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while the roughness is defined by a periodical function with period of order . Starting
from three-dimensional micropolar equations and using asymptotic analysis with respect
to e, we formally derive the macroscopic model clearly detecting the effects of the specific
rugosity profile and fluid microstructure. We provide the rigorous justification of our

I;ﬁ{x %rltrirsl:ﬂow formally obtained asymptotic model by deriving the effective system by means of the
Micropolar fluid two-scale convergence.
Rough boundary © 2014 Elsevier Ltd. All rights reserved.
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1. Introduction

The classical lubrication problem is mainly concerned with the situation in which two solid surfaces being in relative
motion are separated by a thin layer of fluid acting as a lubricant. Such situation appears naturally in applications consisting
of moving machine parts, namely the journal bearings. Fluid film bearings are machine elements whose function is to
promote smooth relative motion between two surfaces and are crucial factors in limiting the dissipation of energy. The
ultimate goal is that fluid film bearing is well designed so that the wear is not an issue (two surfaces are completely separated
by the lubricant). For that reason, it is essential to understand the behavior of the fluid film in such machine elements.
The first result goes back to Reynolds and his celebrated work [1] published in 1886. He studied the thin film flow in a
rather heuristic manner and did not provide any relation between his model and the Navier-Stokes equations. The formal
relationship between Navier-Stokes equations and Reynolds equation in a thin domain was established more than 60 years
later in [2,3], while the rigorous mathematical justification of the Reynolds equation for a Newtonian flow between two
plain surfaces can be found in [4].

If the gap between the moving surfaces becomes very small, the experimental results from the tribology literature (see
e.g. [5-7]) suggest that the fluid’s internal structure should be taken into account as well. A possible way to acknowledge
such experimental findings is to employ the micropolar fluid model. Being originally proposed by Eringen [8] in the 60s,
the theory of micropolar fluids has gained much attention since it successfully describes the effects of local structure and
micro-motions of the fluid elements that cannot be captured by the classical Navier-Stokes model. Physically, micropolar
fluids represent fluids consisting of rigid, spherical particles suspended in a viscous medium, where the deformation of fluid
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particles is ignored. They are, in fact, non-Newtonian fluids with nonsymmetric stress tensor. In view of that, the related
mathematical model introduces a new vector field, the angular velocity field of rotation of particles (microrotation) and
one new (vector) equation coming from the conservation of the angular momentum. As a result, a complex coupled system
of PDEs is obtained, representing a significant generalization of the Navier-Stokes equations. We refer the reader to the
monograph [9] (and the references therein) providing a detailed derivation of the micropolar equations from the general
constitutive laws together with an extensive review of the mathematical theory and the applications of this particular model.

Engineering practice also indicates that it is of great interest to combine the lubrication phenomena with the analysis of
the roughness effects. Usually it means that the lower surface is assumed to be perfectly smooth, but the upper is rough and
described by a given function. Expressing the boundary roughness using a periodic function, thin-film flow of Newtonian
fluid has been extensively studied for different rugosity profiles. The classical assumption is that the size of the roughness
is of the same order as the film thickness, i.e.

X
hg(x)=8h(x, 7), 0<e<l. )
&

In such setting, the effective model turns out to be the classical Reynolds equation (see e.g.[10,11]) and one needs to compute
the correctors in order to detect the roughness-induced effects. Same result is obtained for h.(x) = ¢ h (x, %ﬂ) with 8 < 1
(see [12]). In view of that, Bresch and co-authors [13] in 2010 considered a new framework, namely

he(x) = ¢h <x, SX—Z) . (2)

As aresult, they derived the asymptotic model in which an extra term (appearing due to the boundary roughness) modifies
the standard Reynolds equation at the main order. Whole asymptotic expansion (at any order) of the solution has been
rigorously derived in [14] providing the optimality with respect to the truncation error. It is important to emphasize that,

roughness pattern described by h.(x) = sh (x, 8%) with B > 1 is physically relevant and realistic (see e.g. [15]), and,

therefore, has been studied for different situations in recent years. Focusing on the wall laws, the effects of the above setting
on the asymptotic behavior of the Navier-Stokes system have been investigated in [ 16]. Using the asymptotic approximation
from [13] derived for the hydrodynamic part of the system, the roughness effects on the heat conduction in a thin film flow
have been studied in [17]. A semilinear parabolic problem in a thin rough domain assuming different order to the period of
oscillations on the top and the bottom of the boundary has been addressed in [18].

Our goal is to extend the analysis presented in [13] to a case of lubrication with incompressible micropolar fluid. There
are not many papers in the existing literature dealing with the mathematical modeling of micropolar fluid film lubrication.
Interesting result can be found in [ 19] where the authors consider a specific slider-type bearing. After writing the governing
problem in non-dimensional form, they formally obtain a generalized version of the Reynolds equation in a critical case when
one of the non-Newtonian characteristic parameters has specific (small) order of magnitude. Rigorous derivation of such
result was brought 14 years later in [20] for two-dimensional setting (see also [21] for micropolar flow in a curved channel).
The 3D lubrication problem was recently addressed in [22] and new, second-order Brinkman-type asymptotic model has
been proposed. In the above papers, the roughness effects were not taken into account, i.e. the height of the channel is
assumed to be of the form h,(x) = & h(x). To our knowledge, the first (and only) rigorous result on the micropolar fluid
film lubrication in a thin domain with rough boundary can be found in the recent paper by Boukrouche and Paoli [23]. They
consider a micropolar flow in a two-dimensional domain assuming that the height of the channel is given by (1). Employing
two-scale convergence technique, they derive the limit problem describing the macroscopic flow. In the present paper, we
are going to study a micropolar fluid flow in a three-dimensional domain given by

2. ={(x,2) eR*xR:x€w, 0<z<h®}, (3)

where the height h, is defined by (2). From the point of view of asymptotic analysis, we find this framework more challenging
than the classical one (given by (1)) due to the technical difficulties caused by the specific height profile.

The main problem related to a fluid flow through a domain with roughness is to deduce in which way the irregular
boundaries affect the flow. This is especially important with regard to numerical computations: indeed, roughness is in
general too small to be captured by the discretization grid of the simulations. To overcome this difficulty, one can employ
the homogenization theory. In view of that, the idea is to replace the irregular domain by a smooth one, and then describe
the averaged effect of the roughness in the limit (homogenized) model. For that reason, homogenized models have been
of practical interest in numerical codes. In our particular case, starting with original problem (6)-(11) posed in thin rough
domain £2,, we apply the suitable change of variables, namely Z = z/h®(x), to transform 2, into £2 which is smooth. Then
by means of a two-scale convergence technique, we obtain the simplified limit problem posed in §2, in which the effects of
roughness can be clearly observed (see Section 2.3).

The paper is organized as follows. After formulating the problem in Section 2, in Section 3 we perform a formal asymptotic
analysis with respect to the small parameter ¢. Introducing a suitable change of variables which takes into account the rough
oscillations, we rewrite the governing problem in the e-independent domain and employ two-scale expansion technique.
Since the problem is coupled, we construct the asymptotic expansion of the solution by simultaneously treating boundary-
value problems for velocity and for microrotation. As a result, we obtain an effective system describing the macroscopic
flow and observing clearly the effects of the rugosity profile and fluids microstructure.
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Fig. 1. The different scales related to the domain.

