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Abstract

We study the irregularity of hypergeometric D-modules M 4 (8) via the explicit construction of Gevrey
series solutions along coordinate subspaces in X = C". As a consequence, we prove that along coordinate
hyperplanes the combinatorial characterization of the slopes of M 4 (8) given by M. Schulze and U. Walther
(2008) in [23] still holds for any full rank integer matrix A. We also provide a lower bound for the dimen-
sions of the spaces of Gevrey solutions along coordinate subspaces in terms of volumes of polytopes and
prove the equality for very generic parameters. Holomorphic solutions of M 4(8) at nonsingular points
can be understood as Gevrey solutions of order one along X at generic points and so they are included as
a particular case.
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1. Introduction

This paper is devoted to the study of the irregularity of the GKZ-hypergeometric D-modules.
To this end we explicitly construct Gevrey series solutions along coordinate subspaces in C". Let
us first recall some notions and results about the irregularity in D-module Theory.

Let X be a complex manifold and Dy the sheaf of linear partial differential operators with
coefficients in the sheaf of holomorphic functions Oy .

One fundamental problem in the study of the irregularity of a holonomic Dy-module M is
the description of its analytic slopes along smooth hypersurfaces Y in X (see Z. Mebkhout [17]).
An analytic slope is a gap s > 1 in the Gevrey filtration Irrg/s)(/\/l) of the irregularity complex
Irry (M) (see Definitions 2.4 and 2.5).

Y. Laurent also defined the algebraic slopes of M along a smooth variety Z (see [12,13])
as those real numbers s > 1 such that the s-micro-characteristic variety of M with respect to Z
is not homogeneous with respect to the filtration by the order of the differential operators. He
proved that the set of slopes of M along Z is a finite set of rational numbers (see [13]).

When M is a holonomic D-module and Z is a smooth hypersurface, the Comparison Theorem
of the slopes (due to Laurent and Mebkhout [ 14]) states that the algebraic slopes coincide with the
analytic ones. However, as far as we know, the analytic slopes of a holonomic D-module along
varieties of codimension greater than one are not defined yet in the literature. One problem is that
the complexes Irr(ZS)(M) and Irry (M) are constructible but they are not necessarily perverse in
such a case (see in [16]).

The description of the Gevrey series solutions of a holonomic D-module M along a smooth
variety Z is another fundamental problem in the study of its irregularity. If Z is a smooth hyper-
surface the index of any non-convergent Gevrey solution of M along Z is an analytic slope of
M along Z (see Definition 2.5).

From now on we consider the complex manifold X = C" and denote D := Dyx. We also will
write 0; 1= aix,- for the i-th partial derivative.

Hypergeometric systems were introduced by Gel’fand, Graev, Kapranov and Zelevinsky (see
[6] and [7]) and they are associated with a pair (A, B) where A is a full rank d x n matrix
A = (a;;) with integer entries (d <n) and 8 € C4 is a vector of complex parameters. They are
left ideals H4(B) of the Weyl algebra C[xy, ..., x,]{(d1, ..., 0y) generated by the following set
of differential operators:

O, =0t — 9" forueZ", Au=0, (1)
where u =u4 —u_ and u4, u_ € N" have disjoint supports, and

n
E; —Bi:= Za,‘jx.,'aj—ﬁi fori=1,...,d. 2)
j=1
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The hypergeometric D-module associated with the pair (A, §) is the quotient sheaf M 4 (8) =
D/DHa(B).

The operators given in (1) are called the toric operators associated with A and they generate
the so-called toric ideal /4 € C[dy, ..., d,] associated with A. It is a prime ideal whose zeros
variety V(I4) € C" is an affine toric variety with Krull dimension d (see for example [24]). The
operator E; is called the i-th Euler operator associated with A fori =1,...,d.

A good introduction for the theory of hypergeometric systems is [22]. These systems are
known to be holonomic and their holonomic rank (equivalently, the dimension of the space
of holomorphic solutions at nonsingular points) is the normalized volume of the matrix A =
(a)i_, € 74" with respect to the lattice ZA := Z?:] Za; C 7% (see Definition 7.1) when either
B is generic or 14 is Cohen—Macaulay (see [7,1]). For results about rank-jumping parameters 8
see [15,2] and the references therein. Several authors have studied the holomorphic solutions at
nonsingular points of M4 (8) (see [7,22,19]).

A theorem of R. Hotta [11, Chapter II, Theorem 6.2] assures that when the toric ideal 14 is
homogeneous the hypergeometric D-module M 4 (B) is regular holonomic. The converse to this
theorem was proved by Saito, Sturmfels and Takayama [22, Theorem 2.4.11] when 8 is generic
and by Schulze and Walther [23, Corollary 3.16] when A is a pointed matrix such that ZA = Z4.
A matrix A is said to be pointed if its columns ay, ..., a, lie in a single open linear half-space
of R? (equivalently, the associated affine toric variety V(1) passes through the origin). On the
other hand, when A is non-pointed then M 4(B) is never regular holonomic: the existence of
a toric operator " — 1 € I4, u € N", implies that the holonomic rank of some initial ideals of
H4(B) is zero and this cannot happen for regular holonomic ideals with positive rank (see [22,
Theorem 2.5.1]).

Let us explain the structure of this paper. In Section 2 we just recall some general definitions
(Gevrey series, irregularity and analytic slopes of a holonomic D-module).

In Section 3 we consider a simplex o, i.e., a set 0 C {1, ..., n} such that A, = (a;);es 1S an
invertible submatrix of A, and we use the I'-series introduced in [7] and slightly generalized
in [22] to explicitly construct a set of linearly independent Gevrey solutions of M 4(8) along
Yy, ={x; =0: i ¢ o}. The cardinality of this set of solutions is the normalized volume of A,
with respect to the lattice ZA and we prove that they are Gevrey series of order s = max{|A Lai:
i ¢ o} along the coordinate subspace ¥ = {x; =0: |A;1a,-| > 1} D Y. Moreover, we also prove
that s is their Gevrey index when S is very generic.

In Section 4 we construct for any simplex o and for all B a set of Gevrey series along Y with
index s that are solutions of M 4(8) modulo the sheaf of Gevrey series with lower index. This
implies for s > 1 that s is a slope of M 4(8) along Y when Y is a hyperplane.

In Section 5 we describe all the slopes of M 4(8) along coordinate hyperplanes Y at any
point p € Y (see Theorem 5.9). To this end, and using some ideas of [23], we prove that the
s-micro-characteristic varieties with respect to ¥ of M 4(8) are homogeneous with respect to
the order filtration for all s > 1 but a finite set of candidates s to be algebraic slopes. Then we
use the results in Sections 3 and 4 to prove that all the candidates s to be algebraic slopes along
hyperplanes occur as the Gevrey index of a Gevrey series solution of M 4 (8) modulo convergent
series and thus they are analytic slopes. In particular we prove that the set of algebraic slopes of
M4 (B) along any coordinate hyperplane is contained in the set of analytic slopes without using
the Comparison Theorem of the slopes [14]. We use this theorem in the converse direction to
prove that there are no more slopes. M. Schulze and U. Walther [23] described combinatorially
all the algebraic slopes of M 4 () along coordinate subspaces assuming that ZA = Z¢ and that A
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is pointed. Previous computations in the cases d = 1 and n = d + 1 of the slopes along coordinate
hyperplanes appear in [3,10,9].

In Section 6.1 we use the Gevrey series constructed in Section 3 and convenient regular tri-
angulations of the matrix A to provide a lower bound for the dimensions of the Gevrey solution
spaces. In particular, the lower bound that we obtain for the dimension of the formal solution
space of M 4(B) along any coordinate subspace Y; = {x; =0: i ¢ t} at generic points of Y; is
nothing but the normalized volume of the matrix A, with respect to ZA.

In Section 6.2 we prove that this lower bound is actually an equality for very generic param-
eters B € C and then we have the explicit description of the basis of the corresponding Gevrey
solution space. Example 5.11 shows that this condition on the parameters is necessary in general
to obtain a basis. This example also points out a special phenomenon: some algebraic slopes of
M4 (B) along coordinate subspaces of codimension greater than one do not appear as the Gevrey
index of any formal solution modulo convergent series.

Finally, in Section 7 we assume some conditions (ZA = Zd, A is pointed, 8 is non-rank-
jumping and Y is a coordinate hyperplane) in order to use some multiplicity formulas for the
s-characteristic cycles of M 4(8) obtained by M. Schulze and U. Walther in [23] and general
results on the irregularity of holonomic D-modules due to Y. Laurent and Z. Mebkhout [14] to
compute the dimension of H° (Irrgf)(./\/l 4(B)))p for generic points p € Y. Then the set of the
classes in Qy (s) of the Gevrey solutions that we construct along a hyperplane is a basis for very
generic parameters. Moreover, since Irrg,s)(./\/l A(B)) is a perverse sheaf on Y by a theorem of

Z. Mebkhout [17], we know that for all i > 1 the i-th cohomology sheaf of Irrgf)(./\/l A(B)) has
support contained in a subvariety of ¥ with codimension i. This gives the stalk of the cohomology
of Irr§f)(/\/l 4(B)) at generic points of Y.

