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Abstract

The main purpose of this paper is to justify rigorously the following assertion: A viscous
fluid cannot slip on a wall covered by microscopic asperities because, due to the viscous
dissipation, the surface irregularities bring to rest the fluid particles in contact with the wall. In
mathematical terms, this corresponds to an asymptotic property established in this paper for
any family of fields that slip on oscillating boundaries and remain uniformly bounded in the
H'-norm.
© 2002 Elsevier Science (USA). All rights reserved.

1. Introduction

This paper is devoted to justify rigorously the fact that, asymptotically, a fluid
cannot slip on a wall covered by microscopic asperities: the slip condition, i.e. the
requirement

u-n=0 on the wall,

where u is the velocity and n = n(x) is a normal vector at a boundary point x, which
expresses the fact that the wall is not permeable to the fluid particles, provides
sufficient information to ensure that, as the size of asperities goes to 0, the fluid
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satisfies the no-slip condition, i.e.
u=0 on the wall.

This was noticed and justified for a 2D periodic Stokes flow in [11] and was
mathematically proved for a 3D periodic Navier—Stokes flow in [1]. However, the
periodicity of the flow at the microscopic scale assumed in these papers is very
restrictive. Indeed, it prevents any vortex or any other structure larger than asperities
to occur and it implies that the mean velocity over a period is a Couette flow (this
enables a satisfactory analysis in this case with a particular proof based on scaling
arguments, see [1]).

In the present paper, we will give a mathematical proof of the previous assertion
for any 3D flow whatever the governing equation (in fact, no equation is prescribed).
This can be viewed as a property of the limit u, of a family of vector fields u, that slip

on a boundary covered by asperities of size ¢, with an enstrophy [ \Vus|2 dx that
remains bounded as ¢—0 (Theorem 1).

Roughly speaking, this is due to the fact that sliping with a non-zero velocity
dissipates energy on asperities because the direction of velocity suddenly varies as the
slope does. For instance, in a 2D domain with a serrated boundary whose slope is
alternately +1 and —1, if the horizontal velocity is v, then the vertical velocity is
alternately +v and —v. When the size ¢ of asperities goes to 0, the energy dissipated
by each asperity goes to 0 but not fast enough to compensate the fact that there are
many of them. Therefore, the total dissipation grows to infinity and the unique
possibility for enstrophy to be uniformly bounded is that the limit velocity vanishes
on the wall. A rigorous formulation of this assertion will be given in (8).

We will also prove that our general result applies to a flow governed by the
Navier—Stokes equations together with Navier’s law

u-n=0, (6-n),, +xu=0,

where ¢ denotes the stress tensor and the subscript ., denotes the tangential
component, i.e. fun =f — (f - n)n for any vector field f. Of course, the second
previous equality means that the friction forces on the wall are proportional to the
tangential velocity. Indeed, in this situation the enstrophy remains bounded as ¢ —0
and, therefore, the limit velocity uy vanishes on the limit boundary whatever the
friction coefficient x (see Theorem 2). This generalizes, to non-periodic flows, the
above-mentioned results of [1,11].

It is worth mentioning that this result is in contradiction with a statement in [8],
but the argument used in that reference is false, as we will explain in Remark 5, at the
end of Section 4.

Our argument relies on the internal viscous dissipation in the fluid and the
geometry of the domain only. It does not require any dissipation of energy due to the
friction (or molecular interaction) of the fluid particles in contact with the solid
walls.
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The effective relative importance of surface roughness and fluid/solid molecular
interactions is discussed in [14]. There, the authors show that roughness dominates
except for very smooth walls. The reader is referred to [5,7] for an analysis of
molecular interaction by molecular dynamics simulation and to [3] for a similar
analysis in the case of a two-component fluid.

The flow at the surface of a porous medium is extensively discussed in [6] and
references therein. In this case our argument does not apply, since the slip condition
u-n=0 is not imposed. In particular, we do not find in the limit the no-slip
condition when a rugose interface is modeled by Fourier’s law

o-n+xu=0 on the wall

(see [2], where a homogeneized friction coefficient x’ is obtained in the limit).

Let us finally mention that many physical and numerical experiments have shown
that, when a fluid flows between two plates, the occurrence of asperities on the walls
is not irrelevant. In particular, it is known that small riblets (tiny asperities parallel to
the flow) can be used to reduce considerably the drag experienced by the fluid; see
[4,12] and references therein.

This paper is organized as follows. The main result (Theorem 1) is stated and
commented in Section 2. It is proved in Section 3. Finally, Section 4 is concerned
with the application of Theorem 1 to a viscous fluid near a wall with asperities.