Finally, Section 4 is devoted to a rigorous justification of the formally obtained asymptotic model. We apply a convenient
variant of the two-scale convergence and verify the effective equations obtained in a formal way. To conclude, we believe
that the presented result could be instrumental for understanding the effects of the rough boundary and fluid microstructure
on the lubrication process. In view of that, more efficient numerical algorithms could be developed improving, hopefully,
the known engineering practice.

2. Formulation of the problem and the statement of the main result

2.1. The domain

We consider the fluid flow in the following three-dimensional domain
2. ={(x,2) eR* xR:x€w, 0 <z <h(®}. (4)

Here we assume that  is a smooth bounded subset of R? and
X
he (x) = ehy (%) + £2hy (?2) . (5)

We also define £2 = w x (0, 1) C R? x R, and denote by T? the torus of dimension 2.

As we can see, lower surface is supposed to be plane, while the roughness of the upper surface is described by the given
function h,. The functions hy, h, appearing in (5) are assumed to be regular: the positive function h; € H?(w) represents
the main order part of the roughness, while the T?-periodic function h, € H?(T?) (with 0 as average in T?) describes the
oscillating part (see Fig. 1).

2.2. The equations and boundary conditions

In view of the application we want to model, we can assume a small Reynolds number and neglect the inertial terms in
the governing equations. Thus, we assume that the flow in §2, is governed by the following linearized equations:

—( +v) Aug + Vp, = 2v,Totwg, (6)
divu, =0, (7)
—(cq + cg) Aw, — (co + ¢4 — ¢o) Vdivw, + 4v,w, = 2v,Tot U,. (8)

The unknown functions are u,, w, and p, representing the velocity, the microrotation and the pressure of the fluid
respectively. Positive constants v, v, cg, ¢4, €4 are the viscosity coefficients: v is the usual kinematic Newtonian viscosity,
while v;, ¢o, ¢4, ¢4 are new viscosities connected with the asymmetry of the stress tensor and, consequently, with the
appearance of the microrotation field w,. For the sake of notational simplicity, external forces and moments are neglected
and fluid density is assumed to be one.

The aim is to study the lubrication process where two rigid surfaces are in relative motion and are separated by a thin
layer of fluid. Therefore, we impose the following boundary conditions for the velocity:

u, =0 forz=h,, u, =g forz=0. 9)

Here g € R’ is a given constant corresponding to the imposed horizontal velocity of the plane wall. Obviously, g - k = 0
implying ui|z=o = 0. Here and in the sequel (i, j, k) denotes the standard Cartesian basis.

Along the lateral boundary, several types of boundary conditions can be considered, depending on the particular device
to be considered. One can use standard Dirichlet boundary condition for the velocity (see [11]), mixed (Dirichlet-Neumann)
type condition for the velocity (see [13]) or even combination with pressure boundary condition (see [22]), namely

u,xn=0 p.=gq, forxe dw, (10)

for given outer pressure g, = £~2q and normal unit vector n.
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Finally, to close up the governing problem, we need to prescribe the boundary conditions for the microrotation. Though,
recently, some other types of boundary conditions for the microrotation can be found in the mathematical literature (see
e.g. [24]), using simple zero boundary condition still seems to be a common practice. Therefore, we impose

W, =0 onds,, (11)

meaning that the fluid microelements cannot rotate on the solid surface.

The existence and uniqueness of the solution (u,, p., w,) € H'(£2;)% x [*(£2;) /R x H} (£2;)? to the described boundary-
value problem can be established using standard techniques (see e.g. [9,25]). Our goal here is to find the macroscopic law
describing the effective flow in £2, via asymptotic analysis with respect to the small parameter €.

2.3. The main result

We find the flow to be governed by the following equations

—(V + )32V + h3Vyp + (v + v,)MZ3zv = 0,
dazp =0,
—(Cq + €)W — 2v,:h1 (=320 + 3zv1j) + (o + 2c))MZ ;W = 0

with

di oy div, (M
1V S E— = d1v. —_— .
X 1200+ v,) xP x5 M8

Here coefficient M is given by
M= / |Vxha [*dX,
T2

while Cy = Z with

1 ps 2_42

1 wn [ —we 1 Jo [o €M =24 ds

_ /2 —Mt?/2 35 B M/2 0Jo

A= i (e f e dé 1) M(e 1) T ,
0 o eMs*/2ds

1
f()] eMs?/2ds

Note that coefficients M and Cy are both provided in the explicit form and that they depend only on the form of the rugosities.
The micropolar nature of the fluid appears through the viscosity v+ v, while g is the constant corresponding to the imposed
horizontal velocity of the plane wall. The above equations have been first formally obtained and then rigorously confirmed
via two-scale convergence (see Theorem 1, Section 4).

It is important to emphasize that each unknown in the limit problem depends on x and Z, but the pressure depends only
on x. For that reason, the above problem can be seen as linear second-order ODE with respect to Z for v and w leading to
explicit expressions for v and w (see Sections 3.5 and 3.6). Since both v and w depend on the pressure p, it is necessary to
deduce an equation for p as well. We proceed in a standard manner and as a result obtain the generalized Reynolds equation
posed in w satisfied by p (see Section 3.5). Finally, solving the Reynolds equation for p we can deduce both the velocity v and
the microrotation w.

To point out how the geometry and roughness of the thin domain affect our problem, let us recall the effective equations
in a thin domain without roughness (see [22]). Using the superscript~ for the solutions of such problem, the equations
read

1
B= —(M? -1
M( )

—(V+v)dNV + h3V,p =0,

9p =0,

—(Ca + €a) 3 W — 2v:hy (— 37021 + 8701j) = 0
with

di i v.5) = div, (™
1V, e E——— = d1v. — .
X 1200 + 1) xD x5 g

Comparing the above two systems, notice that the roughness of the boundary introduces a new term modifying momentum
equations for the velocity and microrotation through the coefficient M, and giving a modified Reynolds equation through the
coefficient Cy. As in [13], it still remains true the relation p = Cy,p. Therefore, to our opinion, this contribution represents
an important generalization of the results provided in [13,22].
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3. Formal asymptotic analysis

3.1. Rescaling

As a first step, we need to rewrite the starting problem in the fix (¢-independent) domain. To accomplish that, we first
introduce a fast variable X = giz capturing the oscillating phenomena of the thin domain. In view of that, the height h,
becomes

h(x, X) = ehi(x) + £2hy(X). (12)

Next we introduce a new vertical variable Z = ena) X) and, correspondingly, the new unknown functions: velocity u, (x, z) =

u(x, X, Z), microrotation w, (x, z) = W(x, X, Z) and pressure p, (x, z) = p(x, X, Z).In the sequel, we also adopt the following
notation
i=(v,v;) eR* xR, W=W, w;)<cR*xR
The boundary conditions satisfied by velocity and microrotation after performing the change of variables read as follows
v=0 forZ =1, v=g forZ =0, w=0 forZ=0,1,

where g € R3 is given in (9). Moreover, motivated by the periodic nature of h,, we assume that @1, W and p are T?-periodic
functions in the variable X, i.e.

