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0. Introduction

Let k be a commutative ring and A a commutative k-algebra. Given a positive integer
m, or m = 00, a k-linear derivation ¢ : A — A is said to be m-integrable if it extends up
to a Hasse-Schmidt derivation D = (Id, D1 = §, Da,...) of A over k of length m. This
condition is automatically satisfied for any m if k contains the rational numbers and A
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is arbitrary, or if k is arbitrary and A is a smooth k-algebra. The set IDery(A4;m) of
m-integrable derivations of A over k is an A-module. A natural question, suggested for
instance by [8, §3] and [14], is whether the (Lie) bracket [d, €] = de—&d of two m-integrable
derivations 0, € is m-integrable or not, in the case of course where IDery (A; m) C Dery(A).
The fact that the modules IDery(A;m) are closed under Lie brackets seems like a very
basic property, necessary for any reasonable behavior that we can expect of these objects
as differential invariants of singularities in nonzero characteristics, and as far as we know
it has not been proven in the existing literature.
If we take two m-integrals of our derivations

D=01d,D;=6,Dy,...), E=(Id,Ey =¢,Es,...),
their commutator (in the group of Hasse-Schmidt derivations of length m) has the form
DoEoD*oE* = (Id,O, [DlaEl] = [5,6], PN ),

where D* denotes the inverse of D for the group structure of Hasse—Schmidt derivations,
but it is not clear how to produce a Hasse-Schmidt derivation of length m such that its
1-component is [d, €], if it exists.

In this paper we show how multi-variate Hasse—Schmidt derivations allow us to answer
the above question. Let us see what happens in the simple case of length m = 2. Consider
the external product F' = DX E = (F{; j))o<i,j<2, With F{(; jy = D;o Ej, which is a 2-
variate Hasse—Schmidt derivation, and the composition

G =(DRE)o(D*KE*).

First, one checks that G(1,0) = G(2,0) = G(0,1) = G(0,2) = 0, and from there we deduce
easily that the “restriction of G to the diagonal”, i.e. G’ = (G(o,o) =1d,G 1, G(Q’Q))7 isa
(uni-variate) Hasse-Schmidt derivation of length 2. But G4 1) turns out to be [D1, E1] =
[0,¢], and so [d, €] is 2-integrable. Actually, the explicit expression of G ) is

Do o Esy _DQOE% —DioFEsoDi +DioFEi0D1oFE; +E20D% — FE50Ds —EloD%oEl
+ F10Dso Ey.

In order to generalize the above idea to arbitrary length, we need a decomposition
result which allows us to express any A-variate Hasse-Schmidt derivation D, for p > 1
and A C NP a finite co-ideal, as the ordered composition (remember that the group of
A-variate Hasse—Schmidt derivations under composition is not abelian in general) of a
totally ordered finite family of A-variate Hasse-Schmidt derivations, each one obtained
as the action of a monomial substitution map on a uni-variate Hasse—Schmidt derivation.
When A is infinite, a similar result holds, but our totally ordered family becomes infinite.
Moreover, the above decomposition is unique if we fix the substitution maps we are using,
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and it is governed by the arithmetic combinatorics of NP (see Theorem 3.2 for more
details). We think that such a decomposition is interesting in itself: it can be understood
as a structure theorem of multi-variate Hasse-Schmidt derivations.

Let us comment on the content of the paper.

In Section 1, we recall the basic notions, constructions and notations about Hasse—
Schmidt derivations, substitution maps and integrability.

In Section 2, we describe an arithmetic partition of N7\ {0}, we define a total ordering
on it and we study its behavior with respect to the addition in NP.

Section 3 contains the main results of this paper, namely the decomposition theo-
rem of multi-variate Hasse-Schmidt derivations in terms of uni-variate Hasse-Schmidt
derivations and substitution maps (see Theorem 3.2), and the answer of the motivating
question of this paper: the bracket of m-integrable derivations is m-integrable too (see
Corollary 3.7).

In Section 4, we apply the previous results to exhibit a natural Poisson structure
on the divided power algebra of the module of integrable derivations, and we prove
its compatibility with the canonical Poisson structure of the graded ring of the ring of
differential operators by means of the map 94, of [7, Section (2.2)].

We would like to thank the referee for his/her careful reading of the paper and for
useful comments and suggestions.

1. Preliminaries and notations

Throughout this paper, k will be a commutative ring and A a commutative k-algebra,
and in this section M will be an abelian group and R a ring, not-necessarily commutative.

Let p > 1 be an integer. The monoid (N? +) is endowed with a natural partial
ordering: for o, 5 € NP,

a<p &t FyeNPsuchthat f=a+vy <= Vi=1...,p, o <P

Let N? := N”\ {(0,...,0)} and let |o] := oy 4 - - + o, for any o € NP,
Let s = {s1,...,5,} be a set of p many variables. The abelian group M (s] will be
always considered as a topological Z[s]-module with the (s)-adic topology.

Definition 1.1. We say that a subset A C NP is a co-ideal of N? if o/ € A whenever
o <aand a € A.

For each co-ideal A C NP, we denote by A,s the closed sub-group of M([s] whose

elements are the formal power series > mqs® such that m, = 0 whenever @ € A

aeNP
and M[s]a := M[s]/Ap. Any element m € M[s]a can be written in a unique way
m =) caMas®, and its support is supp(m) = {a € A | my # 0} C A. Let us notice

that M[s]nr = M[s] (the case of A = NP).
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If M is a ring, say M = R, then Ap is a closed two-sided ideal of R[s] and so R[s]a
is a topological ring, which we always consider endowed with the (s)-adic topology (=
to the quotient topology).

For non-empty co-ideals A’ C A of NP, we have natural Z[s]-linear projections Tana :
M[s]|a — M[s]as, that we call truncations:

TAA : Zmas“ € M[s]a — Z mes® € M[s]ar.

aEA acA’

If M = R is a ring, then the truncations 7aa: are ring homomorphisms.

