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Abstract

Dedekind’s methodology, in his classic booklet on the foundations of arithmetic, has been the
topic of some debate. While some authors make it closely analogue to Hilbert’s early axiomat-
ics, others emphasize its idiosyncratic features, most importantly the fact that no axioms are
stated and its careful deductive structure apparently rests on definitions alone. In particular, the
so-called Dedekind “axioms” of arithmetic are presented by him as “characteristic conditions”
in the definition of the complex concept of a simply infinite system. Making sense of Dede-
kind’s method may be dependent on an analysis of the classical model of deductive science,
as presented by authors from the eighteenth and early nineteenth centuries. Studying the mod-
ern reconstructions of Euclidean geometry, we show that they did not presuppose deductive
independence of the axioms from the definitions. Authors like Wolff elaborated a mathemat-
ics based on definitions, and the Wolffian model of deductive science shows significant coin-
cidences with Dedekind’s method, despite the great differences in content and approach. Wolff
had a conception of definitions as genetic, which bears some similarities with Kant’s idea of
synthetic definitions: they are understood as positing the content of mathematical concepts and
introducing thought objects (Gedankendinge) that are the objects of mathematics. The emphasis
on the spontaneity of the understanding, which can be found in this philosophical tradition, can
also be fruitfully related with Dedekind’s idea of the “free creation” of mathematical objects.

Keywords Deductive methodology - Genetic definition - Kant - Free creation - Spontaneity
of the understanding - Euclidean geometry - Arithmetic

1 Introduction

In recent years there has been a lot of discussion about the possibility of attributing a form
of logicism to Dedekind, and about the details of such.! To produce a satisfactory inter-
pretation of Dedekind’s ideas, one interesting strategy, followed by several authors, is to

I See Kitcher 1986; Stein 1988; Tait 1997; Ferreirés 1999; Shapiro 2000; Reck 2003 and 2013; Demopou-
los & Clark 2005; Benis Sinaceur 2015; Ferreir6s unpub.; Klev 2017.
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reconsider the presuppositions of “logic” and the meaning of “logicism” in the light of
Kant’s work (McCarty 1995; Ferreir6s 1999 and unpub., Benis Sinaceur 2015; Klev 2017).
This strategy is supported by the general influence of Kantian epistemological ideas in the
nineteenth century, and even by Cassirer’s reaction to Dedekind (Reck 2020).

Our focus will not be on logicism, however, but on the deductive method that is char-
acteristic of Dedekind. Given the influence of Dedekind’s mathematical ideas upon David
Hilbert, it is natural to ask about similarities and differences with the latter’s project in his
early axiomatic period, around 1900. There is the obvious difference that Hilbert empha-
sizes axioms while Dedekind excludes them in arithmetic, but this difference might be less
profound than may seem at first sight (Sieg 1990; Ferreirés 2009). Contrarywise, Klev
(2011) has defended that profound differences exist, due to Hilbert’s treatment of the basic
concepts, which stands in stark contrast with Dedekind’s deductive method.

In his argument, Klev considers the “classical model of deductive science” as codified
in Betti and de Jong (2010). Dedekind’s methodology differs from that classical model due
to the absence of axioms in his presentation, even if his treatment of definitions (Erkldrun-
gen) might be compatible. Klev says Dedekind’s method is “slightly idiosyncratic” due to its
strong emphasis on definitions. Hilbert on the other hand insisted on treating the basic notions
as schematic or variable, and took definitions in the modern sense of mere abbreviations.

The discussion can be enriched and enlightened if we disentangle some of those theses,
and especially if we deepen the analysis of the “classical model” of deductive science. It is
essential to consider the modern reception of Euclid’s Elements and the attempts to make
them compatible with Aristotelian demonstrative science (Mancosu 1996; De Risi 2016;
Lassalle-Casanave 2019). Interestingly, this connects with Wolff’s methodology, which
can be usefully linked with Dedekind’s; likewise, the former’s theory of definitions can be
linked (changing one important feature) with the latter’s definition of natural numbers. And
the matter is also connected with a thesis that Kant held constant from his pre-critical writ-
ings to the Critique and later, namely that the matter or content of mathematical concepts
is not given in advance, but actively posited by the mind through definitions.

Part of our reconstruction depends on an attempt to find mathematical treatises that may
compare with Dedekind’s extremely careful deductive presentation. If one is strict, most
textbook treatments of arithmetic fall out, since they are rather informal presentations mak-
ing no attempt to follow a strictly deductive order. One is left with few previous works,
among them those of Grassmann and Ohm, which however do not share the methodologi-
cal structure of Dedekind. The much older work of Christian Wolff, however, stands out for
the careful presentation of methodological principles in the ‘Short exposition of the math-
ematical method’ (Kurzer Unterricht von der Mathematischen Lehrart) featured in all edi-
tions of his treatise. We believe that a careful comparison of their approaches does throw
some light upon Dedekind’s style of exposition.

The first section of this paper will focus on early modern ideas about mathematical
method, in the light of which Dedekind’s methodology appears much less idiosyncratic.
His work seems to bear traces of a Wolffian tradition in mathematical method. Section 2
deals with Kant’s opposition to an ‘analytic’ conception of mathematics, and his ideas
on synthesis and construction; the ‘synthetic’ approach seems to have been influential on
Dedekind. Section 3 moves on to the details of Dedekind’s method of definition-and-theo-
rem (Erkldrung—Satz), including some historical background and a critical perspective on
his use of the word “definition.” We catalogue the different kinds of definitions that can
be found in Dedekind, and we show that one of those kinds is intimately linked with free
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interpretation of the defined notions (like in Hilbert). Finally, in Sect. 4 we analyze Dede-
kind’s idea of “free creation” by definition of mathematical objects, which has connections
to a Kantian conception of the spontaneity of the understanding.

2 The Wolffian Methodology

To qualify Dedekind’s method as “slightly idiosyncratic”, Klev takes as a model the
description given by Betti and de Jong (2010). According to these authors, a system S of
propositions and concepts (or terms) accords with the “classical model” when it satisfies
the following seven conditions:

(1) All propositions and all concepts (or terms) of S concern a specific set of objects or are
about a certain domain of being(s).

(2a) There are in S a number of so-called fundamental concepts (or terms).

(2b) All other concepts (or terms) occurring in S are composed of (or are definable from)
these fundamental concepts (or terms).

(3a) There are in S a number of so-called fundamental propositions.

(3b) All other propositions of S follow from or are grounded in (or are provable or demon-
strable from) these fundamental propositions.

(4) All propositions of S are true.

(5) All propositions of S are universal and necessary in some sense or another.

(6) All propositions of S are known to be true. A non-fundamental proposition is known
to be true through its proofin S.

(7) All concepts or terms of S are adequately known. A non-fundamental concept is ade-
quately known through its composition (or definition).

We are not interested here in discussing the Betti & de Jong proposal as a whole, but only
those aspects that are more related to the Early Modern tradition in mathematics. Particu-
larly important is the link between fundamental propositions and the definitions of funda-
mental concepts.

Dedekind seems to comply quite well with the classical model, as defined above, except
for one key absence: in his treatment of arithmetic (and set theory) there are no axioms
or fundamental propositions (3a), and the theorems are grounded on the fundamental
concepts (unlike 3b). The proposal of Betti & de Jong may give rise to the impression
that, according to the classical model, axioms or Grundsditze must be considered deduc-
tively independent of the definitions, but, as we shall show, this is far from true. In the
Early Modern period, and even more so in the Germanic area, the “classical model” often
included a most intimate deductive connection between axioms and definitions; sometimes
this led to axiomless presentations. This shows that Dedekind’s methodology (perhaps old-
fashioned for its time) was far from idiosyncratic.