ux,X+1,2)=ulxX,2), wx,X+1,2) =w(x, X, Z), p(x,X+1,2) =pk, X, 2). (13)

Now we have to express each differential operator appearing in Egs. (6)-(8) acknowledging the above change of variables.
The first and second derivatives of the function 6, (x, z) = 0(x, X, Z) can be written as

1 1 1
Vb = V0 + —=Vx6 — —Vh-Z0,6, 0,0, = —070,
g2 h h

2 1 2 Vh Ah
Al = A0+ —VX - Vx0 + — Ax6 — - ZVx 076 — —ZZ)ZH
gt &2 h h
|Vh|2 Vh VR _, ., 1.,
+ 70760 —2— 5 -ZV, 0z 9,0 + ﬁaze, 8 0:(x,2) = —8 0,
where
1
Vh(x, X) = eVyhi(x) + Vxh(X) and Ah(x,X) = e¢Ah(x) + —zAxhz(X). (14)
&

The change of variables applied to rotation and divergence yields
1 1 ] .
rotf, = Sj(fOtxf3 + (0x,f2 — 3x2f1)k) + E(—azfz i+ 9zf1 J) + (rotJ3 + (0x,.f2 — 9 f1) k)s
1
divf, = lexf+ leXf— Vh -Z0ozf+ Hazﬁ,

for a vector function f; (x, z) = f(x, X, Z) and with

10ty (f3) = 0y, f31 + 0y, f3], roty (f3) = 9x,f3 i+ dx,f3],
divx(f) = x1f1 + axsza diVx(f) = 3x1f1 + aX2f2~

Using the above expressions, we deduce
1 1
Vdivw, = V,(div,w) + — Vx(divaw) — EVh - Z 0z (divyw)
&
1 1 1
+ — V,(divyw) + — Vx (divyw) — — Vh - Zd; (divyw)
g2 g4 &%h

|Vh|2 1 1 |Vh|?

2
o;w

1
—fAhZBZw
h
1 1 5
—FVh 82U)3+ hV 82U)3+ hVXazLU3 VhZaZLU3

+ - Bz(dlvxw)k+ Bz(dlvxw) k—th 9wk — Vh Zazwk+—8 ws k.
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In view of the preceding calculations, the momentum equation (6) has the following form in an e-independent domain
QxR ={(xX,Z)eR*xR*xR:xcw 0<Z < 1}:

2 1 2
W+ v,)[—thxv — SV, - Vxv — — W2 Axv + Zh Vh - ZVx0,v + h AhZdv — |VhIZi,v
& & &
1
+2h Vh - ZV,8,v — |VhI*Z%02v — agv] + I2Vp + = h*Vxp — hVhZigp
&
2vr 5 . . 2
= gTh rotyws + 2Vrh (—3211)2 1+ 8211)1J) + 2vrh rotyws, (15)
2 2 2 1 2 2
0+ v)| =K A0 — SHV, - Vxvs = —h* Axvs + Sh Vh-ZVxd705
& & I

+h AhZdzv3 — |Vh|*Zd;v3 + 2h Vh - ZV,d;v3 — |Vh|*Z?8%v3 — a§v3] +hazp

2v;
82

hz <8X1 wy — axz ll)1) + 2Urh2 (8X] wy — 8,(211)1) .
The divergence equation (7) in the rescaled domain reads:

1
hdivyv + —Zh divxv — Vh - Zozv + 0zv3 = 0. (16)
e

Finally, the angular momentum equation (8) can be rewritten as follows:

5 2, 1, 2
(o + cd)[—h AW — SV, - VW — — 12 Axw + Zh Vh - ZVxd,w
& & &
+h AhZd;w — |Vh[*Zd;w + 2h Vh - ZV,d;w — |Vh|*Z* 37w — azzw]
1
+(co+cq— ca)[—hzvx(divxw) — < h*Vx(div,w) + h Vh - Z; (div,w)
&
1 1 1
— S ?Vi(divxw) — —h*Vx (divxw) + —h Vh - Z; (divxw)
& & &
1
+h AhZa;w — |Vh|>Z3;wW + h Vh - ZV,0,wW + 8—2h Vh-ZVxd;w
1
— |Vh*Z*9;w + Vh - 9;w3 — h Vxdzws — —h Vxdzws + Vh- zazzwg] + 4v,hPw
&
2v . . 2
= gTh rotyvs + 2vrh (—821)2 1+ azl)]_]) + 2vrh rotyvs, (17)
2 2 2 1 2 2
(Ca+ cd)[—h Aqws — IV, - Vyws — —h* Agws + = h Vh - ZVxdws
& & &
+h AhZd;w3 — |Vh*Zd;w3 + 2h Vh - ZV,d;w3 — |Vh|*Z2 92 w3 — a§w3] + 4v,hws

1
+ (ot s — ca)[—h 7 (divw) — — h d; (divxw) + h Vh - d,w + Vh - ZoJw — 822w3]
&

_ 2v,

= 8—2h2<8x1 V) — 3X2U1) + Zurhz(axl Uy — 8XZ'I)1).

3.2. Asymptotic expansion

Now we formally expand the unknowns:

v, X, 2) =V0 (0, X, 2) + evi(x, X, Z) + eV (0, X, Z) + - - -, (18)
v3(%, X, 2) = 03 (%, X, Z) + ev3(x, X, Z) + 203 (x, X, Z) + - - -, (19)

1 1
px,X,Z) = g—zp"(x,x,Z) + ?ﬂ *X,2)+pP* XX, Z) + -, (20)
w(x, X,Z2) =W (x,X,Z) + ew' (X, X, 2) + W (x, X, Z) + - - -, (21)
w3(x, X, Z) = wix, X, Z2) + ewi(x, X, 2) + *wix, X, Z) +---. (22)
From condition (13), we assume that the functions v/, vi, p', w', w}, i = 1, 2, ..., of (18)~(22), are T?-periodic functions

in the variable X.



1. PaZanin, F,J. Sudrez-Grau / Computers and Mathematics with Applications 68 (2014) 1915-1932 1921

The procedure is standard: we plug the above expansions into the rescaled equations (15)-(17) and collect the terms
with equal powers of €. For that purpose, we need to determine the asymptotic behavior of the terms involving function h.
Taking into account (12)-(14), we deduce

h? = ezhf +2e3hihy + 84h§ ~ 0(g?),
hVh = gh;Vxhy + 2h1Vihy + €2hy Vichy + &3hy Vihy ~ 0(e),

1 1
hAh = *hlehz + thxhz + 82h1AXh1 + 83h2Axh1 ~0 (*) s
& &

|Vh|?> = |Vxhy|?* 4 2& Vih; Vxhy + &2|Vihi > ~ O(1).

