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Exponential behavior and upper noise excitation index of solu-
tions to evolution equations with unbounded delay and tempered
fractional Brownian motions

YEJUAN WANG, YARONG LIU AND TOMAS CARABALLO

Abstract. In this paper, we investigate stochastic evolution equations with unbounded delay in fractional
power spaces perturbed by a tempered fractional Brownian motion Bg)‘(t) with—1/2 <o <0Oand A > 0.
We first introduce a technical lemma which is crucial in our stability analysis. Then, we prove the existence
and uniqueness of mild solutions by using semigroup methods. The upper nonlinear noise excitation index
of the energy solutions at any finite time 7 is also obtained. Finally, we consider the exponential asymptotic
behavior of mild solutions in mean square.

1. Introduction

Tempered fractional Brownian motion (TFBM) defined by exponentially tempering
the power law kernel in the moving average representation of a fractional Brownian
motion (FBM) was first introduced by Meerschaert and Sabzikar in [27]. Tempered
fractional Gaussian noise (TFGN), the increments in TFBM, can exhibit semi-long
range dependence when the corresponding FGN is long range dependent. Wind speed
data are important for electrical power generation and structural engineering. An im-
portant application to model wind speed near the earth surface was also presented in
[27]. More precisely, TFGN can provide a useful stochastic process model for wind
speed data, see, e.g., [1,11,18,22,31]. Furthermore, the time-changed TFBM has been
investigated in [8] with potential applications in financial time series, biology and
physics.

Retarded differential equations have attracted much attention in the literature due to
physical reasons with non-instant transmission phenomena such as high velocity fields
in wind tunnel experiments, or other memory processes, or biological motivations like
species growth or incubating time in disease models among many others. Stochastic

Keywords: Stochastic PDEs, Unbounded delay, Tempered fractional Brownian motion, Fractional powers
of closed operators, Exponential decay in mean square.
This work was supported by NSF of China (Grant No. 41875084), the Fundamental Research Funds for the
Central Universities under Grant Nos. l1zujbky-2018-0t03 and lzujbky-2018-it58. The research of T. Cara-
ballo has been partially supported by Ministerio de Ciencia Innovacién y Universidades (Spain), FEDER
(European Community) under Grant PGC2018-096540-B-100, and by Junta de Andalucia (Consejeria de
Economia y Conocimiento) and FEDER under Projects US-1254251 and P18-FR-4509.

® Birkhduser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00028-020-00656-0&domain=pdf
http://orcid.org/0000-0003-4697-898X

1780 Y. WANG ET AL. J. Evol. Equ.

delay differential equations driven by the standard Brownian motion have been widely
investigated in the literature, see, e.g., [6,7,23,25,32,33] and the references therein.
There has, however, been little mention of SDEs or SPDEs with delay driven by TFBM.
In this paper, we consider the stochastic evolution equations with infinite delay

du(r) = —Au(0)dt + f(t.up)dr + g(t, u)dBg (1), 1 >0,

(1.1)
u) =), te(—o0,0],

where — A is aclosed, densely defined linear operator generating an analytic semigroup
S(t), t > 0, on a separable Hilbert space H, f : [0,00) X €(H*) — H, g :
[0, 0) x € (H*) LOQ (U, 'H) are two Lipschitz continuous functions, B‘é’)‘(t) isa
tempered fractional Brownian motion with —1/2 < 0 < 0 and A > 0 over a filtered
probability space (£2, F, (Fi)i>0, P), ¢ € € (H*) with ¢(t) being F;-measurable,
where F;, = JFy for all t < 0. Here, H* = D(A%) and

C(HY) =¥ € C(—00,0; L(2; H*)) t, lim 1y (6) exists in L*(£2; H™))}.

In[15,16], the existence of a unique pathwise solution for stochastic evolution equa-
tions driven by FBM was established when H € (1/3, 1/2]. In [12,13], the existence
and uniqueness of solutions for delayed SDEs driven by FBM have been proved when
H > 1/2. Using rough path theory, the authors gave the existence and uniqueness of
solutions to fractional equations with delay when H > 1/3 (see, e.g., [29]). In [5,17],
the authors investigated the existence, uniqueness and exponential asymptotic behav-
ior of mild solutions to stochastic delay equations perturbed by FBM with H > 1/2.
Controllability of non-autonomous neutral evolution stochastic functional differential
equations driven by FBM with H > 1/2 has been proved in [21]. More recently, the
global existence, uniqueness and viability results to stochastic functional differential
equations in Hilbert spaces driven by FBM when H > 1/2 have been studied in [34].
However, the literature about SDEs or SPDEs driven by TFBM is scarce in both cases
with and without delay.

The purpose of this paper is to investigate the global existence and uniqueness of
mild solutions to stochastic delay evolution equations (1.1) in fractional power spaces,
and to study the effect of nonlinear noise to (1.1) but with f = 0 when the noise is
large, and also to analyze the long time behavior to (1.1) but in the particular case in
which the function g becomes independent of the state variable, in other words, when
g is replaced by ¢ : [0, 00) — EOQ (U, 'H). The reason to consider this particular
situation is explained in details in Sect. 5. “Intermittency” is the property that the
solution u,(x) develops extreme oscillations at some values of x, typically when ¢ is
large. Intermittency has been observed in an enormous number of scientific disciplines
such as “spikes” in neural activity or “shocks” in finance among many others. It is
worth noticing that in NMR spectroscopy, intermittency can be strongly associated
with nonlinear noise excitation (see, e.g., [2,24]). The effect of noise intensity on
stochastic parabolic equations driven by Brownian motion has been discussed in recent
years; in particular, the relationship between the energy of solutions at time ¢ and the
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level of the noise was established in [14,19,20,26]. However, there has been little
literature about the relationship between the energy of solutions and the level of the
noise for stochastic delay evolution equations even in the case of Brownian motion.
Here, we consider stochastic evolution equations with infinite delay and TFBM, the
upper bound of the upper excitation index of the solution at time ¢ will be presented.
e(t) and e(t), respectively, denote the lower and upper excitation indices of the mild
solution at time ¢ [14,19,20,26], where we may use the notation
loglog &; (1) loglog &; (1)

e(t) :=liminf ———— ¢(¢) := lim sup
i—oo  logy roo logn

where &; stands for the energy of the solution at time ¢ and 7 stands for the level of
the noise.

The contents of the paper are as follows. In Sect. 2, some necessary preliminaries
on the stochastic integration with respect to TFBM are established. In particular, a
technical lemma which is crucial in our analysis is proved. In Sect. 3, the global
existence and uniqueness of mild solutions to (1.1) are established. In Sect. 4, we
show an upper bound of the upper excitation index of the mild solution to (1.1) at time
t but with f = 0. The last section is devoted to establish some sufficient conditions
ensuring the exponential decay to zero of the mild solution to (1.1) in mean square,
but in the particular case in which g possesses the form g(¢, u;) = ¢(¢), with ¢ :
[0, 00) — cOQ U, H).

