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ABSTRACT. In this paper we study the asymptotic behavior of the solution of
an anisotropic, heterogeneous, linearized elasticity system in a thin cylinder (a
beam). The beam is fixed (homogeneous Dirichlet boundary condition) on the
whole of one of its extremities but only on several small fixing sets on the other
extremity; on the remainder of the boundary the Neumann boundary condition
holds. As far as the boundary conditions are concerned, the result depends on
the size and on the arrangement of the small fixing sets. In particular, we show
that it is equivalent to fix the beam at one of its extremities on 3 unaligned
small fixing sets or on 1 or 2 fixing set(s) of bigger size.

1. Introduction. The present paper is devoted to the study of the asymptotic
behavior of a thin beam € of fixed length and of thickness €, when ¢ tends to zero.
The deformation of the beam is assumed to be governed by the linear elasticity
system. This classical problem has been studied by many authors (see e.g. [10],
[12], [13], [14], [16]). The main novelty of the present paper is that in one of its
extremities, the beam is assumed to be fixed only on a finite number of small
sets of size er., where r. tends to zero with €. To simplify, we assume that the
beam is completely fixed on the other extremity. On the rest of the boundary the
Neumann boundary condition holds, see Figure 1. Let us emphasize that neither
homogeneity nor isotropy or orthotropy is assumed on the elasticity tensor. However
due to its relevance, we devote a section to show how our results can be read in the
homogeneous and isotropic case.

The results presented in this paper where announced in [3] in the case where
only one small set is fixed. For the diffusion equation, a related problem has been
considered in [2] and [4] where instead of one bar, the structure is composed of
two or three bars of different lengths and thicknesses. Similarly, our results can

2010 Mathematics Subject Classification. T4K10, 35Q74.

Key words and phrases. Asymptotic behavior, correctors, thin beams, linear elasticity, small
fixing areas.

Partially supported by the projects MTM 2011-24457 of the “Ministerio de Ciencia e Inno-
vacién” of Spain and FQM-309 of the “Junta de Andalucia”.

4039


http://dx.doi.org/10.3934/dcds.2014.34.4039

4040 JUAN CASADO-DIAZ, MANUEL LUNA-LAYNEZ AND FRANCOIS MURAT

be applied to the study of the asymptotic behavior of multistructures composed of
several bars of different thicknesses which are fixed on their bases. We refer to [1],
[6], [7], [8], [9], [11] for other results relative to the junction of beams or of beams
and plates.

As far as the results obtained in the present paper are concerned, we prove that
the asymptotic behavior of the deformation of the beam depends on the relative
size of the parameters r. and ¢ and also on the geometrical arrangement of the
small fixing sets. Indeed, if all the fixing sets are aligned, there exist 3 critical
regimes, namely 7. ~ 3, 7. ~ ¢, and 7. ~ £'/3, and therefore 7 different regimes,
namely 7. € &3, re ~ e?, S K r. e, re me e L1 L el3r. ~ /3 and
el/3 <« r. < C, where we use the notation a. < b. to mean az/b: — 0, and
ae = b to mean a./b. — C with 0 < C < +oo. However in the case where at
least three small fixing sets are unaligned, there exist only two critical regimes,
namely 7. ~ €3, and r. =~ ¢, and therefore only 5 different regimes, namely r. < 3,
re el 3 «r, €e, r. ®¢, and € € r.. Assuming that the beam is described
by Q° = (0,1) x &S, with S a bounded smooth domain of R?, we recall that the
results obtained in [13], [14] to describe the asymptotic behavior of an elastic beam
provide an asymptotic representation of the displacement U¢ of the form

ng T9 ng T3 To I3
Us(z) ~ 5222 53 2 258
1(@) ~ Gi(21) au, (1)~ i (@1) = +evilz, —, ),
1 T3 T2 T3
Us(x) ~ = —= = =
3 (@) iC2($1)+C(9?1) . + ews (21, s )
X9 T2 T3
Us(z) ~ = — =2 22003
5(2) ~ —Galx1) = ela1) = +ews(an, —, =),
where the 6 functions (3, (s, (s, ZT%’ g%, and ¢, which depend only on the longitu-

dinal variable x1, have traces at the extremities 1 = 0, and z; = 1 of the beam,
while the functions vi, we, w3 are only measurable in ;1 and then do not have
traces at the extremities of the beam. If the small fixing sets are subsets of the ba-
sis {0} x £S5, the number of these 6 functions which vanish at z; = 0 increases with
r. after crossing each critical regime. When all the small fixing sets are aligned, our
results prove that it is necessary to have /3 < r. in order to obtain that the 6
above mentioned functions vanish at 7 = 0, and therefore to obtain that the beam
behaves as if it is fixed on the whole basis {0} x ¢S. When the beam is fixed on
at least 3 unaligned sets, we just need to have ¢ < 7. in order to obtain the same
result. That is, we show that it is equivalent to fix a beam on 3 small unaligned
sets or to fix it on 1 or 2 or even on a finite number of aligned sets of bigger size.

Our results not only provide a strong approximation of the displacement in L?
in all the different regimes, but also a strong approximation in L? of the strain
tensor. This is a corrector result. In the non critical regimes this approximation
agrees with the corrector result given in [13], [14] when the thin beam is fixed only
on the whole basis {1} x £S. But in the critical regimes it is necessary to add some
boundary layer terms.

If we want to compare our results with the results obtained in diffusion (see [2],
[3]), we should recall that in this case there is only one critical regime, namely
re &~ €. Moreover, the asymptotic behavior of the solution does not depend on the
number and arrangement of the small fixing sets.

As it usual when working with beams of small thickness €, the proof of our results
uses the change of variables y; = 1, y2 = 22/, y3 = x3/¢ to transform the varying
domains Q¢ = (0,1) x €S into the fixed domain Q = (0,1) x S. This change of
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FIGURE 1. The thin beam Q¢ and (in grey) the part I'® of its
boundary where it is fixed.

variables allows us to describe the behavior of the beam far away of the small fixing
sets. To study the behavior of the beam near the small fixing sets ey™ +er.S™, where
for 1 <n < N, y™ are points of {0} x S, and S™ are closed and bounded subsets
of R?, we need to use a different change of variables, namely z = (z — ey™)/(ere),

which transforms the beam €2° into the varying domain Z™* = (0, E% X Ti (Sfy”),
which, as € goes to zero, converges to the half space Z = (0, +00) x R%. In the critical
regimes the limit equation describing the asymptotic behavior of the displacement
of the beam contains terms involving boundary conditions of Fourier type which

are obtained by solving elasticity problems in this half space.

Notation. We denote by {e!,e?, e} the usual orthonormal basis of R3.

The elements of R3 are decomposed as x = (x1,2'), with 1 € R, 2’ = (22,23) €
R2. We also denote by 2’ a generic point of R3 whose first coordinate is zero.
Confusions are avoided by the context.

The ball of R?, d = 2 or 3, of center 2 € R and radius R > 0 is denoted by
BN (:L’; R)

We denote by R3*? and jog the space of 3 x 3 symmetric and skew-symmetric
matrices respectively. We denote by £(R2*3) the space of linear maps of R3*? into
itself.

For a given u € H'(0)3, with © an open subset of R?, we denote by Du the
derivative of u, and by e(u) and sk(u) the symmetric and the skew-symmetric part
of Du respectively, namely

1 1

“w=3 =3

For a Lebesgue measurable subset O of R? with positive measure and g € L!(0O),
we denote by 3% g dz the mean value of g on O, namely

1
gdx = —/gdz
]é 0]

where || is the d-dimensional Lebesgue measure of O.

We adopt Einsteins’s convention of sum of repeated indices. Greek indices («
and () take the values 2 and 3, while latin indices (¢ and j) take the values 1, 2 and
3.

(Du+ Du™), s (u) (Du— Du™).
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We denote by C' a generic constant which can change from a line to another one,
and by O. a generic sequence of real numbers, which can change from a line to
another one, and which tends to zero when ¢ tends to zero.

2. Setting of the problem and main result. For ¢ > 0, let . be a positive
parameter which tends to zero as € goes to zero. Let S be a bounded smooth domain
of R2, y*,---  y be different points of {0} x S, with N a fixed positive integer, and
St ... SN be closed bounded sets of R? such that the capacity in R? of {0} x S™,
n € {l,---, N}, is strictly positive.

We define M by

M=0 ifN=1, M:dim(Span{yQ—yl,---,yN—yl}) itN>2; (1)

this number M is the dimension of the affine subspace of R? generated by the points
y™, n € {1,...,N}; this dimension can be M = 0 (in the case where there is only
one point y!, and then N = 1), or M = 1 (in the case where N > 2 and where all
the points y™, n € {1,..., N}, are aligned), or M = 2 (in the case where N > 3
and where at least three of the points y™, n € {1,..., N}, are unaligned).