2. Main result

Let us now present our main result with precision. Let S<R? be a bounded open
set and assume that, for each ¢ with 0 <e<g, the function r, is given by

&

r(xX') = ro(x') +en <X/),
where ro €' (S), ro(x') =a > 0 and ne %' (R?) is a periodic function of period (/1, /)
in the variable y = x'/e. Let G, be the open set

G, = {xeR* ¥eS, 0<x3<r,(x)}
and let us put
R, = {xeR’ X'eS, x3=r,(X)}
(the oscillating piece of boundary). We also set
Gy = {xeR* X¥eS, 0<x3<ry(x)}
(the limit domain) and

Ry = {xeR* ¥'eS, x3=ry(x)}.
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Assume that for each & we have u,e (H'(G,))’, with
/ V| dx<b, (1)
G::

where b is independent of ¢. Also, assume that u is a distribution on Gy such that, as
£—0, one has for all ¢ > 0

u—uy in (L (o)), (2)

where . = {xeR>: X'eS, 0<x3<ro(x') — c}. Finally, assume that # varies in any
direction )/, at least at one point z/, that is

vy eR?, ¥/ #0, there exists 2 €R? and ceR such that n(z' +¢y') #n(Z). (3)
Then the following holds:
Theorem 1. If, for every ¢ > 0, we have
u,-n, =0 on R, (4)
then
up=0 on Ry.

Remark 1. The trace of uy on Ry is well defined. Indeed, in view of (1) and (2), we
have for all ¢ > 0

/ |Vuo|* dx<b,

whence Vi e (L2(Gy)) .

Remark 2. A similar result can be proved in any dimension N >2. It is also clear
that, for this theorem to hold, we only need the hypotheses to be satisfied by a
sequence (1, ),, with &, —0. On the other hand, the result still holds if we replace (1)
by the weaker assumption

[ 1w axso, (5)
G,

with p > 1. To see this, it suffices to adapt the argument used in Section 3.
Remark 3. If n possesses an invariant direction, i.e., if (3) is not satisfied, the

previous result does not hold. More precisely, the arguments used in Section 3 show
that, in that case, one of the following two situations is found:
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® j is constant; then the unique conclusion is that

uy-n=0 on Ry.

Indeed, if such a field u is prescribed, all assumptions are satisfied by the functions
u:(X) = up(x1, X2, x3 — &n).

® 5 possesses only one invariant direction &;,,; then one has

up-n=0 and up-&-. =0 on Ry.

inv

This is the case of a wall covered with riblets: the fluid possibly slides in the direction
&y of the riblets but not in the orthogonal direction.
The invariance of # in the direction &, is equivalent to the fact that n only

depends on a scalar variable which is )’ - & : that is equivalent to the existence of a
1

function 7j such that n()') = ()’ - &) for all .
Remark 4. The assertions of Theorem 1 and Remark 3 can be gathered together in a
single statement in which (3) is not required: whenever the functions u, satisfy (1), (2)

and (4), one has the following for almost all x in Ry:

up(x)e (N(x))",
where
N(x) :Span{n(x) - (%(y/)’(‘f_)’;(yl)’()): V' e(0,h) x (0,[2)}
— Span{n(x), M}
and

m = span{ (S0, 510/)0): v e(0.0) x 0.1 .

In this statement, again (1) can be replaced by (5). Assumption (3) of Theorem 1 (i.e.
the fact that n possesses no invariant direction) is equivalent to dim M =2 and,
therefore, to dim N(x) = 3 (since then M is the horizontal plane and n(x) is not
horizontal).

The existence of exactly one invariant direction examined in Remark 3 (i.e., the
fact that  depends only on one scalar variable) is equivalent to dim M =1 and
therefore to dim N(x) = 2.

The existence of many invariant directions (i.e., the fact that # is constant) is
equivalent to dim M = 0 and therefore to dim N(x) = 1.
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3. Proof of Theorem 1

In the sequel, C is a generic positive real number that can depend on S, a, b,  and
o, but not on &.

First reduction of the problem: The situation is reduced to the case ry = 1 by means
of the change of variable x+—X = (x/,1+ (x3 —ro(x’))/a) and restriction to the
subdomain where X3 > 0. Consequently, we will assume from now on that ry = 1,
then, Ry = {(x/, 1): X' eS}.

Second reduction of the problem: For each y' € R?, we set

Ay = (— g—;(y’), - g—g(y’% 1> :

Due to periodicity, 5 reaches a maximum over R?, say, at &'. Then A(£') = (0,0, 1).