2. Preliminaries

In this section, we introduce the tempered fractional Brownian motion as well as
the Wiener integral with respect to it; for more details, we refer to [27,28]. We also
establish some important results which will be used throughout the paper.

We denote by H a separable Hilbert space with inner product (-, -) and norm ||-|.
Let U be another separable Hilbert space and L(U, H) be the space of all bounded
linear operators from U/ into H. For convenience, we will use the same notation ||-||
to denote the norms in ¢/ and L(U/, H), and use (-, -) to denote the inner product of U/
without any confusion. Let (§2, F, P) be a probability space on which an increasing
and right continuous family {F;};>0 of complete sub-o -algebras of F is defined, and
Fo contains all P-null sets of F.

Now let us recall the definition and some basic properties of tempered fractional
Brownian motion (TFBM). Let { B(t)};cr be a two-sided one-dimensional Brownian
motion with mean zero and variance [¢| for all # € R. Define an independently scat-
tered Gaussian random measure B(dx) with control measure m(dx) = dx by setting
Bla, b] = B(b) — B(a) for any real numbers a < b, and then extending to all Borel
sets.
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Definition 1. For any 0 < 1/2 and A > 0, a tempered fractional Brownian motion
(TFBM) is defined by the following integral:

B (1) = / - [e—w—m (t—x);° — e—“—X>+(—x);"] B(dx), 2.1

where (x)4+ = xI(x~0), 0% = 0 and A is called tempered parameter.

It follows from Proposition 2.3 in [27] that TFBM has the covariance function
1
Cov[B™* (1), B™*(5)] = 5 [C? 12+ ClIsPPH - cE 1 - s|2H] :
where H = 1/2 — o, and

, 2rQH) 2rH+bH 1
- - 0
< @ty JT (2)L|t|)HKH()‘|t|)v 1 #0,

in which K g (+) is the modified Bessel function of the second kind, and C(% =0.

When A = 0 and —1/2 < o < 1/2, the TFBM (2.1) reduces to a fractional
Brownian motion (FBM), a self-similar Gaussian stochastic process with Hurst scaling
index H =1/2 —o0.When A =0and o < —1/2, TFBM (2.1) does not exist, since
the integrand in the right hand of (2.1) is not in L?(R). However, TFBM with A > 0
and o < —1/2is well-defined, because the exponential tempering keeps the integrand
in Lz(]R). Wheno < —1/2and A > 0, or when 0 = 0 and A > 0, TFBM (2.1) is
a continuous semimartingale, so the classical Itd stochastic calculus is applicable to
TFBM in these cases. When o € (—1/2,0) U (0, 1/2) and A > 0, TFBM is neither a
semimartingale nor a Markov process.

We assume that there exists a complete orthonormal basis {ex }xen in U, and that
B‘é’)‘ = {Bg’)‘(t)},zo, Bg = {Bg(t)},zo and By = {Bo(t)};>0, respectively, are
cylindrical /-valued TFBM, FBM and Brownian motion defined on (.Q, F AFt}i>o0, P)
with a finite trace nuclear covariance operator Q > 0.Denote Tr(Q) = E,fi 1M < 00,
which satisfies that Qe = Arer, k € N. Let {B,‘:’)‘}kzl be a sequence of two-sided
one-dimensional TFBMs mutually independent on (.Q F AFt}is0, P ) such that

o
By (1) =Y VBl (tex, t =0,
k=1

where —1/2 < 0 < Oand A > 0. In particular, let {BkH}kzl and { By }r>1, respectively,
be the sequences of two-sided one-dimensional standard FBMs and Brownian motions
mutually independent on (£2, F, {F;};=0, P) such that

o0
BH (1) =Y VBl (e, t =0,
k=1
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and

o0
Bo(t) =) VMBi(ey, t >0,
k=1

where Hurst index H € (1/2, 1).
For v, ¢ € LU, H), we define (, ) o = Tr(¥ Q¢*), where ¢* is the adjoint of
the operator ¢. Then, for any bounded operator ¢ € LU, H),

1613, = Tr@0s" = 3 [Viga|
k=1

If ||¢||2Q < 00, then ¢ is called a Q-Hilbert—Schmidt operator. Denote by EOQ U, H)
the space of all ¢ € L(U, H) such that ¢ is a Q-Hilbert—Schmidt operator equipped
with the norm ||| o.

Now, we recall the definitions of tempered fractional integral and stochastic integral
with respect to TFBM; see [28].

Definition 2. For any f € LP(0, T) (where 1 < p < 00), and for any a, b € [0, T']
with b > a, the positive and negative tempered fractional integral on (a, b) are defined
by

I £ (1) = / Fat — w0y 22)

I(a)

and

I f (1) = —— f Fa)u— o) te e dy (2.3)

I ()

respectively, for any @ > 0 and A > 0, where " () = f0+°° e *x%ldx is the Euler
gamma function.

Definition 3. For any —1/2 <o < 0, A > 0, and for any @, b € [0, T] with b > a,
we define

b b
f F@OABO (1) = Tk + 1) / (2 ro =2 fw)dBe) - @4

b 2
forany f € Aj = {f € L2(a, b) :/ ‘ng’ff(t) —)\]I/;fl”\f(t)‘ dr < oo}. Here,
k = —o, and Aj is a linear space with i?mer product (f, g) 4, := (F, G) 12,41, Where
FO =k+ 1 (L0 =27 1),
G(t)=T(k+1) (H’,;fg(z) _ kﬂgfl’)‘g(t)> .

The following inequalities will be used in the proof of our main results in this
section.
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Lemma 1. Forany —1/2 < o < 0, we have

fu r(u —) =) s < |r —u7* " B(1 + 20, —0) (2.5)
0

XAY
/ (x—5)(y—5)%ds < (x V)2 lx —y| 2 B(1 + 20,1 —0), (2.6)
0
where B(-, -) is the beta function.
Proof. Tt follows from Lemma 2.2 in [30] that
1
/ M A =N o= = V(e — D7THBu, v) 2.7
0
for u, v > 0, ¢ > 1. Consider first the case u > r, by (2.7) we obtain

/'” r(“ —5) 7 r =577 s = /r(u —5) o —s)77 lds
0 0

b —o-l 1,-20-1
= / (— — y) (1 —=y)" "' r=°7'dy (change of variable y = s/r)
0 r

1 —o—1
< /O (Z — y) (1—y) o 1y 20 ldy

r

_ (5 - 1)_20_] (;)U B(l + 20, —o)r—20~!

;
—(—r)y 2! (g)a B(1 420, —0) < (4 — )21 B(1 + 20, —0).