We denote by U(R; A) the multiplicative sub-group of the units of R[s]a whose 0-
degree coefficient is 1. When p = 1 and A = {0,...,m}, we simply denote U(R;m) :=
U(R;{0,...,m}). The multiplicative inverse of a unit r € R[s]a will be denoted by
r*. For A C A’ co-ideals we have Tara (U(R; A')) C U(R; A) and the truncation map
Tara s U(R; A') = U(R; A) is a group homomorphism. Clearly, we have:

UR;A) = lim U(R;A). (1)
Alca
#tA <oo
Definition 1.2. Let (I, <) be a totally ordered set, possibly infinite, and r = (r;);er a
family of elements in U(R;A). We say that this family is composable if for each finite
co-ideal A’ C A, the set Inr = {i € I | Tan/(r;) # 1} is finite. In such a case, for each
finite co-ideal A’ C A we define

Car(r) :=7an(ri,)o -+ oTan(ri,,) € U(R; A'),

where Iar = {i1,...,0m} and i3 < -+ < iy,. It is clear that if A” C A’ is another finite
co-ideal, we have In» C Iar and Ta/a7(Cas(r)) = Car(r), and so we define the ordered
composition of the family r as (see (1))

oierri = lim Car(r) eU(R; A).
Alca
A <oo
Let p,q > 1 be integers, s = {s1,...,8,},t = {t1,...,t,} two sets of variables and
A C NP,V C N9 non-empty co-ideals.

Definition 1.3. An A-algebra map ¢ : Afs]a — A[t]v will be called a substitution
map whenever (s;) € (t) for all i = 1,...,p. Such a map is continuous and uniquely
determined by the images ¢(s;),i = 1,...,p. A substitution map ¢ : Afs]a — A[t]v
will be called monomial if ¢(s;) is a monomial in t for all i = 1,...,p.

Definition 1.4. A A-variate Hasse—Schmidt derivation, or a A-variate HS-derivation for
short, of A over k is a family D = (D, )aca of k-linear maps D, : A — A, satisfying
the following Leibniz type identities:
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Do=1da, Da(zy)= Y Ds(x)Dy(y)
Bty=a

for all z,y € A and for all &« € A. We denote by HS}(A; A) the set of all A-variate
HS-derivations of A over k. For p = 1, a uni-variate HS-derivation will be simply called
a Hasse—Schmidt derivation (a HS-derivation for short), or a higher derivation,' and we
will simply write HS,(A;m) := HS}(4; {0,...,m}).?

Any A-variate HS-derivation D of A over k can be understood as a power series
Y uen Das® € R[s]a, with R = Endi(A), and so we consider HS}(A4;A) C R[s]a.
Actually, HS} (A4; A) is a (multiplicative) sub-group of U(R; A). The group operation in
HSY(A; A) is explicitly given by (Do E), = Zﬁﬂza Dgo E., and the identity element of
HSP(A; A) is I with Iy = Id and I, = 0 for all & # 0. The inverse of a D € HSY (A; A),
in the sense of the group structure on U (A4; A), will be denoted by D*.

For A’ € A C NP non-empty co-ideals, we have truncations taas : HSP(A; A) —
HS?(A; A’), which are group homomorphisms.

For each substitution map ¢ : A[s]a — A[t]v and each HS-derivation D =
Y oen Das® € HSJ(A;A), we know that peD = 37 _ ©(s*)D, is a V-variate HS-
derivation (see [9, Proposition 10]).

Definition 1.5. (Cf. [2,5,8]) Let m > 1 be an integer or m = oo, and § : A — A a
k-derivation. We say that J is m-integrable (over k) if there is a HS-derivation D €
HSk(A;m) such that D; = §. A such D is called an m-integral of ¢. The set of m-
integrable k-derivations of A is denoted by IDery(A;m). We say that § is f-integrable
(finite integrable) if it is m-integrable for all integers m > 1. The set of f-integrable
k-derivations of A is denoted by IDer,]: (4).

The sets IDery,(A;m) and IDer] (4) are A-submodules of Dery(A), and we have
Dery,(A) = IDery,(A4; 1) D IDerg(4;2) D --- D IDerf (A) D IDery(4; 00).

If Q C k or A is 0-smooth over k, then any k-derivation of A is oo-integrable, and so
Dery(A) = IDer] (A) = IDery(A; 00) (see [5, p. 230]).

The following Proposition is a straightforward consequence of Theorems 3.14 and 4.1
of [13] and will be used in section 3.

Proposition 1.6. Let k be a ring of prime characteristic p > 0, e,s > 1 two integers
and D € HS,(A;ep®) a HS-derivation with Dy = Dy = ... = D._1 = 0. Then, D, €
IDery (4; p®).

! This terminology is used for instance in [6, §27].
2 These HS-derivations are called of length m in [6, §27].
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2. An ordered partition

In this section, we define an ordered partition of Ni of arithmetic nature that will be
crucial for the proof of our main results in Section 3.

Let ¢ > 2 be an integer. For 81, ..., 84 € Z, we denote by gcd(f51,. . ., Bq) the (unique)
non-negative integer g such that Z5 +--- + Z, = Zg. Notice that gcd(f1,...,8,) =0
if and only if the ideal (51, ..., 3,) is equal to 0.

Definition 2.1. For «, 3 € N4, we define

a~p &ty IreQ” | B =ra

It is clear that ~ is an equivalence relation in Nf{_.
Definition 2.2. We define C? as the set {(f1,...,5,) € N | ged(B1,...,8,) = 1}.

Lemma 2.3. With the above notations, the map 8 € C? — [B] € N{/ ~ is bijective.
Moreover, for each 8 € C4, the equivalence class [3] coincide with the set N. 5 = {rf | r €

N+}.

Definition 2.4. We define the map g9 : N9 — C2U{(0,0)} (or simply g if there is no
confusion) as:

(0,0) if 1 =02=0
B 1

m (61 y ,82) otherwise.

Observe that, if 3 € C?, then (ged(B1, B2), B3, - .-, 0,) € C** and if B/ € [A], then
9(8") = 9(8).

We are going to define a total ordering <7 on C?, and so on the partition N{/ ~
through the bijection from Lemma 2.3.

Let us consider 8,y € C%. If ¢ = 2, then 8 <2 « if and only if y981 < v152. For ¢ > 3,
we say that 5 <7 v if some of the following conditions hold:

1. g(B) = (0,0) and g(v) # (0,0).
2. g(8),9(v) # (0,0) and g(8) <* g(7).
3. 9(B) = g(v) and (ged(B1, Ba), B3, - - -, Bg) =T (ged(v1,72), 735 - - -5 Vq)-

As usual, we say that g <¢~ if and only if 5 <9 v or § =1~.
The proof of the following proposition can be easily proved by induction on ¢ and it
is left to the reader.
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Proposition 2.5. The relation <9 above is a total ordering on C1. Moreover,
0,...,0,1) =min<«(C?) and (1,0,...,0) = max<a(C?).