We consider the thin cylinder

QF = (0,1) x eS C R, (2)

and we denote
N
I°=TjuUly, with T5={1}xeS, T§=|]J(ey"+{0} xeres"). (3)
n=1
The beam Q¢ will be fixed (homogeneous Dirichlet boundary condition) on I'® (see
Figure 1).
Analogously, we denote

Q=1(0,1) xS, To={0} xS. (4)
We consider an elasticity tensor A € C°(Q; L(R3*3)) such that there exists m > 0
with
A(y)f 16> m‘5|2’ Ve € R§><37 Vy € ﬁ? (5)
and we define 45 € C°(Q=; L(R3*3)) by
!
A% (2) = Az, %)7 vz € OF. (6)
We also consider “body forces” f € L?(Q)® and h € L*(Q;R3*3), and we define
Fe € L2(Q°)% and H® € L2(Q5;R¥3) by
x x !
Fe(z) = fi(=1, ;)e1 + efalzn, ;)ea7 He(x) = h(z, ;) ae. xe Q. (7)
In the thin domain 2¢ we consider the elasticity problem
—divA®e(U®) = F* — divH® in QF,
(A%e(Uf) — H5)v* =0 on 00°\T*, (8)
ue =0 on I
where ¢ denotes the unit outward normal to Q°. Setting

Hi(Q°)={U e H'(Q°) : U=0o0nTI*},
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this problem can be written in variational form as
U® € Hy.(Q°)?,
9
Ace(U®) : e(V)dx = FeVdx + He :e(V)dx, YV € Hp. ()3, )
Qs Qs Qs
It is well known (see e.g. [5], [15]) that problem (9) has a unique solution.

The aim of the present paper is to describe the asymptotic behavior of the solu-
tion U® of (9) and to give a corrector result for e(U¢) as ¢ tends to zero. Observe
that U€ satisfies a non homogeneous Neumann boundary condition on 9Q° \ I'®,
which is the part of the boundary of the beam where the cylinder is not fixed.

Analogously to the body forces F© we could have introduced explicit surface forces
G® on 09°\T'?, but we have preferred not to include them for the sake of simplicity.

Remark 1. Hypothesis (7) asserts that FT is of order 1 while F§, F¥ are of order
. Indeed, using the change of variables x1 = y1, 2’ = &7/, one easily proves that
F¢ and H°® satisfy

1 1
7[ <|Ff|2 + ;2|F§|2 + €2F§|2) dx + ][ |H®?de < C, Ve>0. (10)
5 Qs
Observe that thanks to the linearity of problem (9), if the assumption (7) is replaced
by
/ !/ /

Fé(x) = e fi(a, %)el + el folzn, %)e"‘, He(x) = e h(x1, %) a.e. € Q°,

for some given p1, p2, p3, 0 € R, our results continue to hold for some renormaliza-
tion e"U*® of U®.

In order to state the homogenization result for (8), we need the following defini-
tions.

We set

D = BNy(Q) x Ry(Q) x RDy (Q), (11)

where the subscript b stands for the Dirichlet condition on the basis {1} x S, and
where the spaces BN,(2) (Bernouilli-Navier displacements), R,(€2) (rotation dis-
placements), and RDj (2) (orthogonal of the rigid displacements), see [8], [9], [13],
[14], are defined by

BNy(Q) = {u: 3G € HY(0,1), Gi(1) =0,
3o € H*(0,1), (u(1) = %(1) =0, Ya € {2,3},
1

_ 4
dyr

Ry(Q) = {v . v € L*0,1; HY(9)), /Svl(yl,y’)dy’ =0ae. y €(0,1),
Se € HY(0,1), o(1) = 0, va(y) = elyn)ys, va(y) = —c(y2)ye |-

RDL(Q) = {w Cwy =0, wa € L2(0,1; HY(S)),

ui(y) = Gi(y1) (Y1)Yas va(y) = Ca(y1), Vo € {233}}7

/ (—ysw2(y1,y") + yows(y1,y")) dy’ = 0,
S

/wa(yl,y')dy’ =0 ae. y; €(0,1), Va e {2,3}}.
s
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The spaces BN,(€2), Ry(Q2), RD3 (), and D are Hilbert spaces (see e.g. [14]) for
the norms defined by
3
el @) = lle(@)l1Zaiay, ollF,0) = D lera(®) Iz
a=2

3
||w||?3D2L(Q) = Za,ﬁzz ||6a5(w)||%2(9)7

1w, v, W)1B = ullB, @) + 10117, @) + 10l RpL - (12)
Observe that for (u,v,w) in D, only u and v’ have traces on T, which are given
by

() = (G(0) = 20, 0). ) ) . v, () = (O ~c(O)a) ¥ € Yo
For every (u,v,w) in D, we set
(u,0)o = (upry, vy, (13)
and we denote by (BN,(€) x Ry(£2)), the space of traces on Tg
(BNy(22) X Rp(2))g = {(u,v")g : (u,v) € BNy() x Ry(2)}. (14)

Since the components of (u,v’)y are polynomials of degree at most one, the dimen-
sion of the space (BNy(€2) x Ry(£2)), is finite (and more precisely is 6).

Remark 2. Throughout this paper, we systematically associate every (u,v,w) €
D with the corresponding functions ¢;, ¢ € {1,2,3}, and ¢ which appear in the
definitions of BN(2) and Ry(f2). By means of these functions (;, i € {1,2,3},
and ¢, we will also associate every (u,v,w) € D with a skew-symmetric matrix @
defined by

Qia = —Qo1 = _ZCT(I(O)» Va € {2,3}, Qa3 = —Q32 = ¢(0),
Qi =0, Vie{l,...,N}L

Remark 3. In [13] and [14], the asymptotic behavior of the solution U® of a
variational problem analogous to (9) but where I'* =T'§ or I'® = ({0} x&S)UT'§ was
considered. In this setting, passing to the limit in (9) leads to a variational problem
posed on the space D whose solution (i, ,w) is such that u® — (@ + e + &%)
converges to zero in the strong topology of some W1P(Q)3 (actually this strong
convergence holds in H'(2)? under some additional regularity hypotheses on & and

(15)

For u € H'(Q) we denote by e°(u) the second order symmetric tensor given by

1 1
eir(u) = en1(u), ejg(u) = eip(u), eqp(u) = eap(u), Vo, B € {2,3},  (16)
and for (u,v,w) € D we denote by E(u,v,w) the second order symmetric tensor

Eii(u,v,w) = er1(u), Eip(u,v,w) = eg(v),

Eup(u,v,w) = eqp(w), Vo, 8 € {2,3}. (17)
We denote by Z the half-space of R3
Z = (0,+00) x R?, (18)

and by D%2(Z) the Deny space
DY(Z)={y ¢ € L%(2), VY € L*(Z)*}. (19)
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Thanks to Korn’s and Sobolev’s inequalities the space D*2(Z)3 is a Hilbert space
for the norm defined by

[91B12(zys = le(®)ll72(zyxa- (20)

We are now in a position to state the main result of this paper, which describes
the asymptotic behavior of the solution U® of problem (9) and its corrector.

The problem satisfied by the limit of U® and the corrector of U® always have
the same structure (see formulas (21), (22) and (23)), but their exact forms depend
on the asymptotic behavior of r. (with 3 critical regimes, namely 7. ~ 3, r. ~ ¢,
and 7. ~ €'/, and therefore 7 different regimes), and on the value of M defined
by (1), which can be M = 0, M = 1, or M = 2. There are therefore 7 x 3 = 21
different cases, which correspond to different spaces £, different bilinear forms B
and different boundary layers P¢ in formulas (21) and (23).

The different spaces £, which are subspaces of the space D defined by (11), only
differ by the boundary conditions which are imposed on the traces of u and v’ on
Ty. These boundary conditions are summarized in Table 1. Observe that in the 3
critical regimes the definition of each space £ coincides with the definition of the
space £ in the non critical regime which immediately precedes it, which means that
there are only 4 x 3 = 12 different definitions of the space £. The different bilinear
forms B and boundary layers P¢ are non trivial only in the 3 critical regimes r. ~ &3,
re ~ ¢, and r. ~ £'/3; in those regimes they coincide for M = 0 and M = 1, which
means that there are only 3 x 2 = 6 non trivial different cases for the definitions of
B and P¢. The corresponding results are summarized in Table 2.

The precise statements of all the cases are presented in the following theorem in
three sections:

— Section (i) is concerned with the 4 regimes r. < €3, r. ~ &3, €3 < r. < ¢,
and 7. = ¢, for which the spaces £, the bilinear forms B and the boundary
layers P° do not depend on the values M = 0, M = 1, and M = 2, once the
regime is given.

— Section (ii) is concerned with the 2 regimes ¢ < 7. < /3 and r, ~ /3,
where the spaces £ differ according to the values of M, namely M = 0,
M =1, and M = 2, and where the bilinear forms B and the boundary layers
Pe differ according to the values of M (M =0 or 1, and M = 2) in the regime
r. ~ ¢'/3 (in the non critical regime ¢ < r. < /3, one has, as said before,
B =0 and P* =0).

— Section (iii) is concerned with the regime ¢!/% < 7. < C, where the space £
does not depend on the values M = 0, M = 1, and M = 2, and where one
has, as said before, B =0 and P¢ = 0.

Theorem 4. Let U¢, ¢ > 0, be the solution of problem (9). Then, there exist a
closed linear subspace £ of D, a function P € L?*(Q%;R3*3), and a nonnegative
continuous bilinear form B defined on (BNy(€2) x Rb(Q))O x (BNy(2) x Rb(Q))O
such that, defining (4,0, W) as the unique solution of the variational problem

N

E(i,9,) : E(u,v,w)dy + B((&, "), (u,v)o) = [ fudy (21)
Q Q

+ [ h:E(u,v,w)dy, VY(u,v,w) €€,
Q
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we have
z/ 3
. c N < N 2
g (Ul () ~in ( ) P+ 3 U3 - o) ) dr=0, (22)
/
lim + |e(U)(z) — E(a, v, 0) <m1, ”) — P*(z)[2dz = 0. (23)
e—0 Qe e

The definitions of £, B and P% do not depend on the functions f and h which
define F© and HE, but only on the fourth order tensor A, on the set S, on the points
y™, on the sets S™, on the value of M, and on the behavior of r. when ¢ tends to
zero. We have the following situations.