In fact, the sources considered by Betti and de Jong (2010)—Aristotle, Port-Royal,
Bolzano—are insufficient with a view to characterize the classical model, especially with
respect to the foundations of mathematics (which at the time still meant above all geom-
etry). It is of great importance to examine the reconstructions of Euclid’s Elements, often
done in the spirit of a new presentation in line with Aristotelian ideas about deductive sci-
ence. De Risi (2016) has called attention to the importance of this tradition. Although his
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work focuses on the many and variegated axioms offered in the course of that reconstruc-
tive activity, to fill alleged deductive gaps in the Elements, one can also read:

It should at least be noted, however, that many mathematicians in the Early Modern
Age believed that axioms and postulates were in fact provable from definitions. (De
Risi 2016, 602)

In Germany the surviving Scholastic idea that all the axioms should ultimately be
proven from the definitions also engendered several axiomless textbooks which
enjoyed a wide diffusion (the most important representatives of these being Christian
Wolff’s, Andreas Segner’s and Wenceslaus Karsten’s German and Latin treatments of
elementary mathematics). (De Risi 2016, 601)

Consider the influential case of Christian Wolff.> Elementa matheseos universae is a
text where we find a careful deductive structure based entirely on definitions. Wolff (1732,
7) writes about axioms and postulates as derived from definitions:

§30. Anything that is immediately deduced from them, which is contained in a Defi-
nition, is called Axiom, if it enunciates that something applies or does not apply to
some thing. And it will be called Postulate, if it affirms or denies that something
can be done. For example, from the genesis of a circle it follows that all lines traced
from center to periphery are equal to each other, even if they are placed in differ-
ent sites. This proposition is counted among the axioms. By the same definition one
understands that at any point and with any interval a circle can be described — which
proposition is placed among the postulates.’

Here considered is the famous genetic definition of a circle, an example that traverses the
Modern literature on definitions and their relation to axioms and postulates. Wolft (1732,
§18, 5) had previously explained that a real definition

is a distinct notion from the genesis of the thing, i.e., exposing the way in which it
can be done. Thus in Geometry the circle, if conceived as described by the move-
ment of a straight line around a fixed point.

This definition of circle was employed by Hobbes, Spinoza, Tschirnhaus, Leibniz, etc.,*
but also by Borelli, who authored what was perhaps the most influential reconstruction of
Euclidean geometry in Modernity. He writes in Euclides Restitutus (Borelli 1658, 9):

The figure described by the revolution of a finite straight line on a plane, around
any one of its extreme points at rest, until it returns to the same place from which it
moved, is called Circle. And the point at rest is called Center, and the line traced by
the other extreme point is named Circumference.

Like Wollff later, Borelli (1658, 14) considers it an axiom that the lines which join the
circumference with the centre are all equal—because this follows immediately from the
genetic definition of a circle. About the axioms, Borelli (1658, 14) states:

2 Fora general account of the Wolffian method, see Dunlop (2013) and Cantu (2018).

3 Compare the German version in Wolff (1710), §. 27, which coincides in all the key aspects. The German
words used by Wolff are “Erkldhrung” for definition and “Grundsatz” for axiom.

4 According to De Risi (2015, 20), the definition is due to pseudo-Heron of Alexandria in Geometrica. Fel-
gner (2020) emphasizes the role of Tschirnhaus as intermediary, as an immediate influence on Wolff.
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The axioms (Axiomata) are, as stated [in the Preface], speculative propositions,
or theorems, that due to their utmost evidence do not require a demonstration, for
immediately, once the terms are known, the understanding will necessarily assent to
them, and for this reason they are counted among the indemonstrable principles.

This notion of “immediacy” must be understood in connection with another basic aspect of
the Aristotelian model of science: the idea that proofs are sequences of syllogisms that start
from principles. This tradition distinguished between mediate inferences which involve a
middle term (and thus syllogistic reasoning)’ and immediate inferences (with no middle
term involved). All the authors we have mentioned assume this ‘canonical’ idea of proof,
even if they admit that, for brevity’s sake, not all proofs will be presented that way. Thus,
Wolff (1732, Sect. 45, 10) writes:

Therefore, the demonstrations of mathematicians are an accumulation of enthy-
memes. So all of them conclude by the force of syllogisms, while omitting prem-
ises, which occur spontaneously to the reader who meditates or are brought back to
memory by citations.

Also Borelli expresses himself similarly in Euclides Restitutus (1658, 19): the process of
demonstrations “is not exposed by syllogisms in order to avoid prolixity, for no-one pro-
ceeds always by syllogisms of the first figure,” opting instead for enthymemes (minor
premiss is “omitted for the sake of brevity”).

In such cases the propositions (theorems) follow in a mediated way, not immediately
as with axioms. Another revealing example of the relevance of definitions, and of the gen-
eral traits of these ‘Aristotelian’ reconstructions of geometry, can be found in the Euclides
Reformatus due to Marchetti in 1709. Like Borelli, Marchetti assumes the definition of
straight line due to Archimedes, as the shortest distance between two points.® In the Ele-
ments, Buclid proves in 1.20 that in a triangle two sides are greater than the third, but Mar-
chetti includes that statement as his Axiom 1.22. The reason (Marchetti 1709, 11-12) is
that Euclid, not defining the straight as shortest line (brevissima), must then prove 1.20—
but when we assume the Archimedean definition, the statement follows immediately and is
thus an axiom.

Although Wolff identifies real definitions with the genetic ones, the reduction of axi-
oms to definitions does not presuppose this identification, in the tradition we are consider-
ing. Also nominal definitions (based on the enumeration of characteristic notes of a thing;
Wolff 1732, Sect. 17, 5) can be the basis for reduction. Other authors, such as Leibniz,
besides considering nominal definitions, allow for real definitions which are not genetic,
e.g., Euclid’s definition of circle.” Indeed, one can hardly understand Archimedes’ defini-
tion of a straight line as being genetic—it rather offers a characteristic defining property,
without offering means for construction. In any event, the general thesis is that definitions
express an elucidation of concepts such that some other propositions follow deductively,

3 Also the sense of ‘syllogism’ was broader than the strict Aristotelian sense, including propositional infer-
ences and even some relational inferences; we do not enter into such details, but we mention the point again
below.

% See On the Sphere & the Cylinder.

" The matter is complex. A real non-constructive definition would consist in the complete analysis of a con-
cept into its (essential) simple components, which would likewise provide an “internal” proof of its consist-
ency. The obvious difficulty of such an analysis leads Leibniz to privilege, from the viewpoint of epistemol-
ogy of mathematics, the constructive real definitions (see De Risi 2015, 35-40).
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but immediately. These may be called axioms (as in the authors previously mentioned)
or may be presented as immediate consequences as happens in the axiomless treatises of
Kastner or Segner (1773). The general thesis is valid in any event, for both traditions, and it
implies that the weight of the deductive structuring falls upon the definitions.®

Summing up, a Wolffian conception of a deductive system S would preserve elements
(1), (2b) and (4)—(7) of the “classical model” as presented previously, but it would modify
points (2a) and (3). Indeed, (2a) there are in S a number of so-called fundamental concepts
(or terms); but they are regarded as expressing in distilled form the whole content of the
system S. As regards (3a), the so-called fundamental propositions or axioms, these may or
may not be of focal importance in the system; but the axioms are conceived as immediate
consequences of the fundamental concepts involved in them—as an immediate expression
of the content of the fundamental concepts. Thus, one could also say that (3b) all proposi-
tions of S follow from or are grounded in (or are demonstrable from) the fundamental con-
cepts, either immediately or syllogistically.