We will also denote by <7 the total ordering induced on N{/ ~ by the bijection from
Lemma 2.3.

The following proposition deals with the behavior of the total ordering <% with respect
to the monoid structure on N9. It will be the main tool in proving the results in Section 3.

Proposition 2.6. Let A\, 0,3 € N such that A+ o = 3. Then, one and only one of the
following properties holds:

(a) [\l =[] = [o],

(b) [o] <7 [B] <7 [A],

(c) [\ < [B] <7 [o].

Proof. It is clear that if any two g¢-tuples among o, 8, A have the same class, then
all three classes [o], [B], [\] are equal. So, let us assume that they are all different, in
particular [A] # [8]. Hence, we have either [A] <7 [8] or [3] <7 [A]. We will prove the
result by induction on ¢ > 2.

If ¢ = 2 and [A] <? [B], then B2A; < B1A2 and, since A + o = 3, we obtain that
Ba2(B1—01) < P1(B2—02). Hence, Bioa < Beo1 and, by definition, [3] <2 [o]. If [5] <2 [A],
for similar reasons as before, we deduce that [0] <2 [3] and the proposition is proved for
q = 2. Let us assume that the result is true for ¢ — 1 and we will prove it for ¢ > 3. We
will start assuming that [A] < [3]. Three different cases have to be considered according
to the definition of <%:

Case 1: g(A) = (0,0) and g(5) # (0,0). In this case, A; = 0 for i = 1,2 and so (01,02) =
(81, B2), which implies that g(c) = g(8) and ged(B1, f2) = ged(o1,02) = d # 0. From
this, and from the equality A + o = 3, it follows that

(0,)\3,...,)\q)+(d,03,...,0'q) = (d,ﬁg,...,ﬂq).

Moreover, we have g((0, A3, ..., Aq)) = (0,a) where a = 0 if A3 = 0 and a = 1 otherwise.
So, since the first component of g(d, s, ..., 3,) is not zero and (0,1) = minx> C%, we
deduce that [(0,As,...,A\;)] <971 [(d,Bs,...,B,)] By induction hypothesis, we have
[(d,B3,...,By)] =771 [(d,03,...,04)] and we conclude that [3] <7 [o].

Case 2: g(A\),g(B) # (0,0) and g(\) <2 g(B). It is clear that g(vy) = g((y1,72)) for all
v € N7 and, if g(vy) # (0,0), then [g(y)] = [(71,72)] for all v € N{ because (y1,72) =
ged(v1,72)g(). Therefore, we have [(A1, A2)] <2 [(B1, B2)], and since A+o = 3, we deduce
that (01,02) # (0,0). Now, we apply induction hypothesis to the equality (A1, A2) +
(01,02) = (B1, B2) and we get [(B1, B2)] <2 [(01,02)], which implies that g(8) <2 g(o).
So, by definition, [8] <7 [].
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Case 3: g(\) = g(B) and [(ged(A1,A2), As,y ..., Ag)] <771 [(ged(Bi, B2), B3, - -+ By)]. If
g(A) = g(B) = (0,0), then g(o) = (0,0) because \; = 3; =0fori=1,2 and A+ 0 = 3.
If g(A) = g(B) # (0,0), then [(A1, A2)] = [g(N)] = [9(B)] = [(B1,B2)]. Let us notice
that (o1,02) # (0,0) otherwise, g(o) = (0,0) and g(8) # (0,0) and from Case 1, we
get that [8] <2 [A], which is a contradiction. Now, induction hypothesis can be applied
0 (A1, A2) + (01,02) = (81, P2) and we obtain [(o1,02)] = [(B1,B2)]- So, in any case,

o1,
g()\) 9(8) = g(o) = 7. Since (y1,72) = ged(y1,72)g(7y) for all v € N?, we have that

ged(A1, A2)g(A) + ged(o1, 02)g(0) = ged(B1, B2)g(B)-

If 7 = (0,0), then ged(A1, A2) = ged(o1,02) = ged (B, f2) = 0, otherwise ged(A1, Aa) +
ged(oy, 09) = ged(B1, B2). So, in both cases,

(ng(Alv )‘2)7 >\3a ) /\q) + (ng(Ulv UQ)a 03,--+, Uq) = (ng(ﬁlvﬁQ)vﬂffn o 7/8(1)-

From [(gcd(A1, A2), Az, ..., Ag)] <9 [(ged(B1, B2), B3, - - -, Bg)] and the induction hypothe-
sis, we get that

[(ged(B1, B2), Bs - - Ba)] =7 [(ged(o1,02), 03, ..., 0y)]

and, by definition, [8] <7 [o].

In conclusion, we have proven that [A] <9 [8] implies [3] <? [0]. Now, let us assume
that [8] <7 [A]. If g(B) = (0,0) and g(X) # (0,0), we have 8; = 0 for ¢ = 1,2 and since
o; + A = B;, we deduce that o; = \; = 0 for ¢ = 1,2, but (A, A2) # (0,0), so we
have a contradiction. The cases when g(3),g(\) # (0,0) with g(3) <* g()\) and when
g(8) = g(\) with [(ged(B1, B2), B3y -+, Bg)] <771 [(ged (A1, A2), Az, ..., Ag)] are similar to
the previous Cases 2 and 3 respectively. Hence, we have the result. O

Lemma 2.7. Let A1,...,A\s € N{ such that [\] <7 [Ag] <9 --- <2 [A;]. Then, [A\] <
-+ A,

Proof. We will prove the lemma by induction on s > 2. By Proposition 2.6, since [A;] <4
[A2], we get [A1] <7 [A1 + A2] <7 [A2]. Let us assume that the result is true for ¢ < s, we
will prove it for s > 2. By induction hypothesis, [A2] <7 [Az2+- - -+ X;]. Since [A1] <7 [A2],
by Proposition 2.6, [A1] <7 [A1 + A2 + - - - + A] and we have the result. O

3. Main results

From now on, A C N? will be a non-zero and non-empty co-ideal and we will simply
use < and = instead of <7 and <9 (the above total ordering on C? or N%/ ~) if no
confusion arises.