Section (i): the 4 regimes r. < €3, re ~ e, &3 < r. < ¢, and r. ~ €.

o Ifr. < &%, then
=D, (24)
B =0, P =0. 25)
o Ifr. = &3 with re/e® — Kk, 0 < Kk < +o0, we define the function ™', n €
{1,...,N}, i € {1,2,3}, as the solution of

SDn,i c Dl’Q(Z)g, sDn,i _ ei on {0} % Sn7

. . 26
[ A etz =0, e D2, =0 on {0y xsm
z
and the function p?u’v,)o, ne{l,...,N}, by
Pluswryo = Ual(0)9™*, V(u,v")o € (BNy(Q) x Ry(2))o; (27)
then & is again given by (24), namely
E=D, (28)

while B and P¢ are given by

- 1 " T —ey”
P (l’) = 7m;e<p(ﬁ7@/)o) < ere > 5 a.e. r € QE. (30)
o Ife3 <« r. < e, then
S:{(u,vﬂn)GD:uh{o:O}7 (31)
B =0, P =0. 32)

o Ifr. m e withr./e = X\, 0 < A < 400, we define the function qZ‘u vy T E
{1,..., N}, by

Uuorye = (Y™™ (0 Fva(y™)) 9™, V(u,v')o € (BNo(Q) x Ry(2))o,  (33)

where ™', n € {1,...,N}, i € {1,2,3}, is defined by (26) and where a® =
a®((u,v")o) € R, o € {2,3}, is defined by

N
Z/ZA(y”)e(q?u’v,)o) ce(pt)dz =0, «a€{2,3}; (34)
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then & is again given by (31), namely
6’:{(u7v7u})G’D:uTTO:O}7 (35)
while B and P¢ are given by
N
B((w)os (@.700) =AY [ AGMeldfnn): ez
n=1

V(’LL,’U/)(), (ﬂ, ﬁl)() S (BNb(Q) X Rb(Q))o,

N
1 :c—ey”)
Pf(r)= ——— e(qls , a.e x€QF. 37
(@) = = > elafhon) (o )

n=1

Section (ii): the 2 regimes ¢ < re < e'/3, and r. ~ '/3.

o Ife <r. < el/3, then

Sz{(u,v,w) €D: u(y') =0, Uy, = O} if M =0,

Sz{(u,v,w) €D:ui(y") =0, L <n <N, Uy, = v/y,= 0} ifM =1, (38)

6':{(u7v,w) €D: ury, =0, v|/"r0 = 0} if M = 2,
B=0, P =0 (39)

o If r. ~ &Y/3 with 7"8/51/3 — u, 0 < p < +oo, we define the function Y™,
ne{l,...,N}, a €{2,3}, as the solution of

Y™ € DV(Z)3, ™ (2) = 216” — zo€! on {0} x S™,

40
[ AGMewr) s etz =0, vye D2, n=0on 0} <,
z
and the function ¢™, n € {1,..., N}, as the solution of
" € DM(Z)?, ¢" = 23 — 29€” on {0} x S™,
(41)

/ZA(y")e(cﬁn) ce(n)dz =0, Yne€D“(Z)* n=0on{0}xS"

finally we define the function Hwrygr T E {1,...,N}, by

)y = c(0)0" + (0)™ + b™i™ Y(u,v")g € (BNy(Q) x Ry(Q))o, (42)

dy1

where ™, n € {1,...,N}, i € {1,2,3}, is defined by (26), and where b™* =
b ((u,v')o) €ER, n € {1,...,N}, i € {1,2,3}, is defined by

| A elth ) ez =0, 1€ 1,2:3) (13)
then & is again given by (38), namely
5:{(u7v,w)€D: ui(y') =0, ujy, :O} if M =0,
8:{(u7v,w) €D:u(y") =0, 1 <n <N, tjy,=v/y,= 0} if M =1, (44)
Sz{(u,v,w) €Dy, =0, vjy, = O} if M =2,
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while B and P® are given by

u, o, (T, 7)) = p° Me(t? ) et . )dz
B o @) =10 32 [ A, e )i

V(u, )o, (@, 7)o € (BNy(Q) X Ro())o,

N
1 x—ey”)
Pe(x) = — E e(tl , a.e x€Q° 46
( ) \//?E — ( (a0 )0) ( ere ( )

Section (iii): the regime e« r. <C.

o Ife'/? < r. <C, then
= {(u,v,w) €D :upy, =0, vy, = 0}, (47)

B=0, P°=0. (48)

Remark 5. Thanks to the facts that D is a Hilbert space for the norm defined by
(12), that the tensor A is coercive (see (5)), that £ is a closed subspace of D, and
that B is a continuous bilinear form, the existence and uniqueness of the solution
(G, 0,) of problem (21) is an immediate consequence of Lax-Milgram’s Theorem.

Remark 6. Various Dirichlet conditions appear in the statement of Theorem 4.
Since

ui(y) = Ci(y1) — %(yl)yoﬂ uz(y) = Ga(y1),  us(y) = G(v1), (49)

va(y) = c(y1)ys, v3(y) = —c(y1)y2,

these Dirichlet conditions read in (31) as
uh«o =0 <<= CQ(O) = Cg(O) =0,
in (38), and (47) as

0 =0 = Ga0)- L2k =0,
0@ =0 = GO - O =o
Uiy, =0 <~ ¢(0)=0,
d d
ur =0 Gl0) = Gl0) = Ga(0) = £20) = £20) =0,

Moreover, as far as the functions pf,, ., defined by (27) and ¢f,, ., defined by (33)

w,v’)
are concerned, we have

p?u,v’)o = Ca<0)@n7a7
Auorye = (€1(0) = dfyl(O)yZ)w"’l + (a® + c(0)y5)™? + (a® — c(0)y5)™?,

where a? € R and a® € R are defined by (34) (see Remark 9 below).
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Remark 7. Observe that in Theorem 4, as r. increases (and therefore as the size
ere of the fixing sets increases), the number of Dirichlet conditions on uy, and

vy, (namely on the 6 values (1(0), %(O), g—gi(O), ¢(0), ¢2(0), ¢5(0)) increases.

Indeed if 7. < €2 or if r. = 3, there is no Dirichlet condition on these 6 values. If
g3 « r. < e or if r. = ¢, the Dirichlet conditions (2(0) = (3(0) = 0 are enforced.
If 7. > £'/3] all the Dirichlet conditions (namely ¢;(0) = %(O) = %(O) =c(0) =
¢2(0) = ¢3(0) = 0) are enforced. The cases where ¢ < 7. < €'/% and 7. ~ '/ are
more complicated and depend on the values of M (see Table 1).

Observe in particular that in order to have all the Dirichlet conditions on Y
(namely wuy, = 0, v/y, = 0, or in other terms (;(0) = %(0) = %(0) =¢(0) =
¢2(0) = ¢3(0) = 0), one has to consider fixing sets of size er. with r. > '/ if
M =0 or M =1, but only with r. > ¢ if M = 2. This means that in order for the
beam to behave like if it is fixed on its whole extremity {0} x S, one can fix it on 3
(or N > 3) nonaligned fixing sets of small (er. > €?) size, or on 1 (or 2, or N > 2

aligned) fixing set(s) of bigger (er. > £%/3) size.

Remark 8. Except in the 3 regimes where the size of r. is critical (i.e. where
Tre R 53, re RE, O T, R 51/3)7 one always has B = 0 and P = 0. This is no more
the case in the three critical regimes, in which (except if r. ~ ¢'/% and M = 2),
one has B # 0 (see Table 2). Observe that in each of the 3 critical regimes, B is
a bilinear form which acts on (u,v’)y = (U\TO’UI/YO)’ which is a finite dimensional

space which can be parametrized by (;(0), %(O), gTC/?(O)’ ¢(0), ¢2(0), ¢5(0), and
which is at most of dimension 6.

In the critical case where r. ~ €3, with r./e® — K, 0 < k < 400, one can prove
that for every (u,v,w) € £ =D, one has

3
B((u,v")o, (0, 0")0) 2 £C Y [Ca(0)[?,
a=2

where C' is a constant which does not depend on k. The bilinear form B is then
a penalization of the Dirichlet conditions of the non critical regime ¢ <« r. < €
which follows the critical regime r. ~ 3, namely the Dirichlet conditions uho =0,
or in other terms (2(0) = ¢(3(0) = 0.

In the 2 critical cases where 7. &~ ¢ and r. ~ /3, the situation is analogous, but
more complex, since it also depends on the value of M (M = 0,0or M =1, or M = 2).
For example, in the (simplest) case where r. ~ & with r./e = X, 0 < A < 400, and

M = 2, one can prove that for every (u,v,w) € £ = {(u,v,w) eD: UTYO = 0} =
{(U,’U,’LU) €eD: CQ(O) = 43(0) = 0}7 one has
2
+ |C(0)|2> ;

where C' is a constant which does not depend on A. The bilinear form B is then a
penalization of the Dirichlet conditions of the non critical regime ¢ < r. < C which
follows the critical regime r. ~ ¢ when M = 2, namely the Dirichlet conditions
uy |y, =0, v"TO =0.

