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Abstract

In a previous paper, we studied the homogenization of a sequence of parabolic linear Dirichlet problems, when
the coefficients and the domains vary arbitrarily. Here, we improve the convergence result given in this paper by
showing the strong convergence in L? every time. This is applied to obtain an existence result for control problems
in optimal design written in a relaxed form. The control variables are the material and the shape.
© 2005 Elsevier B.V. All rights reserved.

Keywords: Asymptotic behavior; Homogenization; Control; Dirichlet problems; Parabolic equations; Perforated domains

1. Introduction

We are interested in the asymptotic behavior of a sequence of parabolic Dirichlet problems when the
coefficients and the open sets where they are posed simultaneously vary. Specifically, for 7 > 0, @ ¢ RV,
open, A, : 2 x (0, T) — RV*N elliptic and bounded, @, C Qopen, and f € L*(0, T; H~'(Q)), let us
consider the homogenization problem

O yn —divA,(x,)Vy,=f inQx(0,T),
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y=0 on (Qx {0})U@®@Q x (0,7)). (1.1)

We do not introduce any hypotheses about Q,, (only the fact that they are all contained in Q). For A,, we
only assume it to be uniformly elliptic, and bounded. As it is usual in the homogenization of Dirichlet
problems in varying domains (see, e.g., [5,6,9-18,26,27]), it is proved in [9] that the limit problem of
(1.1) does not have the same structure. In the place of an equation such as

0,y —divA(x,)Vy=f inQx(0,T),

we find a bounded and elliptic matrix A, a nonnegative measure y and a positive and bounded y-measurable
function F, such that the limit equation is

0,y —divA(x,t)Vy+ F(x,t)yu=f inQx (0,T). (1.2)

The measure u vanishes on the sets of capacity zero, and then the functions in H(} (Q) have a representative
which is well defined for it. However, it is not in general in H ~1(@), and not even a Radon measure. So,
Eq. (1.2) does not hold in general in the sense of the distributions. Thus, we will prefer to write it in a
variational form better than as a partial differential equation.

The above result is closely related to the fact that a control problem like

: ) o,y —Ay=f inQx(0,T),
_ min |y — yal®dx
6cQ openJo y=0 on (2 x {0}))U@Q x (0, 7)),

with yg in L?(Q), and fin L2(0, T; H~1(Q)), does not have a solution in general.
At the place of (1.1), we will prefer to consider the problem

Yu € L*(0, T; Hy(2) N L7 (2)),  yu(x,0)=0ae.in

<a;YnaU>+/ An(x»l)v)’nvvdx‘f’/ Fn(xat)ynvd,un:<f» v) in 9/(()’ 1),
Q Q

Vv e L*(0, T Hy (@) N L;, (Q)), (1.3)

where A, and fare as in (1.1), y, is a sequence of nonnegative Borel measures which vanish on the sets
of capacity zero, and F}, are in sz(Q), uniformly positive, and bounded. Following Dal Maso and Mosco
[16], we remark that if @, is a sequence of open sets contained in €, then, defining y,, as
10 (B) = {-I—oo %f Cap(B N (Q\Q), Q) >0, VB C @ Borel,
0 if Cap(B N (Q\Q,), Q) =0,
and, e.g., F, = yq,, problem (1.1) is equivalent to (1.3), and so (1.3) generalizes (1.1).

The homogenization problem (1.1) has been studied in [9] (see also [5,17], for elliptic problems, and [6]
for nonlinear parabolic problems where the coefficients do not depend on the time), where the existence
of a limit problem is proved (for a subsequence), which has the same structure as (1.3). The convergence
of y, is proved to hold strong in L?(Q x (0, 7)) and weak in L>(0, T’; HO1 (2p)). In the present paper, let
us also show that for every ¢ € [0, T1, y,(., t) converges strongly in L?(€2). As an application of these
results, we prove the existence of solutions for control problems in the coefficients and the domains.
These problems must be written in a relaxed form. In other cases, it is well known that a solution does
not exist in general (see, e.g., [3,7,22]). We refer to [1,3,4,7,8,21,22,24] for the study of control problems
in optimal design.
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2. Notations

We denote by @ C RY a bounded open set, by Qr, R > 0, the cylinder Qg = Q x (0, R), and by Q}g,
0< R < S, the cylinder Qp = Q2 X (R, S).
For a measure pin Q g, we denote by Lg (QRr), 1 < p< + 00, the usual Lebesgue spaces relatives to fi.