When things are understood this way, with theorems being derived syllogistically, and
provided a certain conception of the definitions (as analytical statements of characteristic
properties), we have ingredients that may give rise to a kind of logicistic thesis. It gives in
any event an apriorist thesis, which would become logicistic if the basic notions underlying
it were shown to be logical ones.

3 Some Ideas of Kant and Wolff

There is a conception of mathematics that Kant fights against, in the Critique of Pure Rea-
son. This conception may not coincide with Wolff’s, but it is certainly represented by many
authors in the Wolffian tradition. Its main tenets can be briefly formulated as follows: (a)
mathematical concepts have a previously given content, which their definitions make explicit
through an analysis of such content; (b) the axioms follow immediately and deductively from
the relevant definitions, hence ultimately emerging from conceptual analysis; (c) any proof
can be reformulated syllogistically, starting from the axioms. One could enter into much
more detail about the topic, but for our purposes it is better to remain with this basic scheme.

Of those three theses, Kant is happy to accept the third: any science, not just mathemat-
ics, can be presented in syllogistic reconstruction. This does not imply a diminished role
of intuition in mathematical proofs; probably it has to be understood as a matter of mere
formal presentation, but the premises would be grounded in intuition. We showed in the
previous section how it was assumed that proofs can be reconstructed syllogistically, and
Kant calmly repeats the statement: “Syllogistic method is that according to which a science
is presented in a chain of inferences” (Kant 1992a, 639).” Nevertheless, Kant rejects a),

8 The most important eighteenth century exception to this rule is Lambert (1786), as De Risi emphasizes.
 We know that the logical reconstruction of Euclidean proofs requires a more powerful logic, since rela-
tional propositions are being proven, but in practice the notion of syllogism employed in early Modern
times was wide enough to include some relational inferences. One should not confuse two issues: it is one
thing to have an adequate concept of logical form, and another to refuse to acknowledge valid inferences.
That any proposition of Euclidean plane geometry can be presented as a sequence of syllogisms (even prop.
1.32 that the angle sum in a triangle is two straight angles) is a thesis that either Kant nor anyone else
doubted at the time.
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and for that reason will reject also b) in the following sense: the concepts of mathematics
are posited by their definitions; the axioms do follow immediately from definitions, though
not deductively, but rather by construction. Interestingly, already Wolff insisted that the
content of mathematical concepts is not antecedently given but posited by their definitions,
ab ovo. Wolff’s ‘genetic’ definitions are not nominal ones, and they posit or generate con-
tent—in his view, they are not based on analysis.

In general, a definition consists in this: “to exhibit originally the exhaustive concept of a
thing within its boundaries” (A 727/B 755; Kant 1998, 637). Only in mathematics is such
a condition fully satisfied, for in mathematics, the definitions of fundamental concepts are
constructions of concepts (A 730/B 757; Kant 1998, 638).!° As Kant writes in Jische’s
Logic, all mathematical definitions are genetic,” i.e., real in the strict sense of Wolff.'2
Even though, strictly speaking, only in mathematics there are definitions, Kant uses also a
different terminology: in philosophy we have analytical definitions, but the mathematical
ones are synthetic (A 730/B 758; Kant 1998, 639).

Only mathematics has axioms, according to Kant, and they follow by the construction
of the concepts: mathematics “is capable of axioms, e.g. that three points always lie in
a plane, because by means of the construction of concepts in the intuition of the object
it can connect the predicates of the latter a priori and immediately” (A 732/B 760, Kant
1998, 640). It has been observed that Kant regarded as ‘axioms’ propositions that are not in
Euclid, e.g. “that in a triangle two sides together are always greater than the third” (A 25/B
39, Kant 1998, 159). This is Proposition 1.20 in Euclid,'® but we have seen that this propo-
sition is an axiom in Marchetti (1709), founded upon the definition of the straight line as
the shortest line. According to Kant, this cannot be analytic, but is a synthetic statement, as
the concept of shortest cannot be obtained by analysis of the qualitative concept of straight:
“Help must here be gotten from intuition, by means of which alone the synthesis is pos-
sible” (B 16; Kant 1998, 145); namely that, of all lines between two points, the shortest
one has the character of being straight. As Kant says, one cannot think of any line “without
drawing it in thought, i.e., successively generating all its parts from one point,” and thereby
sketching an intuition (A 162/B 203; Kant 1998, 287)."*

That the sum of two sides of a triangle is greater than the third follows constructively,
not deductively, from the relevant definitions, since the concepts of this judgment (subject
concept and predicate concept) are connected by the construction. And this is not only
a priori but also an immediate connection, as happens also with the principle that the
straight is the shortest line between two points. Similarly, all mathematical axioms are
“derived from intuition and indeed derived a priori with apodictic certainty” (A 25/B 39,
Kant 1998, 159).

10 Kant’s first Critique is quoted following the usual convention, designating the first and second editions
with A and B. Translations of Kant’s works are cited as usual, by year and page.

1 Kant 1992a, 634: “A definition is genetic if it yields a concept through which the object can be exhibited
a priori in concreto; all mathematical definitions are of this sort.”

12 On real definitions of circle and parallel in Kant and the modern tradition, see Heis (2014) and De Risi
(2015).

13 Friedman (1992, 83) throws doubt on the usual identification of fundamental propositions (Grundsditze)
and axioms in Kant, since 1.20 is “not an axiom in Euclid, but a basic (and therefore fundamental) theo-
rem.” However, Kant’s examples of axioms are taken from modern reconstructions of the Elements. Inci-
dentally, in Lambert (1771), §71, it is an axiom that three points always lie on a plane.

14 What is the genetic definition of straight line that Kant is considering? It might well be Wolff’s defi-
nition, that the motion of a point engenders a line: “If the point in its motion from one place to another
advances so that its direction is never changed, then it describes a straight line” (Wolff 1710, 104).
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As one can see, Kant was well aware of the tradition of reconstructions of the Elements
that we examined above." It is in relation to such reconstructions, that one should under-
stand the statement that characterizes his conception of mathematics: “mathematical cog-
nition [is rational cognition] from the construction of concepts... to construct a concept
means to exhibit a priori the intuition corresponding to it” (A 713/B 741; Kant 1998, 630).

Let us emphasize that Kant kept constant throughout his life the thesis, that the defini-
tion of a mathematical concept is not a result of analysis. In the 1764 Inquiry concerning
the distinctness of the principles of natural theology, he states:

There are two ways in which one arrives at a general concept: either by the arbitrary
combination of concepts, or by separating out that cognition which has been ren-
dered distinct by means of analysis. Mathematics only ever draws up its definitions
in the first way. For example, think arbitrarily of four straight lines on a plane surface
so that the opposite sides are not parallel to each other. Let this figure be called a tra-
pezium. The concept which I am defining is not given prior to the definition itself; on
the contrary, it only comes into existence as a result of that definition. Whatever the
concept of a cone may ordinarily signify, in mathematics the concept is the product
of the arbitrary representation of a right-angled triangle which is rotated on one of its
sides. In this and in other cases the definition obviously comes into being as a result
of synthesis. (Kant 1992b, 248)

But while in the Inquiry, as Kant emphasizes, an arbitrary, logically possible composition
of concepts is held sufficient to introduce mathematical content,'® in the Critique there is a
rejection of that central ‘rationalist’ thesis. Identifying the ‘rationalism’ that was fought by
Kant (but which he once defended) is relevant to an adequate understanding of the critical
project.