For the case r > u, in a similar way as above, we have
UNr
/ u—9)"""tr—5""ds < r —uw) 2" B + 20, —0),
0
and consequently

UNr
/ u—s5)"""1r -5 s < |r —ul?° "1 B(1 + 20, —0).
0
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We want to show now that (2.6) holds true. For the case x > y, we deduce from
(2.7) that

XAy y
[ (x=5)"7(—9"ds=[ (x=5)""(y—9)"ds
0

—20+1 / ( ,) (1 — )7 dt (change of variable t = s/y)
0
1 X —0—2 X 2
_20+1/ (_ — ,) (1—-nH"° (— - t) dr
0o \Y y
X 2 1 —0—2
_20"1‘1 <_> (_ _ t) (1 _ t)—(f t20dt
y 0
x -1 —20—1
y~20-1 2(_) <__1) B(l1+20,1—0)
y
-1

_x2<y) x—y" 2Bl +20,1-0)

< (x—y B +20,1-0).
For the case y > x, using a similar argument as above, we find that
XAY
/ =97 =9 ds =3 (=0 B+ 20,1 - 0).
0

Thus,

XAy
/ (=) (y =) "ds < (x v )2 x = y| 27" B(1 + 20, 1 — ),
0

The proof of this lemma is completed.

Now, we state and prove the following important result, which will be needed
throughout the paper.

Lemma?2. If¢ : [0,T] — £0Q(Z/{, 'H) satisfies fOT ||¢>(s)||2st < 09, then for any
1€l0,T],

<(2H - 1)t2H—1ﬂ<2 —2H,H — %)

ﬁ<2 2H,H + 1 )
+an = ) f ¢ ()1 ds,

where —1/2 <0 <0, A >0, H = % — o and B(-, -) is the beta function.

H / $(5)dBG"(s)
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Proof. Let {ex}ren be the complete orthonormal basis of ¢/ introduced above. By
Definition 3 and Lemma 1 we obtain
2

t
E H/O ¢ (s)dBG" ()

2
=F

¢t 00
/0 > o)y awerd BY (s)
k=1

2

0 t
<3 ME ‘ | veec sz
k=1

2

M

t
(I (1= 0)’E ‘ /0 (T2 19 el = A= 19 (s)eell) dBits)

~
Il
<N

—o,\ 1—0o,1 2
Lo (el — AL_"" i@ (s)erll| ds

o

(- o))zE/[
0

! '
2)\.]([0 ((72 </ |l (w)er | (u — S)—o—le_)\(u_s)du>

t 2
+17 </ o (exll (x — S)”ek(’”)dx> >ds

o t ptopt
=Y ouo? [ [ [ 1ealiomed w5 - 570!
k=1 0 Js Js
e MU= oA =) qydrds
S t pt opt
+3 22 /O [ [ 1s@et tomed =97 0= syee 0
k=1 §os
e dxdyds

o t pt pulnr
=S [ [T iswend e w— 5= -7 dsduds
k=1

~
I
—

2

M

=~
Il

S t pt pXAY

+2® [ lemallomed =57 x5 dsdray
k=1

0 t pt

< Zxk<202/ f lp (el lu — r|2° 7 B(1 + 20, —0)dudr

k=1 0 JO

t t
1200 fo /0 ||¢<y>ek||2|y—x|—2"—1ﬂ(1+2a,1—a)dxdy)

1
= ((2H S LA (2 —2H, H - %) PPTERT Y. (2—2H,H + z))

2H —1

t
2
ds.
follfﬁ(S)IIQ )
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Therefore, we complete the proof of this lemma.

Since {B,f{ }k>1 and {Bi}r>1, respectively, are the sequences of two-sided one-
dimensional standard FBMs and Brownian motions mutually independent on (£2, F,
{F}i=0, P), we have the following properties for the stochastic integrals with respect
to Bg and By (see, e.g., [3,9]).

Lemma3. If¢ : [0,T] — EOQ(U, ‘H) satisfies fOT ||¢(S)II2Q ds < oo, then for any
te[0,T],

t 2 t
EH [ ewasgo| <2m2nt o as
0 0

2 t
< /O ()13 ds,

t
E H /0 6 (s)dBo(s)

where H € (1/2,1).

3. Existence and uniqueness of mild solutions to stochastic evolution equations
with unbounded delay and a TFBM

Let (£2, F, P) be the complete probability space which was introduced in Sect. 2.
Denote F; = Fy, forallt < 0.

Throughout this paper, we shall assume 0 < o < 1/2 and define the Banach space
D(A%) with the norm |y, := [[A%y|l for y € D(A%), where D(A%) denotes the
domain of the fractional power operator A* : H — H. Denote H* = D(A%). We
denote by C (a, b; L2($2; H“)) =C (a, b: L2(2, F, P; H“)) the Banach space of
all continuous functions from [a, b] into L?(£2; H*) equipped with the sup norm.

Let us also consider a real number 7 > 0. If x € C( — o0, T; L2(.Q; 'H“)) for
each t € [0, T] we denote by x; € C( — 00, 0; L?(£2; H*)) the function defined by
x¢(s) = x(t + ), for s € (—o0, 0]. We define the abstract phase space ¢ (H%) by

C(HY) = {1// eC (—oo, 0: L2(2: H"‘)) : limy(9) exists in L2(2; H”‘)} .
——00
If €(H?) is endowed with the norm

1
Wlhsow = (0 ENWOI;)" v e 60,

then (%(H"‘), -l (<) ) is a Banach space.

In this section, we consider the global existence and uniqueness of mild solutions
to the following stochastic evolution equation with infinite delay:

{du(t) = —Au(D)dr + f(t,u)dr + gt u)dB (1), 1> 0, G

u(t) = @), t € (—o0, 0],
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where BZ’A () is the tempered fractional Brownian motion which was introduced in
the previous section, the initial data ¢ € € (H%) with ¢(¢) being F;-measurable with
Fi = Fo forall t < 0, —A is the infinitesimal generator of an analytic semigroup
S(t), t > 0, on the separable Hilbert space 7. Furthermore, for the closed, densely
defined linear operator —A, we assume the following conditions:

(A1) There exist a constant G > 1 and a real number § > 0 such that for any x € H,
IS@)x] < Ge™ |Ix||, ¢ = 0.
(A2) The fractional power A* satisfies that for any x € H,
|A*S()x|| < Gae™ '™ |IxI|, t > 0,

where G, > 1.
(A3) There exists a constant Q, > 1 such that for any x € H%,

[S()x — x|l < Qut® | A%x

ot >0.

The delay term f : [0, 00) x € (HY) — H satisfies

(B1) For any & € € (H%), the mapping [0, 00) 2 1 — f (¢, &) € H is measurable.
(B2) There exists /1 > 0 such that for any &, n € €(H*) and ¢ > 0,

ENf.&) — f&.mI* <L lIE = nllg e -

(B3) There exists [ > 0 such that for any & € € (HY) and r > 0,
ENf@OP < b(1+ 160w, )-

Moreover, the delay term g : [0, 0c0) X € (H*) — LOQ (U, H) satisfies the following

conditions:

(C1) For any &€ € ¥ (H%Y), the mapping [0,00) > t > g(t,&) € EOQ(LI, H) is
measurable.