If /1 is the Lebesgue measure, we write L? (Q ). Analogously, for a measure p in €, we use the notations
LNQ, LP(Q).

For a normed space X, x € X, x’ € X’ (the dual space of X), we denote by (x’, x), , the duality
product between x” and x. When the spaces are understood, we just write (x’, x).

Forevery B C Q, Cap(B, Q) denotes the capacity of B (in ), which is defined as the infimum of

/|Vu|2dx
Q

over the setof u € HO1 (Q) such that u >1 a.e. in a neighborhood of B.

A function u : Q — R is said to be quasi-continuous if for every ¢ > 0 there exists N C Q, with
C(N, Q) <, such that the restriction of u to Q\N is continuous. It is well known that every function
u € HO1 (£) has a quasi-continuous representative (see [19,20,30]). We always identify u with its quasi-
continuous representative.

A set ® C Qis said to be quasi-open, if for every ¢ > 0 there exists N with C (N, Q) < esuchthat U N
is open.

We denote by %g (Q) the class of all nonnegative Borel measures which vanish on the sets of capacity
zero and satisfy

u(B) =influ(®) : © quasi-open, B C @ C Q}, VB C Q Borel.
For a measure u € //%(Q), we denote by 1 the measure in Q7 defined by i1 = u ® dz.

Definition 2.1. For T > 0, and two constants y > o > 0, we denote by ML(Q7) (see [23]) the set of all
the matrices A in L (Q7)V*", such that

(i) A(x,1)éE=a|é?, VE e RN ae. (x,1) € Or.
(i) A= (x, )Ee=y71¢?, Ve e RN ae. (x,1) € Or.

We also denote by F1(0r) the set of pairs (F, p) such that u € ,/%%(Q), F belongs to L/Ejo(QT), and
y>F(x,t)>a, p-ae.in Q7. (2.4)
Remark 2.2. We recall (see [23]) that (ii) implies
(iii)) |A(x, )| <y, ae. (x,1) € Or.
Reciprocally, if A satisfies (i) and (iii), then

-1 x2 N
A" (x, 0= =[El7, VEeRT, ae. (x,1) € Or.
v
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3. Homogenization results

We recall in this section the following compactness result, which gives the homogenization of (1.3)
(see also [5,18], for the case of elliptic equations, and [6] for the case of nonlinear parabolic problems
with coefficients independent of the time variable.

Theorem 3.1. For T >0, y> o> 0, and two sequences A, € .#43(Qt) and (F,, ) € F1(Or), there
exist a subsequence of n, still denoted by n, A € .#4(Qr) and (F, u) € Z4(Qr), such that for every
distribution [ € L2(0, T; H~1(Q)), the solution vn of (1.3) converges weakly in L%, T; HO1 (Q)) and
strongly in L>(Q7) to the unique solution y of

yeL*0,T: Hy(@NLLQ), y(x,00=0ae inQ,
(0,y,v) —I—/ A(x,t)VyVudx +f F(x,t)yvdu=(f,v) in 2'(0,T),
Q Q

Vv e L*(0, T: Hy(2) N L3(9Q)). (3.5)