In each of the 3 critical regimes, the bilinear form B is a penalization (with coeffi-
cient x, or A, or u) of the new Dirichlet conditions which appear in the following non

dCa
2, )

3
B((u7 U/)Ov (uﬁvl>0) >AC (Kl (O)|2 + Z
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critical regime. This penalization takes the form of a Fourier (Robin) type bound-
ary condition. In Proposition 10 below we will describe explicitly these Fourier
type boundary conditions in the case where the elasticity tensor A is isotropic and
homogeneous.

Note finally that, for the 3 critical regimes, the functions ™%, ™, ¢" are in some
sense generalized capacitary potentials of {0} x S™ in Z, and the bilinear form B
corresponds to some type of capacity of I'fj in Q° for the energy

F et el

Remark 9. By Lax-Milgram’s Theorem, using the facts that (20) defines a norm in
D'2(Z)3 and that the elasticity tensor A satisfies (5), problems (26), (40) and (41)
for ™t ™ and ¢" respectively, with i € {1,2,3}, o € {2,3}, n € {1,...,N},
have unique solutions.

Problem (34), which defines a®, with a € {2,3}, is actually a two dimensional
problem which can be written as a system of two linear equations

Ed = ¢,
for the unknown @’ = (a?,a3) € R?, with the matrix = € R?*? given by = =
N
Z Z(n), where Z(n) € R?*? is the matrix
n=1

amw:LAW%wwwdw%w,mﬁe@a,

and with the right-hand side o' = (02, ¢®) € R? given by

N
o = Z/ZA(y”)e(ul(y")sO"’l +oa(y")e™?) se(¢™P)dz, B e{2,3}.

n=1

Since p™? and ¢™? are linearly independent, every matrix Z(n), and consequently

also the matrix E, is a positive definite matrix. Hence, problem (34) correctly
defines a*, a € {2,3}.

Similarly, problem (43) correctly defines b™%, i € {1,2,3}, n € {1,..., N}, since
for every n € {1,..., N}, problem (43) is a three dimensional problem which can

be written as a system of three linear equations Z(n)b™ = g(n), for the unknown
b = (b1, ™2, 6™3) € R3, with the matrix =Z(n) € R3*3 given by

[1]:

(n)ij = /ZA(y")e(go"’j) ce(p™Ndz, i,5 € {1,2,3},

and with the right-hand side g(n) = (g(n)!, 8(n)?, 8(n)?) € R3 given by

~ T n n dCOf n,a\ . n,i . .
d@—*éﬂyﬂﬁw+g£@w)ﬁW)M i€ {1,2,3);

again the matrix Z(n) is a positive definite matrix since ™!, ©™2, and ™3 are
linearly independent.
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M=0 M=1 M =2
re L &3
or none
re g2
3 < re L € ,
or Uy, = 0
Te X €
: ui(y") =0
e Lel/? w(yt) =0 / ur, =0
or 1/3 , B u|T0 =0 , B
Te " E Uy, =0 o —0 Vi, =0
[To —
B <r.<C uy, =0, v|’T0 =0

TABLE 1. The boundary conditions satisfied by v and v' on Y.

M=0orM=1 M=2
re &g’ B given by (29); P* given by (30)
re R E B given by (36); P¢ given by (37)
r. ~e'/3 | Bgiven by (45); P° given by (46) | B=0; P =0

TABLE 2. The bilinear forms B and the boundary layers P in the
3 critical regimes.

3. The case of an isotropic homogeneous elasticity tensor. A relevant par-
ticular case of Theorem 4 is the case where the elasticity tensor A is homoge-
neous and isotropic, i.e. where there exist two Lamé constants A* and p* with
3N* +2u* > 0, p* > 0, such that the tensor A is given by

Ae = Ntr(e)T +2u*e, Ve R3*3, (50)

with Z the identity matrix in R3. In this case the problem (21) can be explicitly
solved. This gives the classical system of ordinary differential equations in the
variable y; which describes the behavior of a thin elastic beam. These equations are
completed with some Dirichlet conditions on y; = 1 due to the Dirichlet boundary
condition imposed on I'{, while on y; = 0 we obtain Dirichlet, Fourier (Robin) or
Neumann conditions depending on the behavior of r. with respect to ¢, and on the
value of M. The result is given in Proposition 10 below, which is easily deduced
from Theorem 4. Before, we observe that thanks to a translation and a rotation in
the coordinates (yo,ys) we can always assume that the following conditions hold

/y’ dy' =0, /y2y3 dy' =0, (51)
S S
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i.e. that the center of mass of S is the point (0,0) and the axes in the directions ys,
ys agree with the main inertial axes of S.

Proposition 10. Assume there exist \* > 0, u* > 0 such that the tensor A is given
by (50), for some A* and p* with 3\*+2u* > 0, u* > 0, that the functions f1, fa, f3
only depend on yi1, that h = 0, and that conditions (51) are satisfied. Define the
Young modulus €& and the inertial moduli Iz, I3 by
g = BN T2 I = F luady’, € (23}
A+ p* s
Then, the functions 4, 0, W defined in Theorem /j are given by

a(y) = (§1(y1) - %(yl)yav olyn) {“3(311)) ,

>

(y) = (01(y) , e(y1)ys, —¢(y1)y2),

w(y) = (0, wa(y) , ws(y)),

where
— Up to a rigid displacement in the variables (yo,ys), the functions s, w3 are given
by

% d2(s

X d¢ 1d2¢
wo(y) = *m (di(yl) Y2 + Qdy?(yl) (*yg + yg) - dy%(@/l)@&!/:s) )

o A" dé d*{, 1d%G 2 o
w3 (y) = 20 + %) <dy1 (y1) ys dy? (Y1) y2y3 + 2 dy? (y1) (yz y3) .
— The function 01 is given by

i1 (y) = —¢(0)2(y"),

where 2 € H*(S) is the unique solution of

—AzZ=0 1insS,
0z
9 Yse +yav3  on IS, (52)

f%dy’zO,
s

where V' = (va,v3) is the outward normal to 9S.
— The function ¢ is given by

e(yr) = e(0)(1 —ya).

— The functions 61, ég, (fg are solution of

27 X
_gcily(%l = fl m (0> 1)7 Cl(]‘) = 07
d4éa _ . . _ % —
gIaTy% - fa m (07 ]-)v Coz(l) - dy1 (1) - 07 o€ {273}7

completed by boundary conditions on y; = 0, which are described below; these con-
ditions depend on the set S, on the points y™, on the sets S™, on the value of M,
and on the behavior of r. when € tends to zero. We have the following situations.
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Section (i): the 4 regimes r. < 3, ro ~e3, &3 < r. < e, and r. ~¢.

o Ifr. < &3, then

dCl dQCAa d3Coc a
0, 0) = =0, «ae€{23}, ¢(0) =0.
=0 T = T80 23, o)
o Ifr. ~ed withr./e3 — K, 0 < k < +oo, then
< g d*¢a .
=0, 0)=0, ae{23}, ¢(0) =0,

dSCQ na n2 ;
El,—+ & 3 <S| g /Ae e )dz) «(0) =0,

d C3 na . n3 o N _
5[3 <S| E /Ae : )d ) «(0) =0,

n=1
where ™%, n € {1, ..., N}, a € {2,3}, is defined by (26).
o Ifed < r, K¢, then

dé, s,
dyl( ) - 07 Ca(o) - dy%

o Ifr. e withr./e = X\, 0 < X < +o0, then
(a(0)=0, ae{23},

dCl n,1l _
] Z/ Acldfaeny,)  ele™ )z =0,
d?
gIZ CZ |S| Z/ Ae q(u 'u/)o : (yg]@n l)d’z =0,
d?
813 C3 |S| Z/ Ae Q(u ’U’)O : ( 2 nl)dZ = 0

‘S| Z/ q(u v’)o : ( 5 "2_yg(p"v3)dz:0’

where Ua,oryy U8 defined by (33)-(34), ¢™*, n € {1,...,N}, i € {1,2,3}, is defined
by (26), and ¥ is given by

V= ]L (|8y22 +ysl® + |0ys 2 — y2|2) dy’,
S

with % the solution of (52).

0)=0, aec{23}, &0)=0.

Section (ii): the 2 regimes ¢ < r. < e'/® and r. ~ /3.

o If e < r. < e'/3, according to the value of M we have
» If M =0, then
2 d&[ﬁ 1 _ - _ A —
Cl(o) - 7(O)yﬁ - 07 Ca(o) - 07 o€ {273}7 C(O) - 07

dCAl 1 d2€2
—(0 Ib—-(0)=0
dyl( )y2 + 2 dy% ( ) )
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» If M =1, then

. d dc .