(C2) There exists a nonnegative function k; € L°(R™) such that for any £, 75 €
EC(H*) and t > 0,

Ellg(t,§) = g(t. mlIG < ki(0) 1€ = nlig e

and [|kq || poor+) := K1 < 00.
(C3) There exist nonnegative functions k» € L?(R™") with p € (ﬁ, oo) and
k3 € L (R™) such that for any £ € €' (H%) and ¢ > 0,

E g, )5 < ka(0) + ks (0) €115 e -

and ~
/ (kx(1)Pdt .= Ky < o0, k31l oo m+y := K3 < 00.
0
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Now, we state the definition of mild solution to problem (3.1).

Definition 4. Let ¢ € € (H*) be an initial process with F; = Fy for all < 0. An
Fi-adapted stochastic process u(?) is called a mild solution of (3.1) ifu € C ( —00, T;
LZ(Q; H“)), u(t) = ¢(t) fort € (—o0, 0], and for ¢ € [0, T],

t

t
u(t) = S(t)(p(O)—}—/ St—r) f(r, ur)dr—i—/ S(t—r)g(r, ur)dB‘é’k(r) P-as. (3.2)
0 0

Definition 5. Let (.Q F,AFt}i>o0, P) be a filtered probability space. A stochastic
process {X (t)},>0 is said to be predictable if X, considered as a mapping from R* x £2,
is measurable with respect to the o -algebra generated by all left-continuous J;-adapted
processes.

We also need the following lemma.
Lemmad4. Lety(t) : Rt x 2 — EOQ (U, H) be a predictable, F;-adapted process. If
Y(t)v e HY t > 0, foranyv € Z/landfot E ||w(r)||2er < 00, fot E ||A°‘1ﬁ(r)||2Q dr <
0o, then

t t
A / (B () = f AW (r)ABY (1) P-as.
0 0

Proof. By Proposition 4.22 in [10] there exists a sequence {,,} of D(A%)-valued
predictable processes on [0, ¢] taking only a finite numbers of values such that

t t
E/O v (r) — 1//n(r)||2er + E/O [A%y @) — A"‘l//n(r)Hszr — 0asn — oo.
(3.3)
This and Lemma 2 imply that
t 2
E H f W () — Y () dBG™ (1)
0 t ) (3.4)
+E H/ (A" ) = A%y () dBG )| — 0,
0
as n — oo. From the definition of the integral, we have
t t
AY /0 Y (rdBG (r) = /0 Ay, (r)dBg (r). (3.5)

Thanks to (3.4)—(3.5) and the closedness of A*, we deduce that
t t
A / Y (ABG () = f AW (r)dBG*(r) P-as.
0 0

We now introduce the following notation. Let u € C (0, T: L*(£2; H“)) with
u(0) = ¢(0) and ¢ € € (H*). Then for r € [0, T], we denote by u V, ¢ the mapping
from R~ to L2(£2; H%) defined by

u(r+s), s € (—r,0],

o(r+s), s < —r. (3.6)

uVr(s) = {

It follows from [4] that, for such function u, the integral in (3.2) is well defined.
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Theorem 1. Let 0 < o < % Suppose that assumptions (A1)-(A3), (B1)-(B3) and
(C1)-(C3) hold. Then for each ¢ € € (H%), there exists a unique local mild solution
u to (3.1) on [0, h] for some h > 0.

Proof. Let us fix some ¢ € €(HY), and let R := 3G?> (E ||‘/’(O)||g¢ + 1). Assume
h € (0, T) is a fixed time which has been chosen such that

22«

3G512 (1 + R+ ||(P||gg(Ha)) m

1
+ 3((211 — 1)h2H‘ﬂ<2 —2H,H — 5) + 43221

,3(2—2H,H+%>

5 5 hl—Za h1—2otq é 1
G| K3(R 2 ( )Kp
<3G,
and
2, M 2H—1 1 2, 2H+1
2G4h +2(@H - DR*ATIB(2—2H, H — - ) +42%h
1 — 2« )
1
5(2—2H,H+§) -2
x G Kj——— < 1.
2H — 1 1 -2«
Consider

B(R) = {u eC (0,}1; Lz(.Q; ’HO{)) :u(0) = ¢(0), S[l(l)phJE ||u(t)||i < R} .
t€(0,

B(R) is a bounded set in C (O, h; L*(£2; 'HO‘)). We introduce the mapping @ defined
by

t
(@) (1) = SM)p(O0) + / S(t =) f(ru vy 9)dr
0

t
+/ S(t = r)g(r,u v, )ABG*(r), t € [0, h].
0

We split the proof into three steps.
Step 1. ® maps B(R) into C (0, h; L*(£2; H%)).
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Let0 <t < h and u € B(R) be given arbitrarily. Then for T > 0 small enough,
we have
E[(@u) (t + 1) = (Pu) O]

<SE|[S(t+1)p0) — S()e0)]12
2

t
+5E f (S(t YT =St r)>f(r, UV, @)dr
0

o

4+t 2
+5E / St+t—r)f(r,uVv, p)dr
'

(3.7)

a
2

t+t
+5E / S(t+7 —r)glr.uv, p)dBG" ()
t

o
2

t
+5E f (SC+7=r) =50 =n)gt.uv, 9)dBG )
0

=h+hLh+L+14+1s.

o

Using conditions (A2)-(A3), we obtain
2
I =5E | A%(S0S@9(0) - SO0 (O)) |
< 5G2e™?RE||S(1)p(0) — p(0)]| (3-8)

< 5G2Qle 200 720 ”‘p”?ﬁ(?—l“) — 0ast— 0.

Let ¢ > 0 be given arbitrarily. Then by Lemma 2, conditions (A1)-(A3), (B3), (C3)
and Holder’s inequality, we can choose t and 5 sufficiently small such that

P 2
I, < 10E / A*S(t —r)(S(x) = 1) f(r,u v, @)dr
t

—-n

2
+10E

1=
/0 A"‘S(t—r—n)(S(r)—I)S(n)f(r,u\/, @)dr

t 2
< 10G2E (/ e @ =) (S = 1) f(rou v, ) dr)
=1

t—n 2
+10G§ QéE (/ eI ()T || AYS) f(ryu vy @) || dr)
0
1
< 10G2E /
t=n

t—n t—n
+10G2 Qng“E/ |A“S) f(rou vy @) ||2dr/ (t —r —n)~dr
0 0

15 = 1) fru v, )| dr/ t —r)~2dr
t—n

2—2a

n
= 10G§, (G + 1)2 1) (1 + R+ ”‘p”?g (Ha)) m

)2—2&

o — 1
+10G4 021, (1 + R+ ol (Ha)) w2 T <, (3.9)

t
Is < 5N,/ E||A*S(t —r)(S() — I)g(r,u vy ¢) ||2Q dr
1=
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+5N, /OHY E||A*SGt —r —n)(S(x) — I)Sgr,u Vv, (p)HZQ dr
< 5N,G? /[ e R — )T E |(S() = 1)g(r,u vy @) ||Z dr
t—n
+5N,G2 02 /0 T B M | S (g u v, o)gdr
< 5N,G2(G +1)? /t;(z —r)" (kz(r) + k3 (r) llu vy @ll2 (Hu)) dr