While Dedekind’s conception of arithmetic (and pure mathematics) is a reaction against
the Kantian thesis of the intuitiveness of mathematical notions, in many points he was
picking up Kantian notions. A clear example is the understanding of axioms in the old, pre-
Hilbertian sense: they are “synthetic a priori principles,” based on intuition and “immedi-
ately true” according to Kant (A 732/B 760, Kant 1998, 640). In all likelihood, Dedekind
understands axioms in the Kantian sense, and for this reason he aims to show that arith-
metic is axiomless'’; otherwise it would not be purely logical. On this point, his under-
standing coincides fully with Frege’s (see the well-known correspondence with Hilbert, in
Frege 1950). But there is more: we shall see that Dedekind shares a deep conviction of the
creativity or spontaneity of the understanding. This was a basic tenet of Wolffian rational-
ism, especially as regards mathematical notions, but in a different sense it is central to the
Kantian viewpoint: e.g., concepts involve “the unity of the action of ordering different rep-
resentations under a common one” (A 68/B 93; Kant 1998, 205). In Wolff’s mathematics
we find already the idea of genetic definition of concepts, but with Kant this is clarified and
modified with his characteristic thesis of the ‘construction in intuition’. Dedekind may have

15 For more details on the topic of this and the previous section, see Lassalle Casanave (2019), ch. 3 and
especially ch. 5.

16 Kant 1992b, 252, 254, 256, 264.

17 See Ferreirés 1999, 247, Ferreirés forthcoming. In the context of geometry, Dedekind does recognize
axioms, but not so for the real numbers which are developed “purely logically”, through the phenomenon of
cuts “in its logical purity” (Dedekind 1888, first preface).
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shared this idea early on, but his development took him farther and farther from it, to end
up emphasizing a totally different, purely logical kind of “construction” (non-temporal, not
intuitive, based merely on “laws of thought™).'8

4 Erkldrung and Satz in Dedekind’s Zahlen

Dedekind’s logicism interfered with his understanding of deductive method. There is evi-
dence that, because he regarded arithmetic as purely logical, he therefore viewed it as an
axiomless science. His notion of an axiom was basically Kantian: an axiom being a syn-
thetic a priori proposition, it cannot be purely logical, but displays intuitive content. Thus,
for philosophical reasons, Dedekind took the classical model of Wolff one step further, and
he avoided axioms altogether.

Some of the main evidence for our previous statement is the following. A manuscript on
(projective) geometry, written at some point during the 1860s or 70s, discusses the “pre-
suppositions” of geometry and its relations to the science of numbers'®; here Dedekind
gave definitions and axioms for projective space understood as a point-set. This is in stark
contrast with his approach to the foundations of arithmetic, where axioms are conspicu-
ously absent (Dedekind 1888). Again, in his paper on the irrational numbers, he empha-
sized that the continuity of the geometric line cannot be demonstrated: “The assumption of
this property of the line is nothing else than an axiom ... by which we introduce in thought
continuity into the line” (Dedekind 1872, 323/772). By contrast, Dedekind had discovered
long before 1872 that the continuous number-domain can be defined, without any appeal
to axioms or intuitions, by expanding the number system “through a finite set of simple
steps of thought” (Dedekind 1888, 340/793). Notice that the core of Dedekind’s classical
paper (1872) is the formulation of a definition of continuity (not an ‘axiom’), completely
independent from any appeal to geometry. The whole science of numbers does not rest on
axioms, in the above sense, but merely on logical principles.

Here, as in other central traits of his position, Dedekind seems to have stood close to
Frege’s viewpoint. For it is well known that Frege understood by axiom “a thought whose
truth is certain [feststeht]” and which cannot be proven by a logical chain of inferences
(Frege 1903, 319). He added to this that the intuition [Anschauung] is usually regarded as
the source of the truth of the axioms of geometry®’: Frege was more of a strict Kantian,
while Dedekind was Riemannian on this point.

4.1 Immediate Consequences

Implicit in that way of speaking about logic in contrast to intuition, is the typical nine-
teenth-century—and quite Kantian—conception of Logic as the science of the pure laws

18 Curiously, Cassirer will take advantage of this element in Dedekind’s work and use it to state that Kant
had been right claiming the centrality of ‘construction’ (Reck 2020, 345), but obviously this is a sleight of
hand.

19 In his Nachlass, Cod. Ms. Dedekind XII, 3; see Ferreirds 1999, 238, and http://kalliope-verbund.info/
DE-611-HS-3234701 (accessed May 12, 2020).

20 Yet on a related point, Frege had quite a different methodology: the logical principles must be formu-
lated as “basic laws,” since it would be inadequate to consider the definitions as basic principles; definitions
are “arbitrary stipulations” and thus quite different from any assertion (Frege 1903, 320).
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of thought (reinen Denkgesetze, Dedekind 1888, 335/791). If arithmetic has to be proven
purely logical, it must be established that it does not rest on axioms, i.e., on a priori intui-
tive propositions.

The Wolffian deductive method may seem particularly adequate, from this point of
view, and Dedekind adheres to it strictly. He probably was well acquainted with this kind
of deductive presentation from readings of German textbooks in his youth (see below),
perhaps even textbooks of Wolff himself.>!) The first theorems in Zahlen appear as imme-
diately evident, they are presented as immediate consequences that follow from definitions.
Let us consider a couple of examples.

The first proposition (Satz, theorem) is no. 4: “According to 3, AC A” ?? and comes after
the definition of part of, the inclusion relation (no. 3). It is an immediate inference, needing
no intermediate steps. The same happens with no. 9: “The sets A, B, C ... are parts of U(A,
B, C...)"—Dedekind indicates that this follows immediately from Def. 8 (of “composite
set”, the union) and Def. 3 (see 1888, 346/797). Also no. 18 is given as an immediate con-
sequence of Def. 17 of the intersection or “community” of sets.

All of these examples are from Sect. 1 of Zahlen, “Sets of elements”, which presents
the basic “logic” of sets. But we keep finding similar things in later sections. E.g. the very
important Sect. 4 deals with “Mapping of a set into itself” [Abbildung eines Systems in sich
selbst], and here we find two definitions of “chain”. The first, rather trivial one, is no. 37:
“K is called a chain if K’ CK” (where K’ is the image of K under a given mapping, ¢). ¢
being explicitly assumed to be an inner map ¢: S— S (see 1888, 351-352/803), no. 38 is
an immediate consequence: “S is a chain”.

The second definition of chain, no. 44, introducing the “chain of [a set] A,” is of much
greater importance, being the foundation for the reduction of the principle of mathemati-
cal induction to his basic framework. Incidentally, when dealing with this notion Dedekind
proves to be well acquainted with the practice of modern axiomatics, even if he does not
call it axiomatics. (The chain of A is designated A, or more explicitly ¢,(A). Regarding
this “very important concept,” Dedekind proves three propositions, and then comments
in Note 48 that the notion of the chain A is “completely characterized” by those three
propositions: 45 (ACA,), 46 (p(A,) €A,), and 47 (if ACK and K is closed under ¢, then
A, CK). This is a nice instance of axiomatic analysis.)

Although readers may want to revisit Dedekind’s text for themselves, the examples just
given should suffice to show that Dedekind’s deductive organization follows the Wolffian
model.