Cl (O) dif (O)y,é’ - 07 ﬁ(o) (y,%’ - ylli) = 07 Coz(o) = 0) (OAS {273}? 6(0) = 07
@
dy1

» [f M =2, then

d d2¢
(0) (y3 3 — v v3) + To——> (0)(v3 — y3) — Is—cf (0)(y3 —y3) = 0.
d?h dyl

60 = 600) = 60 = %20 = (0 = 20) =0

o Ifro ~ /3 with r5/51/3 — u, 0 < p < 400, according to the value of M we have
» If M =0, then

=Ly =0,  G(0)=0, aec{2,3},  &0)=0,
dél 1 d2§2 /~L3 al n . n,2 _
—£ <dy1(0)y2 + I2dyf(0)> + 5] ;/ZAe(t(ﬁ,@/)o) re(y™®)dz =0,

at e o , n
- (yl(0>y§ +Iady§’(0)> + m;/ZAe(tm,v')n) e(y"*)dz =0,

where o) T E {1,..., N}, is defined by (42)-(43), and o™, n € {1,...,N},
a € {2,3}, is defined by (40).
» If M =1, then

. dc dé .
Gi(0) - d—zf(O)yé =0, d%(())(y% —yp) =0, (a(0)=0, a€{2,3}, &0)=0,
d d2( d2¢
-& (dgi( ) (Y395 — y3 v3) +Izc@?(0)(y§ —3) —13@41;(0)(113 —y%)> +

|S| /Ae (ta,0n) € e((y3 — y3)™? — (43 — y3)9™?)dz = 0,

where t?ﬁ,ﬁ’)o’ n € {l,...,N}, is defined by (42)-(43), and v™*, n € {1,...,N},
a € {2,3}, is defined by (40).
» If M =2, then

. . . dé d

60) = 600) = 650 = %20 = (0~ e10) =0
Section (iii): the regime e <r. <C.
o Ife'/? < r. <C, then

. . . dé d

G10) = (0) = 65(0) = 22 0) = L30) = ¢(0) = 0
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4. The asymptotic behavior of a sequence which is bounded in energy.
In order to study the asymptotic behavior of the solutions U¢ of (9) we introduce
two changes of variables which allow us to obtain two compactness results, one in
the part of the beam far from I'f and the other one in the part close to I'f.

The first change of variables is the usual one in the study of thin elastic beams
(see e.g. [12], [13], [14], [16]), i.e. the change of variables y = y°(z) defined by

Y1 =21, Yo = :%aa Vo € {2,3}, (53)
together with the change of unknown functions defined by

ui(ylvy27y3):U1€(y176y27€y3)5 ug(ylay27y3):5U§(y1a5y275y3)7 Vo S {2a3} (54)

Using this change of variables one obtains the following a priori estimate.

Lemma 11. The solution U® of (9) satisfies
][ e(U)2dz < C, Ve > 0. (55)

Proof. Taking U® as test function in (9) and using the change of variables and
unknown functions (53) and (54), we get

1
Aef(uf) 1 ef(u)dy = —
Q €” Jae

(F°U* + H® : e(U%))dx = /Q (fu 4+ h:e*(u))dy,

Ace(U?) : e(U%)dx =

. (56)

- 572 Qe
where e®(u®) is defined by (16). Since U = 0 on I'§, we have u® = 0 on {1} x S,
and then Korn’s inequality in € combined to (5) allow us to deduce from (56) that

/Q = (uF)2dy < C, Ve >0, (57)

which, using again the change of variables (53)-(54) gives (55). O

From now on, our purpose in this section is to obtain some compactness lemmas
describing the limit behavior of a sequence U € H}. (92°)% which satisfies estimate
(55), i.e. which is bounded in energy, but which is not necessarily the solution of
any equation.

We begin with the following result where we assume that, besides estimate (55),
U*¢ vanishes on the extremity I'l = {1} x &S (but only on this extremity). For the
proof we refer to [14] (see also [1]).

Lemma 12. Let U® be a sequence in H'(Q°)3 such that U¢ = 0 on I and such
that estimate (55) holds. Define u® € HY(Q)? by (5/). Then, up to a subsequence,
there exists (G, 0,w) € D such that

ut — 4 in HY(Q)3, (58)
e (uf) — E(a,0,w) in L*(;R3*3). (59)

The following result characterizes the trace (@, 9")o of (4,9, w) given by Lemma
12.

Lemma 13. Let U¢ be a sequence in H'(Q°)3 such that Us = 0 on T and such
that estimate (55) holds. Assume moreover that the sequence u® € H' ()3 defined
by (54) is such that there exists (4, 0,Ww) € D such that (58) and (59) hold, and let
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Giie {1,2,3}, and ¢ be the functions associated to (4,0, w) by the definition of D.
Then we have

ufy, — dyr, in L*(S)%, (60)
][E 1 () dys — —22(0) in H1(S), Va € {2,3}, (61)
0 dy,
S ot = (-160) i HS), Vae (23has s (@)

Proof. Convergence (60) is an immediate consequence of (58). By (58) and the
definition of BN,(2), we have

% N % — _dé@ i
aya 3ya dyl
which implies that
¢ ous Oty d(a
d 0) =
0 g T aya( ) dy
On the other hand, it results from (55) that

n H'(0,1; H(9)), Vo € {2,3},

—%(0) in H1(9), VYa € {2,3}. (63)

1 § ouf
€5, (uf) = 5 <8u1 + ua) is bounded in L*(f2),
and then

Yo  OY1
2308 o< 32528
s1lo 2\ oy "By )M 2 \0ya  On1

Thus
1][8 (3@ + 8ug> dy; — 0in L?(S) (and consequently in H~'(S)).  (64)
2 Jo OYa oy o ) ' |

Subtracting (63) and (64) we deduce (61).
In order to obtain (62), we use that (59) implies

1 [ou§ 0Ou§ . 1 /00 de
6?2(116) — % < Uy + u2) N 612(1}) — 5 (Ul + cy3>

dy2 Oy Oy2  dy
1 [0uf Ou§ 1 /00 dé
e ey . 1 3 ) . Ay — - (2 Y
i) = 2e (83/3 - 5y1) e12(9) 2 (593 dy1 y2>
Integrating these expressions with respect to the first variable over the interval
(y1,1), and using u® = 0 on {1} x S, é(1) = 0, we obtain

1( gmh >dt1—u§<y1,y’>)4( §”1<t1, Yi- i) (69

dy' < dy dy’ < Ce.

in L%(Q).

1 8’116 5 81}
2% ( " 8y31, (t1,y")dt;— u3(y1,y/)> N ( 3 ;(h y')dt+ C(yl)y2) (66)

in H'(0,1; L%(S)). Subtracting the derivative of (66) with respect to ya from the
derivative of (65) with respect to ys, it results that

1 (8u§ ous

dys  Oy2
which, in particular, gives (62). a

) —¢ in HY(0,1; H~Y(S)),
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The next lemma will be useful later to compare the behavior of U® around two
different fixing sets.

Lemma 14. Let p > 0 be such that Ba((y™); p) is contained in S, for every n €
{1,...,N}, and let us define J™=, Ji*° CR3, ne {l,...,N}, >0, by

Jme = (0,e) x B2((y")';€p),

(67)
Jo" = Bs(y";ep) N {z1 = 0} = {0} x Ba((y")'s¢p).
For every sequence U¢ in HY(QF)3 satisfying (55), it holds

C
(U®) dx — &(U®)dz| < —, (68)

Jlhe Jn.e \/g
][ Utdax' — ][ Ucds' — ¢ F(U) dx (y" — y')| < CVe, (69)

Jl,s Jn,a A

for everyl,n € {1...,N} and e > 0.

Proof. We can assume N > 2 since there is nothing to prove if N = 1.

We use
1
2 2
/ dx <
(0,e)xeS
2 3
< / dor | + (70)
(0,e)xeS
1
2 2
+ / dr | .
(0,e)xeS

The right hand side of this inequality can be easily estimated by using the change
of variables £ = x/e, which transforms (0,¢) x €S into (0,1) x S, and then by a
simple application of Korn’s inequality. This together with (55) allow us to show

-/(O,e) xeS

for every I,n € {1,...,N} and £ > 0. Since |(0,¢€) x eS| = 3|5, this proves (68).
On the other hand, since

(U)dr — &(U) dr
Jl.e Jn.e

DU® — 4 (U%)dr
JL,E

DU*® — (U®)dr
.]’TL.E

2
de < C le(U®)2dx < Ce?,  (71)
(0,e)xeS

&U®)dr — &(U®)dr
Jl,a Jn.e

/ Ue — vedr’ — &(U®)dr (x —ey™) | da’ =0,
e Jpe Jne

we can use Poincaré’s inequality, then Korn’s inequality and then (55) to get

/(O,E)XES

< Csz/
(0,e)xeS

2
dx

U - ][ Uedr' — &(U)dr (x — ey™)
J(';“E Jn.e

: (72

DU — +  &(U®)dr
Jn.€

dx < 052/ e(U®)|?dx < Ce?,
(0,e)xeS
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which, reasoning analogously as in (70)-(71), leads us to

\/(O,E)XES

][ Usdr' — F(U%)dr (x —ey') — ][ Usdr'+
Jcl),e JLE J(;L,E

2

+ F(U®)dr (x — ey™)| dz < Ce?,
Jn.e

for every I,n € {1,..., N} and € > 0. Taking into account that (68) implies

/(O,E)XES Sk(UE)dT> (x — &)

it is then immediate to get (69). O

2
dz < 054,

( . &(U®)dr —

Jl,s

In order to study the behavior of U® near I'g, we introduce a family of new
changes of variables z = 2™*(x), n € {1,..., N}, defined by

x —ey"

z=2z"(x) = (73)

ETe

We denote by Z™*¢ the image of 2° by the change of variables z™¢, n € {1,..., N},
ie.
1 1
o= (0.0 ) < 2G5,
Ere Te
Given U¢ € H'(Q)?, we define new unknown functions p™¢ € HY(Z"™¢)3 n €
{1,...,N}, by
P (z) = US(ey™ +erez) ae. z€ Z™°. (74)
With these definitions, we have the following result (see (19) for the definition of

the space D?(Z)) for a sequence which now belongs to H. ()% and is bounded
in energy.