In view of (3), there exist two points &> and & such that A(¢'), 2(¢*) and A(&%) are
linearly independent. Indeed, if this were not the case, we would have A(¢) =
(Cu, CP, 1) for all &, for some fixed o and f; thus, we would also have the following,
for all y; and y»,

d L, 0n on
EW(J’I + 1, y2 — 1) —ﬁa_xl(J’1 + 1B, yr — to) — “a_xz(J’l + 1B, y> — 1)
= — Cfo+ Cuf

:0’

which is in contradiction with (3). Accordingly, it will be sufficient to prove that, for
all y e R? and almost all X’ €S, one has uy(x’,1) - () = 0 or, equivalently,

uo(x’, 1) ’ v(y’) =0, (6)
where v()') = A(y')/|A()')|. Let us denote by X the “2D period” of #, ie. the set

2= (0;/1) X (07/2)5

and let K be an arbitrary nonempty compact subset of S. Since uoe (H'(Gp))?, see
Remark 1, a continuous function f; is defined on [0, 1] by

folxs) = / / o, x3) - v(y) 2 dy’ dx )

To get (6), it will suffice to prove f(1) = 0. Since f is continuous, it will be sufficient
to prove that

1 1—s
B JSo(x3)dx3—>0 as s—0. (8)
1-2s
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Proof of (8). Let s be given such that 0<s<1/2. Let us choose ¢ > 0 such that
K + ¢y’ =S for all )’ € X, and such that ¢||n||» g2) <s. On the other hand, let (u}), be
a sequence in (4'(G,))’ converging strongly in (H'(G,))? to u,. Given x3e(1 —
25,1 —s), X €K and y'€ZX, we introduce a point ze R, which is “close” to x by
putting

/
7 =x+¢, Z3:1+817(Z—>‘
€

Then we have

1
u'(X,x3) =u'(Z, x3) — 8/0 V' Vel (X + 18y, x3) dt

z3 1

1
=uj(z3) = [ S5 ys) dys — 8/ Y V(X' + 16y’ x3) d.
X3 ax3 0

Taking scalar products with 7n,(z) and using the inequalities |n.(z)|<1, |z3 —
x3|<en(z'/e) — 2s<C(e +s) and |y/|< C, we find the following:

n 2

&

ou
6&(2/,)/3)

dys

(', x3) - (2) < C(IM'J(Z’,Zs) n,(2) + (e + ) /023

I
+82/ Vil (¥ + tey', x3) [ dt).
0

Integrating this inequality with respect to x’ in K, with respect to ) in X and finally
with respect to x3 in (1 — 25,1 — s5), we deduce that

1-s
/ //|uf(x',x3)~ng(z)|2dx'dy’dX3
1-2s Jx Jk

<Cs/ /|u’s’(z’,23)-ng(z)\2dx'dy'
s JK
= ou”
+ Cs 8+s/// £
( )z k Jo 10x3
l—s 1
—|—C82/ ///|Vx/ug(x’+t£y’,x3)|2dzdx’dy’dX3
1-2s X JK JO

<cs/ /|u’8’(z’,23)'nl;(z)\zdx'dyurC(82+sz)/ Vi (x) [ dx.
> JK G,

e

2
dy; dx' dy

(Z,7y3)

The last inequality is implied by the fact that K + ¢X < S. Now, taking limits in this
inequality as n— oo, in view of statements (1) and (4) and Fubini’s Theorem, we find

l—s
/ / /\ug(x’,x_;)-ng(2)|2dy’dx’dX3<C(82+s2). 9)
1-2s K P

2
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The normal to R; at z is n.(z) = v('/¢), i.e. v(y/ + x'/¢). Since v is a periodic function

and since its “2D period” is X, this implies, for almost all (x’,¢) in K X (s,2s), the
identity

/Iuﬁ(X’,X3)-n£(Z)|2dy’=/Iug(X’,X3)'V(y/)|2dy'-
z )

Then (9) can also be written in the form

I—s
/ / / lus(X', x3) - v())|* dy dx' dxs < C(& + ).
1-2s JKk Js

2s

Taking limits as e—0, we obtain

1—s
l / / / ‘HO(xlaxii) : V(yl)|2 dy/ dx’ dX3§Cs,
S Ji—2s Jk Jz

Consequently, we have proved (8). This ends the proof of Theorem 1. [

4. A consequence: the asymptotic behavior of a viscous fluid near a wall with asperities
Theorem 1 can be used to identify the limit of the solution of the stationary
Navier—Stokes system satisfying Navier’s law on an oscillating boundary. In order to
fix ideas, let us introduce the fluid domains Q, and Q,, with
Q, = {xeR3>: 0<x3<r,(x)}
and

Qo = {xeR* 0<x3</3}.