We denote C4 = C?NA, and for each § € C%, we define PBA =[BlNA={nge
Ni | n e Ng,nB e A}, MA = {n € Ny | nf € A}, and mg = #(Mg) = #(P§).
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Let us notice that m,ﬁ = max MBA if MﬁA is finite and m? = 00 otherwise. The PBA’S7
B € C%, form the partition of A\ {0} induced by ~. For each § € C%, we also introduce

= | | P8 =| |{n\ e NI | ne Ny n\e Al

B=A B=A
S5 =A\(T3U{0}) = || P{ = |_|{nA e N? | n € Ny, nA € A},
A<B A<B

and the monomial substitution map

(UEWNE A[[,u]]mg — Afs1,--.,84]a

wooo— s?l. sq’gq,

where, for m € Ny, we define Afu],, = Alulinen | n<m}-
It is clear that for any D € HS](A; A) with supp(D) C {0} U PL.,A, the sequence F :=
(B, = DTB)TGMBAU{O} is a (uni-variate) HS-derivation of length mﬁ, and D =Yg aeE.

The following proposition generalizes this result and will be the main step in proving
Theorem 3.2.

Proposition 3.1. Let § € Cy, m = m? and D € HS](A;A) such that supp(D) C
T? U{0} (or equivalently, D, = 0 for all v € S?). Then, there are unique E €
HSi(A;m) and D' € HS}(A; A) such that supp(D') C T@ \P5 U{0} (or equivalently,
Dl =0 for all v € Sﬁ I_IPﬁA) and D = (Yg,aeE)oD’. Moreover, if D, = 0 for all
76PBA with ¥ < a for some a € A, then D, = D, for all v € A with v < a.

Proof. We start proving that the sequence E := (E, := D,g) € HS,(A;m). It is clear
that Ey = Id. Let us consider r > 1 and =,y € A, then

E,(zy) = Drs(zy) > Da(@)Dg(y) = Drg(a)y +xDrs(y) + Y Da(z)Do(y).
Ato=rp Ato=rp
A,0#0

If [\] < [8], we have Dy = 0 because \ € 8? and, if [8] < [A], by Proposition 2.6,
[0] < [B] so, for the same reason as before, D, = 0. Therefore, the remaining summands

are those for which [A] = [¢] = [8] and
Er(xy) = Er(x)y + CEE,«(Z/) + Z Dsﬁ( )Dtﬁ Z E
sB+tB=rp s+t=r
s,t#0

So, we proved that E € HSg(A;m). Let us define F' := ¢gaeE* € HS](A;A) and
D' :=FoD e HS](A; A). Hence, D = F*o D' = (g ae E) o D', where the last equality
holds since 13 A has constant coefficients (this is a very particular case of [9, Proposition
11]) and (E*)* = E. It remains to prove the properties of D’.
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It is clear that F,, = 0 for all o ¢ PBA U {0} and F,3 = EF for all r € {0,...,m}.
Thanks to this, for all v € N9, we have

D, = Z F,oDy =D, + Z E*oDj.
o+A=y rB+A=y
r#0

Let us assume that v € S? which implies that [y] < [5] = [r5] for all  # 0. By hypoth-
esis, D, = 0. Observe that if A\ = 0, then [3] = [y] < [#] and we have a contradiction,
so A # 0 and we can apply Proposition 2.6 obtaining that [A] < [y] < [5] and hence,
S S?. By hypothesis, D)y = 0 and we can conclude that ny = 0 for all v € Sﬁ.
If v € P[?? we have v = tf for some ¢t > 0. From the equality r8 + A\ = t3, we get
A€ P U{0} and

D= Y EjoDy= Y EfcE,=0.
rB+sp=tp r4+s=t
In conclusion, supp(D’) C {0} U Tﬁ‘ \Pg.
Let us assume now that there is o € A such that D, = 0 for all v € PBA with v <

or equivalently, D,g = 0 for all 0 < 7§ < . Then, E} = 0 for all positive integers r such
that 0 < 78 < a and, if vy € A, v < «, we have that

D, = Z E*oDy = D,
rB+A=y

To finish the proof we will show the uniqueness. Let us consider other T' € HS{ (4; A)
and G € HS,(A;m) such that T, = 0 for all v € Sf; I_IP5A and

(Yp,aeE) o D' =D = (g,aeG) oT.
From the last equality, we get
H = (’l/)@’AoG*) o ('L/)/g,AoE) = 1[)57A0(G*0E) = To(l)/)>'<

(recall that 13 A has constant coefficients and see 8. and Proposition 11 of [9]). It is
* * A *

easy to see that T3 = (D'); = 0 for all v € SFUPS, so T,p = (D');5 = 0 for all

re{l,...,m} and we have that

Hyp = (G*oB), = (Te(D))s= 3 Tao(D):.

If [\] < [A], then T\ = 0 because A € S? I_IPﬁA and, if [8] < [A], by Proposition 2.6, we
get [0] < [B] and (D"); = 0. So, Hyg = (G*oE), = 0 for all » € {1,...,m}. Hence,
G*oE =1 and we deduce that G = E. Now, it is clear that T = D’ and we have the
result. 0O
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In the following theorem, we will prove that any A-variate HS-derivation, where A is a
finite co-ideal, can be decomposed in terms of uni-variate HS-derivations and substitution
maps.

Theorem 3.2. Let us consider a finite co-ideal A and D € HS{(A;A). Let C := #(C})

and C} = {61,.‘..,50} with B* < B2 < --- < B, and let m; = m?,;. Then, there is a
unique family E* € HSi(A;m;), 1 <1i < C, such that:

D= (b aeE') o (Y 2o E?) o - o (e o EC).

Moreover, if for some a > 1 there is o € P[ﬁ such that D, = 0 for all v € S,?a with
v < a, then E® = Dyga for allr =0,...,gcd(aq,...,aq).

Proof. We will obtain the E%’s recursively. Since S?l = (), we can apply Proposition 3.1
and we obtain (unique) E' € HSi(A;mq) and D' € HS{(A; A) such that

D - (1/}[317A.E1) OD1

and D,ly =0 for all v € PBA1 = S?z. Let us assume that for some s € N, 1 < s < C, there
exist B € HS,(A;m;), for i =1,...,s, and D* € HS}(A4; A) such that

D = Of:l (wﬁi,AoEi) o D?

and D5 = 0 for all v € 5/§s+1. If s < C — 1, we can apply Proposition 3.1 to D? taking
B = B**! and we obtain unique E*T! € HSj(A;ms41) and D¥ € HSY(A; A) such that
D* = (got1,aeE5T) o D¥T1 and DT = 0 for all v € Sﬁsﬂ I_IPBASJA = SﬁASJrQ. Hence,
we get

D = Ofill (wﬁi,AOEi) oDSJrl.