3.3. Main order term

We start by substituting the expansions (18)-(22) into momentum and divergence equation (15)—(16). The leading order
terms are given by

1
= — (v 4+ v)hAxV® + h2Vxp° = 0,

1

= —(v + v)hiAxv) =0, (23)
1

- h] diVXVO =0.
&

Note that (23);, (23); is, in fact, a Stokes system for (v°, p°) with respect to X. On the other hand, the third component vg
satisfies a simple Laplace equation (23),, again with respect to X. Therefore, taking into account the boundary conditions
with respect to X, we deduce

Vv’ =0, Vxp® =0, vag =0. (24)
The main order term from the angular momentum equation (17) yields

1. 2 0 2 0
2 —(cq + ca)h]AxwW" — (co + cg — ¢o)h7 Vx(divyw") = 0,
1 (25)
= —(Ca + ca)h3 Axw3 = 0.
Similarly as above, we conclude

vyw® =0,  Vxwd=0. (26)

As we can see, main order terms led to a decoupled problem: (23) involves only the velocity and pressure, while (25) is
satisfied only by the microrotation. Consequently, we established that the leading order terms v°, vg WO, wg do not depend
on the fast variable X.

3.4. Lower order terms

We continue the computation and write the problems satisfied by the lower-order terms in the rescaled equations. In
view of (24) and (26), from (15)-(16) we get
—( 4+ V)R Axv! + W3Vkp! 4 (v + V)b AxhyZ3v° — hy VxhaZ3;p° = 0,

—(U + Ur)h%Ax'U; + (l) + Vr)h]Axhzzang + h182p0 =0, (27)

LGN S S

hy divxv' — Vxhy - Z3;v° + 3,09 = 0.

Observe that there is no contribution of the terms involving microrotation field so we can proceed similarly as in [13].
We compute the mean value in X of Eq. (27)s. Since hy, v°, vg do not depend on X, we find avg = 0. Using the boundary

conditions for vg at the top and the bottom of the domain, we deduce that
vg =0.
Then the free-divergence condition written at order ¢ gives

hldiVXV] = thz . ZBZVO. (28)
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Taking the mean value in X of Eq. (27),, we conclude that

3;p° =0 andnext Vyvj = 0. (29)
Taking the curly operator of the horizontal component in Eq. (27);, we get

hicurly Ayv' = VXlehz - Zo V0.
Since hy and v° do not depend on X,

hycurlyv! = Vi hy - Za,v0. (30)

We have Axv! = Vydivkv' — Viicurlyv! and VyxVxhy — ViEVithy = (Axhy)Id, thus using expressions (28) and (30), we
obtain

h2Axv' = hy AxhaZ V0. (31)
Therefore, Eq. (27) can be written as
Vxp! = 0.
The two next terms from the microrotation expansion are given by (see (17)):
1 1 . Axhy 0
= (cat+ca)Axw + (co + ¢4 — ca) Vx(divxw') = (co + 2¢4) P Zozw",
: 1 (32)
1 1 Axhz 0
g : (Ca+cd)AXw3 = (ca + 1) h Zazwy
1
10 (vt cd)[thxhzzazw" — |Vxhy 2Z3;w® — |Vyhy 2220200 — azzwo]
+(co+cq— ca)[thxhzzazwo — |Vxhy|*2Z3;wW° — |Vxh,|*Z?37w°
+ Vxhy - 3wl + Vxhs - zagwg] +(cat cd)[—zhlthxw1 + 21, Vh,Z Vxdpw' + hleh2282w1]
+(co+c¢q— Ca)[—2h1hzvx(diVxW1) + hy VxhyZdz (divxw') + hy AxhyZd,w'
+ hy VxhaZ Vy dyw! — hNXazw;] — (Ca + C)2 AxW? — (o + ¢4 — ca)h? Vx (divyw?) = 0, (33)
10 (ot cd)[thxhzzazwg — |Vxhy|PZ0,w? — [Vxhy 222 02W° — agwg]

(o +Ca— ca)[Vxhz 782w — agwg]
+ (Cﬂ + Cd) I:—zhlhzﬂxw; + Zh]VXhz . ZVX8Zw; + hlehzzazw;:I
— (o + ca — Ca)h13z(divyw") — (cu + ca)h? Axw3 = 0.

Let us prove that w® = 0. For that purpose, we take the mean value with respect to X in (33); and carefully treat each term

of this equation:
(i) Terms involving w®, wg: since w?, wg do not depend on X, we have

(ca + ¢0) /T 2 [ththZBZwo — |Vxha|2Z8,W° — |Vxhy PZ292W° — 822w°]dX

+(co + ¢a — ¢a) /2 [—thxhzzazwO — |Vxhy|*2Z3;W° — |Vxh,|2Z?32W° + Vxhy - d,w3 + Vyhy .zazzw;’]dx
T

= (g + ¢4) [(/ hy Axhy dX) Zo;w° — (/ |Vxh2|2dx> Zo;w° — (/ |Vxh2|2dx> 72w’ — azzwo]
T2 T2 T2
+ (CO +cqg— Ca) |:— (/ hzﬂxhz dX) ZBZWO — (/ |th2|2dX> Zazwo
T2 T2
- (/ |Vxh2|2dX> Z32w° + (/ Vh; - azwgdx> + (/ Vxh, .zazzwgdx)]
']1‘2 TZ 'IZ
= (ca + cd)/ [— (/ |Vxh2|2dx) Zoyw° — (/ |Vxh2|2dx) Za;wl — (/ |Vxh2|2dx) 727w’ — azzw‘)]
T2 T2 T2 T2
+(co+¢cq—¢ca) [— (f |Vxh2|2dx> Zo Wl — (/ |Vxh2|2dx> Zo;w° — (/ |vxn2|2dx> zzazzwo} dx
T2 T2 T2

= —2(co + 2ca)MZ3;W° — (co + 2ca)MZ>32W° — (cq + c4)IZW°.
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Here and in the sequel we introduce

M:[ |Vxha|?dX (34)
11‘2

as a coefficient depending on the considered rugosity profile.
(i) Using (32); and the fact that w® does not depend on X, we obtain

/ [—2(ca + c)hihy AxW! — 2(co + ¢4 — ca)hlhzvx(divxwl)]dx
TZ

— 2 / hlhz[(ca Fc) AxW! + (Co + ¢q — ca)VX(dival)]dX
TZ

Axh
X2 78, wldX
hy

= —2/ (Co + 2¢q)hihy
TZ
= —2(cy + 2¢4) ( / hy Axh dX) Zo;w°
TZ

= 2(co + 2¢4) (/ |Vxh2|2dx) Z3;w°
T2

= 2(co + 2c))MZ 3z W°.