Lemma 15. Let U® be a sequence in HL.(Q°)3 such that estimate (55) holds.
Assume moreover that the sequence u® € H'(2)? defined by (5/) is such that there
exists (U, 0,w) € D such that (58) and (59) hold, and let Gioie {1,2,3}, ¢, and Q
be the functions and the skew-symmetric matriz function associated to (@i, 0,%) by
the definition of D (see Remark 2). Then we have

1. If &3 < 1o, then (5(0) = (3(0) = 0.

2. If e € 1., further to 62(0) = 63(0) = 0, and according to the value of M we
also have
21 If M =0 (i.e. N=1), then

1 _
G0 - 52 Ok =0 (75)
2.2 If M =1, then
G0 = O =0 Vn e {1 N} é(0) =0, (76)
2.3 If M =2, then
s oy 92 oy _ 4
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. dé dé¢ . .
3. Ifel/3 < 1., then ((0) = %(o) = f(o) = &(0) = ((0) = &3(0) = 0.
1 1
4. If r. has a critical size (i.e. if r. ~ &%, re = e, orre & 51/3), and if we define
v as
v = lim £ if re = &3
a e—0 g3 e ’
v =lim 2= if re ~ ¢, (78)
e—=0 €
1 Te N 1/3
Uishi%(elw) ifre > el
then there exist a € R®, B,G € RY3, and ¢* € D“2(Z)%, n € {1,...,N},
with
q"(z) = Vv (d + By™ + G’z) for a.e. z € {0} x S™, (79)
such that, up to a subsequence, p™° defined by (7/) satisfies
’;i e(p ) e — —e(@") in L*(Z;RED). (80)

Moreover, depending on the critical size of r. we also have
41 Ifre = €%, then a = (0,(2(0),(3(0)), B=G = 0.

4.2 If r. = ¢, then a; = 61(0), B=0Q,G=0.

4.3 Ifr. ~ /3, then G= Q

Proof. We will use the following notation. We take p > 0 and define J)"¢, J™¢
by (67). We also define Ly = Bs(y";p) N {y1 = 0}, L™= = (0,e) x B2((y")"; p),
K§ = B3(0;p/re) N{z1 = 0}, K€ = ((0,1) x B2(0;p))/re, for every n € {1,...,N}
and € > 0. Observe that L{, L™ are the transformed of J"°, J™¢ by the change
of variables (53), whereas K¢, K§ are their transformed by the change (73).

We divide the proof in five steps.

Step 1. Let n be in {1,..., N}. Applying the change of variables (73) in (55), we
obtain

e le(p™©)|?dz = 7[ le(U®)]2dz < C, Ve > 0. (81)
5|S| VA

We define ¢ : Z™¢ — R3 by

q"c(z) =4/ Te <][ pedr’ + (p™e)dr z —p"’e(z)> , forae. zeZ™.
9 K¢ Ke

This sequence satisfies
TE

][ q"dz =0, &(q"%)dz =0, e(¢™®)=—/—e(@™®)ae Z™°, (82)
K¢ Ke €

€

for every ¢ > 0. Combined to (81), this enables us to use Korn’s and Sobolev’s
inequalities (which are invariant by dilatations) in K¢ to deduce the existence of
a subsequence of ¢, still denoted by e, and a function ¢" € DY2(Z)3, for every
n € {1,..., N}, such that

TE

n,e _ n,e (AT : 2 3x3
?e(p )IZTL,E - 76((1 )IZn,s e(q ) in L (Z)SX ’ (83)

) N A : 6 3
qn EIZn,E qn m L (Z) ’ (84)
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¢ 1 ,,.—q¢" in H(ZNBs(0;R))*, YR > 0. (85)
Since U® = 0 on ey™ + ({0} x er.S™) implies p™* = 0 on {0} x S™, we have
qVc(2) = 4 /% (7[ pedr’ + &(p™®)dr z> , fora.e. ze€{0}xS". (86)
K Ke

Therefore (85) and sk(p™*°) skew-symmetric imply that the sequences

,/E][ prede, = d(pme)dr,
g KS £ Ke

are bounded in R? and Rfkw respectively. Extracting another subsequence if nec-
essary, we then have the existence of m” € R? and G™ € ngxg such that

m" = lim 4/ T—E][ p™edr’, G" = lim HT—E sk(p™€)dr. (87)
e—0 € e e—0 € JKe

From (86) , we get
§"(z) =m"+G"z forae ze€{0}xS", Vne{l,...,N} (88)
Step 2. Let us establish some relationships between m™ and the trace of @ at

y1 =0.
From (87), by using the changes of variables (53)-(54) and (73), we obtain

[r [r
3 lim —E][ u dy’ = lim —E][ pfdz =ml eR,
e—0 e JL e—0 € JKk

n £
0 0

. E € /T E ne 3., _ n
Eglg(lﬂlg?)]é ug, dy 7(515%”5]& pfdz =ml €eR, Vae€{2,3}.

n €
0 0

These convergences combined with (60) and the definition of BN(€2) prove

mi =V (y") = VA (51(0) dc‘“(o)yg> if lim = =A< 400 (89)

B dy1 e—0 ¢

mi = Viia(y") = Via(0) if lim ;i?) =k €e0,+00), Ya€{2,3},  (90)
e—

and R
~ n N d a n . . Te
(") = 6(0) - TEO =0 if Jig ™ 4o (o1)
N ny _ A o ceops o Te
o (y") = Ca(0) =0 if ;1_13% 5= +o0. (92)

Equality (92) proves statement I of Lemma 15 whereas (91) and (92) prove
statement 2.1.

Step 3. Let us now study the relationship between the different vectors m™, n €
{1,..., N}, when they are not explicitly characterized (see (89), (90)). We suppose
N > 2, and then M > 1.

Multiplying (69) by /7 /e, we get

‘\E][ Usdx'_\/je ][ Usda' — /i sh(U)du (y" —y')| < Cv/ie, (93)
J:’E Jg,a Jl,s
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for every n € {1...,N} and € > 0. By definition (87) of m™ and by using the
change of variables (73) we have

m" = lim (/ — 7[ ”Edz/:hm”r—a][ Uedz’, VYne{l,...,N}.
e—0 g e—0 I JSL,:—:

Hence the two first addends in the right hand side of (93) are bounded, and conse-
quently there exists C' > 0 such that

Vet k(U®)dx (y" —y")

Jl,a
Then, extracting a subsequence if necessary, we can assume the existence of the
limits

<C, Vne{l,...,N},Ve>0.  (94)

lir%w/rss (U de (y" —y') =" €R® Vne{l,...,N}
E—r Jle

Since sk(U?) is skew-symmetric, there exists B € R%*?  which is not unique if
M =1, such that B(y™ —y') = 4™, for every n € {1,..., N}. Then, passing to the
limit in (93) we obtain
m" —m! —B(y" —y') =0, Vne{l,...,N}.
Defining a = m' — By', we can rewrite last equality as
m" =a+ By", VYne{l,...,N}. (95)

Although B is not unique for M = 1, using that the first component of ', ..., yv
vanishes, the entries B,g, a, 5 € {2,3}, of B are defined univocally for M > 1 by

Bag = hm VTe€ skaB(UE) dx

= lim /Zg dkop(uf)dy €R, Va,B € {2,3}.
Ll.e

e—0

From the existence in R of this limit, by using the changes of variables (53)-(54),
(73), |K¢| = mp?/r3, Korn’s inequality and (81), we deduce

2
][%aﬁ )dyl
Ba2((y')';p)

dy’
<T£ sk dy = — s l,e 2d
<3 |hap (u)[* dy = |kap(ph9)| dz
e Ll.e ETe J ke

Ts

2 (96)

c 1 1 ’ 1
< €Y ,E yE
e R e A
2 2
< C%/ le(p™)|?dz + C;—g aglug)dr| <Cr.+C <C,

which proves

[re [° , :
6—3][ Feap(u®) dy; is bounded in L*(Ba((y")'; p)),
and then (62) holds not only in H~1(S) but also in L?(Bz((y')’; p)). Thus

‘f;ll—r:/(l) v 83 Lt ;SkQB Ue dy n ;I—I}(l) v ][Bz((yl)' iP) (\/7][ ‘SkOtﬁ dyl) dy

—1)*¢(0) if hm;—)\e [0,4+00), Va,B€{2,3}, a#p,
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i.e. we have proved

Bup = VA(—1)°¢(0) if lim = = A € [0,+00), Va,B€{2,3}, a#p, (97

e—=0 ¢

é0) =0 if lim = = +oo. (98)

e—=0 ¢
From (91) (which, when M = 2, implies ¢;(0) = dl,/dy:(0) = 0, a € {2,3})
together with (92) and (98) we deduce statements 2.2 and 2.3 of the result.