This paper is very related with [4] and [5]. In [5] we use deep results in D-module Theory and
restriction theorems to reduce the computation of the cohomology sheaves of Irrgf) (My(P)) fora
pointed one-row matrix A to the case associated with a 1 x 2 matrix (that we solved by elementary
methods in [4]). We also described a basis of the Gevrey solutions in both articles. However, the
problem of the combinatorial description of the higher cohomology of the irregularity sheaves
Irrg/s)(/\/l A(B)) at non-generic points of Y for general hypergeometric D-modules seems much
more involved since free resolutions of M 4(8) are very difficult to compute.

2. Gevrey series and slopes of D-modules

Let Y € X = C" be a smooth analytic subvariety and Zy € Oy its defining ideal. The formal
completion of Oy along Y is given by

Oxry =1im Ox /Z}.
k

In this section, we can assume that locally ¥ =Y, ={x; =0: i ¢ t} for t C {1,...,n} with
cardinality r = dimc(Y). We will denote x; := (x;: i € t) and T ={1,...,n}\ 7. A germ of
Oxiy at p €Y has the form

f= ) falxo)x¥ € Ogy , SClx — pelllxel

aeNn—"
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where fy(x;) € Oy (U) for certain nonempty relatively open subset U C Y, p € U. The germs
of Oxjy are called formal series along Y.

Definition 2.1. A formal series

> falxo)x? € Clar — pollixel

aeNt—"

is said to be Gevrey of multi-order s = (s;);¢; € R"™" along Y at p €Y if the series

pf= Y

aeNn—"
is convergent at p. Here we denote a!S~! = [Tig, (e si—1

Definition 2.2. A formal series

D fulr)x¥ € Clxr — polllxell

aeNr—"

is said to be Gevrey of order s € R along Y at p € Y if the series

pi= Y e

1s— 1
aEN”’ )

is convergent at p.

Moreover, if pJ,(f) is not convergent at p for any s” < s then s is said to be the Gevrey index
of f along Y at p. Itis clear that such a series f belongs to Ogy , and we denote by Oxy (s)
the subsheaf of O x7v Whose germs are Gevrey series of order s along Y.

Remark 2.3. Notice that any Gevrey series of multi-order s = (s;);¢; along Y at p e Y is also a
Gevrey series of order s = max{s;: i ¢ t} along Y at p.

For s = 1 we have that Ox|y(1) = Oxy is the restriction of Ox to Y and by convention
Ox |y (+00) = Ogjy. We denote by Qy the quotient sheaf O g7y /Ox|y and by Qy (s) its subsheaf
OX\Y(S)/OXW for 1 <s < o0.

Definition 2.4. (See [17, Definition 6.3.1].) For each 1 < s < oo, the irregularity complex of
order s of M along Y is

Iy (M) := R Homp, (M. Qy (s)).

The irregularity complex of M along Y is Irry (M) := Irr(oo) M).
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Z. Mebkhout proved in [17, Theorem 6.3.3] that for any holonomic Dx-module M and any
smooth hypersurface ¥ C X the complex Irrg,s)(/\/l) is a perverse sheaf on Y for 1 < s < oo.

Furthermore, the sheaves Irrgf)(./\/l), s > 1, determine an increasing filtration of Irry (M). This
filtration is called the Gevrey filtration of Irry (M) (see [17, Section 6]).

Definition 2.5. (See [14, Section 2.4].) A number s > 1 is said to be an analytic slope of M
along a smooth hypersurface Y at a point p € Y if p belongs to the analytic closure of the set:

{gev: Irrgfl)(/\/l)q ;éIrrgf)(./\/l)q, Vs <s}.

Remark 2.6. By the results of [17] there exists a Whitney stratification {Yy}, of Y such that
H: (Irl‘g)(./\/l))\ya are locally constant sheaves for all s > 1 and i > 0. If Y is an irreducible
algebraic hypersurface and Y, are algebraic subvarieties then the set ¥, =Y \ Ugimy, <n—1 Yo i
a connected stratum (see [8, Théoréme 2.1]). Thus, if U N'Y,, is a relatively open set in Y, and s
is a slope of M along Y at any point of U, we have that s is a slope of M along Y at any point
of ¥,,. This implies that s is a slope of M along Y at any point of ¥ by Definition 2.5 because ¥
is the analytic closure of Y, .

3. Gevrey solutions of M 4 () associated with a simplex

Let A = (ay - --a,) be a full rank matrix with columns a; € Z4 and B e ce.

For any set T C {1, ..., n} let conv(r) be the convex hull of {g;: i € T} C R? and let A; be
the convex hull of {g;: i € T} U {0} € R¢. We shall identify v with the set {a;: i € T} and with
conv(t). We also denote by A, the matrix given by the columns of A indexed by 7.

We fix aset o C {1, ..., n} with cardinality d and det(A,) # O throughout this section. Then
A, is a d-simplex and o is a (d — 1)-simplex. The normalized volume of A, with respect to ZA
is

dIvol(Ay)  |det(Aq)
(Z4:7A] ~ [Z9:7A]

volza(Ag) =

where vol(A, ) denotes the Euclidean volume of A . The aims of this section are: (1) to explicitly
construct volz4 (A ) linearly independent formal solutions of M 4(f8) along the subspace Y, =
{x; =0: i ¢ o} atany point of Y, N{x; #0: j € o} and (2) to prove that these series are Gevrey
series along Y, of multi-order (s;);¢, with s; = |A;1ai .

We reorder the variables in order to have o = {1,...,d} for simplicity. Then a basis of
ker(A) = {u € Q": Au =0} is given by the columns of the matrix:

—AJlagyr —AF'ags - —A7'ay
1 0 0
A AL
By = Az A7\ _ 0 1 0
In—d . . .
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For v € C" with Av = 8 the I'-series defined in [7]:

— 1 vtu
0ui= ) Twtutl)

uel g
is formally annihilated by the differential operators (1) and (2). Here I" is the Euler Gamma
function and L 4 := ker(A) NZ". Notice that ¢, is zero if and only if (v+ L) N (C\Z_p)" = 0.
In contrast, ¢, does not define a formal power series at any point if v € (C \ Z)". These series
were used in [7] in order to construct a basis of holomorphic solutions of M 4 (8) at nonsingular

points.
= (o= )

Set
i¢o

and observe that AvK = B for all k = (k;)i¢s € N"—4 Hence, according to Lemma 1 in Sec-
tion 1.1 of [7], we have that the formal series along Y, := {x; = 0: i ¢ o} at any point of
Yo Nix; #0: jeo}k

XU—A;‘ Cigo ki +ml-)al->x:’_(+m

Ok :x?;'ﬁ Z

wrmen, TAG (B =46 (ki +mi)ai) + 1) (k + m)!

where
Ak = {k-i-m = (ki +m;)icz € N"74: Zaimi € ZAU}
ieo

is annihilated by the operators (1) and (2). Notice that ¢,k is zero if and only if for all m € Ay,
A;l B-3. ¢o (k; + m;)a;) has at least one negative integer coordinate.
Let us consider the lattice Zo = ZA, =Y ;. Za; contained in ZA.

ico
Lemma 3.1. The following statements are equivalent for all k, k' € Z"=4:
(1) vk — oK ez,
(2) [A5K]=[AzK]in ZA/Zo.
(3) Ax = Ay
Lemma 3.2. We have the equality:
{Ak: ke Zn_d} = {Ak: ke Nn_d}
and the cardinality of this set is [ZA : Zo ).

Proof. The equality is clear because Agzc € Zo for ¢ = |det(Ay)|-(1,...,1) € (N*)"~? and then
for any k € 7"~ there exists « € N such that k + oc € N*~? and Ay = Ak+ac-
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Vi € ZA/Zo there exists k € Z"~¢ with Azk = A € ZA/Zo . Then by the equivalence of (2)
and (3) in Lemma 3.1 we have that {Ay: k € Z"~?} has the same cardinality as the finite group
ZA/Zo. O

Remark 3.3. Recall that the support of a series ), ¢,x" is the set
{veC": ¢, #0}.

Then, for all k, k' € N*~4 such that v¥ — vK € Z" we have that Pk =P and in the other case
we have that ¢k, ¢, have disjoint supports.

Remark 3.4. One may consider k(1), ..., k(r) € N*~¢ such that
ZA|Zo ={[Ask(D)]: i=1,...,r}

withr =[ZA : Zo]. Then the setin Lemma 3.2 is equal to { Ag(): i =1, ..., r} and it determines
a partition of N je.,

(1) Akg) N Ak =9 ifi # j;
@) Uiz Ak =N

We have described [ZA : Zo] = |det(Ay)|/ (74 : 7A] = volz 4 (Ay) formal solutions along
Y, associated with a simplex ¢ having pairwise disjoint supports. So we have [ZA : Zo ] linearly
independent hypergeometric series solutions of M 4 (B) if none of them is zero.