Let us assume now that s = C' — 1. Let us notice that supp(D“~!) C Pg U {0} and we
can write DE~1 = tpzc A e EY, where EC € HSy(A;mc) so,

D= (g peE) oo (ge aeEC).

To prove the uniqueness, let us consider another family F* € HSy(A;m;), 1 <i < C,
such that

D = (.o F") o (e a0F?) oo (0 50 FC).

We denote T° = (¢55+17A0F5+1) oo (wﬁc*’AoFC) € HSZ(A, A) (we put T¢ = I).
We will prove that T2 = 0 for all v € S§e+1 = Sﬁg I_IP[ﬁ. Since (wﬁi’A.Fi))\ = 0 for all
A ¢ Pg‘i U {0}, we have that
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Ty= Y. (anacF™ ), oo (YpeneFY),
Ast1t-+ro=y
Ai€PSU{0}

C

for all v € A. By Lemma 2.7, if v € S§s+1, we have that [y] < [8°] < [8'] = [Ai] <
[Ai + -+ Ac], where i = min{i € Ny | s+ 1 <i < C, \; # 0}. Hence, we can deduce
that T3 = 0 for all 7 € 541

On the other hand, with the previous notation, we have that D = of_, (¢gi peE") o D*
where D§ =0forall v e Sﬁsﬂ. We will prove that E* = F* by inductionon 1 < s < C.
If s=1, D = (Yg,aeE") o D' = (g1 e F') oT". Thanks to Proposition 3.1, we can
deduce that E' = F!. Let us assume that E* = F? for all 1 <i < s < C. Then, we have
that

D =01 (YpineE") o (g neE®) o D* = 0f | (Ypi neE") o (Yps a0 F®) o T".

Therefore, (5 Ao E*) 0 D* = (1gs aneF*) oT%. If s = C, then it is clear that E¢ = F¢
(D€ =1) and if s < C, we have that E* = F'* by Proposition 3.1.

Observe that, from the proof of Proposition 3.1, we have that the r-component of
E® € HSi(A;m,) is B = Dig} (we put D° = D). Let us assume that there is a €
PﬁAa such that D, = 0 for all v € Sﬁa with v < a. To see that E! = D,ge for r =
0,...,gcd(au, ..., o), it is enough to prove that DI~" = D, for all vy € A with v < a
(note that rf* < aforallr =0,...,gcd(a1,...,aq)). If a = 1, then the result is clear, so
let us assume that a > 1. We will prove, by induction on s = 1,...,a — 1, that D3 = D,
for all v € A with v < a.

Let us consider s = 1. Since 8! < 3%, by definition, Pfﬁ C Sﬁa. So, D, = 0 for all
vy € P5 with v < «, and by Proposition 3.1, D"ly = D, for all y € A with v < a. Let
us assume that, for s < a — 1, we have that D3 = D, for all v € A with v < . In
particular, since 45! < 3%, DS = 0 for all v € PﬁASJrl C 8§a with v < a. Recall that
D3t is obtained applying Proposition 3.1 to D* with 3 = B°t! so, we deduce that
Ditt = D3 = D, for all y € A with 4 < a and we have the result. O

Corollary 3.3. Let us consider a finite co-ideal A and D € HS}(A; A). Let C := #(C})
and C} = {51,55,‘. ., BEY with BT < % < - < BY, and let m; = mgi, Then, there is
a unique family E* € HSE(A;m;), 1 <i < C, such that:

D=1pe (B'K---RE°)

where

Ya: Aftr, .oty = Alsi, o s]la
t; o shsyt Vi=1,...,C

with V = {y € N¢ | v < (my,...,mc)}.
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Proof. Let us consider any family E¢ € HSy(A;m;), 1 <4 < C. Then, it is easy to see
that

Yae (B'R--KEY) = (Yp aeB) oo (YseneEC).

By Theorem 3.2, there exists a unique family E* € HSy(A;m;) such that D =
(1/)517A oEl) 0+ o (wﬁcAoEC) and, from the previous equality, we get D = tnae
(E'X®---RWEY). If we take another family F* € HSj(A4;m;), 1 < i < C, such that
D =tpe (F'X---KF). Then, D = (g1, neF1) o+ 0 (Y5c A0 F) and, by Theo-
rem 3.2, we deduce that E? = F* so, we have the result. O

Examples 3.4. Let us consider ¢ = 2, A = {y € N? | v < (2,2)} and D € HS}(4;A).
Then C4 = {8* = (0,1),5% = (1,2),8° = (1,1),8* = (2,1),6° = (1,0)} and B* < --- <
5. Moreover, it is easy to see that mﬁl = m§3 = m§5 =2 and m§2 = m§4 = 1. We can
see A as follows (Fig. 1).

/82

B 7 B

55

Fig. 1. The co-ideal A. (The colors of this and the other figures can be seen in the online version.)

In this picture, the elements of A are represented with a circle that will be red if the
element belongs to CA. It is clear that the components of D whose index is on the blue
line (vertical axis) form a HS-derivation of length 2. In fact, according to the previous
theorem, the first step to decompose a A-variate HS-derivation is to take that HS-
derivation E' = (Id, Dg1, Dag1) = (Id, D1y, D(0,2)) € HSk(4;2) and the substitution
map g1 A : Alu]2 3 p— s2 € Afs1, s2]a. Then,

D = (¢Yp1,neE") o D'

where D! = (451, a+ (E)") oD, ic. Fig. 2.

If we continue with the steps of the proof of the theorem, we have to decompose D!
using Proposition 3.1. Since D} = 0 for all v € Pf = 8§2 = {(0,1),(0,2)}, we have that
E? = (1d, D) = (Id, D(1,2) — D(0,1yD(1,1) — D(0,2)D(1,0) + D(20,1)D(1,0)) € HS,(4;1) €
HSk(A; 1) (blue line in D). Now, we can decompose D' as

D' = (¢p2 pneE?) 0 D?,
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Qo Q2 Qg

0 0

0

0
= 0 o 0
aq a1 [e31
0 0
D ¢51,A0E1 Dl

Fig. 2. First step of the decomposition of D.

where g2 o ¢ Afuli 3 p — s153 € Alsi,s2]a and D? = (g2.ae(E?)*) o D?
(Vg2,a0(E%)) o (¥51,a0(EY)*) oD € HS*(A4;A) with D2 = 0 for all v € S5 LIPS
{(0,1),(0,2),(1,2)} (Fig. 3).

0 0

D1 ’LL}BZ,AOEQ D2

Fig. 3. Second step of the decomposition of D.