(iii) The remaining terms involving w'!, w%: employing again (32); and the fact that h; and w® do not depend on X, we
get

(Ca+ ¢2) f 2 [2h1VXh2 ZVy W' + hlehzzaZW]dx
T
+(co + ¢ — €a) / 2 [h1Vxh2282(diva1) + hy AxhaZd;w' + by Vh,ZVxdw' — hlvxazw;]ax
T
= (Ca+ca) /Tz [—2h1h2 L Z3,(Axw) + hlhzzaz(Axwl)]dX
¥ (co+ca—c) / 2 [—hlhzzazvx(divxw1) + hihoZ oy (Axw') — hlhzzaz(Axw1)]dX
T

- / hlhzzaz[(ca + c) AxW + (Co + ¢q — ca)Vx(dival)]dX
TZ

Axh
h

= —/ hlhzzaz[(Co + 2¢q)
T2 1

2zazwo]dx

= —/ Zaz[(Co + 2Cd)hzﬂthZaZWO]dX
T2

—(co + 2¢q) < / hy Axhy dX) Z3;W° — (co + 2cq) < / hy Axhy dX) 722w’
T2 T2

(Co + 2¢4) (/ |Vxh2|2dx> Z9;W° + (co + 2¢q) (/ |Vxh2|2dx) Z*2w°
T2 T2

= (Co + 2ca)MZ3;W° + (co + 2¢c4)MZ*;w".

(iv) Terms involving w?: integrating by parts, because the function h; depends only on x and the unknown w? is periodic
in X, it follows

- /Z(Ca + ca)h3 AxwPdX — /2 (co + ca — ca)h7 Vx (divyw?)dX = 0.
T T
Adding all contributions (i)-(iv), we easily obtain
—(cq + cd)azzw0 + (co + 2cd)M282w0 =0.
Combining the above equation with the corresponding boundary condition, namely w°|;—o ; = O finally gives
w’ =0.
Proceeding analogously in (33),, we derive the equation satisfied by wg:

—(co + 2cd)822wg + (cq + cd)MZHZw;J =0
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providing
0 __
w; = 0.

As a consequence, from (32) we deduce

(¢ + cdhF AxW' + (co + ca — c)h3 Vx (divyw') = 0,
(35)

[>T I, N

(ca + ca)h3 Axw; =0

implying that
Vyw' = Vyw} = 0.
Moreover, from (33) we have
10 (Ca+ Ca) AW’ + (Co + Ca — €o) Vx (divyw?) = (co + 26a)A;:—hzZ w',

Axhy 1 (36)

1: Axwg = Zazw;.

1
Now we go back to the momentum and divergence equation. Taking into account the preceding findings, from (15)-(16) we
deduce:

1: (U + Ur)l:—h%Asz — 2h1h2AxV1 + Zh]VXhZ . ZVXan] + h]Axhzzazvl

+ hy AxhaZd W — |Vihy PZopv° — [Vxhy [2Z2020° — azzv"] + h2V,p0 + h2Vyp? = 0, 37)
1: w+ vr)[—hiAxvg + hlehzzazv;] +hydgp' =0,
e:  hydivyv® + hy divev? + hy divgv' — Vihy - 29,90 — Vhy - Z3;v! + 9705 = 0.

The system (37) turns out to be of the same type as the corresponding one obtained for the classical Newtonian case
(modified by the constant factor v + v,). For that reason, in order to treat the above system we can follow the procedure
from [13]. We first consider the last equation (37); and compute the mean value in X. Because the function h; depends only
on x and all the unknowns are periodic in X, we have

/ hydivyv?dX = 0.
T2

Using (28), we have

h 1
/2 hydivyv! dX /2 hivxh2 . ZaW0dX = - (/2 hy Vh, dx) . ZaV°
T T 1 1 T

_ 2 0_
= Vx(hy)dX | - Zov" = 0.
2h1 T2

Integrating by parts the term Vxh, - Z9;v', we get
/ Vxhz . Zazvl dX = — / hdeiVX Bzvl dXx.
T2 T2

Using again (28), we find

h h
/ Vihy - Zo;v'dX —/ —ZVXhz-azvodX—/ 2 Vyh, - Z02V0dX
T2 2 hq T2 hy
1

1
- /hZVxhde S0 — — /hZVXthX -Z°
hl T2 h] T2

b /Vx(hz)dx .azvo—i /Vx(hz)dx -Z0A0 =0.
2h1 T2 2 zh] T2 2 z

The other term in (37)3 do not depend on X. We find
hydivyv® — Vyhy - Z3,v° + 9705 = 0,

which is, in conservative form,

divy(h1v%) + 3;(vy — Vihy - Zv°) = 0. (38)
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Then we consider (37),. Taking the mean value in X, due to (29), we immediately get

azp! = 0. (39)

Finally, we consider (37),. We take mean value in X of every terms of this equation. The first average is zero since h; does
not depend on X. For the second one, we use relation (31) and then integrate by parts

—2(\) + \)r) (/ thxhde> ZBZVO
R2

—2(1) + Vr)/ h]thXv] dX
T2

=2+ (/ |Vxh2|2dx) Z3V° = 2(v + v,)MZ V0.
T2
For the third term an integration by parts and then using relation (31) give

200 + u,)/ hiVxhs - ZVxd,v'dX = —2(v + vr)/ hihyZ 37 (Axv!)dX
T2 T2

-2 +vy) (/ thxhde> Za N —2(v +vy) (/ thXhde> 220
T2 T2

200+ vy) (/ |Vxh2|2dx) Zo N +2(v + vy) (/ |Vxh2|2dx) VARTA
T2 T2

= 2(v + v)MZV + (v + v)MZ2V.

Using again integrations by parts, the next terms can be written as easily as the preceding one. Adding all contributions, we
finally obtain

— (4 ) + B2V, p° 4 (v + v)MZ3V° = 0. (40)

3.5. Generalized Reynolds equation

Before proceeding, it is important to notice that we can explicitly solve the effective system (38)-(40) satisfied by the
velocity and pressure. Indeed, for each fixed x Eq. (40) can be seen as a linear second-order ODE (with respect to Z) for
v, In view of that, it can be treated simply by lowering the order, i.e. by introducing V = 9,v°. Keeping in mind that p°
is independent of Z (see (27),) and taking into account the corresponding boundary conditions, namely v°|;_o = g and
v0|z—1 = 0, we deduce

Z s 1 ps Z Ms? /2 2
e ds\ h
V(x,Z) = M —ED/2ge s eM<SZ—52>/2dgdsf° 1®) Vop° (%)
T 2
o Jo o Jo [y eMsr2ds ) (v +vr)

+ (1 foz eMs*12ds (a1
fol eMs?/2ds 5
On the other hand, a simple integration of (38) with respect to Z yields

1
div, (/ hiv° az) =0.
0

Employing (41) we obtain

di Ahy V,p° | = div,(Bh,g) (42)
iv = div
X (1) + Vr) xD X 18
where A and B are given by
1 ps 2 (2
A=t (ewz /1 e M2 1) B l(e’v’/2 - 1)f° Jo & Pdeds (43)
M 0 M f01 eMs?/2ds ’

1

1
B——*eM/Z—l

1 2 )
fO eMs?/2ds

Observe that A and B are, in fact, constants depending exclusively on the coefficient M (i.e. on the rugosity profile). Therefore,
introducing new constant Cy; = % we can rewrite (42) to obtain

di M gp0) = dive (Mc (45)
Wx\ —/———— =dIvy | — .
X 12(\)+Ur) xD X P Mg

(44)
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Endowing it with the corresponding boundary condition on the lateral boundary (see (10))
P°=¢q ondo,

we obtain the Dirichlet boundary value problem for the pressure p°. The velocity v° is then determined from (41). Comparing
Eq. (45) with the Reynolds equation derived in [13] for classical Newtonian case, we conclude that the micropolar nature of
the fluid appears through the viscosity v + v;. The effects of the rough boundary are present in the constant Cy. Note that
by taking M = 0 in the system (38)-(40) we would obtain

di Ui V) = div, (T
1V, Sy EE—— = div. —_—
x 1200 + ) xD x5 g

which is consistent with the result from [22].