Incidentally, there are additional points where a comparison between Dedekind’s work
and Wolff’s is quite suggestive. The absolutely general notion of a thing (Ding) that we
find in Dedekind’s Zahlen (1888) is in line with the views of Leibnizian and Wollfian phi-
losophy.?* According to Leibniz, an “ens” or Ding is anything whose concept can be rep-
resented as possible; and this is enthusiastically taken up by Wolff: “Ding is all that can

2l Gauss (who was a model for Dedekind, and who studied in the same institutions) was very well
acquainted with the textbooks of Wolff; see Reich (2006, 77).

22 “A 3 A” is the symbolism actually employed by Dedekind; we replace it by the usual one in order to
increase readership. We do similarly with the sign for union.

2 Dedekind (1888, 796-797), no. 1: “I understand by thing [Ding] every object of our thought ... A thing
is completely determined by all that can be affirmed or thought concerning it.” One is also reminded of
Frege’s views about abstract objects, his distinction between actual [wirklich] and non-actual objects.
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be, whether it is actual [wirklich] or not.”’** The link with Dedekind’s notion, and with the
Hilbertian conception of mathematical existence, is difficult to deny.

Furthermore, Wolff’s definition of number is peculiarly close to Dedekind’s defini-
tion—not of number, but of ser. Wolf defines number as follows: “If one brings together
many single things of a kind [viel einzele Dinge von einer Art zusammennimmt], therefrom
emerges [entstehet] a number” (Wolff 1710, 34). And this is Dedekind on sets: “It happens
very frequently that different things a, b, c ... are considered from a common point of view,
are brought together in the mind [im Geiste zusammengestellt], and we say that they form
a set [System] S” (1888, 344/797). In our view, Wolff was jumping too quickly from the
formation of a set, to the notion of its number (of elements). Dedekind’s way of proceeding
is more rigorous, step by step.

4.2 Kinds of Definitions

The above is not to say, of course, that Dedekind’s deductive system of propositions (Sdtze)
and definitions (Erkldrungen) was particularly brilliant or commendable. We think it is not.
In our view the definitions of Dedekind’s Zahlen come in different kinds, playing quite dif-
ferent roles in his deductive writing. Upon analysis, some of his definitions are nominal or
analytical, while others may be more rightly regarded as creative or synthetic (more on this
below); besides, there is the case of the most basic notions, set or System and map or Abbil-
dung, one of which is presented by an Erkldrung, but not the other (breaking symmetry).
This is quite unpardonable in a mathematician so careful and logically-minded as Dedekind.

It would have been more adequate to avoid the rubric ‘Erkldrung’ in both of these cases,
because set-building and mapping are taken to be the two basic “faculties” or “capaci-
ties” [Fihigkeiten]® of the understanding which lay the basis for the whole system. They
are indispensable for thinking in general, i.e. for logic (Dedekind 1888, 336/791), they
are absolutely primitive conceptions. One may elucidate what is understood by set and
map, and one may introduce nominal definitions for the technical terms and signs to be
employed. But the so-called ‘definition’ of Abbildung, like the introduction of the notion of
set (System), have a totally different role to play than the other definitions given by Dede-
kind. Here we seem to be in agreement with Benis-Sinaceur:

Dedekind takes those concepts as resulting from two grounding operations, namely
making a System from a multiplicity, and representing a thing by a thing, which are
both taken to be ‘logical’ in the sense that: (i) they are more general than the usual
arithmetic operations, and (ii) they constitute the creative power of the mind. (Benis-
Sinaceur 2015, 3)

We move on to a second kind, to what are properly speaking definitions. Nominal defi-
nitions abound in Dedekind’s text, examples being: part of, union, intersection, image, sim-
ilarity of a map, etc. For instance, a map is similar or (in our terms) injective when images
@(a)=q@(b) only if a=b, i.e., different elements are assigned different images (Dedekind
1888, no. 26). The reader may see other examples from the original text.

2 See Verniinftige Gedanken (Wolft 1752), §16. For Wolff, “ens” is that which can exist, i.e. whose exist-
ence is not repugnant or contradictory.
25 Dedekind 1888, 335/791, 337/792, 344/797; cf. also 343/796.
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But one can find also a third kind of definitions, which are treated very differently; we
have called them synthetic or even creative definitions, and they introduce free interpreta-
tion of terms. Importantly, these are not genetic definitions in the sense of Wolff and Kant,
since there is no role here for intuition or construction in an intuitive sense (although they
may be synthetic definitions in a sense admitted by Kant, at least in the 1764 Inquiry).?®
Of this kind are the most important mathematical ingredients in Dedekind’s work: the con-
cepts of ‘infinite set’, of ‘simply infinite system’, of ‘the chain of a set’.

Consider the definition of “simply infinite system” (no. 71): this is a structure (intui-
tively, the natural-number structure) defined to be the “chain” of a base element, via an
injective map ¢ (in fact, a map that orders the set, a successor function). The definition
depends essentially on the basic notion of mapping; it combines the previously defined
notions of inner map, ¢-chain, and sirnilau"ity.27 It is creative, in the sense that it carves out
theoretical content in a novel way, demanding a proof of existence (in the sense of logical
possibility). It is also the basis for Dedekind’s presentation of natural numbers as “free
creations” of the mind, which is another reason for our terminology.

Dedekind acknowledges the need to establish the existence of such sets; this under-
scores the creative character of this definition, calling for a “logical proof of existence”, as
he says in letter to Keferstein, 1890:

After the essential nature of the simply infinite system, whose abstract type is the
number sequence N, had been recognized in my analysis (articles 71 and 73), the
question arose: does such a set exist at all in the realm of thought [Gedankenwelt]?
Without a logical proof of existence it would always remain doubtful whether the
notion of such a system might not perhaps contain internal contradictions. Hence the
need for such proofs (articles 66 and 72 of my essay). (van Heijenoort 1967, 101)

Indeed proposition no. 72 presents a rather straightforward proof that every infinite set (in
the sense of def. 64) contains a simply infinite system.?® The idea that a purely logical defi-
nition may be ampliative, introduce new content and thus extend our knowledge, was not
unheard of at this time.>’

Klev (2011) was right to call attention to the fact that Dedekind’s basic notions have a
fixed interpretation—sets are always sets in the usual intended sense, and the same goes for
maps. But he does not comment that this is not valid for the definitions we have just analyzed.
The creative definitions do allow for multiple interpretation, and so we find here another facet
of Dedekind’s work that prefigures Hilbert’s, one that is central to Dedekind’s structuralism.

%6 See the 1764 quote above, where Kant emphasizes that mathematical definitions are never the result of
analysis, but are drawn up by “arbitrary combination of concepts.”.

7 The notion of “the chain of A” (no. 44) presupposes that of map: the -chain of a set A, is the minimal
closure of A under the map (see Dedekind 1888, no. 44).

28 Also the definition of finite and infinite (no. 64) is based on the combination of four concepts introduced
in previous Erkldrungen, and calls for a “logical proof of existence”: first Dedekind proves that a unitary
set is finite (no. 65), and then that there are infinite sets (no. 66). On the famous proposition 66 see, among
other works, Ferreirds forthcoming, Klev (2018).

2 See Frege 1884, §88: “the more fruitful type of definition is a matter of drawing boundary lines that
were not previously given at all. ... The conclusions we draw from it extend our knowledge, and ought
therefore, on Kant’s view, to be regarded as synthetic; and yet they can be proved by purely logical means,
and are thus analytic. The truth is that they are contained in the definitions, but as plants are contained in
their seeds, not as beams are contained in a house. Often we need several definitions for the proof of some
proposition, which consequently is not contained in any one of them alone, yet does follow purely logically
from all of them together.”
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4.3 Three Historical Facts

Some historical evidence, briefly presented here, will contribute to a better appreciation
of the sense and context of Dedekind’s methodological choice. The following points make
clear that the Wolffian method was not forgotten even in the second half of the nineteenth
century, especially as regards arithmetic.