=
+5NiGy 0 /0 (0= r =222 (ko) ks () 1 Vi 91 (300 ) dr

5 X n1—2aq é 1 2 5 2 771_20(
g
< SNGLG + 1) (PM) kY + MGG+ 17K (R4 1l 0en) 75
1
_ 1-2aq \ ¢ 1
40220 20 (1)
+5NiGy 0aTn <W> K
402 20, ~2u 2 (t—m) > 3.10
+5N, Gy 0oty RAlels o)) 775 <& (3.10)

where % + % =1, p is given in condition (C3), and we have used the notation

2—2H,H+ 1)
2H — 1

1
N, = 2H — )*H-1g (2 —2H,H — 5) + 422 A (

For I3 and 14, in a similar way as above, we find that

t+1 2
I; < 5GE ( f ¢TI LT — )T f o u v @)l dr)
t

1+t 1+t
= 5G§Ef ILf(ryuvy, <p)||2drf (t+1—r)"2dr (3.11)
t t
2 ) .L,272(x
< 5G3 (14 R+ 9l ) ) 7—5= — Oas T =0,

and
t+t b
LossNe [ EJAtS@ - gy, o) dr
t
t+t
< 5N,G§/ e PUFT( p T — )T E ||g(ru v, @) dr
t

t+t
=SNG [t =0 (k) 4 ka0 Vs 0l ) &
t

1
svoer (2N kr
=\ = 2ag 2
1-2«

T
+5NTG§K3 (R + “(0”(267(’)-[&)) 15 —0ast— 0, (3.12)
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where ¢ and N; are given in (3.10). Thus, it follows from (3.7)-(3.12) that
E|l(@Qu)(t + 1) — (Pu) (t)||§ tends to zero as t — 0, and consequently ®u €

C (0, h; L*(2; H®)).
Step 2. @ maps B(R) into itself.
Let u € B(R). Then we have for ¢ € [0, h],

t 2
E|[(@u) 0I5 < 3E [S@)eO); +3E H/ S —r)f(r,uv,p)dr
0

o
2
=1+ I7 + Is.

o

t
+3E H/ S(t —r)g(r,u v, )dBG"(r)
0

Thanks to conditions (A1)-(A2) and (B3), we obtain
Is <3G E O3 <3G?E ll9 Oz ,

and

¢ 2
I; <3G2E ( / e =) fru v, @) dr)
0

! t

= 3G§E/ 1w vy </>)I|2dr[ (t —r)"2*dr
0 0

t272a

< 3Gil2 (1 + R+ ||§0||<25(Ha)> T2

(3.13)

(3.14)

(3.15)

Applying Lemma 2 to Ig, we deduce from conditions (A2), (C3) and Holder’s in-

equality that

t
Iy < 3N,/ E |A“S(t —r)g(r,u v, ¢) ||2er
0

t
<3N,G? /0 e B (4 — T2 (kz(r) +k3(r) lu v, wll%ma)) dr  (3.16)

t172otq

g 1
P 2 2
m) Ky +3N;G,K3 (R + ||¢||<5(Ha)>

1—2«

<3N,G2 S
= “( 1 -2«

where g and N, are given in (3.10). Hence,

tel0,h]

,3(2—2H,H+%)

h2—2a
sup E (@) 01, < 3G°E lpO) I +3G2 (1+ R+ el 00)) 150

1
3(H — DR 18(2 —2H, H — = ) +422p2HH]
+ <( ) p o)t 2H — 1

h1—2a hl—2aq 11
x G2 (K3(R+ 191 e ) +( )k ) <R
¢ CH )1 — 2a 1 —2aq -

Step 3. We show that @ : B(R) — B(R) is a contraction mapping.

)
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Let u, v € B(R), then we obtain that for any ¢ € [0, 4],

t 2
2
E @uw ) - @) 0], <2 H fo S@ =) (fouve @)= Fov v, 9))dr
o
t 2
+2E | | St =r)(gtiuv, 9) = g0 v 9))dBG ()
0 o
t 2
<2GLE ( / e G — )T fru N, @) = f(r vV, @)l dr)
0
t 2
42N, / £ s —n(stuve )~ g0 v, o) ar
0 0
t t
< 2G§E/0 (Ve @) — £ v vy </)>||2dr/O (t =) 22dr
t
+2N,G / B — ) TE |g(ru vy ) — g(r, v vy @)[|5 dr
0
5 tl—2a 5
<262 sup E u(r) — v(r)]
Y1 = 2a e *
1-2a
+2N,G2K, sup E llu(r) — o2,
1 —2a ,¢p0.
(3.17)

due to conditions (A2), (B2), (C2) and Holder’s inequality, where N; and g are given
in (3.10). This implies that

, AR S Tl
E (D 1) — ( t < [ 2G~l 2N,G:K
tes[l(l)gl] [(@u) (1) — (Pv) D)l —( o175, T2NnGe 11—20:)

sup E [lu(t) —v(0)|2.
te[0,h]

Therefore, by the Banach fixed point theorem, we obtain the existence of a unique
local mild solution to (3.1) on [0, %], and thus the proof of this theorem is completed.

Now, we show the global existence of mild solutions to (3.1).

Theorem 2. Let0 < a < % and assume that assumptions (A1)-(A3), (B1)-(B3) and
(C1)-(C3) hold. Then for each ¢ € € (H%) there exists a unique global mild solution
u(t) to(3.1).

Proof. For any initial data ¢ € € (H®*), it follows from Theorem 1 that there exists a
unique local mild solution u to (3.1). Consider

H(w) :={T € [0, 00) : u(-, w) is a unique local mild solution to (3.1) on [0, T']}.

Let sup H(w) = Tax(w). To show that u(-) is a global mild solution, we need to prove
that Trpax = 00 a.s.
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For sufficiently large k, let us define the stopping time

t(@) = inf {r € [0, Tmax (@) : u(t, ®)lly > k}

1795

with the usual convention inf ¢ := oo, where ¢ denotes the empty set. It is clear that
tr is a nondecreasing sequence and #;y — foo < Tmax almost surely as k — oo. If we
can show that 7o = 00 a.s., then Tiyax = 00 a.s., which implies that u(¢) is globally
defined. Since the sequence f; is increasing, fo, = 00 a.s. is equivalent to proving that

foranyT>0,P(tk 57)—>0ask—> 0.