3.6. Microrotation

In the previous section, we established that the leading order term in the microrotation expansion equals zero. Therefore,
we need to continue the computation and seek for the lower-order terms from the expansions (21)-(22). Consequently, we
are going to complete the effective system (38)-(40) and detect the rugosity effects on the microrotation field.

The @ (¢) term from the angular momentum equation (17) reads:

£ (ot cd)(thxhzzazw] — | Vehy|?Zow'! — |Vxhy 2222w — azzw])
+ (o4 Ca — ca)<h2AXhZZBZw1 | Vxhy 223w — |Vxhy[2Z282W! + Vhydpw! + vxhzzagw;)
tat cd)(—2h1h2Axw2 4 20, VhyZ Vi 8,W? + h1Axh2282w2)
+(co + ¢q — ca)<—2h1h2VX(divxw2) + hy VxhyZ3, (divyw?) 4+ hy AxhyZ 3, wW?
+ hy VhaZ Vi W2 — hNXang)
= 2v.h3roty (v3) — 2v:hy (37091 — 3707 j),
e (Cat cd)(thxhzzazw; — |Vxha PZ8w] — [Vxhy|?Z202w] — azzw;)
+ (o4 o — da)(—azzw; - hlaz(divxwz))
+ (et cd)<—2h1h2Axw§ + 2h, VxhyZ Vydzw? + h1AthZBZw§)
= 2v,h3 <8x1 v, — axzv}).
We take the mean value with respect to X in the above equations and employ relations (36). Using similar arguments as for
wo, wg (see Section 3.4), we obtain

—(Ca + ) B2W + (co + 2c)MZd,W' = 20,1, (—azug i+ 0,0 j), (46)

—(co + 2¢4) w3 + (cq + c))MZd; w3 = 0. (47)

Taking into account the zero boundary condition for microrotation, from (47) we deduce w% = 0. Eq. (46) completes
(38)-(40) forming the effective system
— (v + 1)V + h2V,p° + (v 4+ v,)MZ3V° = 0,
ap° =0,
1
48
div/ hv0dZ = 0, (48)
0
—(Cq + ca)32W' + (co + 2c))MZ ;W' — 2v,hy (—37091 + 3;0%) =0

satisfied by our asymptotic approximation. The above system is going to be rigorously confirmed in the following section.

Remark 1. It is important to notice that (46) can be explicitly solved employing similar arguments as for the equation
satisfied by v° (see Section 3.5). We leave the reader to verify that

2vrhy (%) R = U VIEE)
R ) / / et 500, ) ds

(co+2¢q)

s (CO+ch) /ZeZ(Ca+Cd)MS ds
ez 9,08 (x, £)deds e I
52
f e 2(catcq) ds
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2v-hi(x (Co+2¢q) \r2_ o2
wix,2) = —— 2vrhi (%) // eZcarca ™ 59,00 (x, £)déds

(o +ca)
(cg+2¢q) 4,2
' kg2, Jy e*aro™ ds
— 2(catcq) y5 S
) e 2eateg 3,00 (x, £)déds e

f1 e 2(a+c) Ms? ds

where v0 = (v9, v9) is given by (41).

4. Rigorous confirmation

In the previous section, using two-scale expansion technique, we formally derived the asymptotic model describing the
effective flow. As such, it provides a very good platform for understanding the direct influence of the specific rough boundary
and fluid microstructure on the lubrication process. However, from the strictly mathematical point of view, formally derived
model should be rigorously justified by proving some kind of convergence of the original solution towards the asymptotic
one. Though we were able to compute the correctors for microrotation (see Section 3.6), unfortunately, we did not succeed to
do the same for the velocity. Essentially, that is due to the complex rugosity profile preventing us to compute the mean value
of each term appearing in the equations satisfied by the velocity corrector. As a consequence, we cannot expect to derive
the satisfactory L2 or H' error estimates. Therefore, the idea is to use a convenient variant of the two-scale convergence
(similarly as in [13]), and apply it to our situation.

4.1. Two-scale convergence

The notion of the two-scale convergence was introduced in the 90s by Nguetseng [26] and Allaire [27]. Since then, it
has been extensively used as a powerful tool enabling straightforward proof of the convergence of the homogenization
processes. However, as shown later in [28], it can be also used as a general tool for deriving the lower-dimensional
approximations for problems posed in thin domains. Its main advantage over formal two-scale expansion technique is that
we do not need to compute the correctors. We only have to derive sharp apriori estimates providing us the form of the limit
and, consequently, the convenient test-function.

For reader’s convenience, we provide the definition and some properties of the variant of the two-scale convergence
which is appropriate for our specific framework (see [13]):

Definition 1. We say that a sequence {v, (X, Z)}.~0, such that v, € L?(£2), two-scale converges to a function V°(x, Z, X) €

2
[?(£2 x T?), and we use the notation v, — V9, if

lim [ v.(x2)® (x Z, )dxdz / / VOx, Z, X)® (x, Z, Z)dXdxdZ
E—> i) TZ
for any @ (x, Z, X), being X-periodic in the third variable, such that
2
lim/ ’cp (x,z, %)’ dde=/ & (x, Z, X) 2dXdxdZ.
& 2 'H-Z

e—0 Q
As an easy consequence of the above definition we deduce the following:
Proposition 1. (a) For every bounded sequence {v, ). ¢ in L?(§2) there exists a subsequence which two-scale converges to some
function VO € L*(£2 x T?). The weak L*-limit of v, is given by V(x, Z) = [, V°(x, Z, X)dX.
2
(b) Suppose that {v, }s~0 is a bounded sequence in L*(0, 1; H' (w)) which converges weakly to V in L?(0, 1; H' (w)). Then v, — V

2
and there exists a function V! e [?(£2; H'(T?)) such that, up to a subsequence, Vv, — V,V(x,Z) + VxV'(x, Z, X).
(c) Suppose that {v,}.~¢ is a bounded subsequence in L?(£2) such that £* Vv, is bounded in L?(£2). Then there exists a function

2 2
V0 e [2(§2; H'(T?)) such that, up to a subsequence, v, — V° and £2V,v, — VxV°(x, Z, X).

(d) Suppose that {v,}e~o is a bounded sequence in [?(£2) such that eVyv, is bounded in L>(£2). Then the two-scale limit
VO e [2(2; HI(T?)) of v, satisfies VxV° = 0.