Firstly, in the context of arithmetic, there was an uninterrupted sequence of textbooks
that offered axiomless presentations of the discipline. This includes the work of Segner
(1773), and even more advanced nineteenth-century works such as Martin Ohm’s Versuch
eines vollkommen consequenten Systems der Mathematik (1822) and Grassmann’s Lehr-
buch (1861). It has been argued that Ohm’s System had a significant impact upon later,
more successful attempts to establish the foundations of arithmetic, particularly on Weier-
strass and Dedekind. In any event, Ohm (1822) is the first treatise in which one finds the
characteristic ‘genetic presentation’ of the number systems, starting from the naturals and
working by successive amplification.”® As regards Grassmann (1861), his work was very
careful and influential, being refereed and used by authors such as Schroeder, Cantor,
Peano. Given that Grassmann was a significant promoter of the axiomatic method, it is
noteworthy that his presentation works entirely by Erklcirungen and features no axiom.’!

Secondly, this way of proceeding, in arithmetic, is quite consistent with Kant’s approach
to the matter. Kant had a restrictive understanding of arithmetic as a mere art of calculation
(Rechen-Kunst).> We cannot enter into the complexities of Kant’s vision of arithmetic, but
there is a tension in the Critique between a “purely intellectual” conception of number, and
the “scheme of quantity” according to which number is “a representation that summarizes
the successive addition of one unit to another (homogeneous) one” (A 142/B 182; Kant
1998, 274). This is illustrated by a passage from a letter to Schultz:

the science of numbers, notwithstanding succession, which every construction of
magnitudes requires, is a pure intellectual synthesis that we represent to ourselves
in thoughts. But insofar as the specific magnitudes (quanta) are to be determined in
accordance with this, they must be given in such a way that we can apprehend their
intuition successively; and thus this apprehension is subject to the condition of time.
(Kant 1999, 285)

Kant acknowledges arithmetic as a science, but the arithmetical judgements which he
considers as prototypical (in the Critique or the letter to Schultz) are merely elementary
numerical equations, such as 7+5=12 or 3+5=23. Although a priori and intuitive, such
judgments are not axioms, for they are not universal judgments, and there would be infi-
nitely many of them. Geometry has axioms, according to Kant, but not arithmetic.>®

30 The amplification is guided by the inverse operations of subtraction, division, etc., which are required to
be of general application, i.e., the domain is required to be closed under the inverse operations. Thus, from
the naturals we are led to the integers (closed under subtraction), and then the rationals (closed under divi-
sion), and so on.

31 Not even the axiom of induction for natural numbers, although Grassmann (1861) made constant use of
induction; nor can one find an axiom of completeness for the real numbers.

32 See Letter to Schultz, 25 November, 1788; Kant 1999, 284.

33 “But concerning magnitude (quantitas), ... although various of these propositions are synthetic and
immediately certain (indemonstrabilia), there are nevertheless no axioms in the proper sense.” (B 204 A
163-164; Kant 1998, 288); On other aspects of Kant’s vision of arithmetic, see Parsons 1984, Shabel 1998,
Sutherland 2006.
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The generations of Ohm, Grassmann and Dedekind contributed to a significant change
in the conception of arithmetic, by focusing on the general laws of associativity, commu-
tativity, etc., and by adopting a more theoretical understanding of the subject (which com-
bines elementary arithmetic with number theory), including an emphasis on mathematical
induction. There is quite a strong shift from the discipline as treated by Wolff or Segner,
who regarded it as an art of calculation (Rechen-Kunst), to the post-Gaussian conception of
the subject.

Thirdly, since Dedekind’s aim was to present arithmetic as merely a part of logic, it is
relevant to consider the question of deductive method in the domain of logic. Here follows
what Ernst Schroeder had to say on the topic, in his important work on the Circle of opera-
tions of the logical calculus (Operationskreis des Logikkalkuls, 1877). Schroeder chose to
introduce the basic propositions of the Boolean system as axioms, but he wrote:

All theorems of our discipline are intuitive; they appear as immediately evident, as
soon as brought to consciousness, and therefore the statements which are here pre-
sented as axioms could also, with right, be given as consequences that follow imme-
diately with the definitions. (Schroeder 1877, 4)

As one can see, despite employing the opposite method, Schroeder explicitly acknowledges
the Wolffian methodology as a viable option. One should add that Schroeder was strongly
influenced by Grassmann, and his works were particularly valued by Dedekind.>*

Linking the questions just discussed with Kant, one can say that, for authors who agreed
with the Kantian characterization of axioms as true, synthetic a priori propositions, it was
inadequate to regard the basic propositions of logic as axioms in the strict sense. And Kan-
tianism was quite widespread in nineteenth century Germany.

5 Dedekind’s “Free Creation”

The idea that mathematical objects are “free creations” of the intellect or the mind was one
of the most cherished convictions of Dedekind, a constantly recurring thought throughout
the years, from 1854 to 1911 (from age 23 to age 80). The Kantian principle of the sponta-
neity of the understanding has the potential of shedding light upon Dedekind’s famous talk
of creative powers.

One of the most significant features of Kant’s critical philosophy is the distinction between
sensibility and understanding, sensible intuitions being based “on the receptivity of impres-
sions” while concepts are “grounded on the spontaneity of thinking” (concepts involve “the
unity of the action of ordering different representations under a common one”, A 68/B 93;
Kant 1998, 205). There can be no object without the understanding creatively uniting the
manifold (of empirical data) into a unity, the thing. But also mathematical objects are given
through a “synthesis” which at once produces the concept of that thing.*> Such ideas can be

3 As we know from publications and manuscripts. See the second preface to (1888), 343/795, and the
1897 paper in Werke vol. 2, 112—113; as for manuscripts see Dugac 1976, 272, and Cod. Ms. Dedekind III,
30 (comments on the Vorlesungen). The high esteem was reciprocal, see Schroeder (1890/95), vol. 3.

35 Kant 1992b, 264: “mathematics arrives at its concepts synthetically; it can say with certainty that what
it did not intend to represent in the object by means of definition is not contained in that object. For the
concept of what has been defined only comes into existence by means of the definition; the concept has no
other significance at all apart from that which is given to it by the definition.”

@ Springer



Dedekind and Wolffian Deductive Method

usefully considered when interpreting Dedekind’s appeals to the “creative power” [Schopfer-
kraft] of the mind “to create from determinate elements a new determinate, their set, that is
necessarily different from each of these elements” (1911 Preface to 1888, 343/796).

5.1 Set-Construction as Synthesis

From Dedekind’s perspective, two of the most basic intellectual abilities are the faculty of
setting (making a plurality of things into a whole) and the faculty of mapping, represent-
ing. These are the basis for his reorganization of pure mathematics, and the basis for his
logicism. He understands those notions, isolated by means of a careful reconstruction of
classical mathematics, to be basic logical faculties or abilities of the mind—in a move that
seems to be influenced by a Kantian perspective. The first of those abilities is very close to
the idea, emphasized by Kant often, of the active role of the understanding in the synthesis
of plurality (the manifold) into a unity.