Step 4. Next we study the relationship between G™ defined by (87) and the values
in y1 =0 of d¢o/dy1, o € {2,3}, and é.
The changes of variables (53)-(54) and (73) applied to (87) lead us to

3
im | =4 sk (uf) dy = lim %m o) dz = GT € R, (99)

e—0 Ln.e e—0

: é n,e n
Hgl_r%\lss . ap(u dy—il_r)l%)’/ skaﬁ )dz =G €R, (100)

for every «, 8 € {2,3}. From the existence in R of these limits, reasoning as in (96),
we easily deduce that

3 € 3 €
\/ %][ 10 (u)dyr, 1/ Z—g][ fkap(u®)dy; are bounded in L?(B2((y™)’; p)). (101)
0 0

Since By ((y™);p) C S, we deduce from (61), (62) and (101) that if lim._,o(r. /e*/3)
= p € [0, +00), then

re N 3/2dCa

VEF shalwin — 2520
rs 3/2 as
EF a2 1)

a, B € {2,3}, @« # B. These convergences, (99) and (100) imply that if
lim. (. /e'/?) = pu € [0, +00), then

3
o = I\ = ]ﬁ 7[ 10 (u)dyrdy’ = — 3/QdCO‘( 0),
Ba(y™;p)

in L*(Bz((y")'s p)), (102)

. (103)
Ghs = lim ][ ][ Fap(u®)dyrdy "= B2 (=1)2¢(0
ap = lm4/—= armi) s(u”)dys (=1)*&(0),
a, B €1{2,3}, a # B, and (thanks to (61), (62))
dCa o ~ o . . 7"? -

Statement 3. of Lemma 15 follows from (91), (92) and (104).

Step 5. To finish the proof of Lemma 15, let us check that statement 4. holds.
By Step 1, there exists ¢, n € {1,..., N}, satisfying (83) and (88). Thanks to

(103), G™ is independent of n when lim._,o(r2/e) € [0, +00). In fact, we have G =

G,ne{l,...,N}, with G=0as r. < c'/3 and G = 32 Q as r. ~ ¢'/3. Defining

p by (78), and using (89), (90) and (97), this proves that a = %a, B= %B and

G= #G satisfy (79) and statements 4.1, 4.2 and 4.3 of the result. O
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Remark 16. For U® € H}. (Q°)3 satisfying estimate (55), Lemma 12 suggests the
following antsatz

! !
Ui (%) ~u (301796) +evy (301796) )
€ €
1 ! ! !
Us(x) ~ —ug, (wl, x) + vy (ml, m) + ewy (a:l, x) , «a€{2,3},
€ € € €

when z € QF is far of I'Y; on the other hand, when z is close to ey™ + ({0} x er.S™),
Lemma 15 suggests the antsatz

- 2 (e (20))

In the next section we shall show that when U® is the solution of (9), the combina-
tion of both antsatz allows us to build approximations of U¢ and e(U*¢) in strong
topologies.

5. Proof of the main result. This section is devoted to prove Theorem 4. The
main tools will be Lemmas 12 and 15.

Proof of Theorem j. By Lemmas 11 and 12, there exist a subsequence of ¢ and
(@, 0,w) € D such that u® defined by (54) satisfies (58) and (59). From (58), by
using the change of variables (53)-(54) we get that this subsequence also satisfies

, 3
f <|Uf(w) — (e, D + Ui (@) ua<x1>|2) o =

3
= ]é <Ui(y) ()P + Y lug(y) - ua(y1)|2> dy = O-.

This is nothing but (22) for the subsequence.

From now on we divide the proof of Theorem 4 in two steps.

In the first one, we characterize (i, 0, ) as the solution of the variational problem
(21), with £ and B defined in Theorem 4 according to the size of the parameters
e, 7. and to the value of M. The uniqueness of the solution of this variational
problem will imply that actually it was not necessary to extract any subsequence
to have (58), (59) and (105) (and that consequently (22) holds). To prove (21) we
use a suitable sequence of test functions V¢ in (9) and then we pass to the limit
by using Lemmas 12 and 15. Since the reasoning is similar in all the cases (it is
simpler in the non critical cases), we just give a detailed proof of the case r. ~ e,
which is one of the most difficult cases, and only the definition of the corresponding
test functions V¢ in other cases.

In the second step, we prove the corrector result (23). For that we use U€ as test
function in (9). Thanks to (21), this allows us to compute the limit of

(105)

Afe(U?) : e(U?) du,
from which we will deduce thatQ
7[:46 (e(UE)—E({L, 0, 11))(%1,:1;)—P5(a:)) : (e(UE)—E(ﬁ, 0, W) (21, %/)—PE (z))dx =0,
with P¢ defined as in the statement of Theorem 4. By the uniform ellipticity of A%,
this equality gives (23) and therefore finishes the proof of Theorem 4. Again, we
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will just give the proof of the second step in the case r. =~ ¢, the other cases being
completely analogous.

Step 1. We assume r. ~ ¢, with r./e = X € (0,400). By Lemma 12 there exist
(@, D,w) in D and a subsequence of ¢, still denoted by ¢, such that (58), (59) hold,
with u. given by (54). Let (;, i € {1,2,3}, ¢, Q be the functions and the skew-
symmetric matrix function associated to (i, 0,w) (see Remark 2). Since r. = e,
Lemma 15 gives 62(0) = 63(0) = 0, and therefore (4,9, w) belongs to the space &
defined by (31).

On the other hand, Lemma 15 provides a € R?, B,G € R3¢ € DV2(Z)3,
n € {1,...,N}, and a new subsequence of ¢, still denoted by ¢, satisfying (79) and
(80), with p™* defined by (73). Since 7. ~ €, Lemma 15 also gives

a=(€1(0),a%a%) witha?,a> e R, B=0Q, G=0.

We will now define a suitable sequence of test functions for (9). We take (u, v, w) €
En(ce= (5)3)3 such that there exists a positive ¢ satisfying

vy =we =w3=01in ([0,0)U(1—4,1]) x S. (106)

We denote by (;, i € {1,2,3}, c and @ the functions and the skew-symmetric matrix

function associated to (u,v,w). We also consider ¢" € C*(Z)3, n € {1,...,N},
such that

3R > 0 with ¢" =0in Z \ B3(0; R) (107)

" = \[\((Cl(O),az,a?’) +Qy") on {0} x S™, for some a*,a’ € R. (108)
From these functions, we define V= € HL. ()3 by

Ve () \/: < — <Y > +R(x) +§:1Rn»€(x), (109)

where We, R® and R™¢ € C“(W)?’ are given by

/ /

Wi (x) = ui (1, %) + evy (@1, %)

= Glan) = @) % +en(on, D)

1 x
Ws () = —ug(21) + va (21, —) + cwa(z1, —)
: € € (110)
T T
= gCQ(xl) + C(:m)f + ews (1, ?)
1 x! /
W (z) = gu3($1) + vz (2, ;) + ews (1, z)
!

1 To T
= EC3(901) — 0(551)? + ews (1, ;),

(z) = \/E (—=2(1 — 21)a%zqe' + (1 — 21)%a”e”),
R™E(2) = ( \/E) Ly Qy \/72 1—1x1)a g et
+QIt ) ( Eyn>
3
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with " € C*(Z)3, n € {1,..., N}, such that
U =1 ae {0} xS",  3R>0with¥" =0in Z\ B3(0; R). (111)

Functions R¢, R™*, n € {1,..., N}, have been introduced in the definition of V¢
to ensure the boundary condition V* = 0 on I'g, but we remark that their energies
are negligible. Namely,

e(RF) =0 inQ° (112)
and thanks to supp(R™°) C Bs(ey™;er. R) we have

lim + |e(R™€)|*dz =0, Vne{l,...,N}. (113)

e—0 Qe

Moreover, using r. /= ¢, (107), |R5| < Ce and |R5| < C in QF, a € {2, 3}, it is easy
to check that

/ 3 /
lim <|Vfu1(:c1,$)|2+2|5vofua(:cl,x)|2> dz = 0. (114)
e—0 Qe e o2 g

A simple calculation also proves

2
dz = 0. (115)

. . '
lim . eW) (@) = B(u, v, w)(w1, )

Taking V¢ as test function in (9), and using (10), e(R®) = 0 in Q°, (113), (114),
(115) and Cauchy-Schwarz’s inequality, we get

i (AE (U®) = H?) : E(u,v,w)(x, a;/)dx

\/Zzsgrs/s (A%e(U%) — HF) : e(q )(x _Tiy )d:c (116)

x/ /

= o | e D (21, = —)da + O.

52

Let us estimate the three terms in (116).
First term. By using the change of variables (53) together with (6), (7), (10) and
(59) we obtain

1 € € €Y . l‘l _ g € .
=) (A%e(U®) — Hf) : E(u,v,w)(x, ;)d:v = /Q (Aef(u®) — h) : E(u,v,w)dy

= / (AE(t4,0,w) — h) : E(u,v,w)dy + O,.
Q
Second term. The change of variables (73) and (80) give

Velre [ peewe) s e <x - 5y”> dz

e3r, .

= / Aerez1,y" +re2)e(p™®) « y / fe / Ay ) :e(¢™)dz + O,
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for every n € {1,..., N}. On the other hand, Cauchy-Schwarz’s inequality, r. =~ ¢,

supp(q™) C B3(0; R) and (7) imply
1/2 12
1 2
< —2/ |H® 2da (CTZ)
€% JBj(eyn;er-R) 5

E/Te/ ( —ey )dm
edre . ETe
1/2
<C / |h|2dy =0., Vne{l...,N}.
B3(yn;re R)
Hence, we have
oL 1 T —ey"
‘/rg;s%/e(A e(U%) — H) s e(q )( o )dg;

N
E— Z/ZA(y")e((j") ce(¢M)dz + O..

Third term. Using the change of variables (53) we can rewrite the last term in

(116) as
/ thi LU], d.’I]—/f’U/dy

These estimates allow us to pass to the hmlt in (116) to get

/Q(AE({L,@,w)fh) uvwdy+2/ : dz—/fudy (117)

By density this equality holds true for every (u,v,w) € &, and every ¢" € DV2(Z)3,
n € {1,..., N}, satisfying (108) for some a?, a® € R independent of n. From Lax-
Milgram’s theorem, we deduce that there exists a unique solution (&, ?,w) € &,
" € DY2(Z)? satisfying (79), n € {1,..., N}, of the variational problem (117).
Next we focus in eliminating ¢, n € {1,..., N}, from (117) in order to prove that
(@i, D, 1) is solution of (21).