By conditions (A1)-(A2), (B3), (C1)-(C3), Holder’s inequality and Lemma 2, we

find that for any ¢ € [0, T,

E llu(t At)l2
2

IAL
<3E|St A tk)(p(O)Ili +3E Hf SNty —r)f@r,uV,@)dr
0

2

o

+3E

AL
f S(t Atk —r)g(ru v, 9)dBG"(r)
0

o

TN
<3G?E |lpO)|I2 + 3G2E ( / e N (t Aty — ) f(ru vy @) dr)
0

[N
+3Nir, G2 f e BN (¢ Aty — 1) TE |l g(rou vy )13 dr
0

(I A tk)l—Zot At
<3G2E )2 + 362 L0, /
1 — 20[ 0

(1+ 1012 e + sup E ()3 )ar
sel0,r

TN
+3N;ip, G2 / (t Aty —r)
0

(ko) + ks () 1 3y + K3(r) sup E [lu(s)2 )dr
s€(0,r]

T2—2a

<3GE|lp0)] + 30212(1 + 1% (7409 )m

120 pt T1-20g ;| 1
2 T 2 2 g K P
+3G, b 5 sup E Jlu(s At dr+3NfGa(7)qK2

1 =2a Jo sef0,r 1 —2agq
2 2 12 ) AL )
+3N7G, K3 ||§0||(g(7-(a) 1-oa + 3NTG0[K3/O (t Aty —r)

sup E [[u(s)|I2 dr,
s€[0,r]

2

(3.18)
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which implies that

, , F1-20+1 ' N 1
Eu(t A2 < M7 +3Gih——— ( sup E||u(s/\tk)||a> dr
1 -2« 0 \sef0.r]

TN 5 T1—2aq % N S \P %
+3NFG K3 ——— sup Elu(s)|l; ) dr ) (3.19)
1 —2aq 0 sel0,r]

where we have used the notation

T2—2a

2 2 2 2 L
7 :=3GE |05 + 3G, (1 + ||‘P||<5(Ha)) 1 — 2u
T172o¢q 1L Tl—Za
)1 Ky +3N7G2K3 ||</J||<25(Ha) T

3N=G2 .
+3NFG( 1 —2a

1 —2agq

It follows from (3.19) that for any ¢ € [0, 7],

p —
((swp EluG Awid) =377 (M,7)"
s€[0,¢]

T1—2a+$ t p
+3PG§P1§(—)”/ (sup Eluts Aol ) dr
I =2 0 \sef0,r]

T172otq p [N P
+3PNLGP PR (——— q/ ( sup E||u(s)||2> dr
r-e 3(1—20l61) 0 sel0,r] “
t
p
=3P_I(H1T)p+nsz ( o E”u(w\tk)”‘%‘) dr, =)
0 \sel0,r]

where
~1-2a+1 51-2aq

T ) NGRS (T agy)

Applying Gronwall’s lemma to (3.20) we obtain that for all ¢ € [0, T1,

)4
q .

My = 37 G215

1 —2aq

p ~
(‘sup Eluts Anl2) =377 ler,
s€[0,¢]

and consequently,

1727~:T

p=1
sup E llu(s A2 <37 Hjze »
s€[0,T]

According to the definition of f, ||u(#)|l, = k. This implies

= = 2
P < T) < Ellu@)ly Iy <5, = E |uT At Iy, <7

172?T

< E|uF a2 <3 Myge s

Since 1,7 and IT,5 are independent of k, we have limy_. P(#x < T) = 0. This
implies that (3.1) has a unique global solution #(¢) on [0, 00).
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Thanks to Lemma 3, the following result is obtained by similar arguments to those
in theorems 1 and 2.

Corollary 1. Let 0 < o < % and assume that assumptions (A1)-(A3), (B1)-(B3)
and (C1)-(C3) hold. Then for each ¢ € € (H%), there exists a unique global mild
solution to (3.1) with cylindrical U-valued FBM Bg or Brownian motion B instead

o,A
ofBQ .

In particular, as we analyze in Sect. 5, the long time behavior of our model in the
particular case of additive noise, i.e., when we replace g by ¢ : [0, c0) EOQ U, H)
in (3.1), we will state now how the previous results read in this case. For ¢ : [0, 00)
E% (U, 'H) we assume the following condition:

(D1) There exists a constant p € (ﬁ, oo) such that

/OO lp)lIy dr == K < oc.
0

By modifying slightly the proofs of theorems 1 and 2, we have

Corollary 2. Let0 < a < % and assume that assumptions (A1)-(A3) and (B1)-(B3)
hold true. If ¢ : [0, 00) — EOQ (U, H) satisfies (D1), then for each ¢ € € (H%), there
exists a unique global mild solution to (3.1) but with g replaced by ¢.

Similar to Corollary 1, we have

Corollary 3. Let 0 < o < % and assume that assumptions (A1)-(A3), (B1)-(B3)
and (D1) hold. Then for each ¢ € € (H%), there exists a unique global mild solution
to (3.1) with ¢ instead of g and cylindrical U-valued FBM Bg or Brownian motion

. A
By instead of Bg )

Remark 1. Notice that our results concerning infinite delays can easily cover the case
of bounded ones. More precisely, in the case of bounded delay, we consider the Banach
space C( —r, 0; L?(£2; H®)) with the norm

1
_ 2)\2 _ 7200, 2y
e onz2omin) = <9§[‘i‘3,01 ENv@2)’. ¥ e C(—r0: L3(@2: 1Y),
where r is a fixed number. Then, we replace ¢’ (H®) by C( — r, 0; L>(£2; H%)), and
by a similar argument as above, the existence and uniqueness of global mild solutions
to (3.1) also hold true for bounded delay case.

Now, we present an example to illustrate the type of delays that can be considered in
our framework, namely we will consider two functions f and g containing a distributed
delay and a variable delay, respectively.

Let O be a bounded open domain in R” with smooth boundary 0. Letf = 'H =
L%(0), and let A = — A on the domain O with Dirichlet boundary condition.

Let F : [0, 00) x (—00,0]1xO > Oand G : [0, 00)x L*(O) > L(L*(0), L*(0))
be measurable functions satisfying the following assumptions:
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(a) There exists a function £; : (—oo, 0] — [0, 00) such that
|F([,S,M)_F(t,s,w)| SEI(S)lu_w|7 Vt ZO, s Sov u,w 607

where |-| denotes the norm of R” and fi)oo Li(s)ds < oo.
(b) There exists a function £, : (—o00, 0] — [0, co) such that

|F(t,s,v)]| < Lo(s)(I+v]), V>0, s<0,veO,

where ffoo Lr(s)ds < o0o.
(¢) There exists a constant K; > 0 such that

G, v) = G, w)llﬁ( ) = Killv—wll, ¥t >0, v,w e L*(0),

L2(0),L2(0)

where ”'”L( ) denotes the norm of £(L?(0), L*(0)).