Hence,
D = (Vg aeE") o (g2, a0 E?) 0 D?.

If we continue with the process described in the proof of the previous theorem, we
can find the decomposition of D. In this case,

D == (wﬁl,A.El) o (wﬁ27A.E2) o (1/}[337A.E3) o (’l/}ﬁ47A.E4) o (1/}ﬁ57A.E5)

Where E3 = (Id,D%d,Dgﬂd) = (Id7D(1,1) — D(O,l)D(l,O)vES) S HS%(A,2), E4 =
(Id, D3,) = (Id, D2,1y — D(0,1)D2,0) — D1,1yD1,0) + D(O,I)D(QLQ)) € HSk(4;1) and
E° = (Id,Dés,Dgﬁs) = (Id, D10y, D(2,0)) € HSp(4;2) (let us notice that the compo-
nents of E* are those whose indices are on the line through £* and (0,0) in the graphical

representation of A) with

E3 = D(2,9) — D(0,1)D(2,1) — D(0,2)D2,0) — D(1,2)D(1,0) + D%o,l)D(z,o)
+ D(O,l)D(l,l)D(l,O) + D(O,z)D(QLo) - D(Qo’l)D(21,o)>
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D' = (o} _stbgi ne(E7)*) oD for i = 3,4 and the substitution maps are ¢gs A : A[u]s >
po— 5152 € Allst, s2]a; Ypan 2 Alp]r 2 p— s2s9 € A[s1, s2]a and Ygs A Alp]e 2
i s1 € Als1, s2]a-

The next corollary provides a way of dealing with infinite co-ideals via finite approx-
imations (in the sense of Definition 1.2).

Corollary 3.5. Let us consider a co-ideal A C N9 and D € HS{(A;A). Let us denote
mg = mﬁ for g € CX. Then, there exists a unique family EP € HSk(A;mp), for B € C4,
such that the family vz aeEP, B € C4 \» s composable (see Definition 1.2) and

D = Oﬁech (’(/)IB’A.Eﬁ) .

Moreover, if there is o € PﬁA for some € CX such that Dy =0 for all y € SﬁA with
v < a, then Ef = Dy,p foralln=0,...,gcd(aq,. .., aq).

Proof. Let us consider the finite co-ideals® A”™ := AN {a € N7 | |a| < r}. We have

A" C A" for all > 1 and A = J, A". Moreover, if V' C V are two non-empty

co-ideals, for all 5 € CL, the substitution map rvv: o,y : A[[u]]mv S u— s’fl e sg“ €

A[[Sl, AP Sqﬂv/ is

0 it ¢ce,
TV oPp v = { Vg, Ongmg/ if 8 e ce, . (2)

We denote D" := = Taar (D) € HS}(4;A7), ¢ == C4, = {p() < p2() < ... <
BC"’(’")} and mg - mﬁl (- It is clear that CI C Cr—i-l for all » > 1. Moreover, for all
B € C%, there exists bg > 1 such that 8 € A" for all 7 > bg and 8 ¢ Abs~1. Hence, we
have that 8 = B#(") for all r > bg and the chain

(bB) < .. (T) < m(f""U < ...
’Lbﬁ s — rﬁ =M s = >

Observe that if m? < 00, then there exists n > bg such that m(n?ﬁ = mﬁ For all r > 1,
by Theorem 3.2, there exists a unique family E7(") € HS(A; m ) such that

D" = (wgl,(r),Av-oEl,(T)) 0-r o0 (’QZJBCT,(T')’ATOECT’(T)) .

Since Tar+1a- (D) = D" and (2), we have that

3 Actually, we could consider any increasing exhaustive sequence of finite co-ideals contained in A.
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DT = ((TArJrlAr Owﬁla(7'+1)7A7'+1) .E17(7'+1)) °
° ((TAT‘HATOwﬂcv~+1>('f+1)7Ar+1> -ECT“’(T“))
= (1/)51,(7-)7A7-0F1) 0-++o0 (wﬂcr,(r),Ar -FCT) ,

with FJ:=7 1) o (E+10:0F)) for § = g1 = gire16:0+1) ¢ €1, Thanks to the

tr41,8 J
uniqueness, we obtam that F7 = E5(") for all j. Hence, for all § € C? A, we have a set
{Era (1) ¢ HS,(A; ml B)}T>b/3 such that 71y oy (Et09 (r+1)) = Eirs:("). Then,

irg1,8 Vir,g
we define

E? = lim E (") € HSy(A;m3).
7*>b5

The family {¢5 A E” }pecs, is composable since, for any finite non-empty co-ideal V C
A, the set C% is finite and, thanks to (2), (Tavots.a)eE? =1 for all 3 ¢ CL. To prove
that D = ogeeq (8,4 EP), we have to see that, for all finite co-ideal V C A,

Tav(D) = Tav (Oﬁech (wﬁ,A-Eﬁ)) = ogeey, ((Tavotvpa) s EY)
= 9gecy, ((¢ﬂvo7' a v) oEﬁ)

So, let us consider a finite co-ideal V C A. Then, there exists » > 1 such that V C A"
and 7aov (D) = 7arv(D"). Thanks to (2), we have

TAv(D) = (TATV O¢ﬂl)(r),Ar oEl’(T)) o0 (TATV od)/@c%(r)’AroEC""(T))
= OBGC"V (wﬁ7v OG/B) 5

where G# := 7 ) (EirsM)) = 1 a X(Eﬁ) for all B = Birs:(") € CL C CJ. Hence,
rﬂ B
we have the equality.

The family E°, g € C%, is unique: let H® € HSy(4; mg‘,), B € C%, be another family
such that D = ogceq (ng,A.Hﬁ). From (2),

D" = 1anr (Oﬁecg¢B,A'Eﬁ) = %pecy,, (wﬂ,w- (T mama" (Eﬁ)))

and doing a similar computation, D" = ogecs,, (1/;,37&«. (7- mam AT(HB))) From the
uniqueness of Theorem 3.2, we deduce that, for all r > bg, T ma” (E%) =1, AmaT (H?)
and so Ef = H5,

Let us assume now that o € PﬁA for some 8 € C% such that D, = 0 for ally € 8? with

v < a. Let us consider r > bg such that ged(a,...,qq) < m( )/ (for example, r = |a|).
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Then, DI = 0 for all v € SBA NA" = S?T with v < «a. Then, since 7, A (EP) =
8Mi, 5

Ein#() e HSI(A; A7), by Theorem 3.2, B} = Ey*") = Dr, = D,s for all n =
0,...,gcd(ev,...,aq). O

Corollary 3.6. Let k be a ring of positive prime characteristic p > 0, A a co-ideal, o € C
and d, s > 1 such that dp*c € A. Let us consider D € HS](A; A) such that D, =0 for
all v € Sﬁ with v < da. If Do, =0 for allr =1,...,d—1 then, Dy, is a p*-integrable
derivation.

