, T1) and L?(w x (0, T)), respectively. Consequently, our
assertion is proved.
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Now, at least for a subsequence, one has
L, — L strongly in Cl([O, T1) and v, — v weakly in L2(a) x (0, 7))

as ¢ — 0. Obviously, (y, L, v) satisfies (1.1) and (1.3). Also, it is clear that y satis-
fies (1.4).

This proves the result when f is of class C'.

The general case can be easily obtained through a simple approximation process.
Hence, The proof of Theorem 1.1 is completed.

4 Additional Comments and Questions

The global null controllability of (1.2), (1.3) is an open question. As noticed
in Fernandez-Cara et al. (2016), it is open even in the case f = 0. It s not clear
at all how the existence of a fixed point of A, can be obtained for large y°.

On the other hand, for higher spatial dimensions, the local null controllability is
also open. In view of the previous results and arguments, a natural strategy would be
to introduce a mapping of the form

(.0 el A, O)=0"1L) €L,
where v is a minimal L2-norm control that produces a state satisfying

IyC. D2y <& x € Q).

and {€2(?)}¢[0,7] 1s a family of sets whose boundaries are parametrized by £ and try
to prove the existence of a fixed point. But, again, this does not seem easy.

Note that, for the proof of Theorem 1.1, we can imagine another strategy: rewrite
(1.2), (1.4) as an equation of the form F(w, L, v) = 0 in an appropriate Banach space
for some C! mapping F and try to invert this equation near (0, Lo, 0). An advantage
of this argument is that, in principle, it can be adapted to similar null controllability
problems in higher dimension. This will be explored in a forthcoming work.

On the other hand, it is not difficult to prove a result similar to Theorem 1.1 under
spherical symmetry hypotheses. Indeed, it suffices to adapt the assumptions on the
data @ and y° and define the weights appropriately.
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