L2(0),L2(O)
(d) There exist a nonnegative function X, € L?(R™) with p € (ﬁ, oo) and a
constant K3 > 0 such that

IG (@, v)Il < Ko@) + K3 llvll, Vi =0, v e LXO).

Then we define 0

o= [ Flrseew)s

and
g(t,8) :=G(t,&E(—p1)))

with p € C(]R; [0, oo)), foreachr € [0, 0), & € €(HY) and x € O. In this case, the
delay terms f and g in (3.1) become

0
ft,uy) = / F(t,s,u(t+s))ds

and
8t up) i= G(t,u(t — p(1))).

In the sequel, C denotes an arbitrary positive constant, which may be different from
line to line and even in the same line.
For any &, n € ¥ (H%), by conditions (a) and (b), we obtain

2

0
E|f(t.&) — fe.m|*=E H / (F(t, 5. E(9)) = F(t,s, n(s)))ds

2

0
sE/ L1(5) [E(s) — n(s)|ds

0 0
< / L1(s)ds / L1()E E(s) — n(s)]1> ds

0 2
= ([ i) 1 =1l
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and
2

Elft.8) = Hf F(t.5.6())d

2

SEW/ La(s) (1 + £(s)]) ds

0 ) 0 0
< C(/ Ez(s)ds> —i—C/ Ez(s)ds/ Lo(s)E |E(s)II ds
< C+ C €N 3ga) -

Hence, f satisfies (B1)-(B3).
For g, by using conditions (c¢) and (d), we have

Elgt.&) = g(t.mly = E |G (1. £(—p1) = G(t. n(=p@))|,
< CE|G(t,&(—p1)) — Gz, ’7(—:0(”))HZE(LZ(O),LZ(O))
< CE |&(= p®) = n(— p®)|
< ClIE =0l
and
Ellgt, )l = E|G(r.6(—p@)[
< CEG( 60 (1210 1200)
< CE(IKo) + K3 |5( = p0)])°
< CU )2 + C €N (340, -

where [|-||p denotes the norm of EOQ (L?(0), L*(0)). Then (C1)-(C3) hold true
for g.

4. The effect of noise on SPDEs with delay

In this section, we consider the effect of nonlinear noise on the following stochastic
evolution equation with infinite delay:

du(t) = —Au(t)dt + ng(t, u)dBG" (1), t > 0, @1
u(t) = (1), t € (—o0,0],
where A, ¢ and BZ”\ are as in problem (3.1), g satisfies conditions (C1)-(C2) and
g(t,0) = Oforany ¢ > 0, and the number 7 is a positive parameter; this is the so-called
level of the noise.
The following theorem shows that the upper excitation index of the solution u of
(4.1) at time 7 is less than 2p.
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Theorem 3. Let 0 < o < % Suppose that assumptions (A1)-(A3), (C1)-(C2) and
g(t,0) = 0 foranyt > 0 hold. Then, there exists a constant p € (ﬁ, oo) such that
for each ¢ € €(HY),
. loglog [lu; |4 ()
lim su

<2p, 4.2)
n—>00 logn

where u(-) denotes the solution of (4.1).
Proof. Firstly, observe that (C2) and g(z,0) = 0 (V¢ > 0) ensure that
Elgt. )15 < ki) 1515 e, - (4.3)

Combining this with (A1)-(A2), we deduce from Lemma 2 and Hoélder’s inequality
that

t 2
Elu®ll <2E IS@)pO) +21°E H / S(t —r)g(r, u)dBG" ()
0

o

<2G?%e PE |lp(0)]2

t
+2772GiNt / e—28(t—r)(t _ r)—ZaE lg(r, ur)”ZQ dr
0
1

t ~ ~
<2G?e ™ E ||p(0)|2 4+ 27> G2 N, K, ( / e 209t (¢ r)_z"‘qdr>q
0

SN
x(/ ||ur||;(Ha)dr)
0

o 2aq
< 2G* P E |p0)|I2 4+ 2n*GEN, K1 (289) ¢

1
[ 1
25 P
x(/ ||ur||<g”ma)dr) : (4.4)
0

where N, is given in (3.10) and }17 + ’;e = 1. Replacing ¢ by ¢ 4- 6 in (4.4), we obtain
that

- (ra - 2a¢7))’5°

2 2 2 2,2 ~ 2L
sup Elut +0)l; <2G E o)y +2n"GyN K1 28q) @
fel—1,0]

x (I'(1 = 209))7 (/ et 1 0, )

Therefore,

N2 e < (2G2 + 1) [10lI2 2PG2N Ky 269) T
Urllp ey = + OllG ey T2 + K1 (289)

><(F<1—2aq)5’(/ i 122 d ) ,



Vol. 21 (2021) Exponential behavior and upper noise excitation index 1801

and consequently,

25 e P
e gy < 277 (262 4+ 1) N0 e

251 25 2P NP g P (a0 z @
+ 2P PGPNP KT 289) T (F(1 —2a))7 ”ur”(g(Ha
Gronwall’s lemma conduces us to
”M’”%’(H“) < 175e”6"217Nr"t, (4.6)

where we have used the notations
M5 =27 (267 + 1) Il e

and

(I —209))1

The conclusion (4.2) follows immediately from (4.6), and thus the proof is complete.

- "~ ag—1)F
M :=22P-1G2PKP (255) 7

Remark 2. In particular, let @ = 0 in Theorem 3, then for each ¢ € ¥ (H) the unique
mild solution u to (4.1) satisfies

. loglog llusll¢ ()
lim sup ———

E 2’
n—00 logn

where

Wlison =, s EWOI), v e

As a simple consequence of Theorem 3, in view of Lemma 3, we obtain

Corollary 4. Let 0 < a < % and assume that assumptions (A1)-(A3), (C1)-(C2)
and g(0) = 0 hold. Then there exists a constant p’ € (ﬁ, o0) such that for each

@ € C€(H%), the unique mild solution u to (4.1) with cylindrical U-valued FBM Bg

or Brownian motion B instead of Bg'\ satisfies

. log log llu |l )
lim sup

< 2pl
n—00 logn

Remark 3. 1f we replace €' (H*) by C( — r, 0; L2($2; H®)), then the results in this
section also hold true for bounded delay case.

5. Exponential decay of solutions in mean square

In this section we are interested in the exponential decay to zero in mean square of
the mild solutions.
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Observe thatin Lemmas 2 and 3, the right hand side of inequalities for the stochastic
integrals with respect to TFBM and FBM, respectively, are

1 B(2—2H,H+3%)
2H — Di*A18 (2 —2H, H — = | + 42221+ 2 5.1
( g ( 2) + T (5.1)
and
2HPH-T (5.2)

Comparing with the stochastic integral with respect to Brownian motion, (5.1) and
(5.2) are dependent on ¢ and tend to infinity as t — oo. It is difficult to prove that
the mild solutions to problem (3.1) with cylindrical {/-valued TFBM B‘é’k or FBM
B g exponentially decay to zero in mean square. Hence in this section we consider the
following stochastic evolution equation with infinite delay:

du(t) = —Au(t)dt + f(t, u)dt + ¢(1)ABG" (1), t > 0,
(5.3)

u(t) = (1), t € (—00,0],

where A and Bg”\ are as in problem (3.1).