Here, r; is given by

re(xX') =143+ en (X/>

&

(/3 is positive and constant) and ne%'(R?) is periodic of period (/1,/,) in the
variable ) = x'/¢. We set

I, ={xeR* x3 =r,(x)}
(the upper boundary of Q,), and

Iy={xeR* x3 =173}, P={xeR% x3=0}.
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Let us consider the stationary Navier—Stokes system in Q,
—vAu, + (.- V)u, + Vp. =0, V-u,=0 in Q,, (10)
completed with the s/ip and friction conditions
u, - n, =0, (0; 1), +xu, =0 onT, (11)
(n; is the unit normal vector on I', and o, is the stress tensor associated to (u, p;)),
u-n=0, (0,-n)y, +rx,—g)=0 on P (12)

(g9 is a non-zero vector of the form g = (g1,¢2,0)) and the following additional
condition:

(ug, p.) is x'-periodic, of period (£1,73). (13)
Let L be given by
L:max(t’],fz,/3)

(a characteristic length of Q) and let us introduce the associated Reynolds number

L
Re:M.
v

For simplicity, we assume that Re is sufficiently small. Then, system (10)—(13)
possesses exactly one solution

(s, p:) € (1'Illoc(96))3 X LIZOC(QE)'

satisfying

/ |Vu3\2dx+/ lu,|* dx <bg (14)
Q.n{|x'|<K}

Q. n{|¥|<K}

for all K > 0, where b is independent of ¢ (the proof of this assertion is essentially
given in Refs. [1,2]). From (14), it is not difficult to deduce the existence of a function

up e (Hlloc(Qo))3 such that, at least for a subsequence, we have
u, —uy weakly in (Hlloc(a)g))3 and strongly in (leoc(a)c))3

for all ¢ > 0, where . = {xeR*: 0<x3</3 — c}.
Then, as a consequence of Theorem 1, we obtain the following:

Theorem 2. Assume that Re is sufficiently small, n satisfies (3) and ¢—0. Then u,
converges to uy, Le., together with some py, the unique solution to the stationary
Navier—Stokes equations

—vAuy + (ug - Vug+Vpo =0, V-uy=0 in Qo,
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completed with the boundary conditions

up=0 on Iy

and

uy-n=0, (g0 1)y, +x(o—g)=0 onP

and the periodicity requirement

(uo, po) is X'-periodic, of period ({1,(>). d

Notice that, in this simple case, uy and py can be computed explicitly. Indeed, one
has

~k(l3 — x3)? 2vk

Uy = ———— -
0 9, Do (2v+;<)/§

, X1+ ¢goxo) in & 15
(2v 4102 (g1x1 + g2x2) 0 (15)

(as usual, py is defined up to an additive constant). The convergence of u, towards u
provides a rigorous justification of the fact that a viscous fluid cannot slip on a wall
with too many asperities.

Remark 5. As we have already indicated, our results are in contradiction with a
result in [8]. In that paper, the oscillations are described in a slightly different way,
but everything can be adapted to our context. A consequence of Theorem 2 in [§] is
that, in the previous situation, at least when Re is sufficiently small, the limit velocity
field should satisfy a friction condition on I’y of the form
(00 - 1)y + K'tg =0 on Iy

for some k' > k. But this is false in view of (15).

The wrong point in the proof of Theorem 2 in [8] is the following. Near the end of
the proof, given a function vy satisfying

vwe(H (QnX)), V-vo=0 in 2nX, v-n=0 onlynX,

where X = {xe R 0<x; </, 0<x;<¢>}, the author claims (but does not prove)
that it may be approached by functions v, such that

vee(H (2,0 X)), V-v,=0 inQnX, v,-n,=0 onTl,nX,

which converge weakly to vy in the H|._ sense and satisfy

/ |vg|* dI" — loo|* dI’  as £—0
r.nXx I'onX
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and
/ Vo, |* dx— |Vool* dx  as £—0.
Q.nX QnX

But, in view of Theorem 1, the limit vy of such a v, must vanish on I'yn X". Therefore,
if vy does not vanish on I'gn X, then such functions v, cannot exist and the proof of
[8] fails.

Remark 6. When a viscous fluid, like air or water, moves at high speed past a wall at
rest, the fluid adheres to the wall and, close to the wall, a thin boundary layer
appears in which the velocity field changes sudddenly in the normal direction, see for
instance [10] or [13]. In these cases, in order to avoid the (complicate) description
and/or computation of the flow variables in such a boundary layer, the no-slip
condition on the wall is frequently replaced by the Navier law (11) with a friction
coefficient x depending on the rugosity of the wall (and possibly on u). A review of
mathematical results in that direction can be found in [9].
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