Remark 2. To carry out the justification process we only need that

2
lim/ ’hz (%)’ dx:/ hy (X)[2dxdX,
Q & 2 J12

e—0

2
lim/ ’VXhz (%)’ dx:// |V hy (X) [2dxdX.
=0/ 3 2 Jr2
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Note that the above relations (describing, in fact, the strong two-scale convergence, see [28]) are fulfilled since at the begin-
ning we assumed that h, € C'(T?).

4.2. Rescaling and apriori estimates

In order to pass to the limit, the first step is to write the governing equations in the e-independent domain £2 = wx (0, 1).
For that purpose, we introduce new variable Z = el (X> and, correspondingly, new functions u, (x, z) = 0, (x, Z), W, (x, z) =
W, (%, Z) and p.(x, z) = p.(x, Z), where 4, = (V, 03,), W, = (W,, W3 ). To simplify the notation, we are going to omit the
hat in the new unknowns, and also take Dirichlet boundary conditions for the velocity on the lateral boundary. Taking into
account the above change of variables, the system (6)-(8) can be rewritten in £2 as:

| A Ahe  |[Vhel” VA 2Vh€ VAN v 5|zz 292y 32
W +v) | —Axve + h, - h2 7Ve + h . x0zVe — 7Ve — h2 Ve
L £ 8
Vh, 1 . .
+ prs - h ZaZps = zvrh*<_8zw2,s 1+ 8Zwl,a.]> + ZvrrOtxw&s’ (49)
£ &€
r Ah  |Vh]? Vh, IVh|> ., 1.5
W +vr) | —Axvse + h 2 Z0zv3,¢ + 2 h < ZVy0z03 ¢ — 2 Z°07v3,e — h28 V3e
- &
1
+ Fazps = 2Vr (87(1 Wy e — 8X2w1,8)7 (50)
&
1 Vh 1
divgv, + —divxv, — — - Z3,V, + —dzv3, = 0, (51)
g2 h, h, ’

Ahe _ |Vhe[* Zd 2V 79 v *"22282 LY
(cq +ca) AW, + n - hﬁ W, + n +LVx0zWe — h hz 7 We

) Vh, , Ah, |th|2 th
+ (co 4 ¢4 — ¢q) | — Vi (divyw,) + - Z 0z (divyw,) + PSR ZozW, + - ZVy 07 W,
& & c &
IVhel?> ., Vh, 1 Vhe
- h§ z azws + ﬁ - 0zw3 — hT% Vy0zws e + ﬁ 'ZaZU)B,s + 4v,w,
1
= 20— (=702, 1+ 901,0) + 2vi0tvs, (52)
£
Ah,  |Vh|? Vh, |Vh,|? 2.2
(€q + cq) —Axng’g + f - hg Zazw3,g +2 he . Zanzwg,g - hg V4 8 w3 e — h2 8 w3 ¢
1 . Vh,
+(co+ca— ca)[——az(dlvst) + e e+ e zg2w, — Loz, 8] + dvws,
he hs h? 2t
= 21),(3,(1 V3 — BXZUM). (53)

As mentioned before, the crucial thing in the application of two-scale convergence method is the derivation of sharp apriori
estimates. To accomplish that, we first need to establish the precise dependence of the constants in Sobolev inequalities on
the small parameter . Then using standard procedure (see e.g.[9,28]) from rescaled equations (49)—(53) it is straightforward
to deduce the following:

Proposition 2. There exists a constant C > 0, independent of &, such that

C
lucllizep3 < C, VU 2(0)3x3 < e 0z ll;2(2)3 < C, (54)
lwell 2y < Ce, VW, 2(0y3x3 = C, 9zWe ll2(0)3 = Ce, (55)
C C C
IPell2o) < 2 Vipelly-10) < 2 10zPe lly-1(2) < = (56)

4.3. The main result

Theorem 1. Let (u., w,, p;) be a sequence of weak solutions of the governing problem (6)-(8). Then the rescaled sequence
(ug, %ws, &%p,) o (x, hy(x)Z) two-scale converges to the weak solution (v°, w', p®) of the system

—( 4+ )2V + h2V,p° + (v + v,)MZ3V° = 0, (57)
ap° =0, (58)
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1
div/ hv0dz = 0, (59)
0

—(Ca + Ca)d2W' + (co + 2c))MZ ;W' — 2v,hy (=703 + 8;0%5) = 0 (60)
being formally obtained in Section 3.

In the sequel, we present a proof of Theorem 1. As explained before, apriori estimates suggest us the form of the limit.
Thus, taking into account the estimates from Proposition 2, we deduce

22 2 2 1 2 1 2
EPe ™D, Ve — V7, V3¢ - U3, gws —~ W, gwle - wsy,

where po € [2(£2; I*(T?)), (v°, v9) € [2(22; [*(T%))3, (W', w]) € [*(2; [*(T%))>.

4.3.1. Auxiliary results
Using Proposition 1, we directly establish

Lemma 1. (a) The two-scale limit for the velocity is such that Vxv® = 0 and Vxv§ = 0.
(b) The two-scale limits for the microrotations gwg and gwg,g are such that Vxw'! = 0 and wag =0.

Concerning the pressure, we have the following result.

Lemma 2. The two-scale limit pressure is such that Vxpo = 0 and d9zpy = 0.

Proof. The proof is similar to the proof of the Lemma 5.2 from [13]. The idea is to take e*p, ¢ € D (£2; €' (T?)) as a test
function in (49) and use Lemma 1. O

We also have
2
Lemma 3. The third component of the velocity satisfies vs . — 0.

Proof. In view of Lemma 1(a), we only need to prove that d; vg = 0. The idea is to take e¢, as a test function in (51) (see
Lemma 5.3 from [13] for details). O

Again, in view of the apriori estimates from Proposition 2 we can introduce the following two-scale limits:
2 1 2 2 2 2
Vi(eve) = Vxv',  Vi(Wy) = Vxw?,  Vi(wse) — Vyws,
forv! € [2(£2; H'(T%))?, w? € [2(£2; H'(T?))?, and w? € [?(2; H'(T?)).
Now we prove some properties of the above limits needed in the sequel:
Lemma 4. The function v! is such that Axv' = Ag—]’uz 9,V

Proof. The proof is similar to the proof of Lemma 5.4 from [13]. The idea is to employ £3¢ as a test function in Eq. (49). O

Lemma 5. The functions w? and w? are such that

Axh
hy

Axh
1

(Ca + €a) AxW? + (co + ¢4 — Ca) Vi (divkW?) = (co + 2c4) ——Zd,w', (61)

Proof. We multiply Eq. (52) by e2¢(x, Z, x/&2), ¢ € D(£2; €'(T?)), and integrate by parts. Consequently,
Achy + 1 Axhg

h] =+ 8h§
2

(Ca + ) (/ wae(ezvqsg + Vx¢e) + / & ZozW, -
2 2

Vihy + 1 Vxh|?
_/ 2| xt1 s EX 2| Zazwg¢g—2/ _
2 (h1+8h2)2 Q h1+8h2

|Vihy + 1Vyhs|? 5 / 1
+ | "t bw, - ;,(Z%p) + | —s
/.(2 (hl + Shg)z ¢ Z( ¢€) 2 (h] + Shg)z ‘