These I'-series are handled in [22] in such a way that they are not zero for any g € C¢:

— (V] v+tu
¢v = Z [U T M]Mx

UEN,

where v € C" verifies Av = 8 and N, = {u € L 4: nsupp(v+u) = nsupp(v)}. Here nsupp(w) :=
{i e(1,...,n}: w; € Zo} for w € C*, [wly = [;[vily; and [vily, = [TjZ, (i = j + 1) is the
Pochhammer symbol for v; € C, u; € N. When v € (C\ Z )" we have:

o =T"(v+ Dgy.

Since Av = B the series ¢, is annihilated by the operators (2). It is annihilated by the toric
ideal 74 if and only if the negative support of v is minimal, i.e., fu € L 4 := ker(A) N Z" with
nsupp(v + u) C nsupp(v) (see [22, Section 3.4]).

Remark 3.5. Observe that any u € L4 has the form (— ) ido

7" such that Azr = i¢o T'jdj € Zo . Then we can choose k € N” ~¢ such that v* has minimal
negative support because we do not change the class of }_ j¢o kjaj modulo ZAs when replacing

k by k +r € N"~¢_ Then the new series ¢X := ¢« # 0 has the form:

rjA;Iaj, r) with r = (rj)j¢o‘ S

Kk
v
¢k= Z [V ]u(m)_ ka+u(m)

K
kimes [v® +u(m)],m),
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@ 49

.a3

a

Fig. 1.

where Si := {k+m € Ag: nsupp(v*t™) = nsupp(v¥)} € Ag and u(m) = (— Yigo m; A a;, m)
form = (mi)[¢g € zn—4.

Remark 3.6. Using that Sx C Ak, Vk € N"—4 and Remark 3.4 we have that two series in {q‘)(l,‘:
k € N*~9} are either equal up to multiplication by a nonzero scalar or they have disjoint supports.
Thus, the set {¢(l,‘: k e N"‘d} has volz4 (A, ) linearly independent formal series solutions of
M4 (B) along Y, at any point of Y, N{x; #0: jeo}forall e ce.

Example 3.7. Let A = (a; a2 a3) € Z2*3 be the matrix with columns:

oo(l) () oo())

The kernel of A is generated by u = (6, 1, —2) and so L 4 = Zu. Then the hypergeometric system
associated with A and 8 € C? is generated by the differential operators:

Op = 858, — 83, E; — B1 =x101 +3x303 — By, Ey — B2 =2x202 + x303 — Bo.

In this example ZA = Z2, A is pointed and o = {I,2} is a simplex with normalized volume
volza (Ay) = |det(Ay)| =2 (see Fig. 1).
Two convenient vectors associated with o are

W0 =(B1,62/2,0) and v'=(B1 =3, (B> — 1)/2,1).
The associated series

$o=3 WBudonlPa/2hn  pi—6m  pa/2-m o

| 1
>0 2m)!

and

b = Z [B1 —3lem[(B2 — 1)/2]m x1ﬂ17376mx§,3271)/27mx31+2m
2m+1)!
m>=0
are formal series along Y, = {x3 = 0} at any point of Y, N {x1x; # 0} that are annihilated by the
Euler operators E1 — 1, E2 — B2 because Avk = B and by the toric operator 0, since v¥ has
minimal negative support for all 8 € C? for k =0, 1.
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The following lemma is very related with [7, Proposition 1, Section 1.1], [19, Lemma 1] and
[20, Proposition 5], and it can be proved by using Stirling’s formula m! ~ +/27xm(e/m)™ and
another elementary estimates.

Lemma 3.8. Assume that {b; }?=d+1 is a set of vectors in Q% x N"=¢ k € Z"=?. Let us denote
u(m) = er'lszrl m;b; and consider a set Dy C {k+m € N"~¢: y(m) € Z"} and a vector v € C"
such that nsupp(v + u(m)) = nsupp(v) for any m € Dy — k. Then for all s € R"~ the following
statements are equivalent:

[v]um)_ . .
) Zk+meDk myk““ is Gevrey of multi-order s along y = 0.

2 Zk+m€Dk ;’g—;jykﬂn is Gevrey of multi-order s along y = 0.

(3) Y kimen, n?=d+1 (kj +m )\~ Pil yk+m g Gevrey of multi-order s along y = 0.
In particular, for s = (Sg+1,...,sp) withs; =1 —|b;|, i =d + 1, ...,n, (1)—(3) are satisfied.

Moreover, (1)—(3) are also equivalent if we write order s instead of multi-order s and all these
series are Gevrey of order s = max; {1 — |b;|}.

Consider s = (s;) j¢o With

sj = |A;laj , Jé¢o,
and s = max; {s; } throughout this section.

Recall that 8 € C¢ is said to be generic if it runs in a Zariski open set and that § is said to be
very generic if it runs in a countable intersection of Zariski open sets. In this paper we say that
B is very generic when we want to assure that A;l B-,; do kia;) does not have any integer
coordinate for some simplices o of A and all k € N"~¢_ Thus, very generic parameter vectors
lie in the complement of a countable union of hyperplanes that depends on A.

Corollary 3.9. The series ¢§ is Gevrey of multi-order s = (5j) j¢o along Y, at any point of
Yo N{x; #0: i € o}. If B is very generic then it is Gevrey with index s along Y.

Proof. It follows from Lemma 3.8 (if we take by4; equal to the i-th column of B,, Dk = Sk and
v = v¥) that the series

(¥ m)
Vo= Y ey

K
krmes, [v* + u(m)],m) .,

is Gevrey of multi-order s along y =0 € C"~“ for all k e N" ¢,
If B is very generic we have that Sx = Ay and it is obvious that the series in (3) of Lemma 3.8
has Gevrey index s in this case.

— . —1
If we take y = (3) j¢o With y; 1= X4 Ao “xj,j¢o,then pk(x) = x27 Pyk(y) and the result
is obtained. O
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Example 3.10 (Continuation of Example 3.7). We have that

b1 a2~ [BilomB2/2lm [ X3 \"
ps (@) =7 xy"" ) 2m)¥s (63

>0 x{x2
has a nonempty domain of convergence if and only if s > 7/2 when B1, 82/2 ¢ N (use D’ Alem-
bert criterion for the series in one variable y = x_% /(x?xz)). Then ¢,0 is a Gevrey series solution
of M4 (B) with index s = 7/2 along Y, = {x3 = 0} at any point of ¥, N {x;x2 7 0}. Neverthe-
less, ¢, is a finite sum if either 81 € N or 8,/2 € N and so it has the same convergence domain
as the (multi-valued) function xf ‘xfﬂ 2 If both B1, B2/2 € N, then ¢,0 is a polynomial.
Analogously, ¢,1 is a Gevrey series solution of order s = 7/2 along Y, at any point of Y, N
{x1x2 # 0}. It has Gevrey index s =7/2 if 81 — 3, (B2 — 1)/2 ¢ N and it is convergent otherwise.
Notice that s = 7/2 is the unique algebraic slope of M 4(B) along Y, = {x3 =0} at 0 € C>

(see [23] or [9)).

The convergence domain of pg(w(l;) contains {y € C"~4: |y il <R, j ¢ o} forcertain R > 0.
In particular, pJ (¢,k) converges in

-1, .
{xe(C”: [Tx #0. Ixjl < Rlxo” @

ico

,Vjido }
The unique hyperplane that contains o is

Hy ={yeR% |Aly| =1}
and we denote by H, :={y € R: |A;1y| < 1} (resp. by H;‘ ={ye R4: |A;1y| > 1}) the open
affine half-space that contains (resp. does not contain) the origin 0 € R?.
Recall that s = (s;);¢s Where 5; = |A;1a,-| is the unique rational number such that a; /s; € H,.
Moreover, s; > 1 (resp. s; < 1) if and only if a; € H} (resp. a; € H,;). Taking the set

T= {i ca; ¢ HY }

and s’ = (si)igr we have that ,osf, (¢,x) converges in the open set

-1, .
Ul = {xe(C": [Tx #0. I1x)1 <R|x{3“ Y, Va, e(H,,\o)UH:}.

ico
This implies that ¢,k is Gevrey of multi-order s” along Y; at any point of U, N Y;. Then, if we
consider
-1, .
U, := {x eC™: Hxi #0, |xj| < R!x?“ af!, Vaj € Hy \a}
ieo

the following result is obtained.
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Theorem 3.11. For any set ¢ with o C ¢ C t the series

k
v
¢k: Z [V ]u(m)_ ka+u(m)

k+me S [vk + u(m)]u(m)+

is a Gevrey series solution of M (B) of order s = max{s; = |A;1ai |: i ¢ o} along Y. at any
point of Yo N Us. If B is very generic then s is its Gevrey index.

Remark 3.12.If H, N{g;: i =1,...,n} =0 then Uy = {[];c, xi #0}.