Taking in (117) as test functions (u,v,w) = (0,0,0) and ¢" = 7", with n" €
DY2(Z)3 nm =0o0n {0} x 8", n € {1,...,N}, we deduce that " satisfies

§" € D*(2)%, ¢" = VA((G1(0),a%,6°) + Qy™) on {0} x S™,
/ A(y™)e(G™) : e(n)dz =0, Vn € D“*(Z)? such that n =0 on {0} x S™.
Z

Thanks to the linearity of this problem, this proves that
0" = VX( )™ + (@ + ta(y")¢™) i Z

where the functions ™% i € {1,2,3} are the solutions of (26). It remains to
characterize the constants a2,a®. For this purpose we take in (117) (u,v,w) = 0
and ¢" = ™%, o € {2,3}, Wthh shows that the constants a2, a® satisfy the system

T;/ZA(y")e((j") ce(pt)dz =0, «€{2,3}.

Taking into account the ellipticity of A and that the functions ¢™2, ¢™3 are linearly
independent, we deduce that this system has a unique solution and then gives a2, a3.

This proves that ¢" = ﬁq& o) T € {1,..., N}, with q(u ), 8iven by (33).

07
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Taking in (117) as test function an arbitrary (u,v,w) in &, and ¢" = ﬁq?u W)o?
n € {1,...,N}, we deduce that (&, ?,w) is the unique solution of (21), with B
defined by (36).

We have studied the case 7. =~ ¢ in detail. As said above, for the other cases we
only give the definition of the corresponding test functions V©.

e Case r. > ¢'/3. By Lemma 15, the function (4, 0,) given by Lemma 12 belongs
to & defined by (47). Remark that all the functions ¢;, i € {1,2,3}, d(./dyi,
a € {2,3}, and ¢ associated to a given (u,v,w) € £ have null trace at y; = 0.
This enables us to take as test functions V¢ = We, with W¢ defined by (110) for

(u,v,w) €EN (C"X’(§)3)3 satisfying (106) for some & > 0.
e Case r. ~ e'/3 with r./e'/3 — p € (0, +00). We define V¢ according to the value
of M.

If M = 2, then Lemma 15 asserts that (4,9, @) given by Lemma 12 belongs to £
given by (47). As in the case 7. > €!/3, it is enough to define V¢ = W¢, with W=
given by (110) for (u,v,w) € £N (C°°(§)3)3 satisfying (106).

Let us suppose M € {0,1}. Assertions 2.1 and 2.2 of Lemma 15 imply (@, 0,w)
belongs to £ given by (38). Moreover, the functions ¢™ given by Lemma 15 satisfy
(79) with G = Q.

We take (u,v,w) € €N (C> (5)3)3 satisfying (106), with £ defined according to
the value of M. Observe that there exist 65, 03 € R, independent of n, such that

¢1(0)e! + Qy™ = 62e* + 03e®, Vne {l,...,N}. (118)

In fact, if M = 0 then n only takes the value 1 and obviously the left hand side of
(118) can not change with n, and if M = 1 then (118) holds with 6, = 03 = 0.
We also take ¢" € C*°(Z)3, n € {1,..., N}, satisfying (107) and

q"(2) = p®/? (a+ By" +Qz) forae. ze{0}xS",

for some a € R3, B € RY*? arbitrary.
Then we define V¢ € H'(Qf)3. by

Vi(z) = Wi(z) - \/T?éqn (m ;«Eyn> +RE(x) +i:17z”’€(x),

where W is given by (110), and R%, R™¢ € C*°(Qf)? are given by

u3e dpa o 1 DBia
RE(z) = 1—21)a+ Bia—t2 (1) —2el — =120,
(x) . (( x1)a g (x1) . © 5 (z1)e

(o3

B
+%(1 — z1)(x3€* — asge?’)) — 2(1 — z1)00r0e + (1 — 21)%0,e°,

r3 € Te €

—2(1 - xl)eama&)\ll” <:1: —cY ) ,

Roete) = (1) gEeet m S i et

ETe
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with ¢, € C*(R) satisfying

—_

a(0) = pa(l) = 5
£al0) = gal1) = 221 -

and U" € O°°(Z)? satisfying (111), n € {1,...,N}.

_ %y _ g gfg(o):: . VYace{23},

e Case /3 > r. > e. The test functions V¢ are defined as in the case r. ~ /3

with @ = 0, B = 0 (when M € {0,1}). Remark that in this case the energy
corresponding to the second term in the definition of V¢ tends to zero.

e Case € > r. > 3. The test functions V¢ are defined as in the case r. =~ ¢ with
a? = a® = 0, where as in the previous case, the energy corresponding to the second
term in the definition of V¢ tends to zero.

e Caser. ~ &3, withr./e3 — k € (0, +00). By Lemma 12 and Lemma 15, there exist
a subsequence of ¢, still denoted by ¢, (4, 9,w) in &, with & = D, §® € D'2(Z2)3,
n e {1,...,N}, such that (58), (59), (79) and (80) hold, with a = (0, ((0), {5(0)),
B=G=0.

To define the sequence of test functions V¢, we take (u,v,w) € €N (C>=(Q)?)
satisfying (106) for some § > 0, and ¢" € C=(Z)3, n € {1,..., N}, satisfying (107)
and

3

¢" = vk (0,6(0),¢3(0)) on {0} x 5™
Then we define V¢ € H(Qf)3. by

Vi) = W) - [ = iq (=) + in()

where W* is given by (110), and R™¢ € C°°(Q¢)3 is given by

R™(2) = — 41(0)914‘@%6"—% 1_ e3k Ca(0)e® mn(“/’_‘?’ﬂ)’

Te ETe

with U? € C>*(Z)%, n € {1,..., N}, satisfying (111).

o Case €3 > r.. The test functions V¢ are defined as in the case r. &~ ¢ where now
the energy corresponding to the second term in the definition of V¢ tends to zero..

Step 2. Now we focus our attention in proving the corrector result (23) when
re = €, the other cases being analogous.

We fix a positive constant 7 such that S™ C By(0;7), n € {1,...,N}. We also
take d. > 0, for every € > 0, satisfying

lim — = o0, lim — =0,
e—0 er, e—=0 €

and we set Q™ = Q° N Bs(ey™;0.7), n € {1,...,N}. Observe that y*(Q™*) C
{y € Q:y1 < 4.} and 2™°(Q™°) = Z° N B3(0;0./(ere)), and hence, thanks to the
choice of ., we have

IyE(Q,,L,E) —0 a.e. Q, IZ\ZE(Q"’E) —0 ae. Z. (119)

Moreover, since r. < €, if € is small enough then

QNQ™ =0, VYnome{l,...,N}, n#£m. (120)
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We denote

N

T (@) = B(u,v,w)(x1, )1 I i
xr) = U, Vv, w)\(Tq, - QE\U 1Qn5 — \/XSTE Ze P er. Qs\Qn,Ev

n=1

for a.e. x € Q°. Thanks to (119) and taking into account the equality

N
1 s, L —EY"
Pe(x) = e(p")(——=—), fora.e. € Q°,
)= Ja eI
we have
' 2
][ e(T°)(x) — E(u,v,0) (xl, 6) — P(z)| dz =0,

hence, thanks to the uniform ellipticity of A® to prove (23) it is enough to demon-
strate

1 1
L deewey : e )de — 7/ (A% 4 (45)T) e(UF) : T°de
52 Qe 52 Qe
. . (121)
2 [ AT Trar = L [ AT (o)~ T < (e(UF) - T dx = O
13 Qe 3 Qe

Let us study the limit of every term in the left hand side of last equality. Taking
U¢ as test function in (9) and using the change of variables (53) together with (58),
(59), (21) and (36), it results that

1 € £ € 1 € € 1 g . €
(S—Q/Ezéle(U):e(U)d:zc:E—2 QsFde+? QEH.e(U)d:E
:/fady+/h:E(a,@,w)dy+05
Q Q
o o o (122)
= / AE(4,0,w) : E(4,0,w)dy + B ((4,0), (4,0)) + O.
Q

:/AE(a,o,w) E(a,0,d dy—i—Z/ " s e(pM)dz + O..
Q

For the second term in the left-hand side of (121), using the changes of variables
(53) and (73), by (59), (80) and (119) we get

1 € € €\ . e _ (. €\ . N A
= /ss(A (A e(U®) : Todx = /Q(A—i—AT)e (u®) : E(G, 0, w)dy

.
—ng Z / ) (A4 AT)(erezr, y™ +re2)e(p™®) : e(p™)dz + O,
(123)
/(A+AT) (1, 0,10) : E(, 0, 0)dy

+§Q/ A+ AT (el o)z + .
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Finally, thanks to (119) and (120), the last term in the left-hand side of (121)
satisfies

1
- A®T® - Todx = /AE(ﬁ,f;,ﬁ;) : E(h, 0, w)dy
€% Jae Q

N
Te n / NAYA N
v [ Ara g+ v e s )iz + O, (124)

N
:AAE(ﬁ,ﬁ,w):E(ﬁ,@,w)dy—knzl/ZA(y”)e(ﬁ”):e(ﬁ”)dz—i—Og.

From (122), (123) and (124) we deduce (121). O
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