1
(Vihy + nghE) - VW, 0z (Z¢)

W - 82¢8)

, Vihy + 1Vxhs

- div,w, 97 (Z .
by ol iv,w; 0z (Zob,)

+4Vr/ 82Ws¢s + (co + ¢4 — Ca) (/ div,w, (£2divx¢s + divx¢,) — / &
2 2 2
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Achy + L AxhS Vihi + 1vyhg|?
+f8><17852232w€.¢5_/ gzwzazwmg
o hy + ehg o (h1 + €hf)

[Tt
Q h] +8h§
/ Vihy + 1Vihg Vihi + 1Vxhg
(%)

1
- €0 —V, ) — ———=¢0 0z(Z
(hy +8h§)2 £07w3 P +/; (h —|—8h§)2 xW3,6 07 P A (hy -I—Shé)z £0z7w3 60z ( d’s))

1
=2 ——¢ (-9 i+9 j 2 g’rot .
Vr‘/.Q hy + ehs ( 702,61+ Zvl,a.l) ¢e + Vr/g xV3,6Pe

Vel + 1k 2
VoW 3,(Z) + / 2 Il 8220

2 (h1 + eh3)?

Passing to the limit, we get

1 Axhz 0
(ca+cq) Vxw' - Vx¢ + (¢, + Cd) Zo;W ¢
2 J1? T2

X (Co+ ¢4 — ca)/ / divyw! divx¢ + (co +cqg— ca)/ /
2

Axh
X2 73,w'¢ = 0,

for any ¢ € D (£2; €'(T?)). This is equivalent to (61). We proceed analogously with Eq. (53) in order to deduce the relation
(62). O

Finally, from Lemma 4 we can easily get the additional result for the pressure:

Lemma 6. The pressure is such that lim,_.o [, ep.divx(¢) = 0 for any ¢ € L*(£2; H'(T?)).

4.3.2. Passing to the limit

Now we are in position to pass to the limit in the rescaled equations (49)-(53). Following same arguments as in
[13, Sec. 5.2 and 5.3], from divergence and momentum equation it is straightforward to obtain the weak formulations
corresponding to (57)-(59). It remains to verify Eq. (60). Let us start with the equation for ws . to confirm that w% = 0.
We employ ep(x,2), ¢ € D(82) as a test function in (53). Using the identity

1

we have

1
(Ca + Cd)/ eVyws e - Vype — (Co + Cd)/ T <Vxh1 + gvx/h) - Vyws :07(Z¢)
1

|Vihi + 1Vyhe)? 1
e 2 G ws, - 02(Z%e) + (Ca 4 Ca)

T RE—— W3¢+ 07¢e
(i + ez o (hy + by e 7329

| Vihy + 1Vyhg
X 4Vrf gws,e¢e + (Co + Ca — Ca)/ 5 diviW, 9z, — (co +¢q — Ca)/ e——————— W 0z(¢)
2 o M +eh; 2

hy +¢ehj
Vihi + 1Vxhs 18wa(Z<f>)+(c Lo C)/ 1 1 96
—_—_—m . — —_— —_— w
h1+8h§ o ZWe 0z 3 0 d a Q(hl“l_gh;)ZS ZW3,e0Z7@¢

= 2Vr/ & (axl V2,6 — axzvl,s) P
2

erer [
2

—(60+cd—ca)/s
2

Passing to the limit and taking into account that w; = w; (x, Z), we obtain

IVxth

1
—(cq + a) / — Vxhy Vxw3d;(Z$) + (cq + €a) f f d,w307(Z%¢)
2 Jmr hy

1
+(ca+cd)// —zazw;az¢+(c0+cd—ca)// —zazwgazas:o.
o JT2 h] 2 J12 h1

Using relation (62) from Lemma 5, it can be easily verified that the above relation is, in fact, the energy formulation
corresponding to

1 1
—(cqa +Ca) (/2 thxhde) anz(lazwé) —(ca+¢a) (/2 |Vxh2|2dx> Fzzaz(azwé)
T 1 T 1

1 2.1
— (co + 2¢4) » Eazw =0.
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Integrating by parts gives
—(co + 2¢q) / —azw‘ + (Ca + €4) </2 |Vxh2|2dx> %ZZBZ(BZw;) =0.
T 1
Observe that this corresponds to Eq. (47) obtained in a formal way. In view of the zero boundary condition for microrotation,

we conclude wj = 0.
Let us proceed with equation for w,. Analogously, we multiply Eq. (52) by e¢(x, Z), ¢ € D(£2) to obtain

1
(Ca + Cd)/ vaws . x¢£ (Ca + Cd)/ P Vxhl + *VXhZ : wasal(z¢)
h] + h &

tata | il & 2V @00 + (ot c) [ ———— Lagw, - 509
8 . -_— .
a d o (hl +€h§)2 ZWe 'z e a d o (h1 +8h§)2 ° ZWe ZP¢
Vihi + 1Vxhs
X 4v; / €Ws¢8 + (co+ ¢ — Ca)/ diVst(Sdide)s) — (Co+¢a — Ca) / 8% ’ diVxWaaz(Z¢s)
17 2 1
1
+(co+ g — Ca)/ ewazwg - 07(Z%e) + (co + ¢ — Ca)f Yat Vs 1 dzw3e
o (h1 4 ¢ehj)? (h1 +¢eh)? ¢
1 1 Vi + Vxhzl
+ (co+¢cqg — Ca) 0zw3 eV — (o +Ca—Co) | - —0zw3,.07(Z¢)

o (hi+¢eh))?e

1
= 2\)r ./;2 m (—321)2,5 1+ 621)1’5]) (l)g + 21),— /.Q EI'OtXU_?,,S(bg.

o (hy + Sh‘g)z

Passing to the limit and taking into account that w' = w'(x, Z) and wj = 0 give
|Vxh,|?
(hy)?

1 1
+ (ca + Cd)/ / 7232W1 <0z — (Co+¢qg — da)f / — Vxh; - divyw?d; (Z¢)
e Jr (h) 2 Jr h1

|VXhZ|2 1 2 0 0
+(co+ ¢4 — Ca) 5~ 0zW 9z(Z°¢p) = 2vr —(—8sz i+0zv7))¢.
2Jr () oJr

Using (61) from Lemma 5, it can be easily verified that the latter is the energy formulation corresponding to

3, W', (Z%¢)

1
—(cq + Cd)f —Vxhy - wazaz(Zd)) + (Ca +cq) / /
2 Jr2 o JT2

1 1

—(co + 2¢q) (fz thxh2> anz(zazwl) — (Ca +ca) (/ |Vxh2|2dx) ?2232(3ZW1)
T 1 1

(ca + Ca)

1

1 2y, . .
—(co+¢g— ) (fz |Vxhz|2> P2232(32W1) - 0w *(—321131 + 370 ).
T 1 1

Finally, after integrating by parts, we get
—(Cq + ca)d2W' + (co + 2¢4) (/ |Vxh2|2dx> Z3;w' = 2v:hy (37031 + 9709%)
T2
which corresponds to (60). O
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