Remark 3.13. Recall that in Theorem 3.11 the vector v* = (A;!(8 — Azk), k) has minimal
negative support because we have chosen k € Ak this way (see Remark 3.5). This guarantees
that ¢,k is annihilated by 74 by [22, Section 3.4]. However, this series is Gevrey of order s for
allk e N"—4.

4. Slopes of M 4 () associated with a simplex

In the context of Section 3 we fix a simplex o € A with det(A,) # 0 and consider s = (s;); ¢
where s; = |A;1a,-|. We consider 7 = {j: a; ¢ H;} D o and the coordinate subspace Y; =
{x; =0: j ¢ 7} in this section.

Let us denote Ox|y(< s) :=Jy_, Ox|y (s") for s € R. Our purpose here is to construct one
nonzero Gevrey series solution of M 4(8) in (Ox|y,(s)/Ox|y, (< s))p for p € Y; N U, with
support contained in the set Ay € N"~¢ in the partition of N”~¢ (see Remark 3.4) for all 8 € C<.
In particular we will prove the following result:

Proposition 4.1. For s = max{s; = |A;1a,' |: i ¢ o), forall pe Y, NUy and forall B € C4:

dim(Homp(Ma(B), Ox)y, (s)/Ox|y, (< S)))p = volza(Ag).

As a consequence of Proposition 4.1, we obtain the following result that justifies the name of
this section:

Corollary 4.2. If Y; is a coordinate hyperplane (equivalently, the cardinality of T isn — 1) and
s = |A;laf| > 1 then s is an analytic slope of M (B) along Y, at any point in the closure of
Y: NUs.

Remark 4.3. Observe that 0 is in the closure of Y; N U,. However, by Remark 2.6 we have that
s is a slope along Y; at any point of Y7.

Let us proceed with the construction of the announced series and the proof of Proposition 4.1.

We identify k + m € N"~¢ with v¥*™ = (AZ1(8 — A5(k + m)),k + m) € C? x N~ and
establish a partition of Ay in terms of the negative support of the vector vK*™ e C? x N"~9 a5
follows. For any subset  C o set:

Ak = {k+me Ag: nsupp(A;1 (B— Az (k+m))) =n}.
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Consider the set

Qr:={nCo: Axy #9)}.

Then it is clear that {Ay ,: n € 2k} is a partition of Ax. Moreover Ay , is the intersection of
i N p ¥
a polytope with Ak because the conditions

nsupp(A, ' (B — Az(k+m))) =1

are equivalent to inequalities of type:

(A1 (B - Az (k+m))), <0

fori € n and
—1 _
(45" (B — Az(k +m))); >0

for j ¢ n such that (A;1(B — Azk)); € Z.
For any n € 2 the series ¢,xm for k+m € Ak , depends on Ak, butnotonk +m e Ak,
up to multiplication by nonzero scalars. Let us fix any k € Ay ; and set:

¢k,n = ¢v§-

Observe that the support of the series ¢y, is:

supp(@k ) = {V*T™: k+m e A, }.

All the series in the finite set {¢ ,: k € N*=4 |y e £} are Gevrey series along Y, = {x; = 0:
i ¢ o} with multi-order s at points of Y, N {x; #0: j € o} (it follows from Lemma 3.8). In fact,
these series are Gevrey of order s along Y; at any point of Y; N U, and they are all annihilated
by the Euler operators.

For all n € §2y, the support of the series ¢,y is supp(Pk.,) = {vk+m: k+m e Ag,} and
Uneﬂk Ay y = Ax. Then there exists n € £k such that ¢y , € Ox\y, (s) has Gevrey index s.
But a series ¢, is annihilated by I4 if and only if v has minimal negative support (see [22,
Section 3.4]) so if we take 1’ € £y with minimal cardinality then ¢y ,» € Oxyy, (s) is a solution
of M 4(B). In general, we cannot take n = n’.

The following lemma is the key of the proof of Proposition 4.1.

Lemma 4.4. Consider an element n of the set
{n' € 2« dx y has Gevrey index s}

with minimal cardinality. Then O, (¢x,y) € Ox|y, (< s) forallu € Ly.
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Proof. Consider Ak, with n as above and u € L4. Then there exists m € 7"~ such that u =
(—A;!'Azm, M) and then

AZVAzm)_ . AT Asm) .
O, = 5" A7 ag — ot g

On the other hand, the series ¢y , has the form:

AN (B—Az(k+m)) kim
¢k.,?7 = Z CktmXo ° 7 Xz

k+meAk1,1

where ck+m € C verifies that Ck+m+fi/Ck+m is a rational function on m (recall that there exists

~ [, i iy
k € A such that ckim = —m ™= by definition of ¢k ).
(v ]u(k—k+m)+
. k+m _ k+m-+i _ . . .
A monomial x" e = xv MUt appearing in Ou(Px,y) comes from the monomials

k+
xU

™ and x"™™ after one applies 9%~ and 9%+, respectively.

If k+m, k+m+m € Ay, then the monomial KV appears in 0"~ (¢ ;) and 9"+ (¢, ;)
with the same coefficients so it doesn’t appear in the difference.

If k+me Ag, but k+m+m ¢ Ay, (the case k+m ¢ Ay, but k+m+m € Ay, is

analogous), we can distinguish two cases:

(1) There exists i such that vl].‘er e N but vll.“erJrlT1 <0sou = v:‘+m+ﬁ — vl].‘+m < 0. Then
8“*(x”k+m) =0 and x”kjm_”* does not appear in O, (¢ ).
(2) We have nsupp(v*+t™+™) = ¢ C nsupp(v**t™) = 5. Then [v¥t™],_ 0 and the coefficient

k+m . . ~ .
of xV M- jn Ou(Pk,y) is ck+m[vk+m]uf # 0. Furthermore, K + m +m € Ak . with ¢ €
£y such that ¢y . is Gevrey of index s” < s because we chose 7 that way.

By (1), (2) and the analogous cases when k +m ¢ A , but k +m + mec Ax,,, we have:

k ~ k-+m-+m _
Ou(Pk.n) = Z Z Ckpmpm[ V] X “r

U4
¢’ k+mtmedy,
k+meAk1 ¢/

— Z Z Cktm [vk+m]u7ka+m—u,‘ (3)

S k+meAy,
k+m+meAy o

Here, ¢, ¢’ C n varies in a subset of the finite set £2x whose elements ¢” verify that the series
¢k, o has Gevrey index s” < 5. Let us denote by 5 < s the maximum of these s”.

Since ckirmif/Ckems [VKT™],_ and [vKtmHi] . are rational functions on m the series
Ou(Pk,5) has Gevrey index at most the maximum of the Gevrey index of the series

k+m+m
v —Uu
E E Ck+mX +,

¢/ k+mimedy,
k+medy
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k+m __
Z Z Ck+m+mx” "=

S k+meAk1,]
k-+m+eAy o

which is at most § < s.
It follows that 14 (¢x ,) € Ox|y, (< s) while ¢y , has Gevrey index s. O

Moreover the classes of the series {@k ;. k € N'~4} (with n € £k chosen as 7 in
Lemma 4.4) in (Ox\y, (s)/Oxy, (< 5))p, p € Y: NU,, are linearly independent since the support
of ¢k, restricted to the variables x; withi ¢ o is A, C Ak and {Ag: k€ N”’d} is a partition
of N~ This finishes the proof of Proposition 4.1.

5. Slopes of M 4(B) along coordinate hyperplanes

In this section we will describe all the slopes of M 4(8) along coordinate hyperplanes. First,
we recall here the definition of (A, L)-umbrella [23], but we will slightly modify the notation
in [23] for technical reasons. Consider any full rank matrix A = (a; ---a,) € Z%*" and s =

(51,...,80) € RL,.

Definition 5.1. Set aj. i=aj/s;, j=1,...,n,and let
A i=conv({af: i=1,...,n} U{0})

be the so-called (A, s)-polyhedron.

The (A, s)-umbrella is the set @5 of faces of A% which do not contain the origin. <1§Z’q c o5
denotes the subset of faces of dimension ¢ for ¢ =0, ...,d — 1.

The following statement is [23, Lemma 2.13]. The difference here is that we do not assume
that A is pointed but we just consider s € R” such thats; > 0 for alli =1, ..., n. However, the
proof of [23, Lemma 2.13] can be adapted to this case.

Lemma 5.2. Let TZ be the ideal of C[&1, ..., &,] generated by the following elements:

(i) &, ---&, wherea; /s, ..., a; /si, donotliein a common facet ofdbj.
(ii) &"+ —&"~ where u € kerz, A and supp(u) is contained in a facet of @¥.

Then TS, = \/ing(I4).
Let t C{l,...,n} be a set with cardinality / > 0 and consider the coordinate subspace Y; =

{x; =0: i ¢ t} with dimension /.
The special filtration

Ly:=F+(—DV;

with s > 1 is an intermediate filtration between the filtration F by the order of the differential
operators and the Malgrange—Kashiwara filtration with respect to Y; that we denote by V;. Recall
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that V; is associated with the weights —1 for the variables xz, 1 for 97 and O for the rest of the
variables.