The matrix A coincides with the H-limit of A, (see, e.g., [23,25,28)), and then, it does not depend on
(Fn, w,)- The measure u can be chosen (note that only the product F u is uniquely defined) as the unique
element of ,%(2) (Q) (see [15]), such that the unique solution w,, of

wy, € HH(Q) N Lftn (Q),

/anVvdx+/wnvdun=/wnvdx,
Q Q Q

Vv e Hy(Q NL; (Q)
converges weakly in H(} (Q) to the unique solution w of

w € Hy(Q) N L(Q),

/VwVvdx+/wvdu=/wvdx,
Q Q Q

Vv € Hy(Q) N L(Q), (3.6)
and then, it can be chosen independently of A, and F,.
Let us improve the above result by showing the following:
Proposition 3.2. In Theorem (3.1), we also have
ya(s 1) = y(, 1) in L2(Q), Vvt €0, T]. (3.7)

Proof. Let ¢ be in [0, T']; there is nothing to prove ¢ = 0. So, we can assume ¢ € (0, T']. Moreover, it
is not restrictive to assume that y, and y are defined in Qg for some S > T, and that Theorem 3.1 holds
with T replaced by S. For this, it will be enough to extend A,, and F}, to Q5.
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For ¢ > 0, we consider & € (0, min{t/2, (S — t)/2}) such that
o
“vy”LZ(Q;t%Z) + “y”L‘%(Q;J:%Z) + y_2 ”f”Lz(t—h,l‘—l-h;H’l(Q)) <é&. (3.8)

Since the solutions y, of (1.3) are in (10, S1; L2(Q)), for every n € N, there exists h, € (0, h)
such that

<e. (3.9)
L2(Q)

1 t+hy
L 1) — .
Yu(., 1) 2hn./t (., 8)

_hn

Using (1.3), foreveryn € N, and a.e. (r,s) € (t — h,t + h)z, we have

Oyn
<a—(x, r), yn(, 1) — ya(., S)>
.

(Hy(NL2 (), Hy(QNL? (Q)

+ / A PV (X, IV s 7) — v (x, 5)) dx
Q

+ /QFn(x, Py PO (. ) — s 9)) iy

= (fa yn(, r) - )’n(, s)>H_1(Q),H(;(,Q)'

Integrating inr € (q, s),forqg € (t — h,s),orinr € (s, q), forg € (s, t + h), we get

/Q |yn (X, @) — yu(x, $)* dx STV YRl 2@ty IV in = Yu (o SO 2 gy
vl grem v = ynC )z (o)
+ U2 —nin: m-1 @) IV n = v (., S))”LZ(Q;J:Z)’

fora.e. (q,s) € (t —h,t+ h)z. Integrating in (¢, s) € (t — hy, t + hy,) x (t — h, t + h), and dividing by
4h,h we obtain

1 t+h, t+h
4hnh t—hy, t—h
< (V”Vyn ”L2(Q;J:Z) + ||f||L2(tfh,t+h;H*l(Q)))
1 t+h pt+h 1/2
x _/ / |V()’n(X,S)—yn(X,r))Izdxdsdr

—h Jt—h

/ n(x, @) — w6, )P dx ds dg
Q

t+h pt+h 1/2

1 2
+V||yn”L;2¢,,(Q§+Z)<ﬂ l—h o Llyn(x, §) = yn(x,7)| dﬂﬂde}”)
<‘/§(V”Vyn”L2(Q§'*_-Z) + V”yn“]‘ﬁn (Qii'ﬁ) + ||f||L2(t—h,t+h;H_l(Q)))
X (IVyn ”LZ(Q;tZ) + [lyn ”Lﬁn(Q;tZ))- (3.10)
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Now, for ¢ € Z(t —2h, t+2h), 9 >0, p=11in (t —h, t +h), we take the application (x, 1) — y,(x, t)p(t)
as test function in (1.3), and the application (x, 1) — y(x, t)(#) as test function in (3.5). Using then that
y, converges to y strongly in L2(Qy) and weakly in L(0, S; H~'(Q)), we have

1 do
/ AV ynVynedx de +/ F}’lyr%(p dﬂn dr = _/ yr%_ dxdr + (f, Yn§0>H—1(Q) H(Q)
0s 0s 2" dt o

1 ,do
-2 Qy dedt—l—(f, YO u-1(0).Hl(©@)