On the other hand, if we still consider the space € (H%) given in Sect. 3, then we
need to replace 7 by 7 + 6 in (5.10) and take the sup norm supy¢[_, o7 E [|u( + 9)||§,
but the exponential decay terms e 2% and e %' disappear when we take the sup norm.
In this case, we cannot obtain the exponential decay property for the mild solutions.
However, this problem can be overcome if we use another space 6”7 (H*) given later,
which was extensively applied to investigate infinite delay case, see, e.g., [4,23] and
the references therein. It is worth mentioning that considering this new space ¢ (H%)
will allow us to prove exponential decay of solutions, but will restrict the type of
unbounded delay terms which can appear in the function f, for instance, general
variable delay terms cannot be considered, but with our current space ¢ (H*) we can
include both variable and distributed infinite unbounded delays but, in general, we
may not be able to prove exponential decay of solutions, as it is shown in [25] for the
case of stochastic 2D-Navier Stokes with infinite delay.

We define the abstract phase space €Y (H%) by

€Y (H) = {w eC (—oo,o; L%(£2; H"‘))  lim 'Y E @) exists},

where the parameter y > 0. If €7 (H?) is endowed with the norm

1

IV llgr 3y = ( sup e”’E IIIﬁ(@)IIﬁ) , ¥ € GV (HY),

0e(—00,0]

then (‘KV (H*), II-llgr (Ha)) is a Banach space.
We now need to state the following conditions:

(B1) Forany & € €7 (H%), the mapping [0, 00) > ¢ > f(t,&) € H is measurable.



Vol. 21 (2021) Exponential behavior and upper noise excitation index 1803

(B2)" There exists a nonnegative function I € L°°(R™) such that for any §,7n €
g
€Y (H*) and t > 0,

ENf.&) — fa.mI? <L) 1E =012 g -

and [|l4]l oo r+) := L4 < 00.
(B3)" There exist nonnegative functions /5 € LYR1) and Is € L®(R1) such that for
any £ € €V (H% andr > 0,

ENf N < I5(t) +16(0) 115y ge)

and ~
/ ¥ Is(r)dr := Ls < 00, |llgllpoom+) := Lo < 00.
0

(C1)’ There exists a constant p € (ﬁ, 00) such that

o0
f P dr = A < 0.
0

Theorem 4. Let 0 < o < % Assume that the assumptions (A1)-(A3), (B1)'-(B3)’,
(C1) and

y > 28 > 2Iy (5.4)
hold, where Iy := 3G§l<32"‘71 I'(1 —2a)Lg. Then, there exists a constant a > 0 such
that for any mild solution u of (5.3) with the initial condition ¢ € €7 (H%),

. 1
lim sup (;) log ””t”gm(Ha) < —a. 5.5)

—>00

Proof. Thanks to (3.2), we have
2

t
Elu®)ly < 3E SOl +3E ”/ S —r)f(r,uy)dr
0

o

t 2
+3E / St — r)¢(r)ng*(r) =Io+ Lo+ 1. (5.6)
0 o
By condition (A1), we obtain
o <3G E [lp(0)]3 . (5.7)

For 119, by conditions (A2), (B3)" and Holder’s inequality, we deduce that

t 2
Iio < 3G2E ( f et — )T F(ru) | dr)
0

t t
<3G2 | UG —r)2dr | e PCTIE | £ u)| dr
o 0 0

1
. s (58
<3621 (1 —20{)/ e (150) + 1o ) Nt I gy ) 7 )
0

<3628 (1 —2a)e ™ Ls +3G28* 71 (1 — 2a)e ™ Lg

t
) 2
/ e’ ”ur”ng(Ha) dr.
0
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For Iy, it follows from conditions (A2), (C1)’, Holder’s inequality and Lemma 2 that

t
I <3N,G2 / e B — )72 g (r) 1 dr
0

1 1
t q t K
<3N,G2e ™ ( f (z—r)Z“‘fe‘Sq(’”dr)q ( /0 e ||¢(V)||2der>p >9)

1
<3INGRe VM (5q) T (r(1 — 2uq))7 AV,
where g and N; are given in (3.10). Therefore,

Elu()|? <3G* ' E o012 +3G28*7 (1 — 2a)e™* Ls
t
+3G28% (1 — 2a)e_6’L6/0 " Nlur |17y ey dr (5.10)

F3N,GRe Y (5q) T (F(1 = 20q))7 AV

By assumption (5.4), we have ¢V =299 < [ for 0 < 0. Multiplying (5.10) by ¢??e=7?
and replacing ¢ by t 4+ 0, we obtain that

sup e”YE |lu(r +0)|12 < 3G%e ™ E [|p(0)|2 +3G28%* 71 (1 — 2a)e ™ Ls
0e[—1,0]

t
+3G282'ra - 2a)e*5'L6/0 e ||u,||?ﬂ(Ha) dr

P,

Q\'—‘

+3N,Gle 31 (5g) (F(l —2aq))7 A

(5.11)
Note that y > 2§, hence for all 8 € (—o0, —1],
PE u@ +0); <e e’ TE ot + )l < e ol (e 512
< e ol (e - '
(5.11) and (5.12) imply that
& Nully ey < My + MgN; + Mo /0 o et 13z ey A, (5.13)

where we have used the notations

= (3G2 + 1) 1012 ey +3G28% 1 (1 - 2a)Ls,

1

Iy :=3G2 (8q) & (I'(1 - 2uq))7 AV,

and
My :=3G28**7'I' (1 — 2a) L.

Applying Gronwall’s lemma to (5.13), we have
ey pgey < (7 + Mg Np) 079" = (117 + [Ny e,

where a = § — I1y. The proof is therefore complete.
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Corollary 5. Let 0 < o < % Assume that assumptions (A1)-(A3), (B1)'-(B3)/,
(C1) and (5.4) hold. Then, there exists a constant a' > 0 such that for any mild
solution u of (5.3) with cylindrical U-valued FBM B g or Brownian motion B g instead

of Bg'\ and the initial condition ¢ € €7 (H%),

, 1
tim sup () 1og 1% 50, < —a.

—>00

Remark 4. If we consider C (—r, 0; L?(£2; H*)) instead of € (H®) in this section,
then by slightly modifying the proofs in Theorem 4 and Corollary 5, we can obtain the
exponential decay property of the mild solutions to (5.3) in the bounded delay case.
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