We shall identify s € R with (s1, ..., s,) throughout this section, where s; = 1 if i € T and
si=sifi ¢ v. Then (Ly)p4j=s; forall j=1,...,n

Lemma 5.3. Assume s > 1 is such that @3 = <PS+6 @€ for sufficiently small € > 0. Then
the ideal Ij is homogeneous with respect to F and V. In particular V(I B + (Ax§)) is a bi-

homogeneous variety in C*".

Proof. We only need to prove that the elements in Lemma 5.2(ii) are bi-homogeneous with
respect to F and V7: ~

Consider £+ — &%~ e I, with Au =0 and supp(u) C 7 € ®%. Then, there exists i, € Q4
such that (h;,a;/s;) =1,Vi e t,1i.e., (he,a;) =si, Vi € t. Since Au = 0 and supp(u) C 7 we
have

0= (hy, Au) = (ho A, u) Zs,ul Zslu,

iet

so ing (O,) = &%+ — &%, Thus &%+ — &%~ is L;-homogeneous. By assumption we have that
they are also (L &£ € V;)-homogeneous for all € > 0 small enough. Since Ly + €V, = F + (s =
€ — 1)V we obtain that they are F-homogeneous and V;-homogeneous. O

Lemma 5.4. dimc(V(inz, (14)) N V(AXE)) <n

Proof. Let w € R, be a generic weight vector such that in,,(inz, (/1)) is a monomial ideal. For
€ > 0 small enough in,, (inz, (14)) =inz(I4) foro =s +ew e R”
Choose any monomial order < in C[x, £] that refines the partial order given by (u,v) :=
(1—ewy,...,1 —€wy; ewy, ..., ewy) € Ri”o. It is clear that in(, ) (Ax&); = (Ax&); forall i =
.,d and that in(, ,)(iny (I4)) =inz(/4). Then

ing(14) + (AxE) Cing ) (ing, (14) + (AxE))

and so we have that:

E_(ing,(1a) + (AX§)) = E(inqv) (inr, (1) + (Ax§))) D E<(ing(14) + (AXE)) (4

where E_(I) :={(a, y) e N": in_(P) = Ca,yx*EY, P € I\{0}} for any ideal I C C[x, &]. The
inclusion (4) implies that the Krull dimension of the residue ring C[x, §]/(inz, (I4) + (AX&)) is
at most the one of C[x, £]/(ing(14) + (AXE)).

Then it is enough to prove that C[x, £]/(ing(/4) + (Ax&)) has Krull dimension n. Since
M =ing(l4) is a monomial ideal then:

o= () (" i¢o)

3°,0)eS(M)
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where S(M) denotes the set of standard pairs of M (see [22, Section 3.2]). This implies that

V(ing(Ia) +(Axg)) = | V(& j ¢ o)+ (AxE)).

(3b,0)eS(M)

By [22, Corollary 3.2.9], the columns of A indexed by ¢ are linearly independent when 3%, 0) €
S (M), so the dimension of each component

V((Ej: j o)+ (AxE)) =V((&: j ¢o) + (xj&: je€o))
isn. O

Lemma 5.5. Under the assumptions of Lemma 5.3 we have that s is not an algebraic slope of
M (B) along Y, at any point of Ys.

Proof. We know that:

Ch* (Ma(B)) = V(y/inz, (Ha(B))) S V(/inL,(Ia)) N V(AxE) = V(T + (AxE)).

Hence the s-characteristic variety of M4 (B) is contained in a bi-homogeneous variety of di-
mension at most n when the assumptions in Lemma 5.3 are satisfied. Since Ch*(M4(B)) is
known to be purely n-dimensional, each irreducible component is an irreducible component of
V(INE‘ + (Ax£)) and so it is also bi-homogeneous. Moreover, this is true not only at the origin
x =0 € R” but also at any point of Y; because (L;); =0 fori et and Y; ={x; =0: i ¢ 7}.
Then s is not an algebraic slope of M 4(8) along Y at any pointof Y;. O

Remark 5.6. Observe that after the proof of Lemma 5.5 we have the equality in Lemma 5.4.

Remark 5.7. A consequence of Lemma 5.5 is that M 4 (8) has no algebraic slopes along 0 € C"
at 0.

Example 5.8. Let A = (a1 a2 a3 as) be the non-pointed matrix with columns

() o) =(2) ()

and consider the associated hypergeometric system:

Hp(B) =14+ (x101 — 3x303 + 2x404 — B1, —x101 + X202 — 2x303 + 2x404 — B2)

where Iy = (38,9394 — 1,195 — 8392, 939; — 83) and By, B, € C.

From Lemma 5.5 we deduce that there is not any algebraic slope along a coordinate subspace
different from Y = {x, = 0} and Z = {x4 = 0}. By Corollary 4.2 and using again Lemma 5.5
we know that the unique slope of M 4(B) along Y is |A;1a2| =5/2 with o = (3,4} and that
the unique slope of M4 (B) along Z is |A§la4| = 6 with o = {1, 2}. Notice that 2a;/5 lies in
the affine line passing through a3 and a4 (see Fig. 2) and that a4 /6 lies in the affine line passing
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a4 ®ay

as as

" s
_, Y

as asz

(S
Q
N

Fig. 2. Fig. 3.

through a; and a; (see Fig. 3). We also can construct volz4 (A, ) = 2 Gevrey solutions of M 4(8)
along Y (it is analogous for Z) as follows.
The matrix B, is

1 0
0
By = 2 -1
5/2 -=3/2
and we consider the vectors vl = 0,0, A;I,B) =(0,0,—B1 + B2, —PB1 + %,82) and v? =
0.1,A;' (B —a2) = (0.1, =1 + 2 — 1. =1 + 3 (B2 — 1)).
If none of 1 — B2, —B1 + %ﬂz and —fB1 + %(ﬂz — 1) are integers then the series ¢,1 and ¢,
are Gevrey series solutions along Y of M 4(B) with index 5/2 at any point of ¥ N {x;xz # 0}.
In other case, we can replace the vectors v' by vhk =yl 4 k(0,1,—1,—-3/2) with k € 2N big

enough in order to obtain Gevrey solutions ¢,i« of M4(B) modulo convergent series at any
point of ¥ N {x1x> # 0} with index 5/2.

Denote for s > 1:
2y ={o C1: det(Ay) #£0, max{|A'a;|: i ¢ ) =s. |[A7'a;| <1, Vjer).

In the following result the equivalence of (3) and (4) is a particular case of the Comparison
Theorem of the slopes [14]. However, we just need to use this theorem for the implication (3) =

4).

Theorem 5.9. Let Y be a coordinate hyperplane and p € Y. The following statements are equiv-
alent:

(1) @3 jumps at s = so.

Q) 28 £

(3) so is an analytic slope of M a(B) along Y at p.
(4) so is an algebraic slope of M (B) along Y at p.

Proof. Assume for simplicity that ¥ = {x, = 0}. We will prove first the equivalence of (1)
and (2). Assume there exists o € .Q)(fO) # ), then H, = {y e R%: |AZ!y| = 1} is the only hy-
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perplane containing a; for all i € o and |A;1(a,,/(s0 +€))| =s0/(so +€) < 1, Ye > 0. Hence
an/so € Hy buta,/(so +€) ¢ Hy, Ve > 0.

Consider n = {i: a; € Hy}, thenn € @i‘“e’d*l ,Ve >0andn ¢ n while nU {n} € qﬁf}”d*l, SO
@7 jumps at s = sg.

Conversely if 25 = @ then Vo C {1,2,...,n — 1} such that |A;'a;| < 1 for all i =

1,...,n— 1 we have |A;1a,,| < o or |A;1an| > 0.
Consider € > 0 small enough such that |A;1an| < soke iflAgla,,| < s and |A;1an| >sote
if |A'ay| > so for all simplices o such that [AS'a;| < 1foralli=1,...,n— 1.

so.d—1 __ zsote,d—1
Let us prove that @, =, .

Assume first that n ¢ n C {1,...,n}. Then: n € Cbio’d_l <= Jo C n such that |A;1a,~| =1

fori € n, |A;1al~| < 1fori ¢ nU{n}and |A;1an| < s90 <= Jdo C 5 such that |A;1al~| =1 for
ien, |A;1ai| < 1fori ¢ nU{n}and |A;1an| <sote<=ne @?ﬂ’dq.

Ifnenc{l,...,n}and dim(conv(n \ {n})) =d — 1 then there exists a simplex o € n \ {n}
such that det(A,) # 0. Then 71 ¢ @f‘o’d*] because in such a case |A;1ai| < 1 for all i # n,
|AS'a,| =spandsoo € .Q}(,SO), a contradiction. Moreover 1 ¢ dﬁzoié’d*l for € > 0 small enough
because |Aglan| is a fixed value while s¢ & € varies with €.