We have taken the liberty of introducing that neologism, setting, in part to stress the par-
allelism with its accompanying notion of mapping, in part to underscore the Kantian back-
ground. These abilities are at play in the understanding and capture a significant part of its
function. Sets are a product of the capacity of the understanding to reunite a collection of
things into a whole,*® “creating” a new thought-object. Maps or functions are a product of
our ability to establish a correspondence between a given set of things and their images,
i.e., a representation or Abbildung (Dedekind 1888, 335/791). The view that classes or
sets, regarded as extensions of concepts, are purely logical entities, was well grounded in a
tradition that had recently been reinvigorated by Boole, Schroeder and others (see Ferreirds
1996).

Using the terminology of Wolft and Kant again, the set is a Gedankending, a thought-
object, an ens rationis, completely determined by its extension, by its elements. Needless to
say, such an intellectualized approach to mathematics, based on “mere concepts (although
not contradictory)” and not based on intuition, deviates from the essence of the Kantian
conception of mathematics. It seems plausible that Dedekind stood closer to the rationalists
than to Kant, on this crucial point, and thus he rejected any requirement of exhibiting in
concreto, in intuition, contents adequate to the general concept.?” But this position deviates
from Kant, one might say, from within—it goes back to an intellectual conception of math-
ematics that Kant himself held early on, in the pre-critical period, around 1764.

5.2 Construction and Acts of Creation

The construction of a concept that Kant is always emphasizing is, likewise, an activity:
the “(spontaneous) production of a corresponding intuition” (Kant 2002, 287; see Shabel
2003). Mathematics therefore requires the possibility of certain spontaneous acts; and the

3 To consider “different things, a, b, ¢, ... from a common point of view, associat[ing them] in the mind,”
i.e. the understanding, so that they “form a set S” (Zahlen, no. 2). Such a set S (or aggregate, manifold,
class) “as an object of our thought is likewise a thing” (Dedekind 1888, 344/797). See Ferreirds (forthcom-
ing) and Klev (2017) for further reasons why this way of understanding Dedekind is adequate.

37 While proving the independence of the category of totality from those of unity and plurality, Kant estab-
lishes that there are no infinite totalities (B 111; Kant 1998, 215): “the concept of a number ... is not always
possible wherever the concepts of multitude and the unity are (e.g., in the representation of the infinite)”.
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possibility of such an act is guaranteed by a “postulate”. We postulate e.g. that one can add
a unit to any given number: the act ‘41’ can always be performed anew, iteratively, and
each time it yields the successor of any given number.*® In Dedekind’s terms, it yields the
“creation” of the successor n’ of a given number 7.

Interestingly, corresponding thoughts can be found in early manuscripts of Dedekind,
which we tentatively date to 1860 or thereabouts.* In Arithmetische Grundlagen (Cod. Ms.
Ded. 111, 4) Dedekind begins right away with “Erschaffung der Zahlen”:

Creation of the numbers: to each number q, there is built by the act +1 the following
number a+1. — They all fall by complete induction.*’

Then comes the Erkldrung of addition, which is a recursive definition, and proofs of asso-
ciativity and commutativity of that operation. Likewise, in §5 we find the definition of mul-
tiplication, recursive, and proofs of conmutativity, distributivity and associativity. Another
attempt on the same topic, bearing exactly the same title, begins with this sentence (which
perhaps may be left untranslated):

Schopfungsact 1;1 +1=2;2+1=3;3+1=4... Zahlen(Ordinal)

Thus the ordinal numbers, the basis of Dedekind’s reorganization of the foundations of the
number system, were regarded as the outcome of successive acts of intellectual creation.

Many years later, in 1888, the “creation” involved in how the understanding gives rise
to the natural numbers was presented in a different way. The idea of successive acts was
replaced by a more static approach, where the image @(N) of the whole set is given ‘all at
once’ by the successor function, the map ¢ defined on N. This is the perspective of Was
sind und was sollen die Zahlen? (1888). Involved were basic logical procedures, having
to do with sets and maps, employed in the formulation of a complex definition of simply
infinite system. Finally, one “entirely neglect[s] the special character of the elements, only
retaining their distinguishability and taking into account only the relations to one another
in which they are placed by the ordering mapping.” (1888, 360/809) Then the elements of
a simply infinite system are called “natural numbers or ordinal numbers,” and “with refer-
ence to this liberation of the elements from every other content (abstraction)” Dedekind
feels justified in calling the numbers “a free creation of the human mind.”*!

Let us offer another example of the modifications in the way the idea is presented, and
the changes of emphasis. Take the 1872 idea that we create new objects, the irrational

3% This seems to be a reasonable reconstruction of the idea of number as a pure scheme of magnitude;
however, Kant also says that elementary equations are postulates: “The judgment “3+4=7" does seem to
be merely a theoretical judgment, and, objectively regarded, that is what it is; but subjectively regarded, the
sign “+” signifies the synthesis involved in getting a third number out of two other numbers, and it signifies
a task to be done, requiring no rule prescribing its solution and no proof. Consequently the judgment is a
postulate.” (Letter to Schultz, Kant 1999, 284) On arithmetical equations as immediate resolutions of prob-
lems (postulates), see Lassalle-Casanave 2019, 179-181.

% See Ferreirds 1999, 222-223. Our dating considers that his definition of the real numbers stems from
1858, and also that Vorlesungen iiber Zahlentheorie (1863) already features a sophisticated discussion of
induction.

40 “Erschaffung der Zahlen: auf jeder Zahl a wird durch den Act+ 1 die folgende Zahl a+1 gebildet. —
Verfall aller durch vollstdndige Induction.”

4! In recent years there have been two attempts to reevaluate and reconstruct Dedekind abstraction: Reck
(2003) and Sieg & Morris (2018). Both emphasize the structuralist bent of the idea, but explain its onto-
logical assumptions differently; Reck’s approach makes the 1888 idea appear closer to the stronger 1872
formulation.
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numbers, to correspond to certain cuts on the system of rational numbers: this seems to be
a more substantial step, ontologically, than the logically-regimented step of abstraction that
was invoked in 1888.%> One may call the 1888 version of ‘creation’ Pickwickian, consider-
ing its pale nature compared to the earlier creative acts.**

Thus one can see in Dedekind’s manuscripts and publications an evolution which, start-
ing from a position that seems close to Kant (acts of creation of concrete numbers, appar-
ently in temporal succession), eventually ends up in a much more abstract, timeless, static
and purely logical perspective. Yet the active role of the understanding and its “abilities”
continues to be of focal importance. The Kantian perspective helps also clarify an impor-
tant aspect: when Dedekind speaks of free creation, this is not meant in the sense of any
kind of arbitrary use of mental images or representations—but what may be described as
autonomous productions of the understanding. Freedom means autonomy, not arbitrary
conventions.

5.3 Necessity

In order to reinforce the interpretation just proposed, let us here remind the reader of
another constant feature of Dedekind’s ruminations on the “free creations” of the mind.
We mean that the creative powers of the intellect are constantly associated with necessity
(Notwendigkeit), in a kind of dialectics of freedom and necessity that is quite characteristic.
This can be seen already from the very first appearance of the idea.