Proof. By Corollary 3.5, there exists E* € HSg(A4;m%) such that E¢ = D, for all
r=1,...,ged(day,...,da,) = d. Since dp* < m%, we can consider E = mA dps (E%) e
HSy(A;dp®) such that E,. =0 forallr=1,...,d—1 and E4 = Dg,. By Proposition 1.6,
we can deduce that Dy, is a p®-integrable derivation. 0O

Let us recall that a Lie-Rinehart algebra L over A/k (see [10]) is a left A-module and
a k-Lie algebra endowed with an “anchor” map ¢ : L — Derg(A) which is A-linear, a
map of k-Lie algebras and the following compatibility holds:

(A, aN] = a[\, V] + o(\) (@)X, VA, X € L,Va € A.

We usually write A(a) for o(A)(a). Moreover, if k has positive prime characteristic p > 0,
a Lie-Rinehart algebra L is called restricted if L is a restricted Lie algebra (see [4, Chap.
V, §7]) such that

(@) = a?AP 4 (aA)P~H () YA E L, Va € A

(see [11] for more information about restricted Lie-Rinehart (= Lie algebroids)).

Thanks to Corollary 3.7, modules IDerg(A;m), m € N U {oo}, and IDerﬁ(A) will be
Lie-Rinehart algebras, the anchor maps being the inclusions in Dery(A). Moreover, if k
has positive prime characteristic and m is a positive integer, IDery(A4;m) and IDer{(A)
will be restricted by Proposition 3.8.

Corollary 3.7. Let 0, € IDery(A;m) be m-integrable derivations, for m € N U {oco}.
Then the bracket [6,¢] = de — €0 is also m-integrable.

Proof. Let us consider D, E € HSy(A;m) m-integrals of J,e respectively and let us
denote

F:=(DXE)o(D*RE*) € HSi(4; A),

where A = {8 € N2 | 3 < (m,m)} if m € N and A = N2 if m = co. We have that
Fo,1) =0 and, since Ef = —F; = —¢ and D] = —D; = —0, we get
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Fu1y = D1Ey + DiE] + E1 DY + DYE} = [Dy, E1] = [4,¢].

Let us consider a = (1,1) € Cx. Then, m% = m and S5 N{\ € N% | A < a} = {(0,1)}.
By Corollary 3.5, there exists E* € HSy(A;m) such that EYY = F(; 1) = [d,¢], and so
[0, €] is an m-integrable derivation. O

Proposition 3.8. Let k be a ring of positive prime characteristic p > 0 and m € N. If
d € IDery(A;m), then &P € IDery(A;m), and so IDery(A; m) is a restricted Lie-Rinehart
algebra.

Proof. By Theorem 4.1 from [13], we only have to prove the result for powers of p
since IDery(A; m) = IDerk(A;p%) for @ = max{T € Ny | p” < m}. So, let us consider
§ € IDerg(A;p®) = IDery(p®t! — 1) for some o > 1 and D € HSp(A;p*t! — 1) a
(pe*1 — 1)-integral of 4, and denote E = DP € HSy(A4;p>T! —1).

The n-component of E, for 1 < n < p**l is E, = Zli‘:n D; 0Diy0 -+ 0 D; , with
i€ NP and |i| =141 + - - - + ip. We have:

p
E,=-= Y Y DyeDyo-oDy =% 3 (Z)Dalo-.-opak,

HcCA{1,...,p} supp(i)=H k=1ai++ar=n
H#@ (1j>0

(3)
with supp(i) = {j € {1,...,p} | i; # 0}. If D was p®Tl-integrable, i.e. if it had an
extension up to a Hasse-Schmidt derivation of length p®*!, that we also call D, the
expression (3) would hold for n = p**1, but

Epa+1:---:pra+1+ E Dilou-oDip: E Dilo"'ODiP (4)
li|=p~*+? li]=p+?
ij<p“+1 ij <pa+1

would not depend on Dpa+1. With this idea in mind, we define Ejat1 as in equation (4)
and we can prove directly that the resulting sequence (Id, E1,..., Epat1_1, Epat1) is a
Hasse-Schmidt derivation of length p®+1.

Now, from equation (3) we deduce that E,, =0 for all 1 <n < p and E, = D} = §?,
and by Proposition 1.6, we conclude that §? € IDery(A4;p*). O

Remark 3.9. An obvious consequence of Proposition 3.8 is that 67 € IDer£ (A) whenever
de IDeri(A), and so IDeri(A) is a restricted Lie-Rinehart algebra. However, we do not
know whether the same result holds for IDery (A; 0o0) instead of IDer£ (4).

Examples 3.10. Let us consider d,e € IDery(A;4) and D, E € HS,(A4;4) a 4-integral of ¢
and ¢ respectively. Then, we define F = (DX E)o (D* K E*). Following the steps of the
proof we get that a 4-integral of [4, ] is (Id, [d, €], Ha, H3, Hs) € HS(A4;4):

Hy = Fl39) = D2E> + D1 Ey Dy + Eo D5 + (Do By + D1 Ey\DY + E1D3) EY,
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Hs = F3 — Faz)Fe) =

= Y EDiE;+Dy| Y ED{E;|+D:| Y EDE;
i+j=3 i+j=3 i+j=3

- Z E;DiE; Z D;E,\D;
i+j=2 i+j=2

w=Y_| D DiED; | Ei . Fan= ) EDiE, Fei= Y DiEiD;
r=1 \it+j=4 itj=r itj=r

Fos = Y ED;E;+Dy| Y ED{E;| and
i+j=3 i+j=3

Fispy= Y. DiExDi+ | > D:E\D; | Ej.
i+j=3 i+j=3

4. Poisson structures

In [7], the first author has introduced a canonical map of graded A-algebras 9> :
I'4 IDery(A; 00) — grD 4/, where Dy, is the filtered ring of linear differential oper-
ators of A over k and I' 4 denotes the divided power algebra functor. It is determined in
the following way. For each co-integrable derivation § € IDery(A;c0) let us choose an
integral D = (Id, Dy =6, ...) € HS;(A; 00). Then the symbol o,(D,,) does not depend
on the choice of D and ¥°°(7,,(9)) = o, (Dy).