Finally, if n € n € {1, ...,n} and dim(conv(n \ {n})) < d — 1 then there exists a hyperplane
H' ={y e R%: I/(y) =0} that contains 0 € R¢ and ; for all i € 5\ {n}. We also can choose the
linear function /4’ in the definition of H' such that 4’(a,) = 1. In this case:

ned™ =\ {n) e &% and IH” = {y € R?: 1"(y) = 1} such that /" (a;) = 1 for
ien\{n}, h"(ay) =50 and h"(a;) < 1 for j ¢ n. This imply for h := h"” £ €h’ that h(a;) =1
foralli € n\ {n}, h(a,) =so € and h(a;) =h"(a;) £ €h’(aj) <1 for j ¢ n and € > 0 small

enough because h”(a;) < 1 for j ¢ n. Hence n € (Di‘oﬂ’d*].
We have proved that @“~" € @%**“~! This implies equality since they are (A, s)-

umbrellas of the same matrix A and s = sg £ € > O (in particular Un cod—1P0s(1) = pos(A)
A

for all s > 0). Moreover, the (A, s)-umbrellas are determined by their facets, so 45;0 = Cbiois.

For the proof of the implication (2) = (3) consider any o € .Ql(,‘i()). If B is very generic

the Gevrey series solutions of M 4(8) along Y; associated with o, {¢§}k (see Section 3), have
Gevrey index sg = max{|A;1a,-|: i et}along Y; at p e Y; NU,. If B is not very generic we
can proceed as in Section 4 in order to construct a Gevrey series associated with ¢ with index sg
which is a solution of M 4(B8) in (Ox |y (s0)/Ox|y (< s0))p for all p € Y N U, . This implies that
so is an analytic slope of M 4(8) at any point of Y N U, . Then by Remark 2.6 we obtain (3) for
allpeY.

For the implication (3) = (4) we use the Comparison Theorem of the slopes [14]. Finally,
the implication (4) = (1) is nothing but Lemma 5.5. O

Remark 5.10. Notice that if Y is a coordinate hyperplane then every algebraic slope sg of M 4(8)
along Y is the Gevrey index of certain Gevrey solutions of M 4(8) along ¥ modulo convergent
series. Example 5.11 shows that this is not true for coordinate subspaces of codimension greater
than one.

Example 5.11. Let M 4(8) be the hypergeometric D-module associated with the matrix

10 3
A=<0 1 —1>
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and the parameter vector 8 € C2. In this case n =3 =d + 1 and so the toric ideal is principal
Ia = (3] — 993).

If we take Y = {xp = x3 = 0} then the only algebraic slope of M 4(B8) along Y at p € Y is
so = 3/2 (see [23] since A is pointed). Nevertheless, we will prove that if 8, ¢ Z then for all
s> 1, HOmy) (Ma(8))) =0:

For any formal series f =", o2 fm(x1)x5 x5 along Y at p = (p1,0,0) € Y then

(B2~ BD(f) =Y (my —m3 — B2) fn 1)y )"

meN2

and hence (E> — B2)(f) € Ox,p (resp. (E2 — B2)(f) =0)if and only if f € Ox , (resp. f =0)
because (my —m3 — B2) #0, Vmo, m3 € N.

On the other hand, if 8, € Z we can take k € N the minimum natural number such that v =
(B1 — 3k, o + k, k) € C x N? has minimal negative support. Since Av = 8 then

by = Z k![B1 — 3kl3m x’f‘_3(k+m)x§2+k+mx§+m
k+m)[Br + k +m]y

m=0

is a formal solution of M 4(8) along Y at any point p € Y with p; # 0. In fact ¢, has Gevrey
index so = 3/2 if 81 — 3k ¢ N and it is a polynomial when 8; — 3k € N. In this last case, if we
consider v = v+ k'u withu = (=3, 1, 1) € L4 and k’ € N such that v} < 0 then ¢,/ is a Gevrey
series of index sp and P (¢,/) is convergent along Y at any point p € Y \ {0}.

Thus, the algebraic slope so = 3/2 is the index of a Gevrey solution of M 4 () along Y if and
only if B> € Z. Observe that “the special parameters” are not contained in a Zariski closed set but
in a countable union of them. Note also that /4 is Cohen—Macaulay and then it is known that the
set of rank-jumping parameters is empty.

6. Gevrey solutions of M 4 () along coordinate subspaces
6.1. Lower bound for the dimension

In this subsection we provide an optimal lower bound in terms of volumes of polytopes of the
dimension of Homp(Ma(B), Ox|y,(s))p, s € R, for generic points p € ¥z = {x; =0: i ¢ 7}
and for all 8 € C?. To this end we will use regular triangulations T(t) of the submatrix A, =
(a;i)ier of A (see for example [7] and [24]) and Theorem 3.11.

Recall that a generic weight vector @ = (@;)jer € R* = [1:c, R defines a regular trian-

Jjet
gulation T, of A; as follows: o C t belongs to T, if there exists a vector ¢ € R4 such that
(c,aj) =wjforall j eo and (¢c,a;) <wj forall jet\o.
Remark 6.1. It is easy to check the equality

C(o):= {a)ERT: B,w > 0} = {a)eRT: o eTw}

for all (d — 1)-simplices o C 7. Thus for any regular triangulation T(z) =T, of A; we have

weC(T(D):= [ Clo).

o€eT(r)
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Hence C(T(7)) = {w € R*: T, = T(r)} is a nonempty open rational convex polyhedral cone. It
is clear that UT(T) C(T) = R* where T(7) runs over all regular triangulations of A; and C(T(t))
denotes the Euclidean closure of C(T(7)) in R,

If the rank of A, is d then there exists a regular triangulation T(t) of A; such that

volza(Ar) = > volza(Ag). )
o€T(r),dimo=d—1

If the rank of A; is lower than d then this equality holds for any regular triangulation of the
matrix A; since all the volumes in (5) are zero.
For all s € R we consider the following subset of T(7):

T(r,s):={o € T(r): dim(oc) =d — 1, aj/s ¢ H}, ¥j ¢ t}.
The following theorem is the main result in this section.

Theorem 6.2. Forallt C{1,...,n},
dimg Homp(Ma(B), Oxy-) , = volza(Ar) (6)

for p in the nonempty relatively open set Wr(;y :=Y; N (maeT(r) Uy). More precisely,

dimg Homp (Ma(B), Oxr, (), = D volza(Ag) (7)

o€eT(z,s)
forall s € R and p in the nonempty relative open set Wz 5y :=Y; N (ﬂgeT(m) Uy).

Proof. Wy € Wr(s) are nonempty relatively open subsets of ¥; because T(z) is a regular
triangulation of A;. In fact, for any simplex o € T(7),

U, = {x e C". Hxi #0, (—10g|x1|,...,—loglx,,|)Bg,j > —1logR, Va; € Hy \a}

ico

where B; ; is the j-th column of By, i.e. the vector with o-coordinates —A;la ;j and o'-coor-
dinates equal to the j-th column of the identity matrix of order n — d. Then Y; N U, contains
those points x € Yz N{[[;, xi 7 0} for which (—log|x;|);e. lies in a sufficiently far translation
of the cone C (o) inside itself. Then Wr(r) = ¥z N ((yer(r) Us) is a nonempty open set since
it contains those points x € Yz N {[[;, xi # 0: o € T} for which (—log|x;|)ic; € R” lies in a
sufficiently far translation of the nonempty open cone C (T) inside itself (see Remark 6.1).

For each fixed (d — 1)-simplex o € T(z,s), we have that |A;1aj| <1 for all j € T and
|A;1a i1 <s forall j ¢ 7 and we can construct volz4 (A,) Gevrey solutions of M 4(8) of order
s along Y; at any point of Y; N U, by Theorem 3.11. These volz4 (Ay) series {¢!,‘}k are linearly
independent because they have pairwise disjoint supports. The linear independency of the set of
all volz 4 (A;) series qﬁg when o varies in T(7) is also clear if we assume that § is very generic
(because this implies that they have pairwise disjoint supports).
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If B is not very generic some of the series could be equal up to multiplication by a nonzero
scalar. In such a case one can proceed similarly to the proof of Theorem 3.5.1 in [22]:

We introduce a perturbation 8 — B + €’ with g € C¢ such that B + €8’ is very generic for
€ € C with |e| > 0 small enough (it is enough to consider ' € C? such that (A, !g’); # 0 for all
i=1,...,dand o € T(1)).

Consider the set {qb},‘: o € T(r), k € N"=%} with volz4(A;) Gevrey series solutions of
Ma(B + €B’) with disjoint supports. We will denote these series by ¢(l§ (B + €B’) in this proof.
It is clear that pX (B + €p’) = Dok (prepr) TOT

vE(B+eB') = vk (B) +ev? ().