= / AVyVyepdxdr +/ Fy*pdudr.
Os Qs
So, using the properties of A, F;,, A, and F, we get the following estimate to the right-hand side of (3.10):
. Y
tim Sup(IV vl 2 greny + Il z greny) < - UNVY L aggreny + I3l 2 griny) (3.11)

Let us now consider the inequality

t+h,
19 1) = ¥C Dl < |3 1) — / o) dg
2hn t—hy, LZ(Q)
1 t+h, t+h
+ / / e @) — 3. 9)) ds dg
dhnh Jip, Jin " " L2(Q)
1 t+h
+ | == Yn(.os) —y(.,s))ds
2h Jin L2(@)
t+h
+ |5 y(,s)ds —y(., 1)
2 Jin 2@

From the strong convergence in LZ(Q s) of y, to y, the Cauchy—Schwartz inequality, (3.8)—(3.11), we
can pass to the limit in this inequality to get

) \/§V3 5 1 t+h
lim sup [y, (., 1) — y(., D2 <&+ 2 ¢ + HE/ y(.,s)ds —y(.,1)
t—h

n—oo

L2(Q)

In this inequality / can be chosen as small as we want, since u belongs to C9([0, ST; L*(Q)). We can then
pass to the limit when 4 tends to zero to obtain

\/E“/3 2

&, VYe>0,

lim sup [[yn(., 1) = y(, Dl 20 <e+

n— oo 062

and then (3.7). O
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4. Existence of solution for optimal design problems

In this section, we investigate the existence of solution for the following control problem:
0,y —divA(x,1)Vy=f inQx (0,T),

~ - (4.12)
y=0 on(Q x{0}) U@ x(0,T)),

_min J(y) {
Qc0,Acd

where f belongs to L0, T; HOl (Q)), J is a functional in L?(0, T; H(} (@) N CO0, T]; L*(Q)), 0 is
composed by open subsets of @, and .7 is a subset of .#.(Q7). This type of problems arise in the
optimization of materials (represented by the matrix A) and shapes (represented by the open set Q). Itis
well known that a problem like (4.12) has not a solution in general (see, e.g., [3,7,22]), and then, it is
necessary to take a relaxation. In fact, because from Theorem 3.1, it is problem (3.5) which is stable by
homogenization, it is better to replace (4.12) by

y € L*(0,T; Hy(Q) N Li(Q), y(x,0)=0, ae.inQ,
. (0,y,v) + fQ A(x,t)VyVvdx
A Faes T + [, F(x,nyvdu=(f.v) in2'(0,T),
Vv e L*0, T; Hy(Q) N Li(Q)),

(4.13)

with & a subset of .Z,(Q7) x Z,(O7). Using the direct method of the calculus of variations, Theorem
3.1 and Proposition 3.2 can be immediately proved.

Theorem 4.1. For T >0,y > o> 0, let & be a subset of #,(Q7) x F4(Q7) stable by homogenization,
i.e., such that the limit of a sequence of problems like (1.3), with (A, (Fy, 1,)) € &, is of the form (3.5),
with (A, (F, p)) € &, and let J : L*(0, T; H}(2)) N C°([0, T1; L*(Q)) — R be a functional which is
semicontinuous in the following sense:

Forevery sequence y,, € L?(0, T; HO1 (Q)NCO([0, T1; L*(Q)), which is bounded in L*(0, T’ HO1 Q)N
L%(0, T; L*()), and converges to'y € L*(0,T; H}(2)) N C°([0, T1; L*(Q)), weakly in L*(0, T;
HO1 (Q)), strongly in L>(Qr), and also y,(., t) converges strongly in L>(Q) to y(., t), for everyt € [0, T],
we have

lim inf J(y,)>J(y).
n—o0
Then, for every f € L*(0,T; H'(Q), problem (4.13) has at least a solution.