In 1854, Dedekind was defending the view that mathematics, like other sciences, pre-
sents progress through “the introduction of new functions,” the discovery of new truths, the
revision of definitions in order to expand their reach, and so on. There is a general law that
“the further development of the discipline has always an innovative feed-back effect [neu-
bildend zuriickwirkt] upon the system,” i.e. on its general organization (Dedekind 1854,
430). The discovery of new truths motivates the reconstruction of the basic definitions, and
“[t]his twisting and turning of the definitions, for love of the newly found laws or truths,
constitutes the greatest art of the systematician”. But in the next paragraph, Dedekind goes
on to insist that the case of mathematics is special, insofar as “this expansion of the defini-
tions leaves no room for arbitrariness, but follows with compulsory necessity [mit zwing-
ender Notwendigkeir]” (1854, 430).** On the next page, we read that arithmetic requires to
“reproduce anew the whole realm of numbers” through each of the inverse operations, and
this “leads to the necessity of creating new classes of numbers” (Dedekind 1854, 431).

Around the time of Zahlen, in letters to Weber, we find again “the character of inner
necessity” vindicated in the same context in which there’s talk about the “creative pow-
ers” that humans possess, both in the material realm (trains, telegraphs) and particularly
in intellectual affairs (see Werke 111, 488, 489). Commenting on Kummer’s “Schopfung” of
the ideal numbers, Dedekind insists that he had always “regarded it as completely justified,
provided it is carried out with rigor” (op. cit., 490). The proviso is very characteristic, and

42 But even in 1872, all properties of the irrationals were determined by properties of cuts on Q, there was
a strict reduction even on the face of the “creation” of new objects.

43 Maybe one could see here an evolution from early Romantic ideas, perhaps grounded in concrete philo-
sophical works (Lotze? Fries?), to later more ‘logicistic’ conceptions ... But we shall not try to follow this
course here.

4 The idea that he presents at this time is a kind of principle of permanence of equivalent forms, reminis-
cent of Ohm and Peacock before, or Hankel later.
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rigor, quite obviously, is associated with logic and necessity. The same association is found
again in the 1911 Preface that we quoted at the start of this section: the “inner harmony” of
logic, our “creative power,” and the “necessary”’—all together in a single sentence.

It is thus natural to interpret Dedekind’s idea of numbers as free creations of the mind,
not in the sense of arbitrary products of the imagination, but in a Kantian sense of sponta-
neous products of the intellect. Freedom here, linked with necessity, displays the autonomy
and spontaneity of the understanding.

6 Conclusion

To recapitulate, we have found that different aspects of Wolft’s methodology, and of Kant’s
philosophy, have significant potential to throw light on Dedekind’s ideas and methods, as
laid out in his foundational work—especially in his mature work, Was sind und was sollen
die Zahlen?

Far from being idiosyncratic, as Klev states, the Erkldrung—Satz deductive method was
characteristic of significant works in the eighteenth century (Wolff, Segner, Karsten), fol-
lowing a model that can be found already in the seventeenth (Borelli, Marchetti, Tschirn-
haus). It’s also characteristic of a whole tradition of treatises on the elements of arithmetic,
including Ohm and Grassmann in the nineteenth century (at least insofar as they feature
no axioms). It is tempting to speculate that Dedekind may have had direct knowledge of
Wolff’s treatises, which enjoyed such a wide diffusion, and especially of the ‘Short expo-
sition of the mathematical method’ (Kurzer Unterricht von der Mathematischen Lehrart)
featured in all editions and versions of Wolff’s treatise (1710; 1732), abridged or not.

Without making such a claim,* the important idea is that there existed a long tradition
of Wolffian treatises, and an even longer tradition of emphasis on definitions as the ultimate
source of mathematical truths, to which Wolff himself belongs. Even in the absence of pre-
cise knowledge of how exactly Dedekind got acquainted with this tradition, the evidence
strongly suggests that he knew it well.

Also important is to realize how strong the tradition of links between mathematics and
philosophy was in the German-speaking area. One author that is little known today, but
who was widely read and used as a reference then, is Georg S. Kliigel. His influential Math-
ematisches Worterbuch is interesting from the viewpoint of philosophical remarks about
mathematics, and the author himself was (like Wolff or Lambert) a typical example of the
enlightened thinker who combines philosophy, science and mathematics.*® Other promi-
nent examples are Bolzano, Gauss, and Riemann; the latter two were decisive influences
upon Dedekind’s way of thinking. Dedekind received this kind of heritage, and he points
to it, with characteristic modesty and restraint, when he writes in the Preface to (Dedekind
1888, 791) that “no academic philosophical or mathematical knowledge is required” for
studying his work.

45 For which there is no direct evidence: we lack information about Dedekind’s library, unlike e.g. the
case of Gauss, who studied carefully the works of Wolff and Lambert. We know that he probably used
the library at the Collegium Carolinum in Braunschweig, which was quite good; his father was professor
and administrator at the Collegium Carolinum, which also suggests rich library holdings going back to the
eighteenth century.

46 Interestingly, Kliigel (1805, vol. 2, 131) writes, in Wolffian spirit, that a mathematical definition “only
needs to be proven, insofar as one has to show that the form of magnitude which is there found is possible.”
Compare our discussion of Dedekind’s creative definitions in Sect. 3.2.
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The logicism of Dedekind can be understood against the background of Kantian and
Wolffian epistemology, being of course closer to the rationalists, and far from Kant’s stric-
tures about the intuitive content of admissible concepts. Dedekind’s emphasis on the “crea-
tive power” of the human mind can be regarded as a ‘naturalized’ version of the Kantian
insistence on the productivity and spontaneity of the understanding.*’

Let us finally remark that we have criticized the various forms of “definition” one can
find in Zahlen, noting their differences. We argued that the basic capacities of ‘setting’
and ‘mapping’—according to his own standpoint—can be invoked, but not defined; and
we showed that ‘creative’ definitions do introduce free interpretation—a key feature of Hil-
bert’s later conception of deductive science.

Dedekind’s booklet was described as “epoch-making” by such people as Hilbert and
Weyl, thinking about its deductive contents,*® but not because of the basic skeleton of its
deductive presentation. At this level, Dedekind proved to be more a somewhat old-fashioned
mathematician than a forward-looking logician. However, the important details of his anal-
ysis of the science of numbers offered an impressive contribution to the reduction of the
number system to general set theory, and in the process he contributed significantly to the
practice of modern axiomatics and structuralism. His analysis was indeed regarded as axi-
omatic, in retrospect, despite the fact that Dedekind himself—due to his epistemological
project—was interested in showing that arithmetic has no axioms (in the Kantian sense).

In this case, like many others, one must distinguish carefully the intentions and projects
of the author, from the context of reception of the work. Many authors prefer to simplify
their study of Dedekind’s epoch-making work, and they openly apply an axiomatic interpre-
tation to it. While we acknowledge that one can read Dedekind’s work from an axiomatic
perspective, we should be careful to acknowledge that a measure of anachronism is thereby
introduced. Some authors (e.g. Sieg and Schlimm 2005) impose an axiomatic structure upon
Dedekind’s work without even pausing to acknowledge that he avoided any explicit appeal
to axioms in arithmetic.* In doing this, an important part of Dedekind’s philosophical and
methodological options are cut out—one forgets the peculiar nature of the logical “facul-
ties” which he appeals to, the Kantian remnants in his approach, and one leaves out com-
pletely the fact that he viewed definitions as the real source of arithmetical content.
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47 This in turn might explain why Cassirer reacted so positively to Dedekind’s ideas, see Reck 2020.

“ Hilbert in 1904: “This work was epoch-making, but ...” (van Heijenoort 1967, 166; see also a 1926
statement on p. 375); Weyl (1918, footnote to p. 16) notes “the great historical significance of this work of
Dedekind for the development of mathematical thinking.”

4 Underlying this is the tension between the pre-1900 understanding of the word axiom, and the new sense
of the word promoted by Hilbert and his school.
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