Here v},‘ (B) has o-coordinates A;l (B — Azk) and o-coordinates k. Similarly, vg (B') has o-
coordinates A;l B’ and & -coordinates 0. Let T be a regular triangulation of A such that T(z) C T.
For any ¢(',‘ (B) we can assume without loss of generality that v},‘ (B) has minimal negative support,

d)},‘ B) = ¢vk(ﬂ) and inw(dy};(ﬂ)) = x%® for some fixed generic w € C(T). Then for two sim-
¥ (p) for some ¢ € C if and only if v},‘ B) = vg/, B).

Let us denote v = volz4 (A;). Since S + e,B is very generic, there exist v C(e)-linearly inde-
pendent Gevrey series solutions of M 4(8) along Y; of the form

plices o, o’ € T(t) we have that ¢ Wk (B) = co K

PE(B+eB)= Y. quem(@x'sFrepITum

k+me Ag

where

WX (B) + €V (B)]um)
[vE(B) + v (B") + u(m)]ugm)_

Gr+m(€) =

foro € T(r) and k € Nr—d verifying that ¢>},‘K B = ¢>v!‘( (B). Observe that for all k + m € Ak we
can write

—1 4
xvg(ﬂ)+evg(ﬂ’)+u(m) :eelogxé‘“ f xv!,‘(ﬂ)_

Then we have:

—1 4

PE(p+ep) = TN g (b rm,

k+me Ag

It is clear that gx+m(€) is a rational function on € and it has a pole of order pkim with
Azt
0 < tk+m < d. On the other hand &€ logxg” © _ Z M
series e“q’)a (B +€B) (with u = max{jtkrm} < d) and erte it in the form Z/>0 o (x)e’ where
¢o(x) # 0 and ¢ (x) are Gevrey solutions of M4 () along Y- that converge in a common rela-
tively open subset of Y; for all j.
After a reiterative process making convenient linear combinations of the series and divid-
ing by convenient powers of €, one obtain v Gevrey solutions of M4 (B + €B’) of the form

€' so we can expand the
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2/20 w,',j(x)e-" where ¥; o(x) #0,i =1, ..., v, are linearly independent. Then we can sub-
stitute € = 0 and obtain the desired v linearly independent Gevrey series solutions of M 4(8).
The logarithms log(x;) just appear for i € o with o varying in T(7) at any step of the process.
Thus the v = volz 4 (A;) final series just have logarithms log(x;) with i € T and they are Gevrey
series solutions of M 4(f) along Y; at points of W (). This proves (6). Moreover, it is clear
that the Gevrey index cannot increase with this process and so (7) can be proved with the same
argument. O

Remark 6.3. The proof of Proposition 5.2 in [21] guarantees that all the series solutions obtained
after the process that we mention in the proof of Theorem 6.2 have the form

ng(log(xi): iet)x’

with g, (y7) a polynomial in C[y¥: u € L4, ].

Remark 6.4. Theorem 6.2 generalizes [22, Theorem 3.5.1] and [25, Corollary 1] (take 7 =
{1,...,n} and s = 1 in (7)), that establish that the holonomic rank of a hypergeometric system
(i.e. the dimension of the space of holomorphic solutions at nonsingular points) is greater than
or equal to volz4(A4). A more precise statement than [25, Corollary 1] is given in [15]: the
holonomic rank is upper semi-continuous in 8 for holonomic families, including hypergeometric

systems M4 ().

Remark 6.5. Different regular triangulations T(7) of A, verifying the condition (5) will produce
different sets with volz4(A;) linearly independent solutions of M 4(8) in OX/|Y\ » for p in
pairwise disjoint open subsets Wr(;) of Y. However, inequalities (6) and (7) are valid for generic

points p € Y; by a similar argument to the one of Remark 2.6.

Remark 6.6. An anonymous referee of the paper [5] asked us the following question. Is there
some understanding how Gevrey solutions of M 4(8) relate to solutions of M 4x (B") with A"
the matrix obtained from A by adding a row of 1’s and then a column equal to the first unit
vector? The idea is to consider a regular triangulation T of the matrix A" containing a regular
triangulation T(7) of A? verifying (5). For any simplex o € T (1), the dehomogenization (in the
sense of [19, Definition 2]) of the holomorphic solutions q)},‘ of M 4n (B") are Gevrey solutions
of M 4(B) with respect to Y7.

6.2. Dimension for very generic parameters

In Section 6.1 we proved the lower bound (6) by explicitly constructing volz4 (A;) Gevrey
series solutions of M 4(B) along Y; in certain relatively open subsets of Y;. The aim of this
section is to prove that equality holds if 8 is very generic.

Let © € {l1,...,n} be a subset with cardinality /, 1 < < n — 1, and recall that we denote
Y ={xi=0:i¢rt}.

Theorem 6.7. For generic p € Y, and very generic f,

dim¢ 'Hom(MA(,B), (’)m)p =volzs(A7).
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Remark 6.8. Theorem 6.7 implies that equality holds in (7) for very generic parameters 3 € C?
because the volz4 (A;) Gevrey series ¢§ with o € T(7) have pairwise disjoint supports and their
index is max{|A;1aj|: Jj ¢ v} along Y.

Corollary 6.9. If B € C¢ is very generic then

dime HO(Iry) (Ma(B)), > D volza(A,) (®)
oeT(r,s)\T(z,1)

for generic p € Y.
Lemma 6.10. [frank(A;) = d then volz (A;) = volz, (A)[ZA : Zt].

Proof. We have that volz (A7) = % and voly; (A;) = d['%g“ZA ) Since Zt € ZA C 74

then [Zd 1 Zt) = [Zd :ZA][ZA : Zz] and the result is obtained. O

Lemma 6.11. If f =), .\t fm(xo)x' € OX|Y is a formal solution of M4(B), then
Sfm(xc) € Oy, p is a holomorphic solution of My, (B — Azm) for all m € N

Proof. Itis clear that /4 N C[d;] = I4,. Then for any differential operators P € I4, € C[d;] we
have that

0=P()= Y P(fulx)x¥

meNn—!

and this implies that P (f,,(x;)) =0 for all m € N,
Let ® denote the vector with coordinates ®; = x;0; fori =1,...,n. Then A® — = A, O, +
Az®7 — B and

0=(A0 = B)(f)= > (ArOr + Azm — B)(fn(x0))x¥

meNn—!

SO fm (x¢) must be annihilated by the Euler operators A, ®; — (8 — Azm). O

Corollary 6.12. If rank(A;) < d and B € C¢ is very generic then

dime Hom(Ma(B), Os—=-) =0.

v =

Proof. If rank(A.) < d, then there exists a nonzero vector y € Q¢ such that the vector y A is
zero. If B is very generic (YA O, — y (B — Azm)) = —y (B — Azm) # 0 is a nonzero constant
that is a linear combination of the Euler operators in the definition of M4, (8 — Azm) and so
My, (B — Azm) = 0. By Lemma 6.11, the coefficients in Oy, , of any formal solution f of
Ma(B) in O Vo must be solutions of M 4_(8 — Azm) = 0. This implies that the coefficients
of farezeroandso f =0. O
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Remark 6.13. By Corollary 6.12 we have that the equality in Theorem 6.7 holds when
rank(A;) < d. For the remainder of this section we shall assume that rank(A;) = d and then
[ >d.

The following lemma is a direct consequence of results from [1] and [7].
Lemma 6.14. If B is very generic and p € Yy, then for all m € N*~!:
dim¢ Hom(./\/lAr (B — Azm), OY:),, < volz: (Ay).
Equality holds if p does not lie in the singular locus of M, (B) (which does not depend on ).
Let us consider T(7) a regular triangulation of A, verifying (5).

Lemma 6.15. Any formal solution [ =} -t fm(xo)X2 € Of\y\p of Ma(B), p €
Wrt(zy € Yz, can be written as follows:

f= Z Z cg,mxfgl(ﬂ_A‘_'m)xg‘.

0 €T(r) meN"—d

Proof. By Lemma 6.14 a basis of Hom(Mx, (B — Azmz), Oy, ,) for p € Wr;) C Y, is given
by the volz, (A;) series d){',‘ with o running in the (d — 1)-simplices of T(t) and Ak running in
the partition of N'~¢ (see Remark 3.4 and apply it to the matrix A, with [ columns and o C 7).
In particular we obtain that:

Z Z A7V (B—Armz — Az, m5 5
fm; (-xr) — Cg’mgxo'a (ﬂ iz ont nﬂr)x?g?r
0€T(T) mgn, eN—d

and this implies the result. O

Using the partition {Aggy: i =1,...,r} of N7~ (see Remark 3.4) with r = [ZA : Zo] we
can write the formal solution in the previous lemma as:

.
AN (B—As (k()+m)) k(i
F=2 2 Y comprmrge PATEOTI O,

UGT(T) i=1 k(i)-‘:-mEAk(,')

1B A (k(; .
Let us denote by vy k(i)+m the exponent of the monomial x? o (p=ds (k(l)er))x;(le. Since Euler

operators E; — B; annihilate every monomial xV»k@®+m appearing in f we just need to use toric
operators [0, = 0%+ — 9%~ with u € L4 = ker(A) N Z" in order prove that f is annihilated by
H 4 (B) if and only if the formal series

Co,k(i)+mXo
k(i)+m€Ak(,’)

Z AN (B—Az(k@()+m)) _Kk(i)+m
X

is annihilated by H4(B) forallo € T(r) andi =1, ...,r.
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This is clear because Vs k(i)+m — Vo’ k(j)+m € Z" if and only if o = o’ and i = j (because
B is very generic and for fixed o we have Lemma 3.1). Recall here that for u € L 4 any pair of
monomials x?, x?’ verify that 3"~ (x¥) = [v],_x""%- and 9%+ (V) = [v’]qux”/_“+ and xV 74 =
xV' "+ if and only if v — v/ = u.