As examples of functionals J in the conditions of Theorem 4.1, we have

y—> / ly(x, T) — yal*dx, yq € L*(Q),
Q

y —>f ly(x, T) — yal*dxdt,  yq € L*(Q7),
0

y—>/ IV (x, T) — ya)l*dxde,  yqs € L*(0, T; H} (),
0Oy

with respect to subsets & in the conditions of Theorem 4.1. Thanks to Theorem 3.1, we can take & =
M(OT1) x Fy(Or), but it is too large. In practice we only dispose of a few of materials and shapes.
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Moreover, the question remains whether problem (4.13) is a relaxation of problem (4.12) or not. In this
sense, the following definition is useful:

Definition 4.2. Given a subset & of .#5(Q7) x Z4(Q7), we define the closure by homogenization of &,
and we denote it by Cy (&), as the set of pairs (A, (F, p)) € AM(OT) x Fy(O7), such that there exists
(An, (Fy, 1)) € &, which satisfies that for every f € L?(0,T; H'(Q)), the unique solution of (1.3)
converges weakly in L%, T; HO1 (£)) to the unique solution of (3.5).

From Theorem 3.1, it is clear that the closure by homogenization of a set & is stable by homogenization,
and then, it is in the conditions of Theorem 4.1. We easily prove the following:

Proposition 4.3. For T >0, y> o> 0, let & be a subset of/%;i(QT) x Fy(Qr), and let J : L%, T;
HO1 (Q) N CO([0, T1; L2(Q)) — R be a functional which satisfies the following continuity property:
For every sequence y,€L*(0, T; H} (2))NC°([0, T1; L*(Q)), which is bounded in L*(0, T; Hj (2))N
L%(0, T; L*(Q)), and convergesto yeL?(0, T; H} (2)NCY([0, T1; L*(Q)), weakly in L*(0, T; H} (),
strongly in LZ(QT), and also y, (., t) converges strongly in L3(Q) to v(., 1), foreveryt € [0, T], we have

Him T (yn) = J ().

Then, for every distribution f € L*(0, T; H~'(Q)), we get a relaxation of problem 4.13, just by replacing
Eby Cy(8).

Remark 4.4. The functional
y— | V&, T)—ya)>dxdr, yg e L*0,T; H} (Q))
o

satisfies the assumptions of Theorem 4.1 but not those of Proposition 4.3.

Remark 4.5. Since in Theorem 3.1 A is the homogenized matrix of the sequence A,, it is clear that
for & C #L(QT) x F4(Or), the projection of Cg (&) on M(Q7) coincides with the closure by H-
convergence (H-closure) (see, e.g., [23,25,28]) of the projection of & on M(OT).

From Proposition 4.3, in order to obtain a relaxation of (4.12), we need to obtain the closure by
homogenization of the set of pairs Qe 0,A e .o, where 0 is composed of open subsets of @, and <7 is
contained in .#%(Q7). Here, we identify an open set Q C Q, with the pair (F, ) € Z,(Qr), given by

+oo if Cap(B N (Q\Q), Q) >0,

. ~ VB C Q Borel,
0 if Cap(B N (Q\Q), 2) =0,

wB) = {

and F = #;@.
When ¢& is of the form

&= o X {ﬁzfzc Q open},

with .7 a subset of .#(Q7) composed of constant matrices with respect to the time variable, we can use
the results which appear in [2] to prove

Cu(&)=o x {(F,pn) e Z1(Qr) : F(x,t) constant with respect to 7},
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with .7 the H-closure of .«Z. So, in this case the relaxation of problem (4.12) is reduced to the calculus of
the H-closure of .«# (which is only known to a very few choices of sets .7, see, e.g., [1,21,29]). Indeed,
because for u € ,/%(2) (2),and F € LEO(Q) constant with respect to the time variable, the product Fu also

gives a measure in u € /%%, for the above choice of &, a relaxation of (4.13) is given by

y € L*(0,T; Hy(@) N L3(Q), y(x,0)=0ae.inQ,
min J(y) @y, v) + [ AX)VyVvdx + [ yvdu=(f,v) inZ'0,T),
(A et x M3(Q) ) | )
Vv e L*0,T: Hy(Q) N L:(Q)).
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