Actually, the above construction also works if we take IDer£ (A) instead of IDerg (A; c0)
and we obtain a unique map of graded A-algebras

0/ : T a IDer] (A) — grDayy,

determined in a similar way: for each f-integrable derivation § € IDer£ (A) and for each
n > 1, let us choose an n-integral D = (Id, Dy = 0,...,D,) € HSk(A;n). Then the
symbol ¢, (D,,) only depends on & and not on the choice of D, and 94 (v, (8)) = o, (D,).
Clearly, ¥/ is an extension of 9¥>°.

On the other hand, since the ring of differential operators Dy, is filtered with com-
mutative graded ring, we know that its graded ring grD 4/, has a canonical Poisson
bracket given by (cf. [3]):

{O'd(P)vge(Q)} = O-d-l-e—l([P? Q])
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for all P € DdA/k and all Q € DY ), where o4 : Di/k — gr?D 4y, is the d-symbol map. It
is a skew-symmetric k-biderivation and satisfies Jacobi identity, and so grD 45, becomes
a Poisson algebra. Moreover, this Poisson bracket is graded of degree —1.

The goal of this section is, by using the fact that IDeri(A) and IDerg(A;00) are
Lie-Rinehart algebras (see Corollary 3.7), to exhibit natural Poisson algebra structures
on T'y IDer],:(A) and T' 4 IDery(A;00) in such a way that 9> and 9/ becomes maps of
Poisson algebras.

Let us recall that, for any A-module M, its divided power algebra T' 4 M , endowed with
the power divided maps v, : M — '} M, n > 0, has been defined in [12, Chap. III, 1]
(see also [1, App. A]). It is a graded commutative A-algebra I'yM = &, ., "4 M, with
I9M = A, TYM = M and T} M is generated as A-module by the ~,(z), z € M, and
it has some universal property that we will not detail here (see [12, Th. IIL.1]). When
Q C A, then T4y M coincides with the symmetric algebra Sym 4 M and 7, (z) = fL—T,L for
all x € M and all n > 0.

First, let us see the following general result.

Proposition 4.1. If L is a Lie-Rinehart algebra over A/k, then there is a unique Poisson
structure {—,—} on T 4L such that:

(i) {a,a'} =0 for all a,a’ € A.
(ii) {ym(A),a} = Aa) ym—1(A) for all X € L, all a € A and all m > 1.
(i) {1 (V) 30N} = Yt ) Yt V) (0, N]) for all AN € L and all m,n > 1.

Moreover, {—, —} is graded of degree —1.

Proof. We know ([12, Chap. III, 1]) that T'4L can be realized as the quotient of the
polynomial algebra R = A[{z n}rer,n>0] by the ideal I generated by the elements:

(a) zro—1, A€ L,

(b) Taxm —a"™Tam, AEL,a€ A, m >0,

(C) TAx,mTAxn — (m.,:n)x)\,m+n7 A S L7 m,n Z 07
(

d) Txpnm— Y Taiwng, AN €Lm >0,

i+j=m

and the maps 7, : L — I'4L are given by v,(\) =z, + I. We consider R as a graded
A-algebra, with deg(A) = 0 and deg(x ) = m. The ideal I is clearly homogeneous and
I'AL is also a graded A-algebra.

We define a k-biderivation {—, -}’ : R x R — R by:

-) {a,b} =0 for all a,b € A.
) {a, zam}t = —{xam,a}l = —A(a)xrm-1, for all a € A, X\ € L and m > 0, where we
write xx 1 = 0.
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) {zxm, Tun} = Tam—1 Tpn—1 T for all \, € L and all m,n > 0.

One can check that {r,r}’ =0 for all » € R, and so {—, —}’ is skew-symmetric, and that
the Jacobi identity holds:

{Ta {S, t}/}l + {Sa {tv 7”}’}/ + {tv {Ta 5},}/ =0

for all 7, s, € R. So {—, —} defines a Poisson structure on R, which is clearly graded of
degree —1.

One can also check that {r,7'}’ € I whenever r € I or v’ € I, and so {—, —}' passes
to the quotient and defines a Poisson structure {—, —} on I'4 L satisfying properties (i),
(ii) and (iii). It is also graded of degree —1.

Since I' 4 L is generated as Z-algebra by a € A and z), for A € L,n > 0, the above
properties determine {—, —}. O

Proposition 4.2. The maps of graded A-algebras 9 and 9> above are maps of Poisson
algebras.

Proof. It is enough to treat the case of ¥/. It is clear that ¥/ ({a,a’}) = 0 = {a,a’} =
{9/ (a), 97 (a’)} for all a,a’ € A. It remains to prove that:

(a) 9 ({ym(6),a}) = {97 (1 (0)),a} for all § € IDerﬁ(A), alla € Aand all m > 1.
(B) 9 ({1 (8), 70 (6))}) = {9 (Ym (8)), 9/ (4 (8"))} for all 6,6’ € IDer] (A) and all m,n >

For (a), let us take an m-integral D € HS;(A;m) of 6. We have:

9 ({7 (6), a}) = 0/ (8(a) ym—1(8)) = 6(a) ¥/ (ym—1(0)) = 6(a) Gm—1(Dm—1)
= Um—l(Dl(a)Dm—l) =
Om—1([Dm,a]) = {om(Dm),a} = {ﬁf('ym((s))vﬂf(a)}'

For (b), let us take an m-integral D € HSy(A;m) of § and an n-integral D’ € HSy(A;m)
of ¢’. We have:

{07 (4 (8)),97 (1(8")} = {om(Din), 00 (D1)} = Omn—1([Dim, Dy1)),
9 ({4 (8), 1 (8")}) = 9! (Ym-1(8) Yn-1(8") (16, 87))
= 07 (Yn-1(8)) ' (yn— 1(5'))19f 1((6,0))

(
:Um—l(Dm—l)Un 1( ) ([D17 ])
= Um+n71(Dm*1 D [D1> ])

and the result is a consequence of Lemma 4.3. O
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Lemma 4.3. For any HS-derivations D € HSi(A;m), D' € HSk(A4;n), with m,n > 1,
the differential operator

(D, Dy,] = D1 Dy, [ D1, D]
has order < m +n — 2.
Proof. We proceed by induction on m + n. Details are left to the reader. O
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