S (B—Az (k()+m) _K(i)+m
X5

. A . i .
Moreover, a series Zk(i) +me Ay CoK(@i)+mXo is annihilated by 7, if

and only if it is cqbg(i) for certain ¢ € C.

Thus we obtain that any formal solution of M4 () along Y; at p € Wr(;) C Y7 is a linear
combination of the linearly independent formal solutions d)g witho € T(t) and {Agy: 1 <i <
volza(Ay) =[ZA : Zo]} the partition of N"~4 agsociated with o. That is, we have a basis with
cardinality:

Z volza(Ay) = Z volz (A)ZA : Zt] = voly (AD)[ZA : Zt] = volza(Ay).
oeT () oeT (1)

7. Irregularity of M 4(B) along coordinate hyperplanes under some conditions on (A, 8)

Assume throughout this section that A is a pointed matrix such that ZA = Z¢ and that Y is a

coordinate hyperplane. Since Irrg,s)(M A(B)) is a perverse sheaf on Y (see [18]) there exists an
analytic subvariety S C Y with codimension g > 0 in Y such thatforall pe Y \ S:

x (13’ (Ma (), = dim(H (1rry” (Ma(8))),)- ©)

Here x(F) = Zi>0(—1)i dim(H! (F)) denotes the Euler—Poincaré characteristic of a bounded

constructible complex of sheaves F € D? (Cy). The characteristic cycle of F € DIC’((Cy) is the
unique lagrangian cycle

CCh(F)=myTyY+ Y maT}Y ST*Y
«: dim Y, <dimY
that satisfies the index formula:
X(F) =Eu<myY + Z (_I)CodimY(Ya)maY_a)
«: dimY, <dimY

where Eu denotes the Euler morphism between the group of cycles on Y and the group of con-
structible functions on Y with integer values. Thus by (9) we have that forall p € Y \ S:

dim(H(Irry” (Ma(8))) ,) = Bu(CCh(Trr§y’ (M4 (B)))) , = my (10)

where my is the multiplicity of T} in CCh(Irrl{’ (M4 (8))).

The cycle CCh(Irrgf)(M 4(B))) can be obtained from the (1 4 €)-characteristic cycle and the
(s 4 €)-characteristic cycle of M 4(B) for € > 0 small enough by using a result of Y. Laurent
and Z. Mebkhout [14]. In particular, by [14] in order to compute the multiplicity my of TY*Y in
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CCh(Irr(Ys)(./\/l 4(B))) we only need to know the multiplicity of T;X and T{,“ X in the (1 + €)-
characteristic cycle of M 4(8) and the (s 4 €)-characteristic cycle of M 4(8) with respect to Y
for € > 0 small enough.

We are going to use the multiplicities formula for the s-characteristic cycle of M 4(8) ob-
tained by M. Schulze and U. Walther in [23] in the case when A is pointed and § is non-rank-

jumping. First of all, we need to recall some definitions given in [23].

Let us consider @3, 57 C 7' € dﬁi’d_l and the natural projection

T Lt — 21/ (Z7 N Q).

Definition 7.1. In a lattice A, the volume function vol 4 is normalized so that the unit simplex
of A has volume 1. We abbreviate vol; ;/ := volﬂT S (ZT)-

Definition 7.2. For 3, 57 C 1’ ¢ @2’0171 , define the polyhedra

Py o = conv (o (t' U{0})), Qq,¢ :=conv(m; (7' \ 7))
where conv means to take the convex hull.

The following theorem was proven by M. Schulze and U. Walther (see [23, Theorem 4.21]
and [23, Corollary 4.12]).

Theorem 7.3. For generic $ € C¢ (more precisely, non-rank-jumping) and t € ®%,, the multi-
plicity of 62 in the s-characteristic cycle of M a(B) is:

wyt = Z [29:Z7]-[(Z7' NQt) : Zt] - voly v (Pr o \ Qror).

’ s
tCt e(bA

Here EZ is the closure in T* X of the conormal space to the orbit O} C T X, where O} is the
orbitof 1; € {0, 1}" ((1;); =1 ifa; €t, (1;); =0 if a; & t) by the d-torus action:

(C*)! x TEX — T X,
&) > 1-&:=(1"&1, ..., 1"E,).

Assume that ¥ = {x,, = 0} by reordering the variables. We are interested in the multiplicities
of Eg = T3 X and 6%} = Ty X in the r-characteristic cycles of My (B) for r =s+ € and r =

1 + € with € > 0 small enough. In particular, we need to compute u,f:e’@, ,u‘re’{"}, MEE’@ and
1+e€,{n}
M4 .

It is a well-known result that MXVJ =rank(M 4(B)) = volya (A 4) for generic B (see [7,1,22,
15]).
From [23, Corollary 4.22] if T = {J then

wi = VOlzd( U (AL, \conv(t’))).
T’E@j{d71
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Since @fj‘é is constant for € > 0 small enough we have that all its faces T are F-homogeneous
and then volyq (conv(t)) = 0. As a consequence,

e = VOlzd( U (AL))

’ s+e,d—1
T'edy

Let us compute 1;") for r = s+ e and r =1 +e¢.

Consider any 7 € CD“r€ “4=1 quch that n € 7. Since € > 0 is generic (Q)Zd*l is locally constant

at t = s + €) we have that an ¢ Q(t \ {a,}) and hence there exists certain (d — 1)-simplices
o1,...,0r suchthatn € o; C 7, v =J; 0y, 0; Noj is a k-simplex with k <d —2 (o1, ...,0, is
a triangulation of 7). Then volga (A;) =Y _, volya(Ae;) and we want to prove that

volya (A7) = [Z24: Zt] - [Z7 N Qay : Zay] - voljuy,r (Ppuy \ Ouy,o)- (11)

Since Zo; € Zt C Z¢ then volya(Ag) = (24 : Zoi1 = [Z¢ : Z7] - [Z7 : Zoi] so we only need to
prove:

r

Y [Zt : Zoi] = Zt N Qay : Zay] - voliu), ¢ (Piay.c \ Quy.o)-
i=1

But a, ¢ Q(t \ {a,}) implies that [Zt N Qa, : Za,] = 1 and t is F-homogeneous so we have to
prove that:

r

voliu) = (Piny.2) = Y _[Z1 : Zoy).
i=l1

We observe that ), (tU{0}) = (v \ {n}) U{0} in Z7/(ZT N Qa,) = Z(z \ {n}). Consider a
(d — 2)-simplex & such that Zc = Z(z \ {n}). Since a, ¢ Zler\{n Qa; there exists a hyperplane
H suchthata; € H foralli € T\ {n},0 € H and 5 C H. Recall that the Euclidean volume of the
convex hull of a bounded polytope A contained in a hyperplane H € R? and a point ¢ ¢ H is the
product of the relative volume of the polytope vol,.;(A) and the distance from c to H, d(c, H),
divided by d!. Hence, we have the following equalities:

r

VOlrel(Ar\{n}) _ vol(Ay) Z OI(AUI)
Vol (AF) VOI(AEU{n}) vol(Az U{n})

voliny, ¢ (P ) =

(74 : Zo;]
Z 7 T —Z[Zt Zoi].
We have proved (11) and as a consequence the following lemma.

Lemma 7.4. Consider s > 1 and B non-rank-jumping. Then for all € > O small enough:

Mf4+e,{n}: Z volza (Az).

s+e€
netedy
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We close this section with the following result about the irregularity along any coordinate
hyperplane Y of the hypergeometric system M 4 () associated with a full rank pointed matrix A
with ZA =74 Ttisa consequence of Lemma 7.4 and the results in [14].

Theorem 7.5. If B € C? is generic (more precisely, non-rank-jumping) then the dimension of

HOWrS (Ma(B))) is

Z volza (A7) — Z volyza(Az)

ngred) ngred!

forall p e Y\ S, where S is a subvariety of Y with dim S < dimY. Then, for very generic B the
nonzero classes in Qy (s) of the constructed series ¢!,‘ with o € T form a basis in their common
domain of definition U C Y.

Remark 7.6. Notice that Theorem 7.5 implies that under the assumptions of this section equality
holds in (8).
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